Mechatronics 55 (2018) 171–179

Contents lists available at ScienceDirect

Mechatronics
journal homepage: www.elsevier.com/locate/mechatronics

Hierarchical tracking task control in redundant manipulators with
compliance control in the null-space☆
Abbas Karami a, Hamid Sadeghian b,∗, Mehid Keshmiri a, Giuseppe Oriolo c
a

Department of Mechanical Engineering, Isfahan University of Technology, Isfahan 84156-83111, Iran
Engineering Department, University of Isfahan, Isfahan 8174673441, Iran
c
Dipartimento di Ingegneria Informatica, Automatica e Gestionale, Sapienza Università di Roma, Rome, Italy
b

a r t i c l e

i n f o

Keywords:
Redundant manipulators
Prioritized control
Multi-task tracking
Physical interaction
Disturbance observer
Null-space compliance

a b s t r a c t
In this paper, a new approach for dealing with multiple tracking tasks during physical interaction is proposed.
By using this method, multiple tasks are accomplished based on the assigned priority in addition to a compliant
behavior in the null-space of the main tasks. This issue is critical when robots are employed for complex manipulation in unknown environments and in the presence of human. During the manipulation in the dynamic
environments, diﬀerent objects may collide with the robot body and disturb its manipulation. In these cases,
the robot is expected to continue execution of the tasks, accurately. Meanwhile, the robot should be compliant
to ensure the safety during the interaction. A nonlinear controller-observer is proposed for tracking the desired
trajectory based on a preallocated hierarchy. The suggested controller-observer estimates the external torques
applied to the robot body without using joint torque measurements and compensates its projection on the task
spaces. Asymptotic stability of the task space errors, the null-space velocity and the external interaction estimation
error during accomplishing multiple tracking tasks are shown analytically. Finally, the algorithm performance is
shown through experiments on a 7-DOF KUKA LWR robot arm.

1. Introduction
Using robots near human for complicated manipulations usually
needs simultaneous execution of multiple operational tasks. Minimally
Invasive Surgery by surgical robots [1] and domestic services by humanoid robots [2] are two examples of the considered scenarios. Diﬀerent methods can be used for handling multiple robotic tasks according
to an allocated priorities (e.g. [3–8]). The accomplishment of the tasks
using these methods are diﬀerent. Most of the common approaches for
priority allocation employ null-space projectors for projecting lower priority tasks to the null-space of the higher priority tasks. These methods
promise to fulﬁll the desired hierarchy [6,9–11].
Currently, the prevailing formulation for managing multiple tasks at
velocity and acceleration level is the one proposed in [3]. This method
is used for handling prioritized tasks in robots within various control approaches [9,10,12,13]. Alternative solutions for inverse kinematic problem of redundant robots are suggested in [4,5].
Robots can be controlled in their task space by several approaches
(e.g. [14,15]). However, Operational Space Formulation (OSF) is the
most common one. Following OSF method, decoupled dynamics for each
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task can be realized. Decoupling task dynamics is useful for handling
diﬀerent tasks [10,16] and inspecting the system stability [2,17,18].
Stability of the robot system depends on the null-space behaviour
[19,20]. Nakanishi et al. in [21] has compared multiple controllers
which are used for accomplishing tasks using OSF. It is reported in
[21] that the null-space stability is an unresolved issue for all these
methods. In [6], a new hierarchical formulation is proposed which can
be used for investigating stability in the null-space along with multiple
position regulation tasks. Here, a new intuitive Jacobian is employed
for the case of multiple tasks execution. This Jacobian is computed by
exploiting the null-space base matrix. Decoupled dynamics in each level
can be realized by using this Jacobian. This characteristics allows to handle various tasks separately according to the allocated priorities. In comparison with the method proposed in [6], current research uses more
clear and intuitive null-space projection with less computation burden.
Moreover, it is not limited to the regulation tasks and can be employed
for tracking tasks in any arbitrary level as well.
An example of possible physical interaction scenarios is depicted in
Fig. 1. Safe human-robot coexistence and cooperation can be ensured
by proper strategies for avoiding and/or handling physical interactions.
In this regard, diﬀerent methods can be found in previous works such as
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• Clear representation of the robot dynamics in multiple levels including null-space with minimal states using a new Jacobian deﬁnition
is given.
• Multiple tracking tasks are attainable in any arbitrary hierarchy besides desired compliance in the null-space.
• Proper controller-observer is suggested by considering accidental
physical interactions and model inaccuracy.
• Stability analysis is performed by using nested conditional stability
analysis for time varying systems in multi subsets along with invariance like theorem.
The rest of the paper is organized as follows: in Section 2 some fundamental issues about controlling the redundant robots are reviewed.
The task allocation method as well as controller design are addressed
in Sections 3 and 4, respectively. The system stability analysis is discussed in Section 5. Experimental results on 7-DOF KUKA LWR4 robot
are reported in Section 6. Finally, the paper is concluded in Section 7.
2. Preliminaries
The kinematics relationship between task space and joint space of a
robot is given as
𝒙̇ = 𝑱 (𝒒 )𝒒̇ ,

