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outline

• introduce the Laplace unilateral transform

• define its properties

• show its advantages in turning ODEs into algebraic equations

• define an Input/Output representation of the system through 

the transfer function

• explore the structure of the transfer function

• solve a realization problem
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Laplace transform

f(t) F (s)

t 2 R s 2 C

complex valued function 
in the complex variable s

F (s) =

Z 1

0
f(t)e�stdt Laplace (unilateral) 

transform

region of existence: 
for all s with real part greater equal to 
an abscissa of convergence ¾0 

for f(t) with no impulse and 
no discontinuities at t = 0

L

F (s) = L[f(t)]

real valued function 
in the real variable t

Re

Im

f(t) = e�at, a > 0, �0 = �a

-a region of  
convergence

example
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inverse Laplace transform

f(t) = L�1[F (s)] =
1

2�j

Z ��j1

��j1
F (s)estds

f(t) F (s)
L

L�1

unique for one-sided functions f(t) = 0 for t < 0f(t) t � 0defined for or

(one-to-one)
with this assumption the inverse 

Laplace transform is unique

0

t

f(t)

F(s)

all give the same F(s)

?
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Laplace transform

F (s) =

Z 1

0�
f(t)e�stdt

L[�(t)] =
Z 1

0�
�(t)e�stdt =

Z 1

�1
�(t)e�stdt = e�s0 = 1

Laplace transform of the impulse

Linearity L[�f(t) + ⇥g(t)] = �L[f(t)] + ⇥L[g(t)]

correct definition of the 
Laplace transform

L

df(t)

dt

�
= sL[f(t)]� f(0)Derivative property

can be applied iteratively L
h
f̈(t)

i
= s2L[f(t)]� sf(0)� ḟ(0) very useful in 

model derivation
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LTI systems

also useful here ẋ(t) = Ax(t) +Bu(t)

X(s) = (sI �A)�1x0 + (sI �A)�1B U(s)

algebraic solution

and therefore

Y (s) = C(sI �A)�1x0 +
⇥
C(sI �A)�1B +D

⇤
U(s)

(proof): linearity + derivative property 

x(0) = x0
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LTI systems

X(s) = (sI �A)�1x0 + (sI �A)�1B U(s)

and therefore, comparing

x(t) = eAtx0 +

Z t

0
eA(t��)Bu(�)d�

L
⇥
eAt

⇤
= (sI �A)�1

L
⇥
eat

⇤
=

1

s� a
L [��1(t)] =

1

s

Heaviside step function

��1(t)

1

t

1 for t � 0
0 for t < 0

state ZIR
transform

state ZSR
transform

| {z } | {z }
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LTI systems
y(t) = CeAtx0 +

Z t

0
w(t� �)u(�)d�

w(t) = CeAtB +D �(t)

W (s) = C(sI �A)�1B +D

Y (s) = C(sI �A)�1x0 +
⇥
C(sI �A)�1B +D

⇤
U(s)

= C(sI �A)�1x0 +W (s) U(s)

with

transform

L
Z t

0
w(t� �)u(�)d�

�
= W (s) U(s)

Convolution theorem

being L[�(t)] = 1 the output response transform corresponding to u(t) = ±(t) is indeed W(s)

same for H(s)

general result
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transfer function

Input/Output behavior

x0 = 0 (ZSR)

yZS(t) =

Z t

0
w(t� �)u(�)d�

YZS(s) = W (s) U(s)

W (s) = C(sI �A)�1B +D

=
YZS(s)

U(s)

= L [w(t)]

Input/Output behavior independent from 
state choice?

independent from state 
space representation?

Transfer function



Lanari: CS - Laplace domain analysis 10

(A,B,C,D)

z = Tx det(T ) 6= 0

( eA, eB, eC, eD)

ż = eAz + eBu

y = eCz + eDu

eA = T AT�1 eB = T B eC = C T�1 eD = D

transfer function

ẋ = Ax+Bu

y = Cx+Du

W (s) = C(sI �A)�1B +D = eC(sI � eA)�1 eB + eD

for a given system, the transfer function is unique

(obvious since it’s the Laplace transform of the impulsive 
response which is independent from the system representation)
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shape of the transfer function

W (s) = C(sI �A)�1B +D

inverse through the adjoint (transpose of the cofactor matrix)

1

det(sI �A)
C (adjoint of (sI �A))B +D

cofactor(i, j) = (�1)i+j minor(i, j)

1

det(sI �A)
C (cofactor of (sI �A))T B +D

polynomial of order n - 1

polynomial of order n

polynomial of order n - 1

rational function 
(strictly proper)

strictly proper rational function:       degree of numerator < degree of denominator
proper rational function:                   degree of numerator = degree of denominator

we may have cancellations of common factors between the numerator 
and the denominator (final denominator degree may be less than n)
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shape of the transfer function

proper rational function

W (s) = strictly proper rational function + D

W (s) =
N(s)

D(s)

D = 0

D 6= 0 proper rational function

strictly proper rational function

W (s) =
N(s)

