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-articulated manipulators present strong, although smooth, nonlinearities
in the state, but‘are always linear in the inputs. Mechanical sources of
nonlinear dynamics are the large changes of apparent inertia in different
arm postures-and- the dependency of gravity forces on the configuration.
Second, in standard robot. control problems, the relation between applied
input-forces and controlled outputs —~ the joint variables or the end-effector
pose == fully displays the typical interactions of multivariable systems.

To set up a common background, let us recast some standard results
for- conventional -robots, namely those manipulators constituted by open
kinematic_chains of rigid bodies, connected by N rotational or prismatic

: ract. The notion of zero dynamics of a nonlinear system is used in the
Investigation. of three classes of problems that arise in advanced robotics:

-joints;-and-with-an-independent actuator-driving each:degree of freedom.
:Also;Nvis-less or-equal:-to-6; the-maximum-number-of parameters needed

T for specifying an arbitrary position and orientation of the end-effector in

" “free space. Defining a vector q € RY of generalized coordinates (e.g. the
P

joint variables), the Lagrangian of the system L = T'— U +mTq, is formed

with“the-environtient

control'of robots in rigid:contact s
of manipulators_with redundant. degrees of freedom, -and-trajectorycon=——

ontrol

~~fromthe kinetic energy T(q;§) ="3q"B(q)q, the potential energy U(q),

and _the nonconservative forces m performiiig work on q.  Applying the

~ trol of robot arms with flexible links. In éach case, the-internal-dynamics
present:in the system’; when a proper output is constrained to. be zero s
characterized, and a physical interpretation of such. dynamics. is providédl

Simple examples are worked out to show how this_anb]ysis_supponts_the__
T design—of--stabi}i'zingﬁcontroﬂers,“ahd‘“thé"t‘éiﬁétmg Téstlts can be reviewed

in-the spirit of zero dynamics.

1. ,Introductior.x S TS i el

In recent years robotics has served as an excitingA field of apﬂicéﬂoﬁ for
advanced findings in nonlinear control theory, Several interesting control
problems have been posed and solved for nonlinear systems which-are linear,
in the control input u and in the disturbance input z,. .

M k=10 +gGutrxE = hGx),

- -wherfa x€R*; ueR"; 2 R yc R, f and the columns g and r; of
..matrices. g and r. are smooth.vector fields, and h is a smooth output vec- -
__tor function. In».payticular, necessary-and:sufficient: conditions-have been
f?und fqr the prqblems of feedback-linearization; input-output noninterac-
«tion;: disturbance decoupling; and-full(i:6: state plus -output) linearization;
using a static state-feedback law of the form o '

LL N

principleof Teastaction [2]; theequations of motion forconventional robots
are obtained as- R

@ T = a®F ARV, T With B(x) nonsingular, 7

as. control input-and; when needed; ‘a-transformationin" the stz pace o

X=W(x). (see [1], and the.references therein), - - LT
e iI"his:,:g‘eneral' ,Vframewor.k-rv-is;well‘-nsuited«to-—robotics;mas%omny“ot}rer“““”"
- mech%rqp;cs systems; for two miain reasons. First, dynamic models of

® B(a)i-+o(a; ) + e(a) = m;

where B is the positive definite symmetric inertia matrix, ¢ is the Coriolis
and centrifugal vector, and e is the gravitational vector. The components
of the last two terms have the explicit expressions

db; %)T_aﬂ). ou
0¢

(4) ' ci(q,q) = %QT(E +( 3q q, eiq) =3

for i = 1,...,N, being b; the ith column of B. State equations in the
form (1) (with'z = 0, viz. ¢ = 0) are readily obtained from (3), setting
x =(q,q) = (Xp,x,) €R* and u =m € R™: .

e , % 0 ) -

SR 0 A
& |55 a0 * [5-1e
“with »n(‘q,ﬁ'([)":"c(q;v q)+-e(q) for compactness:: Thus; n =2N, m = N.
As:in (1), an output equation can be associated to this dynamic system,
-typically in the form == o

6y e fa Jjoint space output
), = Y=\ k(q), .cartesian space output.

wheiep = k((}) i§ the so-called direct kinematics of the arm, a nonlinear
‘mapping k: R < RN in the conventional square case (p=m=N). When
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the full end-effector pose is considered in vector p, a x}linima.l representation
‘should be used for orientation, like Euler or roll-pitch-yaw. angles.

