Chapter 6

Flexible links

This chapter is devoted to modelling and control of robot manipulators with
flexible links. This class of robots includes lightweight manipulators and/or
large articulated structures that are encountered in a variety of conventional
and nonconventional settings. From the point of view of applications, we
can think about very long arms needed for accessing hostile environments
(nuclear sites, underground waste deposits, deep sea, space, etc.) or au-
tomated crane devices for building construction. The ultimate challenge
is the design of mechanical arms made of light materials that are suitable
for typical industrial manipulation tasks, such as pick-and-place, assem-
bly, or surface finishing. Lightweight structures are expected to improve
performance of robots with typically low payload-to-arm weight ratio. As
opposed to slow and bulky motion of conventional industrial manipulators,
such robotic designs are expected to achieve fast and dexterous motion.
In order to fully exploit the potential offered by flexible robot manipula-
tors, we must explicitly consider the effects of structural link flexibility and
properly deal with active and/or passive control of vibrational behaviour.
In this context, it is highly desirable to have an explicit, complete, and ac-
curate dynamic model at disposal. The model should be explicit to provide
a clear understanding of dynamic interaction and couplings, to be useful
for control design, and to guide reduction or simplification of terms. The
model should be complete in that, even if it is simple, it inherits the most
relevant properties of the system. The model should be accurate as re-
quired for simulation purposes, design of advanced model-based nonlinear
controllers, and off-line optimal trajectory planning. These general guide-
lines are even more important in the modelling of flexible robotic structures,
where schemata or approximations of the modes of link deformation are un-
avoidably introduced. Symbolic manipulation packages may prove useful
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to derive dynamic models in a systematic error-free way.

Once a dynamic model for a flexible manipulator is available, its valida-
tion goes through the experimental identification of the relevant parame-
ters. Besides those parameters that are inherited from the rigid case (mass,
inertia, etc.), we should also identify the set of structural resonant frequen-
cies and of associated deformation profiles. In the following, we assume
that the analytical model matches the experimental data up to the desired
order of model accuracy.

On the other hand, the control problem for flexible robot manipulators
belongs to the class of mechanical systems where the number of controlled
variables is strictly less than the number of mechanical degrees of free-
dom; this complicates the control design, ruling out a number of solutions
that work in the rigid case. Further, the linear effects of flexibility are not
separated from the typical nonlinear effects of multibody rigid dynamics.
Although an effective control system could take advantage of some parti-
tioning of rigid and flexible dynamics, the analysis of its behaviour should
face in general the overall nonlinearities; in this respect, the linear dynamics
resulting in the case of a single-link arm is a remarkable exception.

In order to tackle problems of increasing difficulty, a convenient classifi-
cation of control targets can be introduced. As a minimum requirement, we
should be able to control rapid positioning of the flexible arm. This is not a
trivial problem since it requires both the synthesis of optimal feedforward
commands, i.e., limiting the excitement of flexibility, and the active suppres-
sion of residual vibrations. For a high-performance flexible manipulator, a
more demanding task is that of tracking a smooth trajectory of motion.
This can be assigned at the joint level, as if the manipulator were rigid;
provided that link deformation is kept limited, satisfactory results may be
obtained also at the end-effector level. Last, the most difficult problem is
that of reproducing trajectories defined directly for the end effector of the
flexible manipulator.

The material is organized in two parts, covering modelling issues and
control problems and algorithms.

First, the dynamic modelling of a single flexible link is presented. This
simple case is representative of the complexity induced by the distributed
nature of flexibility, and thus it has been extensively investigated in the lit-
erature. On the usual assumptions of the Euler-Bernoulli beam, an infinite-
dimensional model is derived which is exact for deflections in the range of
linearity. The relevant properties of the zero/pole structure of this linear
model are discussed and finite-dimensional approximations are introduced.
Next, the basic steps for obtaining dynamic models for the general mul-
tilink case are illustrated, leading to fully nonlinear equations of motion.
The energy-based Lagrange formulation is adopted as the most convenient
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approach for describing the coupling of rigid and flexible body dynamics.
On the basis of the above models, a series of control strategies are in-
vestigated. For the problem of point-to-point motion, linear controllers
provide satisfactory performance. A joint co-located PD control is shown
to achieve asymptotic stabilization of any given manipulator configuration.
We also discuss the use of linear control laws with feedback from the whole
state, i.e., including deflection variables, for improved damping of vibration
around the terminal position. The efficacy of nonlinear control methods is
then emphasized for the accurate tracking of joint trajectories in multi-
link flexible robot manipulators. In particular, we present the design of
inversion control for input—output decoupling, and of two-time scale con-
trol based on a singularly perturbed model reformulation. Finally, the end-
effector trajectory tracking problem is considered. Differently from the rigid
manipulator and from the elastic joint case, the use of pure inversion strate-
gies may lead here to closed-loop instabilities. The nature of this problem
is analyzed in connection with the nonminimum phase characteristics of the
system zero dynamics —a concept which has also a nonlinear counterpart.
Two solutions are presented; namely, an inversion procedure defined in the
frequency domain, suitable for the single link linear case, and a combined
feedforward /feedback strategy based on nonlinear regulation theory.

6.1 Modelling of a single-link arm

The derivation of a linear dynamic model of a single-link flexible arm is
presented below. Basic assumptions for the validity of the model are stated
first, leading to the so-called Euler-Bernoulli beam equations of motion,
in which terms of second or higher order in the deformation variables are
neglected. The modal analysis is then accomplished as an eigenvalue prob-
lem for the resulting infinite-dimensional system; besides the exact uncon-
strained mode method, also the usual constrained mode approximation is
considered. The possibility of obtaining a distributed parameter input—
output transfer function is discussed. Finite-dimensional models are finally
derived from a frequency-based truncation procedure. Some comments on
other feasible approximations of link deformation using different sets of
assumed modes conclude this section.

6.1.1 Euler-Bernoulli beam equations

Consider a robot arm with a single flexible link as in Fig. 6.1, moving on
a horizontal plane. The arm is clamped at the base to a rigid hub that is
driven in rotation by an ideal torque actuator, and has no tip payload. In
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Figure 6.1: Schematic representation of single-link flexible arm.

order to derive a mathematical model, the following usual assumptions are
made:

Assumption 6.1 The arm is a slender beam with uniform geometric char-
acteristics and homogeneous mass distribution.
O

Assumption 6.2 The arm is flexible in the lateral direction, being stiff
with respect to axial forces, torsion, and bending forces due to gravity;
further, only elastic deformations are present.

O

Assumption 6.3 Nonlinear deformations as well as internal friction or
other external disturbances are negligible effects.
O

Assumption 6.1 is the one that mainly characterizes Euler-Bernoulli
beam theory, implying that the deflection of a section along the arm is due
only to bending and not to shear. Moreover, the contribution of the rotary
inertia of an arm section to the total energy is negligible. Notice that the
analysis and the resulting partial differential equation will not represent
those very high oscillation frequencies, whose wavelengths become compa-
rable with the cross section of the arm. Assumption 6.2 is conveniently
enforced by a suitable mechanical construction of the real flexible arm.
Note that in Fig. 6.1 the small extension of the link along its neutral axis
is neglected in the bending description; inclusion of this effect tends to
stiffen the arm behaviour. Concerning Assumption 6.3, inclusion of non-
linear deformation terms is possible, while an accurate model of internal
friction is usually difficult to obtain.

The system physical parameters of interest are: the linear density p, the
flexural rigidity EI, the arm length £, and the hub inertia I,
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In order to derive the equations of motion for this system which is
a combination of a lumped parameter part (the hub rotation) and of a
distributed parameter part (the link deformation), an energy-based method
is the most convenient, e.g., the Lagrange formulation or the Hamilton
principle. Therefore, the kinetic energy T and the potential energy U of
the system have to be computed.