D(s) poles

zeros
(for coprime N(s) & D(s))

roots

i.e. no common roots

from previous analysis the poles are a subset of the eigenvalues of A

{poles} {eigenvalues}
more on this later

✓

after 
cancellations of 
common terms
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partial fraction expansion

Let 
be a strictly proper rational function with 

coprime N(s) and D(s) and distinct roots of D(s)
F (s) =

N(s)

D(s)

D(s) = an

nY

i=1

(s� pi) ) F (s) =
N(s)

an
Qn

i=1(s� pi)

F (s) =
nX

i=1

Ri

s� pi

Ri = [(s� pi)F (s)]
���
s=pi

i.e.

then F(s) can be expanded as

with the residues Ri computed as

(distinct roots case)

this result will be used for the
• transfer function W(s)

• output zero-state response Y(s)
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W (s) =
N(s)

D(s)

poles & eigenvalues

W (s) =
1

det(sI �A)
N 0(s)

from def?

if det(sI �A) and N 0(s) coprime {poles} = {eigenvalues}

characteristic
polynomial

if det(sI �A) and N 0(s) not coprime {poles} subset of {eigenvalues}

Input/Output
representation

Input/State/Output
representation

vs

here visible

Transfer 
function

State 
space

(

we need to understand when & why this happens
(so to understand when we can consider the transfer 
function equivalent to a state space representation)

here visible
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we have a “hidden mode” associated to the eigenvalue ¸j
(see structural properties)

poles & eigenvalues (distinct eigenvalues of A case)

n = state space dimension = dimension of A = number of eigenvalues
np = number of poles in W(s)

W (s) =
N(s)

D(s)
=

N(s)Qnp

i=1(s� pi)
=

npX

i=1

Ri

s� pi

if the eigenvalue ¸j does not appear as a poleand/or

vTj B = 0

Cuj = 0

W (s) = L[w(t)] = L[CeAtB] = L[C

0

@
nX

j=1

e�jtujv
T
j

1

AB] =
nX

j=1

Cuj vTj B

s� �j

done the same analysis 
in t for n = 2

NB distinct eigenvalues is different from diagonalizable

partial fraction expansion

spectral form

D = 0 case
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poles & eigenvalues (distinct eigenvalues of A case)

e
At
B = H(t)

CeAt = �(t)

vTj B = 0

Cuj = 0

implies the corresponding mode will not appear 
in the state impulsive response

the corresponding mode (or eigenvalue) is said to be uncontrollable

implies the corresponding mode will not appear 
in the output transition matrix 

the corresponding mode (or eigenvalue) is said to be unobservable

If for an eigenvalue ¸j we have that

all the natural modes appear in the state ZIR 
for some generic initial condition eAtfact:
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poles & eigenvalues (distinct eigenvalues of A case)

Theorem
Every pole is an eigenvalue.

An eigenvalue ¸i  becomes a pole if and only if it is both controllable and observable

or equivalently the following two PBH rank tests are both verified

vTi B 6= 0 Cui 6= 0

rank
�
A� �iI B

�
= n rank

 
A� �iI

C

!
= n

Popov-Belevitch-Hautus 
controllability test

Popov-Belevitch-Hautus 
observability test

and

(the PBH test could be tested for a generic ¸ but matrix A - ¸I loses rank only for ¸=¸i )

and
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poles & eigenvalues (distinct eigenvalues of A case)

Where does the PBH test comes from?

Observability (sketch):

rank

 
A� �iI

C

!
< n

means that the rectangular (n+1) x n matrix has not full 
column rank and therefore it has a non-zero nullspace, that 
is there exists a n vector ui such that

 
A� �iI

C

!
ui = 0

(A� �iI)ui = 0 Aui = �iui

Cui = 0 Cui = 0

( (

that is there exists an eigenvector which belongs to the nullspace of C (or the corresponding 
mode is unobservable) 
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example

A =

✓
�1 1
0 1

◆
B =

✓
1
0

◆
C =

�
0 1

�

(sI �A)�1 =

✓ 1
s+1

1
(s+1)(s�1)

0 1
s�1

◆
= M1

1

s+ 1
+M2

1

s� 1

M1 =
⇥
(s+ 1)(sI �A)�1

⇤
s=�1

=

✓
1 �1/2
0 0

◆

M2 =
⇥
(s� 1)(sI �A)�1

⇤
s=1

=

✓
0 1/2
0 1

◆

fractional decomposition
works also for rational matrices

with

eAt = M1e
�t +M2e

ta different way to compute the 
matrix exponential

both natural modes appear (as it 
should be) in the state transition 
matrix
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(sI �A)�1B =