(1)

where 𝒙̇ ∈ 𝐼𝑅𝑚 and 𝒒̇ ∈ 𝐼𝑅𝑛 represent the task space and joint space
velocity vectors, respectively. The Jacobian matrix is denoted by
J(q) ∈ IRm × n and for redundant manipulators m < n. For a given 𝒙̇ ,
⋅
(1) has inﬁnite solutions for joint space command acceleration ()𝐪𝐜 in a
redundant manipulator which can be obtained by

Fig. 1. Possible accidental human-robot interaction scenario [17].

𝒒̇ 𝑐 = 𝑱 † (𝒒 )𝒙̇ + 𝑷 (𝒒 )𝜻.
[17,22,23]. Robot redundancy can be exploited eﬀectively for this goal.
Exteroceptive sensors are used for obstacle avoidance in [9,24]. In both
of these works, redundant degrees of freedom are used to ﬁnd the safest
joint space trajectory for the main task while an obstacle approaches to
the robot body.
Since collision avoidance can not be guaranteed because of the visual
limitations, sensitive skin [25–27] and observers [28] are employed for
collision detection. Several reaction strategies based on observer data
are introduced in [29,30]. In the previous works by the authors of this
paper [17], an impedance behavior is imposed in the null-space of the
main (regulation) task to ensure safety and accuracy, simultaneously.
Current research extends the previous work to multiple tracking tasks
by rigorous stability analysis to ensure eﬃciency in most of the possible
cases. More issues about physical human robot interaction and applications can be found in [31].
Recently, in [2,17,32] tracking problem in redundant manipulators
is considered. The proposed controllers accomplish tracking of the task
without considering any external physical interaction. On the other
hand, regulation of the task space position around a desired point during physical interaction with robot body were studied in our previous
work [17]. The position tracking problem is a more practical and useful
manipulation task whose controller design and stability analysis is far
complicated. This problem is investigated here within a multi priority
scheme by considering physical interactions and model inaccuracy. To
the best of our knowledge, handling external interaction with a desired
compliance in the null-space during trajectory tracking is not possible
through previous prioritization approaches.
Therefore, each of the previous methods miss one or more of the
following issues: considering accidental physical interaction and model
inaccuracy, guaranteeing stability and desired compliance in the nullspace, ensuring zero task space error, and accomplishing multiple prioritized tasks including tracking. As the main state of the art, by exploiting
the priority allocation method besides the proposed controller-observer
for tracking tasks and null-space compliance, the whole system stability
is proven in the presence of external physical interactions.
The main contributions of the current study are as follows:

(2)