For describing the arm kinematics, let ¢ denote the time variable and
z the space coordinate along the neutral axis of the beam; then, ¥(¢) is
the angle of hub rotation and w(z,t) is the beam deflection from the neu-
tral axis. The absolute position vector of a point along the beam is then
described by

—(P=) = I(t) — w(z, t) sin ¥(t)
P (gy) a (igiorfﬂ(t) +Z($,t) SOSﬂ(t)) : (6.1)

In the following, primes will denote differentiation with respect to z and
dots differentiation with respect to t. Thus, w'(z,t) is the angle of deflection

of an arm section at distance z from the base. Moreover, since the beam is
clamped at the base, we have the geometric boundary conditions

w(0,t) = w'(0,) = 0. (6.2)
The kinetic energy T = T}, + T has contributions from the hub
Ty, = %Ihﬁ(t)Q, (6.3)
and from the link

1ot
Ty = 5/)/ ®; + p,)dz (6.4)
0

%p / “@RH(0? + P800 + 5 (1) + 20 E)i e, £)) i
0

The potential energy is

1 £
U= §EI/ (w" (z,t))*dz. (6.5)
0
According to Hamilton principle, the system equations are obtained from
the variational condition

/ " T (8)  SU(E) + W (8))dt = 0, (6.6)

t1
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where W (t) = u(£)0¥(t) is the virtual work performed by the actuator
driving torque u(t). Grouping terms in (6.6) with respect to the indepen-
dent variations 69(t), dw(x, t), dw(¥,t), and dw'(4,t), and using calculus of
variations arguments gives:

£
L) + p / 2 (z, £)dz = u(t) (6.7)
0
EIw'™ (z,t) + pio(z,t) + pzd(t) = 0 (6.8)
w(0,4) = w'(0,£) = 0 (6.9)
w"(6,4) = " (£,4) = 0, (6.10)

where I; = Ij, + pf3/3. Eqs. (6.7) and (6.8) have been derived neglect-
ing all second-order terms (products of state variables). The first equation
can be attributed to the hub dynamics, while the second equation is as-
sociated with the flexible link. Note that, besides the geometric boundary
conditions (6.9), the dynamic boundary conditions (6.10) arise at the tip
representing balance of moment and of shearing force; in the absence of a
payload, these are usually called free boundary conditions.
Integrating with respect to z eq. (6.8) multiplied by z and substituting
in (6.7) yields
I,Y(t) — EIw" (0, t) = u(t) (6.11)

that can be used in place of (6.7).

Eqgs. (6.8)—(6.11) constitute the basis for the modal analysis of deforma-
tion in the Euler-Bernoulli beam. The distributed nature of the system is
evidenced by the presence of partial differential equations.

6.1.2 Constrained and unconstrained modal analysis

As the system described by (6.8)—(6.11) is linear, we can proceed to com-
pute eigenvalues and eigenvectors for the homogeneous system obtained by
setting the forcing input u(t) = 0. For the flexible arm, these will represent
respectively the resonant frequencies and the associated mode shapes; this
procedure is denoted in the literature as the unconstrained mode method.
However, beam modal analysis is often performed by assuming also ¥(¢) = 0
(or 9 = 0), as if the rigid hub had infinite inertia and thus would be always
at rest; this corresponds to the so-called constrained mode method.

We present first the constrained method because of its intrinsic simplic-
ity. In this case, the link equation (6.8) becomes

P

w" (z,t) + Eﬁ)(m, )=0 (6.12)
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with the same boundary conditions (6.9) and (6.10). This problem can be
solved by separation of variables, setting

w(z,t) = ¢(2)n(t) (6.13)
and substituting in (6.12). This gives in time and space
i(t) + ¢*n(t) = 0 (6.14)
nn pC2 _ 0 6 15
P (@) - 2oui@) =0, (6.15)

where (? is the eigenvalue and v(z) is the eigenfunction of this self-adjoint
boundary value problem. The general time solution to (6.14) is

n(t) = n(0) cos(¢t) +1(0) sin((t), (6.16)

representing an undamped harmonic oscillation at angular frequency (.
From (6.9) and (6.10) the boundary conditions for ¥ (z) become

$(0) = ¢'(0) = 0 (6.17)
P"(6) =¢"'() = 0. (6.18)

The general solution to (6.15) has the form
Y(z) = Asin(Bz) + B cos(8z) + Csinh(Bz) + D cosh(fz) (6.19)

for z € [0,4], where 8* = p(?/EI, and the constants A, B,C,D are de-
termined from (6.17) and (6.18) up to a scaling factor. From (6.17), it is
C = —A and D = —B. Then, in order to obtain a nontrivial solution for
¥ (x), the characteristic equation

1+ cos(8¢) cosh(B£) =0 (6.20)

must hold, which follows from imposing (6.18). Accordingly, the solution
takes on the form

¥(z) = o ((cos(ﬂl) + cosh(B¢)) (sinh(Bz) — sin(Bz))
+(sin(8¢) + sinh(B¢)) (cos(Bz) — cosh(ﬂx))), (6.21)

where 1) is a constant that is determined through a suitable normalization
condition on the eigenfunction. Eq. (6.20) has a countable infinity of pos-
itive solutions {8;, i = 1,2,...}; an angular frequency (; = 83/EI/p, a
mode shape 1;(z), and a time evolution 7;(t) are obtained for each solution

Bi.
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The exact modal analysis is accomplished without forcing to zero 19(t)
Hence, in the unconstrained mode method, we assume for #(¢) a solution
of the form

I(t) = a(t) + kv(t), (6.22)
where a(t) describes the motion of the link center of mass, and for w(z, £)
a solution of the form

w(z,t) = p(z)u(t), (6.23)

where k is chosen so as to satisfy

£
ILik + p/ z¢(z)dz = 0. (6.24)
0

Note that eq. (6.24) guarantees that no perturbation of the motion of the
center of mass occurs, i.e.,

&(t) = 0. (6.25)
Substituting (6.22) and (6.23) in (6.8) and taking into account (6.24) yields
b(t) + w?v(t) = 0 (6.26)
pu’
¢""(2) — 7 (9(@) + kz) = 0, (6.27)

where w? is the eigenvalue and @(z) = ¢(z) + kz is the eigenfunction of the
boundary value problem. The time solution to (6.26) is

v(t) = v(0) cos(wt) + ©(0) sin(wt). (6.28)
The boundary conditions for ¢(z) are

$(0) = ¢'(0) =0 (6.29)
¢"(6) = ¢"(£) = 0. (6.30)

The general solution to (6.27) has the form
¢(x) = Asin(yz) + B cos(yx) + Csinh(yz) + D cosh(vyz) (6.31)

for z € [0, ], where ¥* = pw?/EI, and the constants A, B,C, D are deter-
mined from (6.29) and (6.30) up to a scaling factor. It can be shown that
the solution ¢(z) has the form

d(z) = ¢o ((cos(fyl) sinh(y£) — sin(v£) cosh(v£)) (cos(yz) — cosh(yz))
+(1 + sin(v£) sinh(v€) + cos(v£) cosh(v£)) (sin(yz) — sinh(yz))
+2(1 + cos(v€) cosh(v€)) (sinh(yz) — fyx)), (6.32)
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where ¢p is determined through a normalization condition, and + has to
satisfy the characteristic equation

1% (1 + cos(y£) cosh(y£)) + p(sin(v€) cosh(v€) — cos(v€) sinh(v£)) = 0.
(6.33)
This equation derives from imposing a nontrivial solution to the linear
homogeneous system obtained from (6.30) and (6.24). Notice that (6.33)
has a double solution for v = 0, accounting for the unconstrained (rigid
body) motion at the link base. Also, when the hub inertia I;, — oo, this
characteristic equation reduces to (6.20) with v = 8 and the constrained
model is fully recovered. This effect is enforced when closing a proportional
control loop at the joint level with increasingly large gain.
As before, eq. (6.33) has a countable infinity of positive solutions {v;,
i = 1,2,...}; an angular frequency w; = 721/ EI/p, a mode shape ¢;(z),
a constant k;, and a time evolution v;(¢) (and then ¥;(¢) from (6.22)) are
obtained for each 7;. In particular, from (6.11) and (6.24) it follows that

EI 11 Y
b=~ a9 0) =40, (6.34)

From a system point of view, it is clear that the angular frequencies
w; obtained with the above free evolution analysis will be the poles of
the transfer function between the Laplace-transform U (s) of the input and
the Laplace-transform Y (s) of any output taken for the flexible arm, e.g.,
hub rotation or tip position. It is worth noticing that distributed transfer
functions can be derived, with no need to discretize a priori the system
equations. In particular, taking the Laplace-transform of (6.11)

s’I,0(s) — EIW"(0,s) = U(s), (6.35)
it can be shown that
W"(0,s) = —329(3)%53 (6.36)
with
Wi (s) = cos?(af) + cosh?(cf) (6.37)
Wa(s) = —b— (sinh(c€) cosh(c€) — sin(c€) cos(cf)),  (6.38)

Elg?
and 202 = \/p/EIs. As a result, the transfer function from torque input

to hub rotation output is
O(s) _ Wi(s)
U(s) s2(I;Wi(s) + EIW3(s))’

(6.39)
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with the double pole at s = 0 accounting for the rigid body rotation.
We point out the existence of a strict relation between the zeros of (6.39)
and the characteristic solutions of the constrained modal analysis. In fact,
from (6.37) the equation Wi(s) = 0 has no solution for ¢ € R. On the
other hand, by letting o = (£ £ j€)/2 with £ € R, we find that Wi(s) =0
when

1+ cos(&f€) cosh(£6) =0 (6.40)

which coincides with (6.20). Then its positive roots are 3;, and the zeros
of the transfer function are

|EI |EI
8; =24 —0i =%/ —B i=12,... (6.41)
P P

lying on the imaginary axis. The presence of some structural damping
would move these zeros to the left complex half-plane. The location of
zeros will be very important for the control problem, since high-gain output
feedback as well as inversion control cause the open-loop zeros to become
poles for the closed-loop system. In the above case of output taken at
the joint level, the system is (marginally) minimum-phase and closed-loop
stability is preserved.