✓
1

s+1
0

◆

C(sI �A)�1 =
�
0 1

s�1

�

u1 / (A� �1I)u1 = 0


0 1
0 2

�
u1 = 0 u1 =


1
0

�

u2 / (A� �2I)u2 = 0


�2 1
0 0

�
u2 = 0 u2 =


1
2

�
vT1 =

⇥
1 �1/2

⇤

vT2 =
⇥
0 1/2

⇤

Cu1 = 0 Cu2 6= 0vT1 B 6= 0 vT2 B = 0

mode corresponding to 
¸2 does not appear

mode corresponding to 
¸1 does not appear

equivalently

eAtB

w(t) = CeAtB = 0

CeAt

forced response will always be zero 
independently from the input applied

(look at the 2 first order ODE)

example

W (s) = 0

no poles
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example equivalently with the PBH rank test

rank

✓
0 1 1
0 2 0

◆
= 2 = n

rank

✓
�2 1 1
0 0 0

◆
= 1 < n

rank

0

B@
0 1
0 2

0 1

1

CA = 1 < n rank

0

B@
�2 1
0 0

0 1

1

CA = 2 = n

controllability test

observability test

mode corresponding to ¸2 is uncontrollable

mode corresponding to ¸1 is controllable

mode corresponding to ¸1

is unobservable
mode corresponding to ¸2

is observable
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poles & eigenvalues (general case)

Theorem
Every pole is an eigenvalue.

An eigenvalue ¸i  becomes a pole with the multiplicity ma (algebraic multiplicity) if and only if

both PBH rank tests are verified

rank
�
A� �iI B

�
= n rank

 
A� �iI

C

!
= n

NB - If one of the two conditions is not verified then the eigenvalue ¸i  will appear as a pole with 
multiplicity strictly less than the algebraic multiplicity, possibly even 0 (in this case we will have a 
hidden eigenvalue). In particular the eigenvalue will appear at most as a pole with multiplicity 
equal to its index (dimension of the largest Jordan block).

controllability observability

NB - If for an eigenvalue ¸i  the geometric mg(¸i) >1 then there exists a hidden dynamics.
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example

A0 =

2

4
�1 1 0
0 �1 1
0 0 �1

3

5 B =

2

4
8
8
6= 0

3

5 C =
⇥
6= 0 8 8

⇤

B1 =

2

4
0
0
1

3

5 C1 =
⇥
1 0 0

⇤
F1(s) =

1

(s� �1)3

B2 =

2

4
1
0
0

3

5 C2 = C1 =
⇥
1 0 0

⇤
F2(s) =

(s� �1)2

(s� �1)3
=

1

s� �1

B3 = B2 =

2

4
1
0
0

3

5 C3 =
⇥
0 0 1

⇤
F3(s) = 0

PBH rank test
verified for

easily seen from A0 � �1I =

2

4
0 1 0
0 0 1
0 0 0

3

5

index of ¸1

(sI �A0)
�1 =

1

(s� �1)3

2

64
(s� �1)2 (s� �1) 1

0 (s� �1)2 (s� �1)

0 0 (s� �1)2

3

75
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A4 =

2

4
�1 1 0
0 �1 0
0 0 �1

3

5 A4 � �1I =

2

4
0 1 0
0 0 0
0 0 0

3

5

B4 =

2

4
0
1
0

3

5 C4 =
⇥
1 0 0

⇤
F4(s) =

1

(s� �1)2

B5 =

2

4
1
0
0

3

5 C5 = C1 =
⇥
1 0 0

⇤

B6 = B1 =

2

4
0
0
1

3

5 C6 = C1 =
⇥
1 0 0

⇤
F6(s) = 0

F5(s) =
s� �1

(s� �1)2
=

1

s� �1

example

since

the PBH rank test will never be 
satisfied independently from B 
and C.  At most the eigenvalue 
will appear as a pole with 
multiplicity = index of ¸1 = 2

(sI�A4)
�1 =

1

(s� �1)3

2

4
(s� �1)2 (s� �1) 0

0 (s� �1)2 0
0 0 (s� �1)2

3

5 =
1

(s� �1)2

2

4
(s� �1) 1 0

0 (s� �1) 0
0 0 (s� �1)

3

5
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example

A7 =

2

4
�1 0 0
0 �1 0
0 0 �1

3

5 (sI �A7)
�1 =

1

s� �1

2

4
1 0 0
0 1 0
0 0 1

3

5 etc ...

the PBH rank test will never be 
satisfied independently from B 
and C.  At most the eigenvalue 
will appear as a pole with 
multiplicity = index of ¸1 = 1
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example