J†(q) is the pseudo-inverse of the Jacobian matrix given by 𝑱 =
𝑱 𝑇 (𝑱 𝑱 𝑇 )−1 , P(q) ∈ IRn × n denotes a projection matrix to the null-space
of J(q) and 𝜻 ∈ IRn represents the commanded joint space velocity in
the null-space of the main task.1 A common deﬁnition for the projection matrix is 𝑷 = 𝑰 − 𝑱 † 𝑱 . Using (2), we obtain a joint space velocity
which satisﬁes (1) and is close to 𝜻 in the sense of least square.
Eq. (2)can be extended to l tasks as
†

𝒒̇ 𝑐 =

𝑙
∑
𝑖=1

𝒒̇ 𝑖,𝑐 ,

{

𝒒̇ 𝑖,𝑐 =

†
𝑱̄ 1 𝒙̇ 1,𝑐
†
𝑱̄ 𝑖 (𝒙̇ 𝑖,𝑐 − 𝑱 𝑖 𝒒̇ 𝑖−1 )

𝑖=1
,
𝑖 = 2, … , 𝑙

(3)

where,
𝑱̄ 𝑖 = 𝑱 𝑖 𝑷 𝑖−1 .

(4)

𝑱̄ 𝑖 ∈ 𝐼𝑅𝑚𝑖 ×𝑛 and 𝒙̇ 𝑖 ∈ 𝐼𝑅𝑚𝑖 represent the i-th task Jacobian matrix and
velocity vector where mi is the task dimension [3]. The null-space projection matrices in the case of multiple tasks can be computed as [13],
𝑷𝑖 =

𝑖
∏
𝑗=1

(𝑰 − 𝑱̄ 𝑗 𝑱̄ 𝑗 ),
†

(5)

𝑷 0 = 𝑰.
2.1. Multi priority control at acceleration level
The dynamic equation of a robot with n-link is written as
𝑴 (𝒒 )𝒒̈ + 𝑪 (𝒒 , 𝒒̇ )𝒒̇ + 𝒈(𝒒 ) = 𝝉 − 𝝉 𝑒𝑥𝑡 ,

(6)

where M(q) ∈ IRn × n is the inertia matrix, 𝑪 (𝒒 , 𝒒̇ ) ∈ 𝐼𝑅𝑛×𝑛 is the matrix
include both Coriolis and centrifugal eﬀects and g(q) ∈ IRn and 𝝉 ext ∈ IRn
are gravity and external torques vector, respectively.
1
Dependencies on q and 𝒒̇ are usually shown at the ﬁrst parameter introduction and omitted elsewhere for the sake of clarity.
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3. Problem formulation using prioritized scheme

The resolution of the joint acceleration for a given task in a redundant robot is usually more accurate but elaborating in comparison with
joint velocity synthesis. Due to explicit incorporation of acceleration
information, this formulation improves the tracking ability. Moreover
force and impedance control algorithms can be easily applied within
that. Hence, it is possible to track the desired trajectory accurately and
handle physical interactions with the robot body compliantly, simultaneously (see for example [33]).
Based on the relation (1), the solution for second order inverse kinematics is
𝒒̈ 𝑐 = 𝑱 † (𝒙̈ − 𝑱̇ 𝒒̇ ) + 𝑷 𝜻,

In this section, a novel approach for assigning the task priority is introduced and exploited for computing prioritized dynamics of the manipulator. The main issues that are considered in the new task allocation method are as follows; lower priority tasks should not disturb any
higher priority tasks, tracking tasks should be attainable in any hierarchical level and null-space behavior should be described with minimal
coordinates. Hence, one can obtain a complete and clear representation
of the robot dynamics in the coordinates correlated to the prioritized
tasks.
This hierarchy scheme can be achieved by choosing the projected
Jacobian of the tasks as