_Invcurrent industrial robots, the nonlinear effects present in-the state

...quations (5) are masked by the adoption of torque transmission elements

with a large reduction ratio [3]).  However, the demand for accurate end-

- effector-force-control; ; '

tomatic tasks;has led to the introduction-of & new
rect-drive. arms,-i.e.. with. unitary. transmission ratios. For
Il-considerationof the-complex nonlinear-and interacting

.. dynamics is “néVbida-blé...IhusAhusAe_oﬁstfandaticapp;qxima;e,)_ligea,pi.zationm,_W‘

~--procedures is.not.adequate;-and-the-motion-control-problem really-asks for
nonlinear feedback laws in the form (2). Nonetheless, researchers have soon

-bad asit may'seém. In fact, in their conventional setting, robot arms satisfy
-all the conditions needed: for solving the:aforementioned: control problems,

‘extreme precision in the whole-workspace; and -high
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Exponentially stable zero dynamics allows exact or, at least, asymptotic
reproduction of output trajectories [8]. In this case, the system is usually
referred to as being minimum phase. Finally, in the regulation problem for
nonliniear systems, solvability ¢onditions can be restated in terms of zero
dynamics of the system [9].
. In the following, the role of zero dynamics will be investigated with
" reference to three relevant problems in robotics: control of robots in rigid
contact with the environment, free motion control of manipulators with
redundant” degrees of freedom, and trajectory control of robot arms with

~-cations; which-are indeed more complex than conventional ones, but much
“work has-still-to be-done-for obtaining control schemes which perform in a

overed-that;-even-for-direct=drive robots; the general picturé is not as

very satisfactory way. Our contribution here is to indicate how the notion
of zero dynamics can be used for reinterpreting known results, for provid-
ing alternate solutions to challenging problems, or in_the definition of new

in‘particular full linearization-and-input-output-noninteraction:-Jt-is-easy to -

“control stratégies. Although most of the arguments are preséiited through

examples, we will try to put each case study in the wider perspective of the

Siaefthatwtfhe’suit-able'fe'e‘db"a,hk and’state transformation for the joint output
e A QAR e o MY 2 : T i

@ uE ) 4B, | ¥(x)=x,

pertinent robotic field. "For ¢compléteness, géneral concepts related to zero
dynamics and a computational algorithm are recalled first.

————while-for-the-cartesian-output-is —

(®) u=n(x)+Be) o) [-300m +],  ¥(x)= [J'E,Efi’i ]

where J(q) = 0k/dq is the (square) Jacobian of the direct kinematics.
‘Thiese control laws achieve state and output linearization, in the proper co-
‘ordinates, and input-output decoupling at the same time; as can be checked
by direct‘inspection. Such a striking result has beeri labeled in many dif-
..ferent ways in robotics, namely. as.computed: torque, inverse dynamics ap-
pzjoa,ch,\.resplved-acc(_ele:atio‘n ‘method, or operational space control, In the
.cartesian space, slight variations may be encountered depernding on the-cho-
“sen.representation of end-effector orientation, but — apart from different
.:.algorithmic. singulatities in- the induced Jacobian J — a basically unique
-..approach:can.be resumed: [4;5}: i oo L i o e

~.-=In.this paper; our purpose is to show that there is more than Jjust

- ‘computed torque’:inadvanced robotic control problems. There are still

. plenty of situations needing for an useful transfer of new results from non-

2. Zero dynwamics of nonlinear systems

Consider the class of nonlinear systems that are not fully linearizable by
feedback. For these systems, the feasibility of a2 number of control laws is
strictly related to the stability .properties of a particular dynamics which
depends upon the specific control problem faced. When seeking for ex-
act reproduction of output trajectories by means of system inversion, the
minimal inverse dynamics is of concern. For input-output noninteracting
problems (as well as for disturbance decoupling), the critical issue stands
in the dynamics of maximal dimension which can be rendered unobservable
via feedback. On the other hand, for solving local stabilization problems
using smooth static state-feedback, one should investigate the properties of
the internal dynamics when the output is forced to zero. For linear and
for nonlinear single-input single-output invertible systems, it is known that
the dynamics of the minimal inverse, the dynamics associated with max-
imal loss of observability under feedback, and the closed-loop dynamics
obtained when zeroing the output, are in fact coincident. This equivalence
is no longer true for general nonlinear systems {10]. However, these three
notions collapse into the same-one when the decoupling matrix of the sys-

ingan.;c.ont_rol..theoty.wR;ecent,ly,.-t.he.‘..notion--of—zém—dynamics—of—-a—sys't'mu,
Le. the internal dynamics consistent with the constraint that the system
T routput-iszerofor all times; hias been stated in a precise way. also in the
nonlinear case [6],: providing a-convenient' tool-for the analysis of several
cqntrol problems. and for the generation of powerful results. To mention

tem is nonsingular {or is full row rank, when p < m). We shall keep this
assumption from now on. A )

In any case, the stability requirement for the closed-loop system plays
the major role in validating any of the previous control designs. Taking

fé@:;.t:it »has-.«beeﬁ ‘ghowiitin~{7] that invertible systems with_no-zero. dy-
amics-can:always:be-fully:linearized-by-means of dynamic ‘state:feedback.

advantage of the assumed equivalence of the above thiee notions, we will
focus only on the derivation of the zero dynamics of a given system. Besides,
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thls is® also s1mpler from a computatlonal pomt of v1ew, as w1l] be evident
in the considered-robotic examples :

CA coordmate—free algomthm has been given in [8] for computmg both
the zero dynamics manifold. M* ,1.e. the set.of states'that may be assumed
by the nonlinear system when: the out,put is_constrained to zero, and. the
“zero-dynamics:vector field-£7(x)|x(+;-i:e: (the restriction-of ) “a vector field

