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Outline

• General interconnected system state and interconnection equations

• Series

• Parallel

• Feedback
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Si :

(
ẋi = Aixi +Biui

yi = Cixi +Diui

x(t) =

0

B@
x1(t)
...

xm(t)

1

CA n =
mX

i=1

ni

Consider a number of systems which influence each other through interconnections. 
We want to find a representation (state-space or transfer function) of the interconnected 
overall system

Let the single system be represented by xi 2 Rni

The overall system has state x given by

x 2 Rn

and its representation (and behavior) depends upon how the subsystems are interconnected

3 different interconnections:

• series
• parallel
• feedback
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S1 :

⇢
ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

S2 :

⇢
ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

y1 = u2, u = u1, y = y2

ẋ =

✓
ẋ1

ẋ2

◆
=

✓
A1x1 +B1u1

A2x2 +B2u2

◆
=

✓
A1x1 +B1u
A2x2 +B2y1

◆
=

✓
A1x1 +B1u

A2x2 +B2(C1x1 +D1u)

◆

=

✓
A1 0

B2C1 A2

◆✓
x1

x2

◆
+

✓
B1

B2D1

◆
u = Ax+Bu

y = y2 = C2x2 +D2u2 = C2x2 +D2(C1x1 +D1u1) =
�
D2C1 C2

�✓ x1

x2

◆
+D2D1u

= Cx+Du

S1 S2

S

x(t) =

✓
x1(t)
x2(t)

◆

interconnection equations 

u = u1 y1 = u2 y2 = y

S with state input u and output y

series (state space)

• series system state space representation
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A =

✓
A1 0

B2C1 A2

◆

B =

✓
B1

B2D1

◆
C =

�
D2C1 C2

�
D = D1D2

eig{A} = eig{A1}
[

eig{A2}
series system
has dynamics 
matrix

block
triangular

in general, the eigenvalues of the series of subsystems are given 

by the union of the single subsystem’s eigenvalues

• the series of asymptotically stable systems is also asymptotically stable

• if in a series a system is unstable, so is the interconnected system in series

and therefore

series (state space)

• special care when interconnection two marginally stable systems
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S1 S2

S

u y

series

1

s

1

s(s+ 1)

marginally 
stable

marginally 
stable

unstable

S : series system - transfer function

1

s2(s+ 1)

1

s(s+ 1)
<latexit sha1_base64="2heuQmdUbDnDJU1Urvwbh+rLym0=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAIFaHMiGCXBTcuK9gLtEPJpJk2NJMMSaZQhnkTNy4UceubuPNtTNtZaOsPgY//nMM5+cOEM20879vZ2Nza3tkt7ZX3Dw6Pjt2T07aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOLmf1ztTqjST4snMEhrEeCRYxAg21hq4bj9SmGR+numqvvav8oFb8WreQmgd/AIqUKg5cL/6Q0nSmApDONa653uJCTKsDCOc5uV+qmmCyQSPaM+iwDHVQba4PEeX1hmiSCr7hEEL9/dEhmOtZ3FoO2Nsxnq1Njf/q/VSE9WDjIkkNVSQ5aIo5chINI8BDZmixPCZBUwUs7ciMsY2CmPDKtsQ/NUvr0P7puZbfrytNOpFHCU4hwuogg930IAHaEILCEzhGV7hzcmcF+fd+Vi2bjjFzBn8kfP5A5Zdku0=</latexit><latexit sha1_base64="2heuQmdUbDnDJU1Urvwbh+rLym0=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAIFaHMiGCXBTcuK9gLtEPJpJk2NJMMSaZQhnkTNy4UceubuPNtTNtZaOsPgY//nMM5+cOEM20879vZ2Nza3tkt7ZX3Dw6Pjt2T07aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOLmf1ztTqjST4snMEhrEeCRYxAg21hq4bj9SmGR+numqvvav8oFb8WreQmgd/AIqUKg5cL/6Q0nSmApDONa653uJCTKsDCOc5uV+qmmCyQSPaM+iwDHVQba4PEeX1hmiSCr7hEEL9/dEhmOtZ3FoO2Nsxnq1Njf/q/VSE9WDjIkkNVSQ5aIo5chINI8BDZmixPCZBUwUs7ciMsY2CmPDKtsQ/NUvr0P7puZbfrytNOpFHCU4hwuogg930IAHaEILCEzhGV7hzcmcF+fd+Vi2bjjFzBn8kfP5A5Zdku0=</latexit><latexit sha1_base64="2heuQmdUbDnDJU1Urvwbh+rLym0=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAIFaHMiGCXBTcuK9gLtEPJpJk2NJMMSaZQhnkTNy4UceubuPNtTNtZaOsPgY//nMM5+cOEM20879vZ2Nza3tkt7ZX3Dw6Pjt2T07aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOLmf1ztTqjST4snMEhrEeCRYxAg21hq4bj9SmGR+numqvvav8oFb8WreQmgd/AIqUKg5cL/6Q0nSmApDONa653uJCTKsDCOc5uV+qmmCyQSPaM+iwDHVQba4PEeX1hmiSCr7hEEL9/dEhmOtZ3FoO2Nsxnq1Njf/q/VSE9WDjIkkNVSQ5aIo5chINI8BDZmixPCZBUwUs7ciMsY2CmPDKtsQ/NUvr0P7puZbfrytNOpFHCU4hwuogg930IAHaEILCEzhGV7hzcmcF+fd+Vi2bjjFzBn8kfP5A5Zdku0=</latexit><latexit sha1_base64="2heuQmdUbDnDJU1Urvwbh+rLym0=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAIFaHMiGCXBTcuK9gLtEPJpJk2NJMMSaZQhnkTNy4UceubuPNtTNtZaOsPgY//nMM5+cOEM20879vZ2Nza3tkt7ZX3Dw6Pjt2T07aWqSK0RSSXqhtiTTkTtGWY4bSbKIrjkNNOOLmf1ztTqjST4snMEhrEeCRYxAg21hq4bj9SmGR+numqvvav8oFb8WreQmgd/AIqUKg5cL/6Q0nSmApDONa653uJCTKsDCOc5uV+qmmCyQSPaM+iwDHVQba4PEeX1hmiSCr7hEEL9/dEhmOtZ3FoO2Nsxnq1Njf/q/VSE9WDjIkkNVSQ5aIo5chINI8BDZmixPCZBUwUs7ciMsY2CmPDKtsQ/NUvr0P7puZbfrytNOpFHCU4hwuogg930IAHaEILCEzhGV7hzcmcF+fd+Vi2bjjFzBn8kfP5A5Zdku0=</latexit>