6.1.3 Finite-dimensional models

From the previous development we can easily obtain finite-dimensional ap-
proximated models by including only a finite number of eigenvalues/eigen-
vectors. Considering the first n, roots of (6.33), link deformation can be
expressed in terms of n, mode shapes as

w(@t) = 3 ile)uile), (6.42)
and accordingly
3t) = a(t) + Z @5 (0)v;(2). (6.43)

This allows transforming the nonhomogeneous equations (6.7)—(6.10) into
a set of ne + 1 second-order ordinary differential equations of the form:

La(t) = u(?) (6.44)
Ui (t) + wivi(t) = #;(0)u(®) i=1,...,n, (6.45)
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that can be rearranged in matrix form as

()6 D) (o) o

where the zero blocks and the identity matrix I have proper dimensions.
The decoupled nature of these equations is a consequence of the inherent
orthogonality of the eigenfunctions ¢;(x). In particular, a diagonal (ne X ne)
stiffness matriz K = diag{w?} is obtained. Link structural damping can be
introduced in (6.46) either on the basis of the values in the stiffness matrix
or observing experimentally the time decay of the system excited at each
frequency of deformation; this leads to a term Dv appearing in the lower
equations of (6.46), with a diagonal (n. X n.) damping matriz D.

At this point, any similarity transformation can be performed on the
vector (a  vT )T producing equivalent equations. For instance, in order to
refer to a directly measurable quantity (the hub angle), eq. (6.46) can be
represented as

(—IJZ’(O) I+—_7t—r¢tf{0(;)¢)5'T(0)T) (g) - (8 107) (i)

oo x) ()=o) 6o

with a full inertia matrix, diagonal damping and stiffness terms, and the
input torque appearing only in the first equation.

Standard 2(n. + 1)-dimensional state space representations can be im-
mediately obtained from the above second-order dynamic models; for in-
stance, by considering the hub rotation as system output and the state

zt)=(a vT & ©7)7, the equations associated with (6.46) are of the
form
(t) = As(t) + bu(t) (6.48)
y(t) = c'z(t) (6.49)
with the triple (4, b,c!) given by
0 0o 1 o0 0
0 0 0 I 0
A=1_yr, 0 o o =1 yr (6.50)
0 -K 0 -D #(0)

d'=(1 0 0 0).

From (6.48), a finite-dimensional transfer function (i.e., with n, + 1 poles
and a finite number of zeros) replacing the distributed one is obtained as
Y(s)/U(s) = cT'(sI — A)~'b.
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Other finite-dimensional models can be obtained by considering approx-
imations other than simple truncation of the number of eigenfunctions.
These are aimed at avoiding the complicated mode shape analysis involved
by the exact (unconstrained) approach. A first example is represented by
the constrained approximation in the above treated modal analysis; by as-
suming the finite expansion

wet) = Y- im0 (6:51)

in place of (6.13) and proceeding as before, we get

w ) () () ()= k) ()= ()
L)+ )0 )+ . = :
(pu pl i 0 pD ) \n 0 pK /\n 0)"
R X (6.52
where K = diag{(?}, damping D was added similarly to (6.47), and
an) ;: 0 T
M:(;ﬂg—) T‘Q) . (6.53)
1 ne

Again, suitable orthogonality relations among the eigenfunctions v;(z) were
used in (6.52). This approximate model, usually referred to as clamped-free,
indeed displays a slightly different pattern of eigenvalues with respect to the
exact one. However, the simplicity of the underlying computations needed
to provide the coeflicients in (6.52) makes the constrained approach quite
appealing.

More in general, we can pursue simpler modelling techniques by assum-
ing a finite number of mode shapes for the deformation, i.e.,

w(e ) = 3 ei@3i0), (6.54)

where the spatial assumed modes ¢;(z) satisfy only a reduced set of bound-
ary conditions, but no dynamic equations of motion like (6.8). When the
assumed modes satisfy purely geometric boundary conditions, they are de-
noted as admissible functions; when the chosen deformation modes comply
also with natural boundary conditions, they are called comparison func-
tions. Incidentally, we remark that finite-element descriptions with con-
centrated elasticity as well as Ritz-Kantorovich expansions belong to the
latter class of methods. The use of this type of assumed modes becomes nec-
essary for treating more complex multilink flexible structures, far beyond
the simple one-link arm considered in this section. On the other hand, nice
features like dynamic orthogonality are lost and coupled equations typically
result for the flexible motion.
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6.2 Modelling of multilink manipulators

In order to obtain the dynamic model of a multilink robot manipulator, it is
necessary to introduce a convenient kinematic description of the manipula-
tor which takes into account the deformation of the links. For determining
position and orientation of relevant link frames, a recursive procedure can
be established similarly to the rigid case. Kinematic relationships are then
used for computing kinetic and potential energy of the system within a
Lagrange formulation. The modelling results of the previous section will
be embedded in the description of each flexible link. In order to limit the
complexity of the derivation, we will assume that rigid motion and link
deformation occur in the same plane.

6.2.1 Direct kinematics

Consider a planar n-link flexible arm with revolute joints subject only to
bending deformations without torsional effects; Fig. 6.2 shows a two-link
example. The following coordinate frames are established: the inertial
frame (X, Yp), the rigid body moving frame associated with link ¢ (X;,Y;),
and the flexible body moving frame associated with link 4 (X'Z,f’l) The
rigid motion is described by the joint angles 9;, while w;(x;) denotes the
transversal deflection of link ¢ at z; with 0 < z; < £;, being #; the link
length.

Let ‘pi(z;) = (z; w;(z;))” be the position of a point along the de-
flected link ¢ with respect to frame (X;,Y;) and p; be the absolute position
of the same point in frame (Xo,Yy). Also, iri 1 = ip;(£;) indicates the
position of the origin of frame (X;y1,Y;41) with respect to frame (X;,Y;),
and r;11 its absolute position in frame (X'o, f’o).

The joint (rigid) rotation matrix R; and the rotation matrix E; of the
(flexible) link at the end point are, respectively,

C _ginds —
R = (cosﬂl smﬂl) B — ( 1/ 1{116), (6.55)

sind; cosv; wj,

where w], = (0w;/0x;)|z,=¢,, and the linear approximation arctanw], ~
wj,, valid for small deflections, has been made. This also implies that all
second-order terms involving products of deformations will be neglected.
Therefore, the above absolute position vectors can be expressed as

pi =i + Wi'p;, riv1 =1+ Wilrin (6.56)

where W; is the global transformation matrix from (Xo,f’o) to (X;,Y3),
which obeys to the recursive equation

W; = W;_1E;_1Ri=W;_1R; Wo=1. (6.57)
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Figure 6.2: Schematic representation of a two-link flexible arm.

On the basis of the above relations, the kinematics of any point along the
arm is fully characterized.

For later use in the arm kinetic energy, also the differential kinematics
is needed. In particular, the (scalar) absolute angular velocity of frame
(Xs,Y3) is

i i—1
&= 9+ > ke (6.58)
j=1 k=1

where the upper dot denotes time derivative. Moreover, the absolute linear
velocity of an arm point is

pi = i + Wilp; + Wi'ps, (6.59)
and %11 = ‘p;(£;). Since we neglect link axis extension (&; = 0), then
ipi(zs) = (0 aig(z;) )T. The computation of (6.59) takes advantage of the
recursions

Wi = Wi_lRi + Wi_lRi Wl = WZEZ + WZEZ (6.60)

Also, note that

e

R= SRi; B, = S S = (0 ‘1) . (6.61)
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6.2.2 Lagrangian dynamics

The dynamic equations of motion of a planar n-link flexible arm can be
derived following the standard Lagrange formulation, i.e., by computing
the kinetic energy T' and the potential energy U of the system and then
forming the Lagrangian L =T — U.