1

s2
<latexit sha1_base64="AhUC3oGLciHq86ff4EQy9l3Z8yo=">AAAB9HicbZA9SwNBEIbn4leMX1FLm8UgWIW7IGhhEbCxjGASITnD3mYuWbK3d+7uBcKR32FjoYitP8bOf+MmuUITX1h4eGeGmX2DRHBtXPfbKaytb2xuFbdLO7t7+wflw6OWjlPFsMliEauHgGoUXGLTcCPwIVFIo0BgOxjdzOrtMSrNY3lvJgn6ER1IHnJGjbX8bqgoy7xpph9r01654lbducgqeDlUIFejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMeipBFqP5sfPSVn1umTMFb2SUPm7u+JjEZaT6LAdkbUDPVybWb+V+ukJrzyMy6T1KBki0VhKoiJySwB0ucKmRETC5Qpbm8lbEhtDsbmVLIheMtfXoVWrepZvruo1K/zOIpwAqdwDh5cQh1uoQFNYPAEz/AKb87YeXHenY9Fa8HJZ47hj5zPH8eGkhI=</latexit><latexit sha1_base64="AhUC3oGLciHq86ff4EQy9l3Z8yo=">AAAB9HicbZA9SwNBEIbn4leMX1FLm8UgWIW7IGhhEbCxjGASITnD3mYuWbK3d+7uBcKR32FjoYitP8bOf+MmuUITX1h4eGeGmX2DRHBtXPfbKaytb2xuFbdLO7t7+wflw6OWjlPFsMliEauHgGoUXGLTcCPwIVFIo0BgOxjdzOrtMSrNY3lvJgn6ER1IHnJGjbX8bqgoy7xpph9r01654lbducgqeDlUIFejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMeipBFqP5sfPSVn1umTMFb2SUPm7u+JjEZaT6LAdkbUDPVybWb+V+ukJrzyMy6T1KBki0VhKoiJySwB0ucKmRETC5Qpbm8lbEhtDsbmVLIheMtfXoVWrepZvruo1K/zOIpwAqdwDh5cQh1uoQFNYPAEz/AKb87YeXHenY9Fa8HJZ47hj5zPH8eGkhI=</latexit><latexit sha1_base64="AhUC3oGLciHq86ff4EQy9l3Z8yo=">AAAB9HicbZA9SwNBEIbn4leMX1FLm8UgWIW7IGhhEbCxjGASITnD3mYuWbK3d+7uBcKR32FjoYitP8bOf+MmuUITX1h4eGeGmX2DRHBtXPfbKaytb2xuFbdLO7t7+wflw6OWjlPFsMliEauHgGoUXGLTcCPwIVFIo0BgOxjdzOrtMSrNY3lvJgn6ER1IHnJGjbX8bqgoy7xpph9r01654lbducgqeDlUIFejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMeipBFqP5sfPSVn1umTMFb2SUPm7u+JjEZaT6LAdkbUDPVybWb+V+ukJrzyMy6T1KBki0VhKoiJySwB0ucKmRETC5Qpbm8lbEhtDsbmVLIheMtfXoVWrepZvruo1K/zOIpwAqdwDh5cQh1uoQFNYPAEz/AKb87YeXHenY9Fa8HJZ47hj5zPH8eGkhI=</latexit><latexit sha1_base64="AhUC3oGLciHq86ff4EQy9l3Z8yo=">AAAB9HicbZA9SwNBEIbn4leMX1FLm8UgWIW7IGhhEbCxjGASITnD3mYuWbK3d+7uBcKR32FjoYitP8bOf+MmuUITX1h4eGeGmX2DRHBtXPfbKaytb2xuFbdLO7t7+wflw6OWjlPFsMliEauHgGoUXGLTcCPwIVFIo0BgOxjdzOrtMSrNY3lvJgn6ER1IHnJGjbX8bqgoy7xpph9r01654lbducgqeDlUIFejV/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMeipBFqP5sfPSVn1umTMFb2SUPm7u+JjEZaT6LAdkbUDPVybWb+V+ukJrzyMy6T1KBki0VhKoiJySwB0ucKmRETC5Qpbm8lbEhtDsbmVLIheMtfXoVWrepZvruo1K/zOIpwAqdwDh5cQh1uoQFNYPAEz/AKb87YeXHenY9Fa8HJZ47hj5zPH8eGkhI=</latexit>

is the system characterized by the transfer function stable?

• we have seen that an eigenvalue appears as a pole with multiplicity at most equal 
to its index (dimension of its larger Jordan block)

• for the pole multiplicity to be equal to both the index and the algebraic 
multiplicity of the eigenvalue, there must be only one Jordan block

thus the system has the eigenvalue in ¸ = 0 with geometric multiplicity = 1 and index = 2

system is unstable

can also be seen by computing the impulse response L�1

⇢
1

s2

�
= t ��1(t)

<latexit sha1_base64="zq0J7muF/3FidASPCd0GCs051ys="></latexit><latexit sha1_base64="zq0J7muF/3FidASPCd0GCs051ys="></latexit><latexit sha1_base64="zq0J7muF/3FidASPCd0GCs051ys="></latexit><latexit sha1_base64="zq0J7muF/3FidASPCd0GCs051ys="></latexit>