unstable

each marginally stable, however when interconnected in series
1

s
<latexit sha1_base64="+6tL2zIbJDoM8pRoaC8cI8my3p0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lUtN4KXjxWsB+QhrLZbtqlm03YnQgl5Gd48aCIV3+NN/+NmzSIWh8MPN6bYWaeHwuuwbY/rcrK6tr6RnWztrW9s7tX3z/o6ShRlHVpJCI18IlmgkvWBQ6CDWLFSOgL1vdnN7nff2BK80jewzxmXkgmkgecEjCSOwwUoamTpTob1Rt20y6Al4lTkgYq0RnVP4bjiCYhk0AF0dp17Bi8lCjgVLCsNkw0iwmdkQlzDZUkZNpLi5MzfGKUMQ4iZUoCLtSfEykJtZ6HvukMCUz1Xy8X//PcBIKWl3IZJ8AkXSwKEoEhwvn/eMwVoyDmhhCquLkV0ykxKYBJqVaEcJ3j8vvlZdI7azrnzfO7i0a7VcZRRUfoGJ0iB12hNrpFHdRFFEXoET2jFwusJ+vVelu0Vqxy5hD9gvX+BbHLkaE=</latexit>

• but if

• interconnection of marginally stable systems does not necessarily lead to instability

<latexit sha1_base64="KkbB+/ac7B+zE6JjTuV4LmhG17o=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCpVCSothjwYvHCrYW2lA22027dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz485U9pxvq3CxubW9k5xt7S3f3B4ZB+XuypKJKEdEvFI9nysKGeCdjTTnPZiSXHoc/rgT2/m/sMjlYpF4l7PYuqFeCxYwAjWRhra5UEgMUlVzc1SVVW1xkU2tCtO3VkArRM3JxXI0R7aX4NRRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJFI9p31CBQ6q8dHF7hs6NMkJBJE0JjRbq74kUh0rNQt90hlhP1Ko3F//z+okOml7KRJxoKshyUZBwpCM0DwKNmKRE85khmEhmbkVkgk0Y2sRVMiG4qy+vk26j7l7VnbvLSquZx1GEUziDKrhwDS24hTZ0gMATPMMrvFmZ9WK9Wx/L1oKVz5zAH1ifP96Dk6Q=</latexit>

s+ 1

s(s+ 2)

<latexit sha1_base64="nammM2Rc1gFDw7j/Rps/PRt+Qao=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEpSFHssePFYwX5AG8tmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0sbm1vVPereztHxwe2ccnHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3607vc786oVCwSj3oeUy/EY8ECRrA20tC2B4HEJHWzVD3Vr1wnG9pVp+YsgNaJW5AqFGgN7a/BKCJJSIUmHCvVd51YeymWmhFOs8ogUTTGZIrHtG+owCFVXrq4PEMXRhmhIJKmhEYL9fdEikOl5qFvOkOsJ2rVy8X/vH6ig4aXMhEnmgqyXBQkHOkI5TGgEZOUaD43BBPJzK2ITLCJQpuwKiYEd/XlddKp19ybmvNwXW02ijjKcAbncAku3EIT7qEFbSAwg2d4hTcrtV6sd+tj2VqyiplT+APr8weRrpLt</latexit>