The total kinetic energy is given by the sum of the following contribu-
tions:

n n
T=> Thi+» Tu+T, (6.62)
i=1 =1

The kinetic energy of the rigid body located at hub ¢ of mass my; and
moment of inertia I; is

1 1
Ty = imhif';'rf'i + §Ihid§ (6‘63)

with ¢; as in (6.58), the kinetic energy pertaining to the slender link i of
linear density p; is

1 b . .
Tei = 5 / pi(zi)pi(z:) " pi(@i)das, (6.64)
0
and the kinetic energy associated with a payload of mass m, and moment

of inertia I, located at the end of link n is

1 . 1. .
T, = §mpr,TL+1rn+1 + in(an + w;w)Q. (6.65)

Remarkably, the evaluation of the expressions in (6.63) and (6.64) exploits
the following identities:

RIR,=E/E;=S"S=1 (6.66)
RIR;=8Y; EFE; =, (w,I+8S). (6.67)

The potential energy is given by the sum of the following contributions:
n n n
U:ZUei+ZUghi+Zngi+ng. (6.68)
i=1 i=1 i=1

The elastic energy stored in link ¢ is

U, = % /0 “ (B (%(Z;”"))dei, (6.69)
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being (EI); its flexural rigidity. The gravitational energy of hub 7 is

Ughi = —Mnigo T, (6.70)
that of link ¢ is .
Uges = —g{/o pi(zi)pi(zi)dz;, (6.71)
and that of the payload is
Upp = —Mpgd Tnt1, (6.72)

being gy the gravity acceleration vector.

Notice that no discretization of structural link flexibility has been made
so far. The Lagrangian L can be shown to generate an infinite-dimensional
nonlinear model, which is of limited use for simulation and/or control pur-
poses. Hence, in order to obtain a finite-dimensional dynamic model, the
assumed modes link approximation (6.54) can be used. On the basis of this
discretization, the Lagrangian L becomes a function of aset of n+3 ., | ne;
generalized coordinates {¥;(t), d;;(¢)}, and the dynamic model is obtained
by satisfying the Lagrange’s equations

d OL oL
d OL oL
Zias, o0,

=0 j:]-a"'anei,i:].,--.,n, (674)

where u; is the joint torque at hub i. Note that no input torque appears
on the right-hand side of the flexible equations, as can be inferred from
the single-link equations (6.47) and (6.52). Thus, both unconstrained and
constrained modes (or any other approximation) can be used in the model.

As a result, the equations of motion for a planar n-link flexible arm can
be written in the closed form

(HM(ﬂ,a) Hﬂa(a,a)) (0) N (cﬂ(v,a,ﬁ,{n)

H%(ﬂa(s) H55(197 5) 5 65(19757 197 5)

(o) (oions) =) ©m

the positive definite symmetric inertia matrix H has been partitioned in
blocks according to the rigid and flexible components, ¢ is the vector of
Coriolis and centrifugal forces, g is the vector of gravitational forces, while
K and D are the system stiffness and damping diagonal matrices of proper
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dimensions. We note that the linear expression K¢ follows from rewriting
the elastic energy U, as —see also (6.69)—

U, = %JTKJ. (6.76)

By defining the configuration vector ¢ = (97 67 )7, egs. (6.75) can be
compacted into

H@i+ead+9@0+ (50 i) = (5) 6

As for the components of ¢, these can be evaluated as in the rigid case
through the Christoffel symbols, i.e.,

OH;; 13ij) .
=YY _1 . 6.78
el (3% 2 0g; ) T (6.78)

6.2.3 Dynamic model properties

In the following, we list useful properties of the dynamic model (6.75).

Property 6.1 The spatial dependence present in the link kinetic and po-
tential energy terms (6.64) and (6.71) can be resolved by the introduction of
a number of constant parameters, characterizing the mechanical properties
of the (uniform density) links:

£;
m; = / pidz; = pil;
0
1 [h 1
T = —/ pitidr; = —4;
miJo 2
£; 1
I = / pizadz; = gmilf
0
£;
Kij :/ pipij(z:)dz; (6.79)
0
4;
Vij :/ P (%) T;dw;
0
4;
Oijk :/ pipij (i )i (z;)d;
0

£
kijr, = /0 (EI)ipf;(2:) i, (wi)dm;.
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Therefore, m; is the mass of link ¢, r; is the distance of center of mass
of link i from joint ¢ axis, I,; is the inertia of link 7 about joint 7 axis,
pi; and v;; are deformation moments of order zero and one of mode j of
link 4, and g4 is the cross moment of modes j and k of link i. Also,
kijr is the cross elasticity coefficient of modes j and k of link ¢ (zero for
j # k, when orthogonal modes are used). Although eq. (6.75) is in general
highly nonlinear, it is not difficult to show that the left-hand side can be
given a linear factorization of the type Y (9,4, 3,6,9, 5)(1, where the vector
a contains all the above pre-computable parameters, while the regressor
matrix Y has a known structure.

O
Property 6.2 A factorization of vector ¢ in (6.77) exists
o . _ (Cgs Cas\ (9
ctad) = ca.ii= (G0 &) (%) (6.80)

such that the matrix N = H — 2C is skew-symmetric. A possible choice is
the one induced by (6.78). Moreover, a similar result holds for the block
elements in (6.75); for instance, the matrix N3z = Hss — 2C55 enjoys the
same property.

O

Property 6.3 The choice of specific assumed modes implies convenient
simplifications in the block Hss of the inertia matrix. In particular, or-
thonormality of the modes of each link induces a decoupled structure for
the diagonal inertia subblocks of Hss which in turn may reduce to a con-
stant diagonal one.

O

Property 6.4 A rather common approximation is to evaluate the total
kinetic energy of the system in the undeformed configuration 6 = 0. This
implies that the inertia matrix, and thus also ¢y and ¢, are independent
of 8. It can be shown that the velocity terms ¢s will then lose the quadratic
dependence on 5. Moreover, if Hgs is constant, ¢y too loses the quadratic
dependence on B , while each component of ¢5 becomes a quadratic function
of ¥ only. Finally, if also Hys, representing the coupling between the rigid
body and the flexible body dynamics, is approximated by a constant matrix
then ¢5 =0 and ¢y = Cyy (9, 19)19, i.e., a quadratic function of ¥ only.

O

Property 6.5 Due to the assumption of small deformation of each link, the
dependence of the gravity term in the flexible equation is simply g5 = g5 ().
O
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Property 6.6 It is expected that the flexible body dynamics is much faster
than the rigid body dynamics, so that the dynamic model can be cast in a
singularly perturbed form, similarly to the flexible joint case. Furthermore,
if a clear frequency separation exists among the arm vibration modes, then
the system can be effectively described on a multiple time-scale basis.

O

6.3 Regulation

We start the presentation of control laws for flexible arms by considering the
classical requlation problem, i.e., the case of a constant desired equilibrium
configuration gz = (97 67 )". Indeed, the arm deformation is zero for any
value of the joint variables only in the absence of gravity. It is assumed that
the full state of the flexible arm is available for feedback. However, when
some structural damping is present, a linear feedback using only the joint
variables will be shown to asymptotically stabilize the system. Otherwise,
active vibration damping can be realized by designing a full state stabiliz-
ing control on the basis of the linear approximation of the arm dynamics
around the terminal point. Although they are conceived for point-to-point
tasks, the following schemes can also be applied in the terminal phase of a
trajectory around the steady-state configuration.

6.3.1 Joint PD control

For the design of a joint PD control law, some considerations are in order
concerning the terms in (6.75) deriving from the potential energy U.
In view of Assumption 6.2, we have that

U, < Uomax < 00. (6.81)

In view of (6.76), a direct consequence is that

2U€ max

16l < oK)

(6.82)
Concerning the gravity contribution, the vector g satisfies the inequality

ag 2Uemax
= < < _— = .
HaqH < ag + a1]|0]| _ao+a11/)\min(K) «, (6.83)

where ag, a1, @ > 0. This can be easily proved by observing that the gravity
term contains only trigonometric functions of ¢ and linear/trigonometric
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functions of 4, and using (6.82). As a direct consequence of (6.83), we have
for any g1, ga:
llg(ar) — 9(@)ll < ellg — gll. (6.84)

Theorem 6.1 Consider the control law
u=Kp®s—19) — Kpd + gs(9a,04), (6.85)

where Kp and Kp are (n X n) symmetric positive definite matrices and 04
is defined as

64 = —K " g5(da). (6.86)
If
)\min(Kq) = )\min (I{OP IO{) > a, (687)

with « as in (6.83), then
g=q ¢=0

is a globally asymptotically stable equilibrium point for the closed-loop sys-
tem (6.75) and (6.85)
000

Proof. The equilibrium points of the closed-loop system (6.75) and (6.85)
satisfy the equations

g9(¥,6) = Kp(¥q — I) + gs(V4,84) (6.88)
9s(9) = — K. (6.89)

It is easy to recognize that (6.89) has a unique solution ¢ for any value of
9. Adding Kdg + g5(94) = 0 to the right-hand side of (6.89) yields

_(Kp O 9g -0
KQ(qd_q)_(O K)((Sd—d)
_ (99(9,0) — g9(¥a,04) \ _ _
= ( 95(0) — gs(Vq) = 9(q) — 9(qa)- (6.90)
In view of (6.87), we have that, for q # q¢q,
1Kq(qa — DIl > Kgmllga — qll > allga — qll > llg(g) — glga)ll,  (6.91)

where the last inequality follows from (6.84). This implies that {g = g4, =
0} is the wnique equilibrium point of the closed-loop system (6.75) and
(6.85).