1

(s2 + 1)2
<latexit sha1_base64="fl+9kGt+acT5v8bydgID20YpZvk=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIFaEkRdCFi4IblxXsBdq0TKaTduhkEmYmQgj1Vdy4UMStD+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPaduf3M7q7UcqFYvEg05j6oV4JFjACNbGGtilXiAxydxpVlH92oV73q9NB3bZqTpzoVVwcyhDrsbA/uoNI5KEVGjCsVJd14m1l2GpGeF0WuwlisaYTPCIdg0KHFLlZfPjp+jMOEMURNI8odHc/T2R4VCpNPRNZ4j1WC3XZuZ/tW6ig2svYyJONBVksShIONIRmiWBhkxSonlqABPJzK2IjLFJQ5u8iiYEd/nLq9CqVV3D95fl+k0eRwFO4BQq4MIV1OEOGtAEAik8wyu8WU/Wi/VufSxa16x8pgR/ZH3+AB2Qk7w=</latexit><latexit sha1_base64="fl+9kGt+acT5v8bydgID20YpZvk=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIFaEkRdCFi4IblxXsBdq0TKaTduhkEmYmQgj1Vdy4UMStD+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPaduf3M7q7UcqFYvEg05j6oV4JFjACNbGGtilXiAxydxpVlH92oV73q9NB3bZqTpzoVVwcyhDrsbA/uoNI5KEVGjCsVJd14m1l2GpGeF0WuwlisaYTPCIdg0KHFLlZfPjp+jMOEMURNI8odHc/T2R4VCpNPRNZ4j1WC3XZuZ/tW6ig2svYyJONBVksShIONIRmiWBhkxSonlqABPJzK2IjLFJQ5u8iiYEd/nLq9CqVV3D95fl+k0eRwFO4BQq4MIV1OEOGtAEAik8wyu8WU/Wi/VufSxa16x8pgR/ZH3+AB2Qk7w=</latexit><latexit sha1_base64="fl+9kGt+acT5v8bydgID20YpZvk=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIFaEkRdCFi4IblxXsBdq0TKaTduhkEmYmQgj1Vdy4UMStD+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPaduf3M7q7UcqFYvEg05j6oV4JFjACNbGGtilXiAxydxpVlH92oV73q9NB3bZqTpzoVVwcyhDrsbA/uoNI5KEVGjCsVJd14m1l2GpGeF0WuwlisaYTPCIdg0KHFLlZfPjp+jMOEMURNI8odHc/T2R4VCpNPRNZ4j1WC3XZuZ/tW6ig2svYyJONBVksShIONIRmiWBhkxSonlqABPJzK2IjLFJQ5u8iiYEd/nLq9CqVV3D95fl+k0eRwFO4BQq4MIV1OEOGtAEAik8wyu8WU/Wi/VufSxa16x8pgR/ZH3+AB2Qk7w=</latexit><latexit sha1_base64="fl+9kGt+acT5v8bydgID20YpZvk=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAIFaEkRdCFi4IblxXsBdq0TKaTduhkEmYmQgj1Vdy4UMStD+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPaduf3M7q7UcqFYvEg05j6oV4JFjACNbGGtilXiAxydxpVlH92oV73q9NB3bZqTpzoVVwcyhDrsbA/uoNI5KEVGjCsVJd14m1l2GpGeF0WuwlisaYTPCIdg0KHFLlZfPjp+jMOEMURNI8odHc/T2R4VCpNPRNZ4j1WC3XZuZ/tW6ig2svYyJONBVksShIONIRmiWBhkxSonlqABPJzK2IjLFJQ5u8iiYEd/nLq9CqVV3D95fl+k0eRwFO4BQq4MIV1OEOGtAEAik8wyu8WU/Wi/VufSxa16x8pgR/ZH3+AB2Qk7w=</latexit>

similarly for

fundamental 
assumption

• when we start from the transfer function, we implicitly assume that the 
eigenvalues (and their algebraic multiplicity) coincide with the poles
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Laplace transform table

�(t)

��1(t)
1

s

tk

k!

1

sk+1

eat
1

s� a

sin�t
�

s2 + �2
=

1/2j

s� j�
� 1/2j

s+ j�

cos�t
s

s2 + �2
=

1/2

s� j�
+

1/2

s+ j�

sin(�t+ ⇥)
s sin⇥+ � cos⇥

s2 + �2

1

tk

k!
eat

1

(s� a)k+1

eat sin�t

eat cos�t

�

(s� a)2 + �2

(s� a)

(s� a)2 + �2
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(A,B,C,D) W (s) = C(sI �A)�1B +D

how ?

ok

realizations

(A,B,C,D)W (s) = C(sI �A)�1B +D

infinite solutions

• state dimension ?

• how can we easily find one state space representation (A, B, C, D) ? 

• may be complicated for MIMO systems (here SISO)

• we see only one, obtainable directly from the coefficients of the transfer 

function (others are obtainable by simple similarity transformations) with 

state dimension = n (i.e. a minimal realization) 

realization
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realizations

W (s) =
N(s)

D(s)

W (s) =
bn�1sn�1 + bn�2sn�2 + · · ·+ b1s+ b0

sn + an�1sn�1 + an�2sn�2 + · · ·+ a1s+ a0
+D

with N(s) & D(s) coprime 

- first we determine D if W(s) is proper

- one possible choice for  A, B, C (D has already been determined) is

Ac =

2

66664

0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

�a0 �a1 �a2 · · · �an�1

3

77775
Bc =

2

666664

0
0
...
0
1

3

777775

Cc =
⇥
b0 b1 b2 · · · bn�1

⇤

- the state has dimension n and therefore the dynamic matrix is n x n

controller canonical form
(useful for eigenvalue assignment)

strictly
proper

a non-zero D leads 
to W(s) proper

given
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realizations

Ac =

2

66664

0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

�a0 �a1 �a2 · · · �an�1

3

77775

the matrix Ac is called a companion matrix and has as characteristic polynomial 

<latexit sha1_base64="p7NrhCtXK1zSTv3GGrgiT9vSJvM="></latexit>

pAc(�) = �n + an�1�
n�1 + · · ·+ a1�+ a0

the pair (Ac, Bc) has, by construction, all its natural modes controllable

we then say that the pair (Ac, Bc) is, by construction, controllable

recall that the poles of the transfer function are also eigenvalues and therefore the matrix Ac 
of the realization has the minimum necessary number of eigenvalues  
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realizations (examples)