~“which-is-always:tangent: to-the- manifold M. ‘Lt Xe bea regular point
8], and assume. f(x.)-= 0.and-h(x,)-= 0. -Denoting- by

%TX(M J-the-t gentmspace"atﬂo-M A sequente”{Mk} of 7 mamibrd’s Cait be

computed as:.
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For the constrained robotic system, the right hand side of the overall dy-
namics (3) becomes, by the principle of virtual work,

P
(11) m=u+JT(q)(g—p)TF, uwe RY, Fe R,
~In_ (11}, u_is the control input.at the joints (m_=. N), while F is the
...generalized. constraint force arising at the end-effector.. Only compatible
forces are generated within this formulation, and these can be interpreted

as Lagrange multipliers associated to the given constraint [12]. If simple
contact-is-desired;-i.e:- with-no-reaction forces arising-at-the contact point,

step U Mo h""(O), o : s
— .,step k: in a neighborhood-Us. ¢(xe)gsuch that:] Ub_j =0

:M.k_l._.is.smooth...._..,.. S

ﬁ_Mk-:— {x‘eka lﬂMk 1 f(x)espan{g(x)}+Tx(Uk lﬂMk 1}

vector F plays the roie of a disturbance for the system. Accordingly, settmg
again x=(q,q), n="2N, and with the f-dimensional véctor z = F, the
—state equations assume exactly the form (1). In a similar way, when a
‘contact force Fy ;é 0 is desired, the disturbance becomes z = F — Fy.

—Starting-from- equatxoxr@) with- (11), the: followmg questlons will be

—At-a'step k* < nthis axgoutnm converges togM*‘_“MkwwMoreove;,
- there exists a smooth state-feedback U= »q“‘(x) such that f(x) =f(x)+.
EEE)S tangent to M* and" - e

(9) x* *’"f"‘(x*) wu’,hx EM*

= y= h(X"(t)) =

adh‘dressed

+ how do-we compute- mput, torques u for staying on thé surface @ = 07
‘o how do we express the dynamic behavior on ¢ = 07

- A direct answer is provided through the derivation of the zero dynamics of

Since the vector field £+(x) is tangent to AM*, the restriction £ (x) a0 18
arwell-defined vector: field- on: M*: -Note - that, -in local’ coordinates, the
zero dynamics algorithm is similar to the so-called structure algorithm f11].
Moreover; it .can be generalized to time-varying constrained outputs and to
non-square (p <: m} systems, m whlch case u” is-not’ umque

-3, Robots in constramed motxon

Inn many ‘industrial tasks the robot end-effector is requlred to miove in con-
- tact-with-an env1ronmental surface: In‘such sxtuatlons one is interested in
controllmg motxon along se

o gh,

unstable chattermg behavwr This motivates the investigation of the limit
case when-th ectly Ti ad and—the—end—effector—:s—actually
'constramed to a glven hypersurface R

eﬁ‘ector generalized coordmates Usmg the arm
5 thls onstramt can be rewrltten as_

this robotic system, by taking as output to be constrained to zero
(12) | y = h(a) = #(k(2)),
thus having p = £ in (1). From

—e, bh, . . . ry . ens
(13) V=54 T(q)q, ¥ =T(q)4+ T(q,q)q,

using the robot dynamic model (3), it is found that ¥ explicitly depends
on the input u in a nonsingular way, provided that the £ x N constrained
Jacobian T = (0®/0p)J is of full rank £. Note that matrix T in (13)
contains information about the constraint curvature. The zero dynamics
manifold M* is obtained by settingy =y = 0:

(14) : = {(q q) € IRzN [1}3(((')) ] = 0}

From ¥ = 0, the state-feedback law which keeps the dynamlc flow of the
closed-loop system tangent to M is
(15)
w" =n(q,4) - B(9)T'(a)T(q,4)4 + B(a) [I T( )T(q)]v“ T (q)F,

= a(x) + BV +7(x)z,”

- (10) (I>(p) = 3(k(q)) = 0;- e @uRN s RE i< N

where TT = TT(TTT)“! is the pseudoinverse of T. Thls static state-
feedback law contains also a disturbance measurement term, i.e. a feedback



74 . ALESSANDRODE LUCA .

from the force sensing device. Also, the new control input v.is premultiplied
by the projection matrix into the null space of T. Applying (15), the closed-
loop dynamics becomes

6y ‘—T’(Q)'l‘(q, Da+ (- T*(q)T(Q)]

?Whi'chv”i‘é' "a §e‘*t of N second~order dxffer'

,,,control mputs out of the N components of V. When the: 1mt1al conditions
are’specified on M all solutions of (16) will “live” in'the Tower dimensional

tlal equatxons Smce the pro;ectxon }
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with the usual notation s; = sing;, ¢; = cosg;. The scalar value F, the
force acting in the direction normal to the constraint surface,.is directly
available from a sensor measurement. o

y A

.:—mmamfold M onto-which-the-dynamical-system-is-projected:
: “To"display correctly ‘the zero-dynamics; the vector field £* 1mp11c1tly