6.3. REGULATION 241

Consider the energy-based Lyapunov function candidate

1., 1
V= §qTHq+ 5 (92— )" Ky(qa—q)

+U,(q) — Uy(ga) + (94 — 0)" 9(ga) > 0, (6.92)

where U, = >0 (Ugni + Ugei) + Uyp is the total gravitational energy.
The function (6.92) vanishes only at the desired equilibrium point, due
to (6.88)—(6.91). The time derivative of (6.92) along the trajectories of the
closed-loop system (6.75) and (6.85) is

V = ¢ (Ha+ 5H3) - " Kylaa - 0) + 4" (9(0) — 9(a)

— 47 ( (Kp(ﬂd —_1(92)5:’7_{?;)4- gﬂ(Qd)) _ g(q))

—g" (Igg((id__g)) +4" (y(q) - (z::((gj%)) . (6.93)

where identity (6.80) and the skew-symmetry of the matrix N have been
used. Simplifying terms yields

V=—0"Kpd-46TDé<0, (6.94)

where (6.86) has been utilized. When V = 0, it is ¢ = 0 and the closed-loop
system (6.75) and (6.85) becomes

Hi= (KP(ﬂd —9) + gs(qa) — .919(‘1))

(K6 + g5(9)) (6.95)

In view of the previous equilibrium analysis and of (6.87), it is § = 0 if and
only if ¢ = ¢4, or ¥ = ¥4 and § = é4. Invoking La Salle’s invariant set
theorem, global asymptotic stability of the desired point follows.

o

Remarks

e The above control law does not require any feedback from the de-
flection variables, and is composed of a linear term plus a constant
feedforward action which includes only part of the gravity force ap-
pearing in the model (6.75). The satisfaction of the structural as-
sumption Amin(K) > a is not restrictive in general, and depends on
the relative importance of stiffness vs. gravity.
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e Condition (6.87) will automatically be satisfied, provided that the
agsumption on the structural link flexibility

Amin (K) > a (6.96)
holds, and that the proportional control gain is chosen so that the
condition

Amin(Kp) > a (6.97)
is verified.

e The knowledge of the link stiffness K and of the complete gravity
term g is needed in the definition of the steady-state deformation d,.
Uncertainty in the associated model parameters produces a different
asymptotically stable equilibrium point, which can be made arbitrar-
ily close to the desired one by increasing Kp.

e It can be shown that stability is guaranteed even in the absence of
link internal damping (D = 0). Physically, some small damping will
always exist but the regulation transients could be very slow. If de-
sired, a passive increase of damping can be achieved by structural
modification, e.g., viscoelastic layer damping treatment.

o If the tip location is of interest, p = k(9,d), then ¥4 can be computed
by inverting for 9 the direct kinematics equation

k(9, —K 'g5(9)) = pa, (6.98)

80 as to achieve end-effector regulation at steady-state.

6.3.2 Vibration damping control

During the execution of a point-to-point task, the arm typically undergoes
dynamic deformations which are excited by the imposed accelerations. At
the terminal point, the residual arm deformation is expected to vanish in
accordance with the damping characteristics of the mechanical structure.
These can be enhanced by the choice of suitable materials and surface
treatment of the links. When passive damping is too low, oscillations will
persist in the flexible arm long after the completion of the useful motion.
To overcome this drawback, we need to have measurements related to arm
deflection and use them properly in a feedback stabilizing control. Active
vibration linear control can be designed as follows.

The first step is to linearize the nonlinear system dynamics (6.75) around
the given (final) arm configuration g4. Since at the equilibrium (6.86) holds,
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setting Aq = ¢4 — q, Au = ug — v with ug = g¢(gq), and neglecting second
and higher-order terms yields

G ) (35 + (0 ) (33)

7] 7]
%90 @) 2 (qa) AY Au
+| 99 04 ( ) - ( ) . (6.99)
%9 @) K a0 0
a9
A suitable state space representation of (6.99) is obtained by choosing
Aq
Az = ., 6.100
? ( H(qa)Aq ) (6.100)

i.e., variations of positions and of generalized momenta. By defining

M, M,
M:( 99 95

= H (qq), 6.101
e B (6.101)

the linear state equations become

0 0 My Mys

0 0 Ml Mss 0

0

a0 96 I

dgs 0
— AAz + BAu. (6.102)

The linear stabilizing full state feedback can be designed as

Au=FAz = KpA® + KpAd + KpsAd + KpsAd (6.103)

according to well-established methods, e.g., a pole placement technique. In
order to assign any desired set of stable poles, it is necessary and sufficient
that the pair (A4, B) be controllable; it is not difficult to check that this
condition always holds.

A convenient choice is to have the feedback matrix gains in (6.103) in
block-diagonal form, corresponding to a decentralized strategy in which
each stabilizing input component Awu; uses only local information from
link %; this can be achieved typically under more restrictive controllabil-
ity conditions. Moreover, a pure damping action can be performed on the
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deformation modes by setting Kps = 0; in this way, uncertainty in the
knowledge of the static deflection d; due to gravity —see (6.86)— turns
only into a mismatch in the constant feedforward component ug, while
the system is still asymptotically stabilized around a different (perturbed)
configuration.

We remark that the whole procedure can be applied also by lineariz-
ing the dynamics along a nominal trajectory, which gives a linear time-
varying system whose stabilization by constant feedback is much more crit-
ical, though.

6.4 Joint tracking control

When trajectory tracking is of concern, performance of the above class of
linear controllers is usually quite poor. It is then necessary to resort to non-
linear control strategies that take into account the largely varying dynamic
couplings of the flexible robot arm during motion. The goal is to repro-
duce a time-varying smooth reference trajectory g4(t) = (9% (¢) 67 (¢) )"
characterizing the desired behaviour. However, due to the fact that fewer
control inputs than configuration variables are available, it is in general not
possible to achieve simultaneous tracking of both joint and deflection vari-
ables, unless the latter are defined in a consistent manner with the former.
Upon this premise, an input—output inversion controller will be presented
that guarantees exact reproduction of a desired joint trajectory ¥4(¢), while
inducing a bounded evolution for d(¢). An alternative design will be in-
troduced that exploits the typical two-time scale nature of the rigid plus
flexible equations of motion, providing approximate reproduction of 94(#).
Both these model-based nonlinear control laws ensure closed-loop stability
without any additional action required.

6.4.1 Inversion control

Trajectory tracking in nonlinear systems is typically achieved by input—
output inversion control techniques. Once a meaningful output has been
defined for the system, a nonlinear state feedback is designed so that the
resulting closed-loop system is transformed into a linear and decoupled
one, with the possible appearance of an unobservable internal dynamics.
On the assumption of stability of the resulting closed-loop system, ezact
reproduction of smooth desired output trajectories is feasible.

For the purpose of control derivation, it is convenient to extract the
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flexible accelerations from (6.75) as
6= —Hy! (c5 +gs+Dé+Ké+ HﬂTaﬁ) (6.104)
which, substituted into the upper part of (6.75), gives
(Hpo— HosHy5 HisY9+co+gs— Hos Hy;' (cs+ 95+ Do+ K8) = u. (6.105)

Notice that eq. (6.105) describes the modification that undergoes the rigid
body dynamics due to the effects of link flexibility. The matrix Hyg —
HMH‘E;1 HJ; has full rank as can be seen from the following identity

(HM Hms) ( I 0) B (HM — HgsHy  HY; Hﬂé)
HY Hss ) \-Hy ' HY I 0 Hss
(6.106)

and the positive definiteness of the inertia matrix.

We define the system output as the vector of joint variables . Following
the inversion algorithm, this output needs to be differentiated as many times
as until the input explicitly appearing. Inspection of eq. (6.105) suggests
that the joint accelerations ¢ are at the same differential level as the torque
inputs u. Therefore, the relative degree is uniform for all outputs and equal
to two, and the input u can be fully recovered from (6.105).