<latexit sha1_base64="kVq7SVt0fWAm/RowZ1HI5Efrd7I="></latexit>

Ac =

2

664

0 1 0 0
0 0 1 0
0 0 0 1
�1 �2 �3 �5

3

775
<latexit sha1_base64="eizxsAKnxeKPZVPCgrChzq3gsTM=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPiKe5GE70IgVw8RjAPyC5hdtJJhszOLjOzYljyGV78FS8eFPGam3/j5IFoYkNBUdVNd5cfcaa0bX9ZqZXVtfWN9GZma3tndy+7f1BXYSwp1GjIQ9n0iQLOBNQ00xyakQQS+Bwa/qAy8RsPIBULxb0eRuAFpCdYl1GijdTOnlfaFN9g14ceE4kfEC3Z46iIT3HBwDa4cEF0fpx2Nmfn7WnhZeLMSQ7Nq9rOjt1OSOMAhKacKNVy7Eh7CZGaUQ6jjBsriAgdkB60DBUkAOUl08dG+MQoHdwNpYHQeKr+nkhIoNQw8E2nua+vFr2J+J/XinX32kuYiGINgs4WdWOOdYgnKeEOk0A1HxpCqGTmVkz7RBKqTZYZE4Kz+PIyqRfyTilfvLvMlUvzONLoCB2jM+SgK1RGt6iKaoiiJ/SC3tC79Wy9Wh/W56w1Zc1nDtGfssbf4kSdzw==</latexit>

Cc =
⇥
5 2 0 3

⇤

<latexit sha1_base64="IRGfBF3BFgN+M0mUqoDLB1O7S10=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykzR6kYounFZwT6gU0omc6cNzWSGJCOWof/hxl9x40IRV4IL/8b0gY/WAwmHc+7l3nv8hDOlHefTWlhcWl5Zza3l1zc2t7btnd26ilNJoUZjHsumTxRwJqCmmebQTCSQyOfQ8PuXI79xC1KxWNzoQQLtiHQFCxkl2kgdu3TRofgcez50mcj8iGjJ7oYO9jz887keiODb7NgFp+iMgeeJOyUFNEW1Y797QUzTCISmnCjVcp1EtzMiNaMchnkvVZAQ2iddaBkqSASqnY1vG+JDowQ4jKV5QuOx+rsjI5FSg8g3lWa/npr1RuJ/XivV4Vk7YyJJNQg6GRSmHOsYj4LCAZNANR8YQqhkZldMe0QSqk2ceROCO3vyPKmXim65eHJ9XKiUp3Hk0D46QEfIRaeogq5QFdUQRffoET2jF+vBerJerbdJ6YI17dlDf2B9fAEX1Z+Z</latexit>

Bc =

2

664

0
0
0
1

3

775
<latexit sha1_base64="CIWEbGWKaC0WqlMwU9C2w94jNJM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGjV6EgB48RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNi9YjjhPsRHSgRCkbRSq27HiM3pNIrltyyOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+blTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+xOhkhS5YotFYSoJxmT2O+kLzRnKsSWUaWFvJWxINWVoEyrYELzll1dJs1L2quXLh4tSrZrFkYcTOIVz8OAKanAPdWgAgxE8wyu8OYnz4rw7H4vWnJPNHMMfOJ8/qe2Ocw==</latexit>