1

s2 + 10
ex.: series of and

marginally
stable

marginally
stable

<latexit sha1_base64="KkbB+/ac7B+zE6JjTuV4LmhG17o=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCpVCSothjwYvHCrYW2lA22027dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz485U9pxvq3CxubW9k5xt7S3f3B4ZB+XuypKJKEdEvFI9nysKGeCdjTTnPZiSXHoc/rgT2/m/sMjlYpF4l7PYuqFeCxYwAjWRhra5UEgMUlVzc1SVVW1xkU2tCtO3VkArRM3JxXI0R7aX4NRRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJFI9p31CBQ6q8dHF7hs6NMkJBJE0JjRbq74kUh0rNQt90hlhP1Ko3F//z+okOml7KRJxoKshyUZBwpCM0DwKNmKRE85khmEhmbkVkgk0Y2sRVMiG4qy+vk26j7l7VnbvLSquZx1GEUziDKrhwDS24hTZ0gMATPMMrvFmZ9WK9Wx/L1oKVz5zAH1ifP96Dk6Q=</latexit>

s+ 1

s(s+ 2)

<latexit sha1_base64="nammM2Rc1gFDw7j/Rps/PRt+Qao=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEpSFHssePFYwX5AG8tmu2mXbjZhd1MoIf/EiwdFvPpPvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0sbm1vVPereztHxwe2ccnHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3607vc786oVCwSj3oeUy/EY8ECRrA20tC2B4HEJHWzVD3Vr1wnG9pVp+YsgNaJW5AqFGgN7a/BKCJJSIUmHCvVd51YeymWmhFOs8ogUTTGZIrHtG+owCFVXrq4PEMXRhmhIJKmhEYL9fdEikOl5qFvOkOsJ2rVy8X/vH6ig4aXMhEnmgqyXBQkHOkI5TGgEZOUaD43BBPJzK2ITLCJQpuwKiYEd/XlddKp19ybmvNwXW02ijjKcAbncAku3EIT7qEFbSAwg2d4hTcrtV6sd+tj2VqyiplT+APr8weRrpLt</latexit>

1

s2 + 10
.

still marginally
stable

S1 : :and S2

new behavior

therefore in general there is no unique answer about stability when interconnecting in series two 
marginally stable systems
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S1 : F1(s) =
y1(s)

u1(s)

S2 : F2(s) =
y2(s)

u2(s)

F (s) =
y(s)

u(s)
=

y2(s)

u1(s)

u2(s)

u2(s)
=

y2(s)

u1(s)

y1(s)

u2(s)
=

y2(s)

u2(s)

y1(s)

u1(s)
= F2(s)F1(s) = F1(s)F2(s)

series (transfer function)

S

u = u1 y1 = u2 y2 = y

transfer functions of systems in series multiply together

F2(s)F1(s)

Hyp: for every subsystem Si we assume coincidence of eigenvalues and poles 

• series can alter the filtering capacity

(which does not imply that if we multiply two transfer functions there will be common factors)
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F (s) = F1(s)F2(s) =
(s� 1)

(s+ 1)

1

(s� 1)
=

1

s+ 1

example (cancellations)

S

u = u1 y1 = u2 y2 = y
F2(s)F1(s)

S1 : F1(s) =
s� 1

s+ 1
= 1� 2

s+ 1

S2 : F2(s) =
1

s� 1

only
1 pole but 

2 eigenvalues
• the interconnection has generated a hidden mode

• the interconnected system remains unstable since the eigenvalues have not 
changed and one is real positive.

rank
�
A� �iI B

�
= n

rank

 
A� �iI

C

!
= n

recall the general PBH rank tests

¸i controllable

¸i observable

• F1 (s) in series with F2 (s)
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A=

✓
A1 0

B2C1 A2

◆
=

✓
�1 0
�2 1

◆
, B=

✓
B1

B2D1

◆
=

✓
1
1

◆
, C=

�
0 C2

�
=
�
0 1

�
, D=0

rk
�
A� �2I B

�
= rk

✓
�2 0 1
�2 0 1

◆
= 1 < n = 2, ) �2 uncontrollable

rk

✓
A� �2I

C

◆
= rk

0

@
�2 0
�2 0
0 1

1

A = 2 = n, ) �2 observable

S1 : A1 = �1, B1 = 1, C1 = �2, D1 = 1

S2 : A2 = 1, B2 = 1, C2 = 1, D2 = 0

• for the considered two systems we can find the following two realizations

• series state-space representation

• PBH rank test

• the series interconnection has generated, for the given example, an uncontrollable mode
  (the hidden dynamics characterized by the eigenvalue ¸2)

¸1 = -1

¸2 = 1
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F (s) = F2(s)F1(s) =
1

(s� 1)

(s� 1)

(s+ 1)
=

1

s+ 1

rk
�
A� �2I B

�
= rk

✓
�2 1 0
0 0 1

◆
= 2 = n, ) �2 controllable

rk

✓
A� �2I

C

◆
= rk

0

@
�2 1
0 0
�2 1

1

A = 1 < n = 2, ) �2 unobservable

S

u = u2 y2 = u1 y1 = y
F2(s) F1(s)