(7)

and in the case of multi task system, 𝒒̈ 𝑐 is obtained as
𝒒̈ 𝑐 =

𝑙
∑
𝑖=1

𝒒̈ 𝑖,𝑐 =

†
𝑱̄ 𝑖 (𝒙̈ 𝑖,𝑐

{
𝒂𝑖 =

⎧𝑱 ,
⎪ 1
𝑱̄ 𝑖 = ⎨𝑱 𝑖 𝒁 𝑇𝑖−1 (𝒁 𝑖−1 𝑴 𝒁 𝑇𝑖−1 )−1 𝒁 𝑖−1 𝑴 ,
⎪(𝒁 𝑙−1 𝑴 𝒁 𝑇 )−1 𝒁 𝑙−1 𝑴 ,
𝑙−1
⎩

𝒒̈ 𝑖,𝑐 ,
− 𝑱̇ 𝑖 𝒒̇ − 𝒂𝑖 ),
𝟎
∑ −1
𝑱 𝑖 𝑖𝑗=1
𝒒̈ 𝑗,𝑐

𝑖=1
,
𝑖 = 2, … , 𝑙

where 𝒙̈ 𝑐 is the command acceleration in the ith task space. Joint command acceleration 𝒒̈ 𝑐 can be used to obtain driving torques by

𝑱 𝑎𝑢𝑔,𝑖−1

(9)

⎡
⎢
=⎢
⎢
⎢
⎣

𝑱̄ 1
𝑱̄ 2

⋮
𝑱̄ 𝑖−1

⎤
⎥
⎥,
⎥
⎥
⎦

(18)

where the estimation of the external torque is shown by 𝝉 est . The closedloop behavior of the system is then obtained as

for (𝑖 − 1 )th level. Note that 𝒁 𝑖−1 should fulﬁl

𝒒̈ = 𝒒̈ 𝑐 .

𝑱 𝑎𝑢𝑔,𝑖−1 𝒁 𝑇𝑖−1 = 𝟎,

(10)

Multiplying both sides of (10) with Jacobian matrix, the ith subtask
closed-loop equation is realized as [13],
†
𝑱̄ 𝑖 𝑱̄ 𝑖 [𝒙̈ 𝑖,𝑐 − 𝒙̈ 𝑖 ] = 0.

(20)

The method is discussed in details in [35]. Singular value decomposition
can be used alternatively for computing the null-space base matrix [36].

When the manipulator is in non-singular conﬁguration, using task
space command acceleration as

∑𝑙−1

Introducing 𝝂 = 𝒁 𝑙−1 𝒒̇ , where 𝝂 ∈ 𝐼𝑅𝑛− 𝑖=1 𝑚𝑖 is the null-space velocity vector, the task space velocity vector can be written as 𝒙̇ =
(𝒙̇ 1 , … , 𝒙̇ 𝑙−1 , 𝝂) . Dynamic consistency [14] is promised by employing
Jacobian pseudo-inverse matrix as
{
𝑇
𝑇
𝑴 −1 𝑱̄ 𝑖 (𝑱̄ 𝑖 𝑴 −1 𝑱̄ 𝑖 )−1
𝑖 = 1, … , 𝑙 − 1
#
𝑱̄ 𝑖 =
(21)
𝒁 𝑇𝑙−1
𝑖 = 𝑙.

(12)
𝑚𝑖 ×𝑚𝑖

in (11), with 𝒌𝑖,𝑑 ∈ 𝐼𝑅
and 𝒌𝑖,𝑝 ∈ 𝐼𝑅
as positive deﬁnite matrices, implies asymptotic tracking for the ith task. To ensure null-space
stability, the command acceleration is suggested as
𝒒̈ 𝑐 = 𝑱 † (𝒙̈ 𝑐 − 𝑱̇ 𝒒̇ ) + 𝑷 (𝒒̈ 𝑐𝑁 − 𝑷̇ 𝒒̇ ),

(19)

𝑇
𝒁 𝑖−1 = [−𝑱 𝑇𝑣,𝑖−1 𝑱 −
𝑰 ].
𝑤,𝑖−1

2.2. Stability of multi tasks system

𝑚𝑖 ×𝑚𝑖

𝑖 = 1, … , 𝑙.