“deﬁnecl ‘within-(16);-has-to-be restricted-to-M*.-Thus, instead. of project--.-

“’ing, we shaild reduce equatnons In order to do 50, 2 proper change of
coordma,tes is needed : e

Qr o d7e

. whete q, € RN =% (a subpart of q) is used 4s a local parametrization of the

constraint surface..Then, the reduced. set of 2(N-— ¢) first-order equations
expréssing the zero dynamics of the robot system in constrained motion is

(18) fa = 54, 64 = I‘(O 0,¢3,¢4,a),

belng a the reductlon to M* of the forcmg term v in (16) This dynamlcs

describes in terms:of joint coordinates the motion of the robot end-effector

on the surface ® = 0. Input a can be used to stabilize this motion, indepen-

dently-of the constraint forces acting in'the span of the rows of (6<I>/6p)T
{This’ interpretation is in’the same spirit of ‘hybrid.control schemes. [13),
il which dyna:mc découpling of force: and velocity: control loops can: be
~obtained via a nonlinear feedback similar t6 (15)::"Also, the proposed- ap-
proach is consistent with the results derived in [12]. An example will further
“illustrate the above concepts :

Example Consider a planar RP (cylmdnc) robot arm, movmg the
- end-effector in rlgld contact with a circular surface of: radms ryasin:Fig: 1.
In this case; N = 2, f =1, and" . :

Fig. 1 — A planar RP tobot in constrained motion

Simpliﬁcations are introduced when the constraint is expressed in joint

. coordinates, since

(21 T(a)= ah(“) =[0 1],T=0,Tf=[(1)}_,I—TfT=[(1) g}

Then, the nonlinear feedback control (15) takes the form

: * 1(q2,41,42) + b11(g2)v: .
o o = [ b,

é.ésuming that the deéﬁ'ed contact force is zero. This control law becomes
a linear one when evaluated on M* = {(q,q) € R*:¢3 — r = 0,4 = 0},

.-with ul = by (r)v1, u§ = —F. The closed-loop dynamics (16) collapses

into § = [v3 0] so that, selecting q, = ¢; and ‘a = vy, the zero dynamics
reduces simply to ¢, = v1. Note that in thls case ¢ parametnzes globally

L E e

f"jf"_'_"'fwf"'show1ng that’ the ena—enecnor constra.ml; maps mto a lmear oné.in the Jomt
space. The dynamlc model-of this robot.arm is - e b o

the constramt surface. s

“4;° Redundant robot arms

Kinematic redundancy in robot arms is a relative concept. A robot is said

42)-0- 11§y ]"'w "«:'Fﬁi(qvﬁ,‘(h a2 )]:mf“‘[ﬂf =q251...q2¢1.] | 205 ]
. o } = Ay
- bzz']«*[qz" ‘+, “na(gaydr) == “2J+ e sy 2py 4

to be redundant when the number N of degrees of freedom (viz. of joints)
is-larger than p, the number of coordinates strictly needed for describing a
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given compatible:taski’For instance, a planar:3-dof arin is redundant for the
end-effector positioning task; but it is not:if also the orientation around-an
axis normal to the plane is of concern.. The ‘primary’ task isoften specified
.in terms of the robot end-effector variables, as in this example. Therefore,
“it’is convenient to define these task variables as chara,ctenzmg outputs for
. the redundant, system. . e S I

G .. Introduction:of redundanc -increases arm dextenty, allowmg colhslon
avoidance with workspace obs cles.or enabling to comply with joint range
*———ffhmxts~Most~lmportan# ﬂt*provrdes*the -manipulator-with—the capability

~full-rank. A nice analyti¢-feature-is-that-one can-associate significant: per-
a 'formance ndices to all these problems; e.g. the minimum distance of the

ng. smgular _configurations, where. the_kinematics_Jacobian-looses. ..
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an explicit dependence of ¥ on u is found through .the dynamic model

B{(q)d + n(q,q) = u. Setting y = y = 0, the zero dynamics manifold
follows as

(25) M = {(a.d) € B [“(J‘gl)jf] =0}

From ¥ =0, all ‘control inputs making M* invariant hav'e-the form

- (2@:~ ‘= n(q, q) B(q)J’(q)J (q, q)q+ B(q)[I J'(q)J(q)]V,

be used for optimizing these performance criteria durmg local or_global
W_motlon “Similarly, one can exploit redundancy.for the satisfaction of sec-

T-fFGTE anuobst ~The-robot-additional degrees of freedom can then -

whlch ylelds in the closed loop

U =W-J‘(q)3(q,q)q+ [x= J?(q)J(q)]v, -

ondary.or.‘atigmented’. tasks;

‘teview-of -the. most. cornmmon - resolition: =

where the second term on the right hand sxde isa Jomb acceleration vector

“schernes-can-be- found in {1 “the other hand, the kinematic. trans-

_lying.in the null space of the.Jacobian J.. Note.that.the. closed-loop system

-formation- of end_—eﬁ'ectdg paths:-into joint:space: paths for- redundant arms
is not straightforward, due to the non-existence of a closed-form solution
or; equivalently, to the presence of an infinite number of admissible inverse

-------------- selutlons‘ ~This- comp}exxty—lsﬂnherxted*also*at—the—dynm“and“cﬁltt61__

levels:The*fact-that different-arm postiires may correspond-to the same
‘end-effector-location induces somie specific undesnrable issues that can be
classxﬁed as-follows: ~ oo :

s non-repeatability: a cyclic behavior-of the-task variabl'é"smay'n'ot' cor=

-.Tespond to.a.cyclic. behavior of the joint variables;.