S1 : F1(s) =
s� 1

s+ 1
= 1� 2

s+ 1

S2 : F2(s) =
1

s� 1

same transfer function as before, but

• the series interconnection has generated, for the given example, an unobservable mode
  (the hidden dynamics characterized by the eigenvalue ¸2)

A =

✓
�1 1
0 1

◆
B =

✓
0
1

◆
C =

�
�2 1

�
D = 0

• F2 (s) in series with F1 (s)

series interconnection but in different order
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S

u = u1 y1 = u2 y2 = y

If, in the series of two systems F1(s) = N1(s)/D1(s) and F2(s) = N2(s)/D2(s) 

we have cancellations of common factors between N1(s) and D2(s) (zero/pole 

cancellation) or between D1(s) and N2(s) (pole/zero cancellation), we generate 

hidden dynamics which can either be uncontrollable or unobservable

• if a zero ¸c of F1(s) cancels out with a pole ¸c of F2(s) (zero/pole cancellation) we 

have generated uncontrollable hidden dynamics characterized by the eigenvalue ¸c

• if a pole ¸c of F1(s) cancels out with a zero ¸c of F2(s) (pole/zero cancellation) we 

have generated unobservable hidden dynamics characterized by the eigenvalue ¸c

For the system in figure (with the output of F1(s) being the input of F2(s))

F2(s)F1(s)
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example

recall that
the zero state response to a generic input u (t) can be computed as the convolution of 
impulsive response and u (t)

x(t) = eAtx(0) + eAtB

y(t) = CeAtx(0) + CeAtB
<latexit sha1_base64="d2xMW+tgBeHzSZ/UpABPMhichCw="></latexit>

with
impulse
inputx(t) = eAtx(0) +

Z t

0
eA(t�⌧)Bu(⌧)d⌧

<latexit sha1_base64="/QfWVz5um48rcoGDrzTdMLGv76A="></latexit>

y(t) = CeAtx(0) +

Z t

0
CeA(t�⌧)Bu(⌧)d⌧

<latexit sha1_base64="q6xGB2dag69fTocz0qRso6uhuKY="></latexit>

natural modes when starting from non-zero initial conditions and applying an impulse 

<latexit sha1_base64="6ET8Tp5PirFayfZ1K6EPsMUNR/A=">AAAB7nicbZBLSgNBEIZ7fMb4iroUZDAIrsKMiGZn1I3LBMwDkjH0dCpJk56eobtGCEOWHsCNC0XceoSsPIQ7z+Al7DwWmvhDw8f/V9FV5UeCa3ScL2thcWl5ZTW1ll7f2NzazuzsVnQYKwZlFopQ1XyqQXAJZeQooBYpoIEvoOr3rkd59R6U5qG8xX4EXkA7krc5o2isKtwllzi4amayTs4Zy54HdwrZi49h6fvhYFhsZj4brZDFAUhkgmpdd50IvYQq5EzAIN2INUSU9WgH6gYlDUB7yXjcgX1knJbdDpV5Eu2x+7sjoYHW/cA3lQHFrp7NRuZ/WT3Gdt5LuIxiBMkmH7VjYWNoj3a3W1wBQ9E3QJniZlabdamiDM2F0uYI7uzK81A5yblnudOSky3kyUQpsk8OyTFxyTkpkBtSJGXCSI88kmfyYkXWk/VqvU1KF6xpzx75I+v9B/NPk7k=</latexit>

eAtB

<latexit sha1_base64="3Y9245XLyA58HeHrs3tLku6ghJo=">AAAB73icbZDLSgMxFIYzXmu9VV0KEiyCqzIjot1Z7cZlC/YC7VgyaaYNzWTG5IxQhi59ATcuFHHrG3TlQ7jzGXwJ08tCW38IfPz/OeSc40WCa7DtL2thcWl5ZTW1ll7f2NzazuzsVnUYK8oqNBShqntEM8ElqwAHweqRYiTwBKt5veIor90zpXkob6AfMTcgHcl9TgkYq15kt8klDK5amayds8fC8+BMIXvxMSx/PxwMS63MZ7Md0jhgEqggWjccOwI3IQo4FWyQbsaaRYT2SIc1DEoSMO0m43kH+Mg4beyHyjwJeOz+7khIoHU/8ExlQKCrZ7OR+V/WiMHPuwmXUQxM0slHfiwwhHi0PG5zxSiIvgFCFTezYtolilAwJ0qbIzizK89D9STnnOVOy3a2kEcTpdA+OkTHyEHnqICuUQlVEEUCPaJn9GLdWU/Wq/U2KV2wpj176I+s9x9/r5QG</latexit>