Let ug denote a joint acceleration vector. Setting ¥ = ug in (6.105) and
solving for u yields the feedback law

u= (Hos—Hos Hy3' Hls)uo+co+g9— HosHy;' (cs+gs+D8)+ K8, (6.107)

where (Hgy — Hgs H, 5_51H T5)71 is the so-called decoupling matriz of the sys-
tem and is nonsingular. From (6.107) it can be recognized that only the
inversion of the block relative to the flexible variables is required for con-
trol law implementation. Hence, the complexity of this nonlinear feedback
strategy increases only with the number of flexible variables; in the limit,
no inertia matrix inversion is required for the rigid case and the inversion
control law reduces to the well-known inverse dynamics control. Further,
if Hgs is constant, its inversion can be conveniently performed once for all
off-line.

The control (6.107) transforms the closed-loop system (6.105) into the
input—output linearized form

¥ =g (6.108)
6 = —Hy;' (HJsuo + c5 + gs + DS + K§6). (6.109)

In order to achieve tracking of a desired trajectory 94(t), the control design
is completed by choosing the joint acceleration as

uQ :5d+KD(19d—19)+KP(I9d—I9), (6.110)
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where Kp > 0, Kp > 0 are feedback matrix gains that allow pole place-
ment in the open left-hand complex half plane for the linear input—output
part (6.108). From (6.110) it is clear that the desired trajectory must be
differentiable at least once for having exact reproduction.

As previously mentioned, the applicability of the inversion controller
(6.107) is based on the stability of the induced unobservable dynamics
(6.109). The analysis can be carried out by studying the so-called zero
dynamics associated with the system (6.108) and (6.109). This dynamics
is obtained by constraining the output ¥ of the system to be a constant,
without loss of generality zero. Hence, from (6.109) we obtain

6 = —H;;' (cs + g5 + Dd + K9), (6.111)

where functional dependence is dropped but it is intended that terms are
evaluated for 9 = 0.

A sufficient condition that guarantees at least local stability of the over-
all closed-loop system is that the zero dynamics (6.111) is asymptotically
stable.

Lemma 6.1 The state
§=04=—-K'g5(95) =0

is a globally asymptotically stable equilibrium point for system (6.111).
000

Proof. The proof goes through a similar Lyapunov direct method ar-
gument as in Section 6.3.1, using the energy-based candidate function —
see (6.92)—

V= %STBM(; + %((5(1 - 5)TK((5d - 5)
+Uy(94,8) — Ug(94,64) + (8a — 6)" g5(9a), (6.112)

and exploiting the skew-symmetry of Ng5 = H55 —2Css.
o

This lemma ensures also the overall closed-loop stability of system
(6.108)—(6.110) when the regulation case is considered. )

The above result is useful also in the trajectory tracking case (¥4 # 0).
For instance, consider the simpler case of an inertia matrix independent
of 6. When 9 = d4(¢) is imposed by the inversion control, from (6.109) the
flexible variables satisfy the following linear time-varying equation

& = f5(t) — Ax ()6 — Ai(2)3, (6.113)
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where
F5(t) = —Hy5' (9a) (Has(9a)0a + cs (D4, ¥a) + g5(94)) (6.114)
is a known function of time, and

A1 (t) = —H; (9a0)K, (6.115)
As(t) = —H;5' (94)D. (6.116)

Then, as long as all time-varying functions are bounded, stability is ensured
by Lemma 6.1 even during trajectory tracking. However, in general, we
have to check a further condition; namely, the input-to-state stability of
the closed-loop system.

In the above derivation of the inversion control, it was assumed that
full state feedback is available, i.e., ¥, ¥, 8, § should be measurable. In
general, joint positions and velocities are measured via ordinary encoders
and tachometers mounted on the actuators, while for link deflection dif-
ferent apparatus can be used ranging from strain gauges to accelerometers
or optical devices. Nevertheless, in spite of the availability of direct mea-
surements of link flexibility, it may be convenient to avoid their use within
the computation of the nonlinear part of the controller. The joint-based
approach lends itself to a cheap implementation in terms of joint variable
measures only, obtained by keeping the robustifying linear feedback (6.110)
and performing the nonlinear compensation as a feedforward action. This
generalizes in a natural way the linear PD control (6.85) to the tracking
case.

Specifically, given a differentiable joint trajectory ¥4(t), forward inte-
gration of the flexible dynamics

6 = —Hy;' (94,0)(cs(04, 6,9q,0)+g5(04)+Dé+ K+ HJ5(94,6)94) (6.117)

from initial conditions §(0) = do, 6(0) =&y provides the nominal evolutions
84(t), 04(t) of the flexible variables. Hence, evaluation of the nonlinearities
in (6.107) along the computed state trajectory gives a control law in the
form ) )

u=1uq(t) + Kpt)(¥q —9) + Kp(t)(Wq — 9), (6.118)

where (6.110) has been used, and

ua(t) = Hog(8a,84)0a + cs(9a,64,9a,0a) + 96 (Va,b4)
—Hys(9a, 6a) Hg5' (D, 0a) (H3s (92, a)9a + 59, 04, D, ba)

+95(¥a) + Kéa + Dc'Sd) (6.119)
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Kp(t) = (Hﬂﬂ(ﬂd,5d) — Hgs(94,04)Hys' (ﬂdadd)Hg:S(ﬂdadd))KP (6.120)

Kp(t) = (Hﬂﬂ(ﬂd,5d) — Hgs(94,04)Hyz (ﬂdadd)Hgé(ﬂdadd))KD- (6.121)

The initial conditions for numerical integration of (6.117) are typically
do = 6o = 0 associated with an undeformed rest configuration for the
arm; however, any set of initial values could be used since this dynamics is
asymptotically stable, as previously demonstrated.

An even simpler implementation of (6.118) is

u:ud(t)+Kp(19d—19)+KD(19d—19), (6.122)

with constant feedback matrices.

6.4.2 Two-time scale control

An alternative nonlinear approach to the problem of joint trajectory track-
ing can be devised using the different time scale between the flexible body
dynamics and the rigid body dynamics. The equations of motion of the
robot arm can be separated into the rigid and flexible parts by considering
the inverse M of the inertia matrix H, which can be partitioned as —see
also (6.101)—

— M (197 5) Mﬂé(ﬂad)
19,8 =M@,8) = 75° . 6.123
(9,0) = M(5,9) (M%w,é) Mys(9,9) (6.125)
Then, the model (6.75) becomes
¥ = Mw(ﬂ,5)(u c(8,6,9,0) — gs(9,6))
Mys(9,6)(c5(9,6,9,8) + gs(9) + D6 + Kb§)  (6.124)

(
6= Mﬂé(ﬂad (u — ¢s(9,6,9,0) — gs(9,6))
—M;35(9,6)(cs(9,6,9,8) + gs(9) + D5 + K68).  (6.125)

Time scale separation is intuitively determined by the values of oscil-
lation frequencies of flexible links and in turn by the magnitudes of the
elements of K (see Section 6.1). In detail, consider the smallest stiffness
coefficient K, so that the diagonal matrix K can be factored as K = K, K.
The elastic force variables can be defined as

2= KnKb6= §K5 (6.126)
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and accordingly the model (6.124) and (6.125) can be rewritten as

9 = Mys(9,€2) (u — ey (Y, €z,9, €3) — gg(ﬂ,eQz))
— Migs(9, €22) (05 (0, 22,9, €22) + gs(9) + DK~ + z) (6.127)
€% = KM;(9,€%2) (u —cy(9,€%2,9,6%%) — gg(ﬂ,e2z))

—K Mss(9,€%2) (C5(19,e2z, D,e23) + gs(9) + €DK 15 + z) . (6.128)
Eqs. (6.127) and (6.128) represent a singularly perturbed form of the flexible
arm model, where € is the so-called perturbation parameter. Although the
model can be always recast as above, this form is significant only when ¢ is
small, meaning that an effective time scale separation occurs; in particular,
the flexural rigidity EI and the length £ of each link concur to determine
the magnitude of the perturbation parameter and influence the validity of
the approach.