@ ‘self-motions: ‘a non-zero joint ve]oc1ty may still bé present ‘though
~the-end- eﬂ'ector is*fixed at“a glven point, ‘even for nonsmgular arm
conﬁguratlons PRI C

These two probIems depend on t,he partlcular resolutlon strategy that is
.bemg used. If redundancy 1s«controlled at. a kinematic level-using-a ho-
mogeneous law of the form q = H(q)p, necessary and sufficient conditions
.for obtaining a repeatable motion have been stated in [15); requiring the
.involutivity of the columns of H. Note that a repeatable behavnor can be
cons1dered, as a stablhty property in the Iarge

design a control law which stabilizes the internal

effector at the ﬁxed location . The notion of zero dynamics is agam
this” problem For, defitie as otitput.

q) =k(q)—p, ~ with P fixed,

- helpfuhn“ﬁndmg & solu
23y

erested in“the control’ of self-motlons In' o

16 ”arodndh a. desu:ed equilibrium,. while_ keepmg“the end—:-- -

is-described by purely kinematic equations, because dynamic terms have
already been cancelled via feedback. Although equation (27) — just as (16)
— does not describe correctly the zero dynamics of the redundant system,
‘Yéf‘i‘t‘i"s"é;’S\Iit’a,ble"basisv for thie designof an-external input v-which stabilizes
the arm around the desired equilibrium configuration (q,q) = (qd, 0). Since
q¢ may not be consistent with the fixed p (i.e. k(qd) # P), it is reasonable
to define a projected state error

(28) E = [1-(q)3(q)] [KP(qd -9-4, Xr>0,
in which any suitable gain scalmg matrix may be chosen for Kp, e.g. the

identity. This error term will be zeroed using the following result, which
provides thus a stabilizing control law for self-motions of redundant arms.

Theorem. For the dynamics (27), the choice
()  v=-Kpi+KpE-I[Kp(ds - 04,

wrtb Kg>0,is sucb tbat the pro;ected error E in (28) asymptotxcal]y
“tends to Fero.

Proof. Define a Lyapunov candidal;e as V= ~1-ETE, and note that
(80)  E= —-[I I (v + qu - [33+ JTJ] [Kp(qd —q) - q]

~and

i +I@aa,

() i ET[II4+313] =ETI
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Since the projection matrix is: 1dempotent; usmg ET[I J tJ] ET, and
applying (29) gives - T / . :

V= ETE = -—ET(v + qu) ET [JfJ + JTJ] [Kp(q,, - q) q]
=-ETKzE< 0.

~{39)
(ve)

ote: that ‘the: assnmpt.lon of full:row rank: for..
o the arguments used in {16). - R Lol QUED.

The obtained stabilization is performéd according to projection rules. How-

sinever-needed, contrary.
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in the null space of J have the explicit expressions

14 £ C?; 2 83C3
Pszes 1+ e2s§
—383 &:3

(35) 533

I—Jt3=m [—§03‘| Efss —203 1].

We first show that, taking v = 0 instead of (29) in (27), an undesirable limit

T ever, if the zérs dynainics concept. is_exploited.in.full,.one-can-show. that
" stabilization | may be achieved workmg only. wathm the reduced zero dynam—

~cycle may be induced as a self-motion of the arm, In fact, the closed-loop
~-dynamics becomes in. this case .

__1cs~subma.mfold1-—Thlsnwxll be»qllustrated inthe: followmg example.

" Example. Considér a planar PPR-robot arm. (N-="3) with the third
: lmk of length e (see Fuz: 2): For the task of posmsmmg_the-_énd_e

B : . S Lg3es b
(36) G=-313q=|¢tg2ss |,

ﬂ'ec toz%

.80 tha.t. entermg at t = to a ﬁxed locatlon p=p= (pt,py) w1th p =0,

Hoise x—qwfvs» PRT

thls robot is redundant

E and havmg, say, qa(to) = ('but qa(to) ¥#0, wou]d glve

« (t) p$ —Lcosy(t — 1),

The J acoblan matrlx

S — [1 ‘” e

01 tes

) = : - () =Py -—fsm‘y(t =g),

, ' g3(t) = 7(t - to),
i.e. an'endless harmonic motion of the two prismatic joints. On the other
hand, there is a stabilizing strategy to be pursued which is also more direct

than (29). The idea is to reparametrize the robot joint coordinates in terms
of g3 and ¢5 only