CeAtB

<latexit sha1_base64="SWYvdwHTDDJc4Vepx9NhWLxo7fo=">AAAB7nicbZBLSgNBEIZrfMb4iroUZDAIrsKMiGZnJBuXCZgHJDH0dGqSJj09Q3ePEIYsPYAbF4q49QhZeQh3nsFL2HksNPGHho//r6Kryos4U9pxvqyl5ZXVtfXURnpza3tnN7O3X1VhLClWaMhDWfeIQs4EVjTTHOuRRBJ4HGtevzjOa/coFQvFrR5E2ApIVzCfUaKNVSviXXKth+1M1sk5E9mL4M4ge/UxKn8/HI1K7cxnsxPSOEChKSdKNVwn0q2ESM0ox2G6GSuMCO2TLjYMChKgaiWTcYf2iXE6th9K84S2J+7vjoQESg0Cz1QGRPfUfDY2/8sasfbzrYSJKNYo6PQjP+a2Du3x7naHSaSaDwwQKpmZ1aY9IgnV5kJpcwR3fuVFqJ7l3IvcednJFvIwVQoO4RhOwYVLKMANlKACFPrwCM/wYkXWk/VqvU1Ll6xZzwH8kfX+A/P1k7o=</latexit>

CeAt

displays all the controllable natural modes

displays all the observable natural modes

displays all the controllable and observable natural modes
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y = y1 + y2, u = u1 = u2

S1 :

⇢
ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

S2 :

⇢
ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

S1

S2

S

u = u1 = u2 y1 + y2 = y

parallel (state space)

+

+

x(t) =

✓
x1(t)
x2(t)

◆ interconnection equations 
S with state input u and output y

<latexit sha1_base64="z9iJRdtMQ5JrC++HWu1a+vHDjH4="></latexit>

ẋ =

✓
ẋ1

ẋ2

◆
=

✓
A1x1 +B1u1

A2x2 +B2u2

◆
=

✓
A1x1 +B1u

A2x2 +B2u

◆

=

✓
A1 0

0 A2

◆✓
x1

x2

◆
+

✓
B1

B2

◆
u = Ax+Bu

y = y1 + y2 = C1x1 +D1u1 + C2x2 +D2u2 =
�
C1 C2

�✓ x1

x2

◆
+ (D1 +D2)u

= Cx+Du

• parallel system state space representation
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A =

✓
A1 0
0 A2

◆

B =

✓
B1

B2

◆
, C =

�
C1 C2

�
, D = D1 +D2

eig{A} = eig{A1}
[

eig{A2}parallel system has
dynamic matrix

block
diagonal

in general, the eigenvalues of the parallel of subsystems are 

given by the union of the single subsystem’s eigenvalues

no new time behaviors can appear

parallel (state space)

• the parallel of asymptotically stable systems is asymptotically stable
• if one of the system in the parallel interconnection is unstable, so is the whole system
• the parallel of a marginally stable system and an asymptotically stable system is marginally stable
• the parallel of two marginally stable systems is marginally stable
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S1 : F1(s) =
y1(s)

u1(s)

S2 : F2(s) =
y2(s)

u2(s)

F (s) =
y(s)

u(s)
=

y1(s) + y2(s)

u(s)
=

y1(s)

u(s)
+

y2(s)

u(s)
=

y1(s)

u1(s)
+

y2(s)

u2(s)
= F1(s)+F2(s)

S

u = u1 = u2 y1 + y2 = y

parallel (transfer function)

+

+

transfer function of systems in parallel add together

F2(s)

F1(s)

for every subsystem Si we assume coincidence of eigenvalues and poles
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F (s) = F1(s) + F2(s) =
s� 1

s+ 1
+

1

s+ 1
=

s

s+ 1
= 1� 1

s+ 1

A =

✓
�1 0
0 �1

◆
, B =

✓
1
1

◆
, C =

�
�2 1

�
, D = D1 = 1

S1 : F1(s) =
s� 1

s+ 1
= 1� 2

s+ 1

S2 : F2(s) =
1

s+ 1
S

u y

+

+

F2(s)

F1(s)

only
1 pole but 

2 eigenvalues

since there is a cancellation (creation of a hidden dynamics) we need to look at the state-space 
representation to understand if it’s a loss of controllability or observability

example (cancellations)

<latexit sha1_base64="+3hWksnlnqyQehUnMG4QjE4Mjas="></latexit>

S1 : A1 = �1, B1 = 1, C1 = �2, D1 = 1

S2 : A2 = �1, B2 = 1, C2 = 1, D2 = 0

we first realize each subsytem and the interconnect them

S   :



Lanari: CS - Interconnected systems 17

A =

✓
�1 0
0 �1

◆
, B =

✓
1
1

◆
, C =

�
�2 1

�
, D = D1 = 1

the parallel interconnection has generated, for the given example, an unobservable 

and uncontrollable eigenvalue and corresponding natural mode mode e-t

example (cancellations)

PBH test for controllability and observability for ¸ = -1

rk
�
A� �I B

�
= rk

✓
0 0 1
0 0 1

◆
= 1 < n = 2 ) � = �1

rk

✓
A� �I

C

◆
= rk

0

@
0 0
0 0
�2 1

1

A = 1 < n = 2 ) � = �1

<latexit sha1_base64="Bxd7FBipbn5YFuUCoW6kikJTre4="></latexit><latexit sha1_base64="Bxd7FBipbn5YFuUCoW6kikJTre4="></latexit><latexit sha1_base64="Bxd7FBipbn5YFuUCoW6kikJTre4="></latexit><latexit sha1_base64="Bxd7FBipbn5YFuUCoW6kikJTre4="></latexit>

uncontrollable

unobservable

S1 : F1(s) =
s� 1

s+ 1
= 1� 2

s+ 1

S2 : F2(s) =
1

s+ 1
S

u y

+

+

F2(s)