Dc = 2

<latexit sha1_base64="4MBXSbyPOrbdUZ9QSk5erPvJFx0="></latexit>

P (s) =
s2 + 3

2s2 + 6s+ 2
=

s2 + 3

2(s2 + 3s+ 1)
=

1

2

s2 + 3

s2 + 3s+ 1
=

1

2

✓
1 +

�3s

s2 + 3s+ 1

◆
=

�3/2s

s2 + 3s+ 1
+

1

2

<latexit sha1_base64="WbxbJFdx5odKM0JoRIEmc6env1Q="></latexit>

P (s) =
2s4 + 13s3 + 6s2 + 6s+ 7

s4 + 5s3 + 3s2 + 2s+ 1
=

3s3 + 2s+ 5

s4 + 5s3 + 3s2 + 2s+ 1
+ 2

<latexit sha1_base64="qLS6E/VG5JgsoAsYuN2PxIZO0fs=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAoblpmvFQ3QsWNywq2FTrDkElP29BMZkgyYhn6Jm58FTcuFBF3fRvTC6KtBwIf/38OOecPYs6Utu2hlVlYXFpeya7m1tY3Nrfy2zt1FSWSQo1GPJL3AVHAmYCaZprDfSyBhAGHRtC7HvmNB5CKReJO92PwQtIRrM0o0Uby8+Urn+JL7AbQYSINQqIlexzY+BA7GLsuLjoGiyeGQbR+/JyfL9gle1x4HpwpFNC0qn7+y21FNAlBaMqJUk3HjrWXEqkZ5TDIuYmCmNAe6UDToCAhKC8d3zfAB0Zp4XYkzRMaj9XfEykJleqHgek0C3bVrDcS//OaiW5feCkTcaJB0MlH7YRjHeFRWLjFJFDN+wYIlczsimmXSEK1iXQUgjN78jzUj0tOuXR2e1qolKdxZNEe2kdHyEHnqIJuUBXVEEVP6AW9oXfr2Xq1PqzPSWvGms7soj9lDb8BRb+fZA==</latexit>

Ac =


0 1
�1 �3

� <latexit sha1_base64="yfZLYDgysuQR0iiBfjwxNAq+QV0=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIVi9C0YvHCvYDmlA222m7dLMJuxuxhP4FL/4VLx4U8erNm//GbRtEWx8MPN6bYWZeEHOmtON8Wbml5ZXVtfx6YWNza3vH3t1rqCiRFOo04pFsBUQBZwLqmmkOrVgCCQMOzWB4NfGbdyAVi8StHsXgh6QvWI9Roo3UsUuXHYovsBdAn4k0CImW7H7sYM/Drgei+yN17KJTdqbAi8TNSBFlqHXsT68b0SQEoSknSrVdJ9Z+SqRmlMO44CUKYkKHpA9tQwUJQfnp9KMxPjJKF/ciaUpoPFV/T6QkVGoUBqbT3DdQ895E/M9rJ7p37qdMxIkGQWeLegnHOsKTeHCXSaCajwwhVDJzK6YDIgnVJsSCCcGdf3mRNI7LbqV8enNSrFayOPLoAB2iEnLRGaqia1RDdUTRA3pCL+jVerSerTfrfdaas7KZffQH1sc3nG2c5Q==</latexit>

Bc =


0
1

�
<latexit sha1_base64="9gXNO34S0Cib4j4FLuxU1gVZl6c=">AAACFHicbVDLSgNBEJz1GeMr6tHLYFAEMe5GjV6EQC4eI5gHZEOYnXSSIbOzy8ysGJZ8hBd/xYsHRbx68ObfOEkW0cSChqKqm+4uL+RMadv+submFxaXllMr6dW19Y3NzNZ2VQWRpFChAQ9k3SMKOBNQ0UxzqIcSiO9xqHn90siv3YFULBC3ehBC0yddwTqMEm2kVuao1KL4CrsedJmIPZ9oye6HNj7Ax6cneRdE+0dMtzJZO2ePgWeJk5AsSlBuZT7ddkAjH4SmnCjVcOxQN2MiNaMchmk3UhAS2iddaBgqiA+qGY+fGuJ9o7RxJ5CmhMZj9fdETHylBr5nOs2BPTXtjcT/vEakO5fNmIkw0iDoZFEn4lgHeJQQbjMJVPOBIYRKZm7FtEckodrkOArBmX55llTzOaeQO785yxYLSRwptIv20CFy0AUqomtURhVE0QN6Qi/o1Xq0nq03633SOmclMzvoD6yPbzmDnQw=</latexit>

Cc =
⇥
0 �3/2

⇤ <latexit sha1_base64="k1UVcQUXYD9ry88WWuFjOyhZThg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKVjdCQRcuK9gHtCFMppN26OTBzEQsIb/ixoUibv0Rd/6NkzYLbT1w4XDOvdx7jxdzJpVlfRultfWNza3ydmVnd2//wDysdmWUCEI7JOKR6HtYUs5C2lFMcdqPBcWBx2nPm97kfu+RCsmi8EHNYuoEeBwynxGstOSa1VuXoGs09AUmqZ2ljazimjWrbs2BVoldkBoUaLvm13AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0oGmIAyqddH57hk61MkJ+JHSFCs3V3xMpDqScBZ7uDLCayGUvF//zBonyr5yUhXGiaEgWi/yEIxWhPAg0YoISxWeaYCKYvhWRCdYxKB1XHoK9/PIq6TbqdrN+cX9eazWLOMpwDCdwBjZcQgvuoA0dIPAEz/AKb0ZmvBjvxseitWQUM0fwB8bnDyi9kzU=</latexit>