Representing the matrices in (19) by appropriate partitioned forms
𝑱 𝑎𝑢𝑔,𝑖−1 = [𝑱 𝑤,𝑖−1 𝑱 𝑣,𝑖−1 ] and 𝒁 𝑖−1 = [𝒁 𝑤,𝑖−1 𝑰 ] with invertible 𝑱 𝑤,𝑖−1 ,
the full rank null-space base matrix is obtained as

(11)

𝒙̈ 𝑐 = 𝒙̈ 𝑑 + 𝒌𝑖,𝑑 𝒙̃̇ + 𝒌𝑖,𝑝 𝒙̃ ,

(13)

where

The desired velocity in the null-space is 𝒒̇ 𝑑 = 𝑷 𝝃 [13] and the closedloop null-space dynamics is obtained as

Using (17–19), one can obtain
{
𝑱 1 𝒁 𝑇1 = 0,
𝑱 𝑗 𝒁 𝑇𝑗−1 (𝒁 𝑗−1 𝑴 𝒁 𝑇𝑗−1 )−1 𝒁 𝑗−1 𝑴 𝒁 𝑇𝑖 = 𝟎,

𝑷 (𝒆̇ 𝑁 + 𝑲 𝒆𝑁 ) = 𝟎,

for j ≤ i which ensures

𝒒̈ 𝑐𝑁 = 𝒒̈ 𝑑 + 𝑲 (𝒒̇ 𝑑 − 𝒒̇ ).

(17)

where 𝑙 − 1 tasks are considered for the manipulator and the lth space
is the remaining null-space. 𝒁 𝑖−1 (𝒒 ) denotes the null-space base matrix
of an augmented Jacobian matrix deﬁned as

(8)

𝝉 = 𝑴 (𝒒 )𝒒̈ 𝑐 + 𝑪 (𝒒 , 𝒒̇ )𝒒̇ + 𝒈(𝒒 ) + 𝝉 𝑒𝑠𝑡 ,

𝑖=1
𝑖 = 2, … , 𝑙 − 1
𝑖=𝑙

(14)

(15)

where 𝒆𝑁 = 𝑷 (𝝃 − 𝒒̇ ), 𝝃 is the desired velocity in the null-space and
K ∈ IRn × n denotes the control gain. P ∈ IRn × n is a null-space projection
matrix and is not full rank (more details about the rank of the projection matrices can be found in the second chapter of [34]). Because of the
rank deﬁciency, it is not possible to guarantee that the tracking is accomplished perfectly in the null-space. Meanwhile, it is possible to prove
the stability of the null-space dynamics represented by (15) through (c.f.,
[13,19])

𝑱 𝑎𝑢𝑔𝑖−1 𝑱̄ 𝑖 = 𝟎,

1 𝑇
𝒆 𝒆 .
(16)
2 𝑁 𝑁
Considering of external torques are necessary for controlling the
robots in dynamic and unpredictable environments and is not involved
in the methods mentioned in the current section. The stability of the
system with physical interaction is just studied for regulation tasks in
[6].

Λ = 𝑑𝑖𝑎𝑔(Λ1 , Λ2 , … , Λ𝑙 )

#

𝑖=1
,
𝑖 = 2, … , 𝑙

(22)

(23)

and
𝑇
𝑱̄ 𝑗 𝑴 −1 𝑱̄ 𝑖 = 𝟎

for any 𝑖 and 𝑗.

(24)

Herein, relation (23) guarantees the order of priority and (24) promises
diagonal task space inertial matrix (\Lambda) and dynamic consistency
as [6]

𝑉 =

(25)

On the other hand, by considering (23), the recursive formula for command acceleration is obtained as
𝒒̈ 𝑐 =
173

𝑙
∑

𝒒̈ 𝑖,𝑐 ,
𝑖=1
#
𝒒̈ 𝑖,𝑐 = 𝑱̄ 𝑖 (𝒙̈ 𝑖,𝑐

(26)
− 𝑱̇ 𝑖 𝒒̇ ).
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Fig. 2. The system block diagram.