(38) @1 = Py —Les = g1(g3), 92 = Py — £s3 = g2(¢3),

¢ = Ug3s3 = g3(g3,43), 42 = —€4acs = ga(gs, ¢3),

so that the zero dynamics manifold can be ch_ar_é;cterized as
(39) e .
M* ={(q,q) € R®: g1 =g1(g3), 92=92(¢3), 41 =93(g3,43), d2=9a(g3,43)}

while the zero dynamics is just §s = vs. This will be globally stabilized

_at the value gg3 by choosing vs = Kp(gas — ¢3) — Kugs, with Ky, K,

both positive. Although kinematically simple, this robot is not a trivial

: _.-case, For instance, it is interesting to remark that solving redundancy
~by-pseudoinversion;-i:e:-choosing' § = J*(q)p, does not yield a repeatable
solution. The necessary and sufficient condition is that the columns JI of

Jt, seen as vector fields, are involutive. However, this is not the case since

253

always of full rank, and so its pseudoinverse J* and the projection matrix

. o ) A. '! o
ay bl l—lca J ¢ span{3},if},
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where ['t ,jg
fields. [1]. m
The proposed stabilizing strategy for self-motions could be generalized to

“the case p # 0; and-used for-keeping-under-control the robot-joint velocity.

o We: conclude thls section by noting that the idea of reparametrization. of

) 'redunda,nt robots and of reduction to a !ower—dlmensxona.l mamfold has
seen-explored-also-for-optimization ] purposes in[17;18}.

= (8_]2 / 3q)‘]1 —(&5! /3q)32 is the Lie bracket of the two vector

5 Robots thh ﬂex1ble elements
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Therefore, by the use of static {21] or, when needed, dynamic [22] inversion-
based state-feedback, a fully linear closed-loop system can be obtained,

equivalent to a set of independent strings of input-output mtegrators of
length greater than or equal to four. These results closely mimic the ones
obtained. for conventional rigid robots.

: In the case of link flexibility, the trajectory tracking problem is much
_more involved. Instead of following a general but cumbersome formalism,
we will focus on a one-link planar flexible arm, modeling just one deflection
mode (N, = 1). This finite-dimensional model, although of reduced-order,

""":'There~are twor types of '»posmble deformation in robots, na.mely Jomt élas-

_Joint. elasticity is introduced: by transmission

nves, belts; or- long shafts; and is"the basic source
of vxbra.tlon in industrial arms with massive links.[19].. The dynamic model

. of robots with elastic joints i stained by doublmg the number_ oigenexaf_*

~-izged coordinates, using one-variable for the actuator position and a'different

is~stilla-representative onein—the-sense that it displays-the same basic
“control properties of more accurate and/or distributed models. It will be
_shown that the zero dynamics is useful in the study of the tracking prob-
-Jém; and it is crucial in the. desxgn ‘of outputs for which exact trajectory
reproductlon can be achieved in-a stable fashion via inversion control. In

articular,-the.zero.dynamics-analysis- will.provide.a- constructive-answer
to ‘the “question. of ﬁndmgth&m;mt ‘that’ produces a desxred end-effector

one for the link position. The resulting model is. described-by.2N.-second

tra,_]ectory

-~order-differential equations:of ‘the form:(3), but with only half of the com-
ponents of m available for control (ie. m= {INX N ONx ‘¥]Tu, Up to a row
permutation). Link flexibility, instead, is non ‘negligible for long and/or

" "Example. Considér'fhé' one-link ﬂexib]e arm of Fig. 3, moving on
... the horizontal plane. Following the general modeling technique proposed
“in[23]; based on the Ritz-Kantorovitch expansion for approximating link

LT:Li::lIglﬁKnght_armS"ihk “the”Space_Shuttle_Remote_Manipulator. —Althiough
deflection”is distributed in nature, finite-dimensional dynamic models are
usually derived, by representing each link as an Euler beam with proper
boundary conditions and ]imiting to N, the number of modal funct‘.lons in

metho{d_vs,oﬁ"ﬁmtre ,e]em\ent,s;o,r‘ of assumed mgdes can be used for,.dlrect,ly
approximating the link deflection [20]. Using the Lagrangian approach,
the coupling of N rigid motion equations with N, flexible ones will result
in a nonlinear dyna,mlc model . that is stlll in the form (3), but now with
~m = [Ivxn Onsen;]Tu i ‘
‘Various motion control obJectlves can be pursued in the presence of
“flexibility, ranging from point-to-point control with vibrational damping to
accurate traJect.ory tracking. Indeed, trajectories specified at the actuator
Ievel produce a different and - osmllatory behavior at the end-effector level,
both for the elastic joint and for the flexible hnk case,. In spite of thls

: ”analogy, lthe trajectory trackmg control prob]em is completely dlﬂ‘erent in

A8t poss1ble for robots w1th flexible- elements to ﬁnd an’ mput torqie

deformation, we assume here second-degree polynomials as basis functions.
Imposing geometric boundary conditions of the ‘clamped’ type at the link
base, it turns out that a parabolic shape is sufficient to describe the pure
bending deformation of the link.

A

y o m

Fig. 3 — A one-link flexible robot arm

~$0:to exactiy reproduce @ desn'ed (smooth) end-eﬂ'ector trajectory?