Dc =
1

2

<latexit sha1_base64="VintZMWcXAHFLm7oCp/FA1LSSMI=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARKoWSRK1uhEI3LivYC7SxTKaTdujkwsxEKCEP5MZXEcSFRdz6HE7a4KX1wMDP95/DmfM7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFLBBHHpIkDFvCOgwRh1CdNSSUjnZAT5DmMtJ1xPfXbD4QLGvh3chIS20NDn7oUI6lQX683SuIUXsOeyxGOzSQ+E/dW2RLlavJNf7wkiVN7DqwUiLKV9PWiUTFmBZeFmYkiyKrR1196gwBHHvElZkiIrmmE0o4RlxQzkhR6kSAhwmM0JF0lfeQRYcezYxN4osgAugFXz5dwRn9PxMgTYuI5qtNDciQWvRT+53Uj6V7ZMfXDSBIfzxe5EYMygGlycEA5wZJNlECYU/VXiEdIJSFVvgUVgrl48rJoWRWzWrm4PS/WqlkceXAEjkEJmOAS1MANaIAmwOARPIM3MNWetFftXfuYt+a0bOYQ/Cnt8wsHSaZU</latexit>

P (s) =
1

3s2 + 2s+ 6
=

1
3

s2 + 2
3s+ 2

<latexit sha1_base64="jhu8oDII7YA8N8nD0O+lJkIUGqs=">AAACIXicbVDLTgIxFO3gC/GFunTTSDRuwBlUZGOCceMSE3kkDCGdcoGGTmfSdoxkwq+48VfcuNAYdsafsTxiFDxJk9Nz7s2993ghZ0rb9qeVWFpeWV1Lrqc2Nre2d9K7e1UVRJJChQY8kHWPKOBMQEUzzaEeSiC+x6Hm9W/Gfu0BpGKBuNeDEJo+6QrWYZRoI7XSxesWxVfY9aDLROz5REv2OLTxMXYwdl2czRuazZ+emR+I9k9FqpXO2Dl7ArxInBnJoBnKrfTIbQc08kFoyolSDccOdTMmUjPKYZhyIwUhoX3ShYahgvigmvHkwiE+MkobdwJpntB4ov7uiImv1MD3TKVZsKfmvbH4n9eIdKfYjJkIIw2CTgd1Io51gMdx4TaTQDUfGEKoZGZXTHtEEqpNqOMQnPmTF0k1n3MKuYu780ypMIsjiQ7QITpBDrpEJXSLyqiCKHpCL+gNvVvP1qv1YY2mpQlr1rOP/sD6+gZBLJ/a</latexit>

Ac =


0 1
�2 �2/3

� <latexit sha1_base64="yfZLYDgysuQR0iiBfjwxNAq+QV0=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIVi9C0YvHCvYDmlA222m7dLMJuxuxhP4FL/4VLx4U8erNm//GbRtEWx8MPN6bYWZeEHOmtON8Wbml5ZXVtfx6YWNza3vH3t1rqCiRFOo04pFsBUQBZwLqmmkOrVgCCQMOzWB4NfGbdyAVi8StHsXgh6QvWI9Roo3UsUuXHYovsBdAn4k0CImW7H7sYM/Drgei+yN17KJTdqbAi8TNSBFlqHXsT68b0SQEoSknSrVdJ9Z+SqRmlMO44CUKYkKHpA9tQwUJQfnp9KMxPjJKF/ciaUpoPFV/T6QkVGoUBqbT3DdQ895E/M9rJ7p37qdMxIkGQWeLegnHOsKTeHCXSaCajwwhVDJzK6YDIgnVJsSCCcGdf3mRNI7LbqV8enNSrFayOPLoAB2iEnLRGaqia1RDdUTRA3pCL+jVerSerTfrfdaas7KZffQH1sc3nG2c5Q==</latexit>

Bc =


0
1

�
<latexit sha1_base64="HcnoMV2AeO8D1VlcwlNdyxZ0q9c=">AAACE3icbVDLSgNBEJyNrxhfqx69DAZFPMRdH9GLEMjFYwTzgCSE2UknGTI7u8zMimHJP3jxV7x4UMSrF2/+jbPJIhotaCiquunu8kLOlHacTyszN7+wuJRdzq2srq1v2JtbNRVEkkKVBjyQDY8o4ExAVTPNoRFKIL7Hoe4Ny4lfvwWpWCBu9CiEtk/6gvUYJdpIHfuw3KH4Erc86DMRez7Rkt2N3aMTvI+dFojut5br2Hmn4EyA/xI3JXmUotKxP1rdgEY+CE05UarpOqFux0RqRjmMc61IQUjokPShaaggPqh2PPlpjPeM0sW9QJoSGk/UnxMx8ZUa+Z7pNAcO1KyXiP95zUj3LtoxE2GkQdDpol7EsQ5wEhDuMglU85EhhEpmbsV0QCSh2sSYhODOvvyX1I4LbrFwdn2aLxXTOLJoB+2iA+Sic1RCV6iCqoiie/SIntGL9WA9Wa/W27Q1Y6Uz2+gXrPcvw1Cc1A==</latexit>

Cc =
⇥
1/3 0

⇤
<latexit sha1_base64="rYnx5bvEHb38zA6fNxd+pTQv1UA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kolo9SIU9OCxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56jNwQt1cquxV3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7d0JOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/9jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtoQvMWXl0nzvOJVK5cPF+VaNY+jAMdwAmfgwRXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4ApuWOcQ==</latexit>

Dc = 0