Using (17) besides the OSF method, the task space dynamics in all levels
are realized as
#
#
𝚲𝑖 𝒙̈ 𝑖 + 𝝁𝑖 + 𝒉𝑖 = 𝑱̄ 𝑖 𝑇 𝝉 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 − 𝑱̄ 𝑖 𝑇 𝝉 𝑒𝑥𝑡 ,

together with the null-space command acceleration
̃ − 𝒁 𝑙 𝑲 𝑙,𝑝 𝒒̃ ),
𝝂̇ 𝑐 = 𝝂̇ 𝑑 + 𝚲−1
𝑙 ((𝝁𝑙 + 𝑲 𝑙,𝑑 )𝝂

(27)

̃ 𝒒̃ and external interaction estimation error 𝒓̃ = 𝒓 +
guarantees that 𝒙̃ 𝑖 , 𝒙̃̇ 𝑖 , 𝝂,
𝝉 𝑒𝑥𝑡 converges to zero, asymptotically. In recent relations, 𝒙̃ 𝑖 = 𝒙𝑖,𝑑 − 𝒙𝑖 , 𝝂̃ =
𝝂 𝑑 − 𝝂, 𝒒̃ = 𝒒 𝑙,𝑑 − 𝒒 and ql, d is a properly chosen desired conﬁguration in
the joint space which will be discussed later. 𝑲 𝑖,𝑑 ∈ 𝐼𝑅𝑚𝑖 ×𝑚𝑖 , 𝑲 𝑖,𝑝 ∈ 𝐼𝑅𝑚𝑖 ×𝑚𝑖 ,
𝑲 𝑙,𝑑 ∈ 𝐼𝑅𝑚𝑙 ×𝑚𝑙 and Kl, p ∈ IRn × n are symmetric positive deﬁnite matrices.

where
𝑇
𝚲𝑖 = (𝑱̄ 𝑖 𝑴 −1 𝑱̄ 𝑖 )−1 ,

𝝁𝑖 = 𝑱̄ 𝑖 𝑇 𝑪 (𝒒 , 𝒒̇ )𝒒̇ − 𝚲𝑖 𝑱̄̇ 𝑖 𝒒̇ ,
#

𝒉𝑖 =

(28)

#
𝑱̄ 𝑖 𝑇 𝒈(𝒒 ),

It is noteworthy that since the velocity vector 𝝂 is in general nonintegrable [37], for the null-space command acceleration the projected
joint space error (𝒁 𝑙 𝑲 𝑙,𝑝 𝒒̃ ) is used instead of the null-space position
error [38].
The command torque is then computed as

for 1 ≤ i ≤ l.
When 𝝉 est is not available through sensor or observer, by employing
(26) in (9) and substituting in (27) the task space dynamics in the nonsingular conﬁguration simpliﬁes as
𝒙̈ 𝑖 = 𝒙̈ 𝑖,𝑐 − 𝑱̄ 𝑖 𝑴 −1 𝝉 𝑒𝑥𝑡 .

(29)

𝝉 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 =

It can be seen that the external physical interactions aﬀect the robot
manipulation in all the hierarchal levels. It is possible to reduce the interaction inﬂuence on the manipulation tasks using external interaction
observer.
Our main goals in the next sections are to design proper controllerobserver for accurate position trajectory tracking in any arbitrary priority level besides compliance and stable behavior in the null-space.