" This ¢an be restated as ﬁndmg whether the computed torque mel;hod can
““be extended also to flexible robot arnis. Thé answer is always positive for
robots w1th Joint elasticity. When controlling the end-effector or the link

Let £ be the length of the uniform link and m its mass, I, the inertia of
the hub, m, and I, the mass-and inertia of a payload located at the tip,
and u the input torque. The angular position ¢; of the link base and the

f,posmon ="both outputs bemg beyond:the -elasticity-—-of-these-robots;
“one'is: dealmg ‘with'an'invertible nonliniear system havmg no-zero dynanucs

- deflection ¢ at the tip point.are:-chosen as generalized coordinates. If the
analysis is not limited to small deflections, a nonlinear dynamic model is
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obtained ifi the standard:form-

‘[bi’i:(ﬁm)_, 512] (11 + . 01(42,411,92) 1 u:. o
bz’ bas] [d2] 7 lealandr) +kaa] [0}
w:th ‘élements of the' mertla matnx B(qz) and Corlohs and centnfugal terms
glven by PR ; A

()

e ) o -
3.912:7: Gy v

"'61‘«:{(‘@2)“: G+b<13 ?’3 b
c1(g2,41v42)-= 20924142,

022—d o

62(412,41) = -692411 :
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Using the linear change of coordinates X = ¥(x) =
loop equations become

(y; :“/7 q2, 42)’ the closed-

y —" ’U, o
- (9 Q2) + k'h b12

(46)
Y v.
gbia—by b1z —by

It is easy to see that the zero dynamics, restricted to the manifold M* =
{(a,4) € R*:q1 = —3q2,41 = —342}, represents in this case the dynamics

where of the flexible variable gy, evaluated for y(t) =0:
Caf Lt gmf L mpl b= imtm,, e _B-bPifle -3 e
. 3 5o (47) . A
o Fe=d A(/\)
__m£+£1 +m,,£’ d“gm+¢zfp+mp

The stability properties of this two-dimensional dynamics can be studied

s

= 4E1 /¢ isthe: lmk elast‘;cxty coefficient, with Young modulus

-tor-different-values-of-A.—Whenever-the-zero dynamms w1li be tound to be

.-E-and link cross-sectional inertia-T-State equatlons are-derived by setting

: asymptotic aﬂlrstab}e “the foifowmg choice for v~ —

X2 (G192, 915 42): € R For. trajectory: control;:a: scalar -output-can-be
conveniently defined as the angular. position of a generic. point,.along the.
link; ‘as: seen from. the base.. For simplicity,-a.- llneanzed version of thls

e OUEPUE Wil B used._lts.pa,mmetnc_expnessmn is

M8 w= it Kp(va—9) ¥ Ke(va - y),‘ Kp,Kp >0,

~will -guarantee - asymptotic t'r”ackingu of ya(t), or even exact tracking for

(44) R et y(A): qt 742, Aef01]:
For A = 0, the output-is the joint angle, while for A = 1, the output is the
~angular positionof the tip. Being interested in tracking end-effector tra-
Jectories, one should consider mainly y(1): Unfortunately; with this choice
inversion control, which is the strategy used to guarantee exact tracking,
leads in general to an“unstable closed-loop behavior. This is because of the
presence of an unstable zero dynamics that limits the application of pure
- inversion control, and is consistent with the usual non-minimum phase char-
acteristics of the tra." fer functlon from  joint torque to tip:position in linear
dynan'uc moaelw one-link ﬂexnble arms [24] However, the actual s1tua-

i for whlch output it is still poss1ble to reproduce exact.ly a tra_}ectory For
this purpose an explicit expression should -be derived for, the system zero
- dynamics. The relative degree of output (44). is two; except. for a particular
parameter value g which will be characterized later. Then, the synthesis

matched initial conditions. In particular, for A = 0, the linear zero dy-
namics §p = ~(k/d)gz is found, having two complex poles on the imaginary
axis. The presence of some structural damping in the model would force
exponential stability. It follows immediately that joint trajectories can be
always tracked in a stable fashion. This is a general conclusion for robots
with-flexible links, holding even in the multi-link, multi-modal case. For
A > 0, it can be assumed that the (state-dependent) coefficient of ¢ in the
numerator of (47) remains positive, as it is when testing stability in the first
approximation. Therefore, the properties of the zero dynamics will depend
only onthe sign of the denominator A, a-function of the parameter A. The
stab;ht.y condmon can be rewritten more explicitly as

(49) A(Xy = % - -)m + (A - l)mp + (2)« 4{)£2 <0

In the absence of a payload (m, = I,, =), asymptotic stability is obtained
“for-all> Av€+[0;4/5):~ Then;the-inversion controller-(45), with(48), will
‘stiffen’ the behavior of any output point which is up to four fifth of the
link-length £, letting it trace the ‘desired ‘trajectory while keeping the arm

of-an: inversion-based:-¢ontrol:is: accomphshed derwmg twice’ thie ‘output;
""Tﬁ'f"?‘f,'settlng yr=vyand solvmg for i T . .