F1(s)
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F1(s) =
N1(s)

D1(s)
=

N1(s)

(s� pi)D0
1(s)

F2(s) =
N2(s)

D2(s)
=

N2(s)

(s� pi)D0
2(s)

) F (s) = F1(s) + F2(s) =
N1(s)

(s� pi)D0
1(s)

+
N2(s)

(s� pi)D0
2(s)

=
N1(s)D0

2(s) +N2(s)D0
1(s)

(s� pi)D0
1(s)D

0
2(s)

Let two systems F1(s) and F2(s) have a common pole pi 

parallel

In general if two systems have eigenvalues (poles) in common then in the parallel 

interconnection we generate an unobservable and uncontrollable hidden dynamics

(here with dynamics characterized by the eigenvalue pi)

put in evidence the common pole

degree has been lowered by 1
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S1 :

⇢
ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

S2 :

⇢
ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

u1 = u� y2, y = y1 = u2

ẋ =

✓
ẋ1

ẋ2

◆
=

✓
A1x1 +B1(u� y2)

A2x2 +B2y1

◆
=

✓
A1x1 �B1C2x2 +B1u

A2x2 +B2C1x1

◆

=

✓
A1 �B1C2

B2C1 A2

◆✓
x1

x2

◆
+

✓
B1

0

◆
u = Ax+Bu

y = y1 = C1x1 =
�
C1 0

�✓ x1

x2

◆
= Cx

feedback (state space)

S

u y1 = y

-
S1

S2

y2

u1+

u2

x(t) =

✓
x1(t)
x2(t)

◆ interconnection equations 
S with state input u and output y

assume D1 and D2 equal to 0
(special case, other cases as exercises)

since we are feeding back the output (measured variable) it is also called an output feedback

• state space representation of the feedback interconnection of the two system
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A =

✓
A1 �B1C2

B2C1 A2

◆

B =

✓
B1

0

◆
C =

�
C1 0

�
D = 0

eig{A} �= eig{A1}
[

eig{A2}
feedback system
has dynamics
matrix

in general, the eigenvalues of the feedback of two 

subsystems differ from those of the single subsystems

new time behaviors usually appear

no special
structure

feedback (state space)
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S1 : F1(s) =
y1(s)

u1(s)

S2 : F2(s) =
y2(s)

u2(s)

y(s) = y1(s) = F1(s)[u(s)� y2(s)] = F1(s)[u(s)� F2(s)u2(s)]

= F1(s)[u(s)� F2(s)y(s)]

) [1 + F1(s)F2(s)]y(s) = F1(s)u(s)

S

u y1 = y

-

y2

u1+

u2

F2(s)

F1(s)

F (s) =
y(s)

u(s)
=

F1(s)

1 + F1(s)F2(s)

forward path

feedback path

coincidence of eigenvalues and poles
(no hidden dynamics)

feedback (transfer function)

F1(s)F2(s) is called
loop function

for every subsystem Si we assume 
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S1 :

(
ẋ1 = A1x1 +B1u1

y1 = C1x1

u1 = u� y1, y = y1

ẋ = ẋ1 = A1x1 +B1(u� y1) = A1x1 �B1C1x1 +B1u

= (A1 �B1C1)x+B1u = Ax+Bu

y = y1 = C1x1 = Cx

A = A1 �B1C1 B = B1 C = C1eig{A} �= eig{A1}

S1 : F1(s) =
y1(s)

u1(s)

F (s) =
y(s)

u(s)
=

F1(s)

1 + F1(s)

u y1 = y

-

u1+

unit (negative) feedback

S1

S1 open-loop system

closed-loop system

S

S
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F (s) =
y(s)

u(s)
=

F1(s)

1� F1(s)

positive feedback system

u y1 = y

+

u1+
S1

S

y1 = y

-

u1+
S1

-1

change

unit positive feedback
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F1(s) =
2

s� 1
) F (s) =

F1(s)

1 + F1(s)
=

2/(s� 1)

1 + 2/(s� 1)
=

2

s� 1 + 2
=

2

s+ 1

example (unit feedback):

open-loop unstable closed-loop asymptotically stable

F2(s) =
s� 3

s2 + s+ 1
F (s) =

F2(s)

1 + F2(s)
=

s� 3

s2 + 2s� 2

open-loop asymptotically stable closed-loop unstable

stability of the closed loop system
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F3(s) =
K(s� 1)

(s+ 1)2
F (s) =

F3(s)

1 + F3(s)
=

K(s� 1)

s2 + s(2 +K) + 1�K

open-loop closed-loop

• asymptotically stable for -2 < K < 1

• marginally stable for K = 1 or K = -2

• unstable in all other cases

-

+

open-loop

K
s� 1

(s+ 1)2

K could be seen as 
a design parameter
(controller)

example (unit feedback):

stability of the closed loop system
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S

u y1 = y

-

y2

u1+

u2

F2(s)