𝑡

(𝝉 + 𝑪 𝑇 (𝒒 , 𝒒̇ )𝒒̇ − 𝒈(𝒒 ) + 𝒓(𝜎))𝑑𝜎],

(34)

5. Stability analysis
This section includes the details of the stability analysis of the system
using the controller-observer proposed in Section 4. The stability proof
of the overall control algorithm is based on the concept of conditional
stability and invariance-like theorem. For the purpose of this paper, both
of the theorems are reviewed in the following.
Theorem 1 ([39]:). Suppose that 𝒛̇ = 𝑓 (𝑡, 𝒛) is locally Lipschitz in z ∈ IRn ,
uniform in t ≥ 0, and 𝑓 (𝑡, 𝟎) = 𝟎 . Meanwhile, 𝛼 ∈  and  is the set of
real-valued functions that are continuous, zero at zero and strictly increasing.
If there exists a function V(t, z) ∈ C1 in a neighborhood Ω of the origin such
that

(30)

where 𝒑(0) = 𝟎, 𝒓(0) = 𝟎 and KI ∈ IRn × n is positive deﬁnite matrix. Thus
the residual vector dynamics is given by
𝒓̇ = −𝑲 𝐼 𝒓 − 𝑲 𝐼 𝝉 𝑒𝑥𝑡 .

𝑖=1

𝑇
𝑇
𝑱̄ 𝑖 (𝚲𝑖 (𝒙̈ 𝑖,𝑐 − 𝑱̄̇ 𝑖 𝒒̇ )) + 𝑱̄ 𝑙 (𝚲𝑙 (𝝂̇ 𝑐 − 𝑱̄̇ 𝑙 𝒒̇ ))+

and the corresponding system block diagram is shown in Fig. 2. By observing (21) and (28), it is possible to show that the control torque computed through (9) together with (26) coincides with (34).

In this section, a controller-observer for trajectory tracking during
physical interactions is proposed. A momentum based observer originally proposed in [28] is exploited to obtain an accurate estimation of
the external torques. The main idea for momentum based observer is to
construct the residual vector r using robot momentum 𝒑 = 𝑴 𝒒̇ as
∫0

𝑙−1
∑

𝑪 (𝒒 , 𝒒̇ ) + 𝒈(𝒒 ),

4. Controller design

𝒓(𝑡) = 𝑲 𝐼 [𝒑(𝑡) −

(33)

•
•
•

(31)

According to (31), r is a ﬁltered version of 𝝉 ext and one can realize 𝝉 𝑒𝑥𝑡 ≈
−r . Hence, −r can be used as estimated external torque, i.e., in (9).
The controller action aims at multiple simultaneous trajectory tracking on “𝑙 − 1 ” levels besides a compliance behaviour on the null-space
of the main tasks. The following proposition holds for various constant
and time varying trajectories 𝒙𝑖,𝑑 (𝑡) ∈ 𝐼𝑅𝑚𝑖 and its proof is given later
in Section 5.

V(z) ≥ 0 for all z ∈ Ω and 𝑉 (0) = 0 .
𝑉̇ (𝑡, 𝒛) ≤ −𝛼𝑉 (𝑡, 𝒛) for all z ∈ Ω and all t ≥ 0;
on the largest positively invariant set  contained in {𝒛 ∈ Ω|𝑉 (𝒛) = 0}
the equilibrium 𝒛 = 𝟎 is uniformly asymptotically stable,
then, the origin is asymptotically stable.

Theorem 2 ([40]:). Let D ⊂ IRn be a domain containing 𝒛 = 𝟎 and suppose
that f(t, z) is piecewise continuous in t and locally Lipschitz in z for all t ≥ 0
and z ∈ D. Let 𝒛 = 𝟎 be an equilibrium point for 𝒛̇ = 𝒇 (𝒛, 𝑡) at 𝑡 = 0 and V:
[0, ∞] × D → IR be a continuously diﬀerentiable function such that

Proposition 1. Denoting the ith task desired trajectory as xi, d (t), the command acceleration for this task is given by

∙ 𝑊1 (𝒛) ≤ 𝑉 (𝑡, 𝒛) ≤ 𝑊2 (𝒛),

(35)