When € — 0, the model of an equivalent rigid arm is recovered. In fact,
setting € = 0 and solving for z in (6.128) gives

Zs = Mts_tsl (1987 O)Mg:s(ﬂéh 0) (us - 619(1987 07 1987 0) - .919(/[987 0))
_65(1987071‘9870) - 95(198)7 (6129)

where subscript s indicates that the system is considered in the slow time
scale. Plugging (6.129) into (6.127) with € = 0 yields

1-9-3 = (Mgg(ﬂs,()) — Mgg(ﬂs,O)Mé_él (ﬂs,O)Mg:;(ﬂs,O)) .
(us — ¢5(85,0,5,0) — gg(ﬂs,O)) . (6.130)
It is not difficult to check that
Mgy (85,0) — Mys(95,0) My5' (95,0) Mgs(95,0) = Hyy (95,0)  (6.131)

where Hyg (s, 0) is the inertia matrix of the equivalent rigid arm, so that
eq. (6.130) becomes

Hys(95,0)05 + c5(95,0,85,0) + gs(9s,0) = us. (6.132)
In order to study the dynamics of the system in the fast time scale,

the so-called boundary-layer subsystem has to be identified. This can be
obtained by setting 7 = t/¢, treating the slow variables as constants in the
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fast time scale, and introducing the fast variables zy = z — 2,; thus, the
fast subsystem of (6.128) is

&2 _ _
d;f = —K M;5(95,0)25 + K ML (9,,0)uy, (6.133)

where the fast control uy = u — u, has been introduced accordingly.

On the basis of the above two-time scale model, the design of a feedback
controller for the system (6.127) and (6.128) can be performed according
to a composite control strategy, i.e.,

u = us(95,95) + us(zs,dzs /dr) (6.134)

with the constraint that uz(0,0) = 0, so that uy is inactive along the
equilibrium manifold specified by (6.129).

The slow control for the rigid nonlinear subsystem (6.132) can be de-
signed according to the well-known inverse dynamics concept used for rigid
manipulators. On the other hand, the fast subsystem is a marginally stable
linear slowly time-varying system that can be stabilized by a fast control,
e.g., based on classical pole placement techniques; an output feedback de-
sign is typically required to face the lack of measurements for the derivatives
of flexible variables.

By applying Tikhonov’s theorem, it can be shown that under the com-
posite control (6.134), the goal of tracking a desired joint trajectory together
with stabilizing the deflections around the equilibrium manifold, naturally
established by the rigid subsystem under the slow control, is achieved with
an order of € approximation. A robustness analysis relative to the mag-
nitude of the perturbation parameter can be performed. When ¢ is not
small enough, the use of integral manifolds to obtain a more accurate slow
subsystem that accounts for the effects of flexibility up to a certain order
of € represents a viable strategy to make the composite control perform
satisfactorily.

Finally, comparing (6.107) with the inversion control law based on
(6.132) clearly points out the difference between the synthesis at the joint
level using the full dynamics and the one restricted to the equivalent rigid
arm model.

6.5 End-effector tracking control

The problem of accurate end-effector trajectory tracking is the most difficult
one for flexible manipulators. Even when an effective control strategy has
been designed at the joint level, still considerable vibration at the arm tip
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may be observed during motion for a lightly damped structure. From an
input—output point of view, we may try to use the n available joint torque
inputs for controlling n output variables characterizing the tip position,
i.e., for reproducing a desired trajectory y4(t). We remark that the choice
of suitable reference trajectories that do not induce large deflections and
excite arm vibrations in the frequency range of interest is more critical than
in the joint tracking case.

In this respect, the direct extension of the inversion strategy to the
end-effector output typically leads to closed-loop instabilities, nominally
generating unbounded deformations and/or very large applied torques. In
practice, joint actuators saturate and a jerky arm behaviour is observed,
while control of tip motion is completely lost.

This phenomenon is present both in the linear (one-link) and nonlinear
(multilink) cases. In fact, according to the modelling presented in Sec-
tion 6.1, the transfer function of a one-link flexible arm contains stable
zeros when the output position is co-located with the joint actuation, but
will present pairs of real stable/unstable zeros when the output is relocated
at the tip; this qualifies a nonminimum phase transfer function. Then,
when the system is inverted, feedback cancellation of nonminimum phase
zeros with unstable poles produces internal instability, not observable in
the input—output map. Similarly, it can be shown that the end-effector
zero dynamics of a multilink flexible arm, i.e., the unobservable dynamics
associated with an input action which attempts to keep the end-effector
output at a constant (zero) value, is unstable; by analogy to the linear case,
this situation is referred to as nonminimum phase. Again, since inversion
control is designed for cancelling this zero dynamics, closed-loop instability
occurs.

Following the above discussion, we can infer that the trajectory tracking
problem for nonminimum phase systems has to be handled either by resort-
ing to a suitable feedforward strategy or by avoiding exact feedback cancel-
lation. In both cases, it is convenient to define the desired arm behaviour
not in terms of (¥4(¢), 64(¢)) but equivalently in terms of (y4(t), d4(t)), where
y is one-to-one related to the tip position. A bounded evolution d4(t) of the
arm deformation variables will then be computed on the basis of the given
output trajectory yq(t), as a natural motion of the system.

An open-loop solution, suitable for the one-link linear case, will be de-
rived defining the inversion procedure in the frequency domain by assuming
that the given trajectory yq(t) is part of a periodic signal. This solution
leads to a moncausal command, since the obtained input ug(t) anticipates
the actual start of the reference output trajectory. A more general tech-
nique will be presented that computes the bounded evolution d4(t) through
the solution of a set of (nonlinear) partial differential equations depend-



252 CHAPTER 6. FLEXIBLE LINKS

ing on the desired output trajectory; a time-varying reference state is then
constructed and used in a combined feedforward/feedback strategy, where
the feedback part stabilizes the system around the state trajectory. Thus,
nonlinear regulation will be achieved with simultaneous closed-loop stabi-
lization and output trajectory tracking; the latter is in general obtained
only asymptotically, depending on the initial conditions of the arm.

6.5.1 Frequency domain inversion

Consider a one-link flexible arm model in the generic form

(2 ) G- 5 )6 DY)

that can be any of the models derived in Section 6.1. The tip position
output associated with (6.135) can be written as

o= < (59), (6.136)

where ¢, = ¢'(¥) expresses the contributions of each mode shape to the tip
angular position.

In order to reproduce a desired smooth time profile y4(t), a stable inver-
sion of the system can be set up in the Fourier domain by regarding both
the input and the output as periodic functions. In this way, provided that
the involved signals are Fourier-transformable, all quantities will automati-
cally be bounded over time. The intrinsic assumption of this method leads
to the open-loop computation of an input command u4(¢) that will be used
as a feedforward on the real system.

We start by rewriting eq. (6.135) as

ey e i) (50) (0 ) (50)
(o 1)) = (") @
where (6.136) has been used. Let then
V(w) = / ” exp(—jwt)§i(t)dt (6.138)

—o0

be the bilateral Fourier transform of the output acceleration; hence, eq.
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(6.137) can be rewritten in the frequency domain as
hgy hg;g — hmgcz

Yw) _ (Uw)
hss Hss — hsgel + jiwD— %K (A(w)) = ( ) , (6.139)

0

where A (w) and U (w) are the Fourier transforms of the flexible accelerations
and of the input torque, respectively. Inverting eq. (6.139) gives

Yw) _ (mw) ghw)) (Uw)
(A(w)) - (gzl(w) G22(w))( 0 ) (6.140)
and thus

Uw) = gl%(w)Y(w) = r(w)¥ W). (6.141)

When a desired symmetric zero-mean acceleration profile §4(¢) is given such
that §4(¢) =0 for t < —T'/2 and ¢t > T/2, this signal can be embedded in
a periodic one and the Fourier transform (6.138) can be truncated outside
the interval [-7/2,T/2]. Plugging Yy(w) in (6.141) yields Uy(w), which
generates the required input torque wug(t) through finite inverse Fourier
transformation.

The obtained time profile expands beyond the interval [-T/2,T/2],
since the inverse system is moncausal. In fact, the command u4(t) can
be also expressed as

0 T/2
uqg(t) = / r(t — 7)jg(T)dr = / r(t — 7)§q(7)dT, (6.142)

NS -T/2

where r(t) is the impulsive time response of the inverse system correspond-
ing to r(w) in (6.141); since here r(t — 7) # 0 also for t < 7, then uy(t) # 0
also for ¢ < —T/2. In practice, the energy content of the required input
torque will rapidly decay to zero outside the desired interval duration T' of
the output motion, and a time truncation can be reasonably performed.

It should be noted that eq. (6.140) provides also the frequency-based
description of the flexible variables associated with the given output motion,
which can be converted as well into a time evolution 64(¢). In particular, the
initial values 64(—T/2) and d4(—T'/2) correspond to the specific initial arm
deflection state which gives overall bounded deformation under inversion
control.

Finally, we remark that a noncausal behaviour of the inverse system is
obtained whenever the original system presents a finite time delay between
the input action and the observed output effects.
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The above technique is inherently based on linear concepts, and the
extension to the nonlinear multilink case can be performed only by iterating
its application to repeated linear approximations of the system along the
nominal trajectory.