F1(s) F (s) =
y(s)

u(s)
=

F1(s)

1 + F1(s)F2(s)

we may have 
cancellations here

• if a zero of F1(s) cancels out with a pole of F2(s) (zero/pole cancellation)

F1(s) =
(s+ a)N 0

1(s)

D1(s)
F2(s) =

N2(s)

(s+ a)D0
2(s)

F (s) =
(s+ a)2N 0

1(s)D
0
2(s)

(s+ a)[D1(s)D0
2(s) +N 0

1(s)N2(s)]

=
(s+ a)N 0

1(s)D
0
2(s)

D1(s)D0
2(s) +N 0

1(s)N2(s)

F1(s): n1  poles
F2(s): n2  poles

F(s): n1 + n2 - 1 poles

the cancelled pole of F2 becomes a hidden eigenvalue

feedback (cancellations)
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• if a zero ¸c of F1(s) cancels out with a pole ¸c of F2(s) (zero/pole cancellation) we 

have generated uncontrollable and unobservable hidden dynamics characterized 

by the eigenvalue ¸c

• if a pole ¸c of F1(s) cancels out with a zero ¸c of F2(s) (pole/zero cancellation) there 

are no hidden dynamics but the pole ¸c remains unchanged at closed-loop

• if a pole of F1(s) cancels out with a zero of F2(s) (pole/zero cancellation)

F1(s) =
N1(s)

(s+ a)D0
1(s)

F2(s) =
(s+ a)N 0

2(s)

D2(s)

F (s) =
N1(s)D2(s)

(s+ a)[D0
1(s)D2(s) +N1(s)N 0

2(s)]

F1(s): n1  poles
F2(s): n2  poles

F (s): n1 + n2 poles

feedback (cancellations)
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u y1 = y

-

u1+
S1

S

F1(s) =
(s+ a)N 0

1(s)

(s+ a)D0
1(s)

) F (s) =
(s+ a)N 0

1(s)

(s+ a)N 0
1(s) + (s+ a)D0

1(s)
=

(s+ a)N 0
1(s)

(s+ a)[N 0
1(s) +D0

1(s)]

=
N 0

1(s)

N 0
1(s) +D0

1(s)

what happens if the open-loop 
system S1 has hidden modes?

• in a unit feedback system, the closed-loop system has hidden modes if and only if 

the open-loop has them

• the open-loop hidden modes are inherited unchanged by the closed-loop

(i.e., for the open-loop system,  not 
all the eigenvalues become poles)

feedback (cancellations)
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some useful block manipulations

!"
# !$"

#

#
%

!"
# !$"

#

$

$%

%

!
" !#"

$%

$&

!
" !#"

$%

$&

#
" !#"

! !""
#$%

$&

! !""
#$%

$&
! !""

!"#

"$

!#

!$

"
% !&"
#

% !&"
$

#
$

!"
% !&"
##

$
% !&"
$% !&"

$

%

Att.:
these are purely algebraic block 

manipulations and do not correspond 
to real systems manipulation

(compare, for example, systems 
dimension)

equivalence can be easily shown 
comparing the signals 

(their Laplace transforms)

y(s) = F(s)(u1(s) + u2(s)) 
      = F(s)u1(s) + F(s)u2(s)
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fundamental transfer functions

the superposition principle allows us to compute separately each contribution to the 
chosen output

C(s)
+

- +

+ +

+

+

+

d1 d2

y

e

n

r
G(s)

m

y(s) = T (s)r(s) + P (s)S(s)d1(s) + S(s)d2(s)� T (s)n(s)

e(s) = S(s)r(s)� P (s)S(s)d1(s)� S(s)d2(s)� S(s)n(s)

m(s) = Su(s)r(s)� T (s)d1(s)� Su(s)d2(s)� Su(s)n(s)
<latexit sha1_base64="QkH24L6uY6Zs6tPUhYu7nJ2TTgw=">AAACGXicbZC7SgNBFIZn4y1GjauWNoNBiATCrkhMIwRSaGER0VwgWcLsZDYZMnthZlaIyz6GNvY+hY2FIpZa+Ro+gbNJCpP4w4Gf75zDzPntgFEhDeNbSy0tr6yupdczG5tb2W19Z7ch/JBjUsc+83nLRoIw6pG6pJKRVsAJcm1GmvawmvSbt4QL6ns3chQQy0V9jzoUI6lQVzeu8+IInsGOwxGOzDgyC+eKVFXFMxgW4GUCu3rOKBpjwUVjTk2uUro37n6yT7Wu/tnp+Th0iScxQ0K0TSOQVoS4pJiRONMJBQkQHqI+aSvrIZcIKxpfFsNDRXrQ8bkqT8Ix/bsRIVeIkWurSRfJgZjvJfC/XjuUTtmKqBeEknh48pATMih9mMQEe5QTLNlIGYQ5VX+FeIBUGFKFmVEhmPMnL5rGcdEsFU+uVBplMFEa7IMDkAcmOAUVcAFqoA4weADP4BW8aY/ai/aufUxGU9p0Zw/MSPv6BRLGoD4=</latexit>