X

deformation bounded. On the other hand, choosing an output associated

to A:> 4/5 will lead to an-unbounded state evolution, once inversion control
s a;pplliedA The transition from stable to unstable behavior occurs at that
~ link-point corresponding to Xg = 4/5, where the relative degree is larger

~than- tWO”“Thls“partlcular pomt can be-physically- wsuahzed""m terms of in
phase ‘or out of phase motion. In fact, with the undeformed arm initially




84 .. ALESSANDRO DELUCA

at rest, this point will have:zero acceleration at time:¢ = 0T in response to
2 step input torque applied at time ¢ = 0~ at the joint, and will separate
positive from negative acceleration points. However, note that the location
of such a point along the link depends on the mechanical characteristics of

i thearmi-If the robot armi-is loaded w1th a concentrated tlp mass my = kym
e _'0), then A — .

closer to the tip, altliough never: teaching it.-On the other hand; assuming

- the-payload mass neglzglble (my-%-0)-with respect to its mertjal,, = komt%,

and-by-increasing-the-payload-mass-via-ky Eh&u&nsrmofpomﬁmll'move" —
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regulator approach is capable of achieving asymptotic output tracking with
bounded internal state. However, if a non-causal solution is admitted [27],
one may also find an input torque to be applied for t < 0, i.e. before the
start of-the actual trajectory, so to lead the system in the required initial
condition at time ¢ = 0.

-6: Conclusions

Robotics proposes several interesting problems where advanced nonlinear
control techniques find a natural application. Beside feedback linearization

—~-for-conventional rigid-manipulators-or-exact linearization via dynamic feed-
- back for robots with joint elasticity, we believe that use of more recently
" developed nonlinear tools could also lead to similar relevant results, We
" have shown here that an iniportant rolé can be recognized for tlie notion of

ST one has

zero dynamics of a system.

L SGkyd
<

——Zero-dynamics: was"mvestrgared “hereinrelation to'some special robotic
wonere] problems: Robots-in—constrained-maneuvers-were-revisited in-this

so-that-the same- positive-benefit*is obtained- for “a sufficiently Targe k.
Moreover in this case the: critical point-Ay becomes: greater than unity for
ks> 0: 025 As'a ‘consequence, by mechanically increasing tip inertia, also

key, interpreting the zéro dynamics. as the description of the. end-effector

~ motion on the constraining surface. This provides also a basis for under-

standing the intrinsic decoupling achievable in the hybrid control of normal
force and of tangential velocity. The problem of controlling self-motions in

o anend-effector- “trajectory-can—-be-exactly-reproduced—ima-stablefashion
usmg-'mversxon control; - Stated differently; the tip- pomt is” niot “anymore
lmmum phase output accordmg to t,he stablhty achleved for ‘the

ass ’d zero dynamlcs L] :

: Combmmg the above two-ideal analyses leads to smllar results fora real
payload; with.both-non-zero-mass-and- inertia. - This-formal résult is - also
confirmed:by: comimon: experience: -in- fact, it is' much easier to control the

-end-point- motion* of a-flexible -arm-when-this-is ‘subject: {5 ‘heavy (relative
to the link mass) loading at the tip. The numerical simulations reported
in’[25] for‘a slightly different model of the flexible arm; display-the effects of
different feasible choices for X; ‘Performanice of the resulting controllers are’

““évaluated in terms of tip motion accuracy and control effort. When Ag'< 1,
mcreasmg Xinthe feaslble -range [0; Ao). produces remarkable improvements

~ in the end-effector trajector cking. :

A ﬁnal comment;is.in. order about:the occurrence of msta,blhty in- case
ez-ofsnon=minimum; phase outpu When:the- zero—dynamncs is-unstable;-in=
‘verse control ubstantlally leads to" an: unbounded. state: evolution in-the
closed:loop;: However; it is- possﬂale ‘to:show that there exists & “particular

initial’condition for-the -arm, depending on.the desired- trajectory, which
V‘yst_ﬁl_glxanantees “an-overall:bourided-evolution:under piure inversion: -control.
“Computation of this: initial condition is a. by—pro duct..of: the. output. reg-

‘ulation- theory for nonlinear: :systems~[9]: Further analysw and ‘numerical

——results.for:a flexible robot-can-be-found-in-[26)-- We-just-note-here-that -if —

the armis ina d:ﬂ'eren,,:, nitial state (¢.g: typically, undeformed), only the

—..Robotica).

redundant arms, treated from the point of view of zero dynamics, led to
the statement of a new stabilization result. The given analysis supports
the conclusion that, for stabilizing purposes, it is sufficient to work in the
reduced space of the extra degree of freedoms. In the trajectory control
problem for robot arms with flexible links, the stability condition for the
zero dynamics was found to be a clean gulde in selecting system outputs to
be used for inversion. In particular, a set of alternate control strategies can
be generated by re-locating the output point within a feasible range along
the link. The chosen approach proved helpful also for, showing that the
non-minimum phase property of the end-effector control problem strongly
depends on the mechanical characteristics of the flexible arm — an aspect
which is often overlooked.

.. We finally remark that the scope of the obtamed results is not hmlted

to the relatively simple case studies presented. - Ultimately, the unifying
perspective offered by the notion of zero dynamics has provided a deeper

- understanding of -the considered: robotic control problems:-
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