6.5.2 Nonlinear regulation

The problem of achieving output tracking, at least asymptotically, while
enforcing internal state stability is a classical regulation problem, whose
solution is widely known in the linear case under full state feedback. The
extension of the same approach to the nonlinear setting requires some tech-
nical assumptions and involves a larger amount of off-line computation, but
it is rather straightforward in the robotic case.

The key point is to compute a bounded reference state trajectory for
the flexible arm so as to produce the desired output motion. In connection
with any bounded and smooth output trajectory yy(t), typically gener-
ated by an autonomous dynamic system (an exosystem), such a trajectory
(94(t), 04(¢)) surely exists. The control law can then be chosen as formed
by two contributions; namely, a feedforward term which drives the system
trajectories along their desired evolution, and a state feedback term neces-
sary to stabilize the closed-loop dynamics around the nominal trajectory.
This stabilizing action can be typically designed using only first-order infor-
mation, i.e., as a linear feedback, in view of the local controllability of the
manipulator equations. Once the flexible arm is in the proper deformation
state, only the feedforward term is active.

For convenience, we consider a generalization of (6.136) as system out-
put, i.e.,

y =19+ C9, (6.143)

where the elements in the constant matrix C include the contributions of
link mode shapes. On the assumption of small deformation, this output
is one-to-one related to the Cartesian position and orientation of the tip
through the standard direct kinematics of the arm.

Moreover, we assume that the output reference trajectory is generated
by an exosystem that can be chosen, without loss of generality, as a linear
system in observable canonical form with

Yd = {ydia ydia ydia ey yg;_la i= 17 B 7n} (6144)

taken as its state; here, r; is the smoothness degree of the i-th output
trajectory.
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The design of a nonlinear regulator is simplified by rewriting the ma-
nipulator dynamics (6.75) in terms of the new coordinates (y,d) as

Hys(y — C8,8)jj + (Hss(y — C8,8) — Hos(y — C8,8)C)d
+eoly — C8,6,5 — C8,8) + gs(y —C6,6) =u  (6.145)

HIs(y — C8,8)jj + (Hss(y — C8,8) — HYs(y — C5,8)C)é
+c5(y — C8,8,5 — C8,8) + gs(y—C8) + D§+ K6 =0,  (6.146)

where (6.143) has been used.

In order to determine the reference state evolution associated with yq4(t),
it is sufficient to specify only d4(¢) and its derivative d4(¢). Hence, the
problem reduces to determining the vector functions §; = w(Yy) and 6 =
(87/8Yy) Yy. In particular, the function 7(Yy) should satisfy eq. (6.146),
evaluated along the reference evolution of the output, i.e.,

Hs(ya, 7(Ya))ia + (Hss (a, m(Ya)) — Hiz(ya, m(Ya))C)#(Ya, Ya, Ya)

+c5(Ya, 7(Ya), Y, 7 (Ya, Ya)) + g5 (ya, m(Ya))
+D#(Yy,Yy) + Kn(Yy) = 0. (6.147)

This equation is independent of the applied torque and should be considered
as a dynamic constraint for 7(Yy). Being (6.147) a nonlinear time-varying
differential equation, it is usually impossible to determine a bounded so-
lution in closed form. We notice that this equation reduces to a matrix
format in the case of linear systems, as for the one-link flexible arm.

A feasible approach is to build an approximate solution #(Yy) for the
arm deformation by using basis elements which are bounded functions of
their arguments, e.g., polynomials in Y. As long as each component yg;(¢)
of the desired trajectory and its derivatives up to order (r;+1) are bounded,
the approximation 7#(Yy) is necessarily a bounded function of time. The
problem of determining the constant coefficients in the expansion can then
be solved through a recursive procedure using the polynomial identity prin-
ciple.

Once a solution #(Yy) =~ 7(Yy) is obtained up to any desired accuracy,
back-substitution of the reference deformation 84, of the desired output
trajectory yq, and of their time derivatives into (6.145) will give the nominal
feedforward regulation term as

ug = Hyy(ya,0a)ia + (Hos(Ya, 8a) — Hes(ya,84)C) 0a
+c9(Ya, bd, Ya, 0a) + 99 (Ya, 0a)
= v(Ya, Ya, Ya). (6.148)
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The nonlinear regulator law takes on the final form

Ya—Y Vg — ¥
uw=uq+F gj:g =ug+F gj:g , (6.149)
bg—0 bg—0

where the feedback matrix F stabilizes the linear approximation of the
system dynamics. Indeed, if a global stabilizer is available, convergence
to the reference state behaviour can be achieved from any initial state.
In particular, a PD feedback on the joint variables ¢ alone was shown to
stabilize any arm configuration; as a result, a simplified form of F' can be
used in (6.149), and the overall regulator can be implemented using only
partial state feedback.

It is worth noticing that solving eq. (6.147) for 64 = 7(Yy) provides as
a byproduct the unique initial state at time ¢ = 0 that is bounded over the
whole desired output motion. This should be related to the approach of
the previous subsection.

While the stability property of the regulator approach rules out inver-
sion techniques for end-effector tracking, it should be stressed that only
asymptotic output reproduction can be guaranteed if the initial state of the
flexible arm does not coincide with the solution to (6.147) at time ¢ = 0.
Moreover, during error transients, the input—output behaviour of the closed-
loop system is still described by a fully nonlinear dynamics, contrary to the
inversion case.

6.6 Further reading

A recent tutorial on modelling, design, and control of flexible manipulator
arms is available in [9].

Modal analysis based on Euler-Bernoulli beam equations can be found
in classical mechanics textbooks, covering flexible-body dynamics, e.g., [36].
The issue of unconstrained vs. constrained mode expansion was discussed
in [3] and further in [7]. The dependence of the fundamental frequency
of a single link on its shape and structure has been studied in [56]. The
combined Lagrangian-assumed modes method for modelling multilink flex-
ible arms is due to [8]; discussion on infinite-dimensional models can be
found in [25], and the effect of mode truncation was studied in [31]. Al-
ternative approaches to the assumed modes method are the finite-element
approach [52] and the Ritz-Kantorovich expansions [53]. The use of sym-
bolic software packages for dynamic modelling of manipulators with both
joint and link flexibility was proposed in [11]. Early work on modelling,
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identification and control of a single-link flexible arm was carried out in,
e.g., [10, 45, 27, 57, 58]. Analysis of the finite- and infinite-dimensional
transfer functions was performed in [29, 55]. Two-link flexible arms were
studied in, e.g., [37, 38].

Performance of co-located joint feedback controllers was investigated
n [12]. The importance of dynamic models for control of flexible manipu-
lators was pointed out in [22], and a symbolic closed-form model was derived
n [21]. The problem of joint regulation of flexible arms under gravity was
solved in [23] where also the case of no damping is covered; the control
scheme was extended to tip regulation in [46]. An iterative learning scheme
for positioning the end effector without knowledge of the gravity term is
given in [19]. For enhancement of structural passive damping, the reader
is referred to [1]. Active vibration linear control was proposed by [50, 51]
and further refined by [14]. Inversion-based controllers that achieve input—
output linearization were derived in [24]; the use of the feedforward strat-
egy was tested in [15]. Two-time scale control was proposed by [47] and
extended to the output feedback setting in [49]; a refinement of the singu-
larly perturbed model via the use of integral manifolds can be found in [48].
A combined feedback linearization/singular perturbation approach was re-
cently presented in [54]. An overview on the use of perturbation techniques
in control of flexible manipulators is given in [26]. Robust schemes using
H, control for a one-link flexible arm were proposed in [42, 2]. Alternative
techniques for stabilization and trajectory tracking were proposed in [33] us-
ing direct strain feedback, and in [30] using acceleration feedback. A state
observer for a two-link flexible arm has been designed and implemented
in [39].

The problem of suitable trajectory generation for flexible arms was in-
vestigated in [5, 28]. The frequency domain approach was presented in [4]
for the single-link flexible arm, and was extended to the multilink case
in [6]. Performance of non-colocated tip feedback controllers was investi-
gated in [13]. The use of inversion control for stable tracking of an output
chosen along the links was proposed in [18], and a control scheme for a
single-link flexible arm was proposed in [20]. The problem of output reg-
ulation of a flexible robot arm was studied in [16] and a comparison of
approaches based on regulation theory is given in [17]. Related work on the
use of a partial state feedback regulator can be found in [40]. Stable tip
trajectory control for multilink flexible arms is studied in the time domain
in [32, 59].

Only planar deformation of flexible arms has been considered in this
chapter. A challenging problem is the control of both bending and torsional
vibrations for multilink flexible arms; satisfactory results for a single-link
arm can be found in [44, 34]. A new line of research concerns the problem
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of position and force control of flexible link manipulators; preliminary work
is reported in [43, 35].
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