S(s) =
1

1 +G(s)C(s)
=

1

1 + L(s)
<latexit sha1_base64="lfVXLjXEupGgQUWl7xqrkwMZIlk="></latexit>

T (s) =
G(s)C(s)

1 +G(s)C(s)
=

L(s)

1 + L(s)
<latexit sha1_base64="lYvpyT/0ZKKv+7TqqLgVaUybczI="></latexit>

Su(s) =
C(s)

1 +G(s)C(s)
=

C(s)

1 + L(s)

sensitivity functionwhere

complementary sensitivity function

control sensitivity function



Lanari: CS - Interconnected systems 31

!
"!#"

#

$

#
# $

%

&!#"

'

example I
imagine that, for the feedback system shown 
in figure, we are interested in analyzing the 
effect of the input d (disturbance) on the 
output of the system G(s), that is on z

the superposition principle allows us to compute separately the contribution to z (s) of 
d (s) and the contribution of r (s)

z(s) = Wdz(s)d(s) +Wrz(s)r(s)

• we can isolate the effect of d on z by setting the other inputs (here only r) to zero and derive 
the transfer function Wdz(s)

• in order to obtain Wdz(s) we can either manipulate, using the previous blocks manipulation 
rules, the feedback system or proceed algebraically
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!!""#
$$

#!""
$

$

$
!!""# #!""

% $
%

• block manipulation (with a little imagination)

• algebraic solution
!

"!#"
#

$

#
# $

%

&!#"

'
a

z(s) = G(s)  a(s) = - G(s)  K(s)  y(s) = - G(s)  K(s)  [d(s) + z(s)]

Wdz(s) =
z(s)

d(s)
=

�K(s)G(s)

1� [�K(s)G(s)]
= � K(s)G(s)

1 +K(s)G(s)

0 =
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example II

!! !

"

"
##$$

!

!

!

% #$$

&

% #$$'

(

) find the two transfer functions
Wdy(s) and Wry(s) 

• block manipulations

!! !

"

"
##$$

!

!

!

!

"%!
!"#

!!

"%##$$
!

!

!

!

%!

%

& #$$'

& #$$(

)

%

& #$$'

& #$$(

)

!!

"#"$#%
!

!

!
!

#!

"#"$#%

!!

"#"$#%
!

!

!

!

#!

"#"$#%

$

% $#%&

% $#%'

(

$

% $#%&

% $#%'

(

)
*
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!!

""##
!

!

$!

""##

% %

$

% "##&

% "##'

!!

""##

%

$
% "##&

&

""##% "##'&$!

we know the formula for this scheme

Wdy(s) =
F1(s)

1 + [F1(s) + F2(s)]C(s)

Wry(s) =
[F1(s) + F2(s)]C(s)

1 + [F1(s) + F2(s)]C(s)

and analogously
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• algebraic solution

- identify all the signals which appear in the interconnected system

- write down the relationships between these signals in the s domain (we are 
considering only forced responses so we use the simple relationship between the 
input, the output and the transfer function)

- solve for the ratio output/input which characterizes the sought transfer function 

!! !

"

"
##$$

!

!

!

% #$$

%&'

&

% #$$'

(

) * +

,

y(s) = b(s) + c(s)

b(s) = F1(s)a(s)

c(s) = F2(s)u(s)

a(s) = u(s) + d(s)

u(s) = �C(s)y(s)

y = b+ c = F2u+ F1(u+ d)

= F1d� (F1 + F2)Cy
solve for y/d



Lanari: CS - Interconnected systems 36

example III
Consider the chemical reactor modeled as a continuously stirred tank (CSTR) where 

an exothermic reaction A * B occurs.

In order to remove the heat of the reaction, the reactor is surrounded by a jacket in 
which a cooling liquid flows with flow fa

!!""

!#!""

$

% &
'!(#!""

$
(

!(!""$
(

$
# Tai Ta jacket input and output temperatures 

 fi f reactor inlet and outlet flow 

CAi CA   inlet and outlet concentrations of A

T reactor temperature 

CA(s) =
1

1 + �1s
(K1CAi(s) +K2f(s)�K3T (s))

T (s) =
1

1 + �2s
(K4f(s) +K5Ti(s)�K6CA(s) +K7Ta(s))

Ta(s) =
1

1 + �3
(K8fa(s) +K9Tai(s) +K10T (s))

simplified model
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example III

!

! ! !

!" !#

!$

!%

!&

!'

!(

!)!*

!$+

,#$-!
$

. ,$$-!
$
.,%$-!

$
.

-/".#/ -".#0

10-".# 2
3
-".#

2
3
-".#
4

10 -".#4

-1-$".#4

-1".#

!

!
!

!

!
!

% %

Finding how the different inputs contribute to the output could be a useful exercise 