̄ #𝑇
𝒙̈ 𝑖,𝑐 = 𝒙̈ 𝑖,𝑑 + 𝑲 𝑖,𝑑 𝒙̃̇ 𝑖 + 𝑲 𝑖,𝑝 𝒙̃ 𝑖 − 𝚲−1
𝑖 𝑱 𝑖 𝒓,

𝜕𝑉
𝜕𝑉
∙ 𝑉̇ (𝑡, 𝒛) =
𝒇 (𝑡, 𝒛) +
≤ 0,
𝜕𝒛
𝜕𝒛

(36)

1 ≤ 𝑖 < 𝑙,

(32)
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Fig. 3. Nested sets used for the stability proof in the state space. 0 is the
complete and unrestricted state space z. By employing the conditional stability
theorem for the ith step, a new subset 𝑖 is created where the next step of the
stability analysis is performed inside this subset.

∙ 𝑉 (𝑡 + 𝛿, 𝜙(𝑡 + 𝛿; 𝑡, 𝒛)) − 𝑉 (𝑡, 𝒛) ≤ −𝜆𝑉 (𝑡, 𝒛),

0 ≤ 𝜆 ≤ 1,

(37)

∀t ≥ 0, ∀z ∈ D, for some 𝛿 > 0. W1 (z) and W2 (z) are continuous positive
deﬁnite functions on D and 𝜙(𝜏; t, z) denotes the solution of the system that
starts at (t, z). The origin is then uniformly asymptotically stable.
Proof of Proposition 1.. By using the command accelerations (32) and
(33), the task space and the null-space closed-loop dynamics are obtained as
̄ #𝑇 ̃
𝒙̃̈ 𝑖 + 𝑲 𝑖,𝑑 𝒙̃̇ 𝑖 + 𝑲 𝑖,𝑝 𝒙̃ 𝑖 = 𝚲−1
𝑖 𝑱𝑖 𝒓

𝑖 = 1, … , 𝑙 − 1,

(38)

and
𝚲𝑙 𝝂̃̇ + (𝝁𝑙 + 𝑲 𝑙,𝑑 )𝝂̃ + 𝒁 𝑙 𝑲 𝑙,𝑝 𝒒̃ = 𝒁 𝑙 𝝉 𝑒𝑥𝑡 .

Fig. 4. Two levels hierarchy tracking performance without external interaction:
Using (32) and (33) (Top) and using (12)–(14) (Bottom).

(39)

The residual dynamics (31) can also be written as
𝒓̃̇ + 𝒌𝐼 𝒓̃ = 𝝉̇ 𝑒𝑥𝑡 .

0} . The last subset is obtained as 𝑙 = {𝒓̃ = 𝟎, 𝒙̃̇ 1 = 𝟎, 𝒙̃ 1 = 𝟎, … , 𝒙̃̇ 𝑙−1 =
̃ 𝒒̃ ∗ } where q∗ is deﬁned based on
𝟎, 𝒙̃ 𝑙−1 = 𝟎, 𝝂,

(40)

Consequently, the state vector of the system is 𝒛 =
̃ 𝒒̃ ) .
(𝒙̃̇ 1 , 𝒙̃ 1 , … , 𝒙̃̇ 𝑙−1 , 𝒙̃ 𝑙−1 , 𝒓̃ , 𝝂,
In the following, the system stability is studied in multiple steps according to the Theorem 1. At the ﬁrst step, the observer dynamics is considered for the stability analysis. Let the unknown external torque to be
constant (or slowly time-varying). The Lyapunov like function candidate

𝑲 𝑟,𝑝 𝒒̃ − 𝝉 𝑒𝑥𝑡 = 𝑲 𝑟,𝑝 𝒒̃ ∗ ,

and Zl is full rank (see more in [41]). In order to show the stability of
the system, the asymptotic stability in 𝑙 must be shown. The Lyapunov
function candidate for the last step is proposed as
𝑉𝑙 (𝒛) =

1
(41)
𝑉1 (𝒛) = 𝒓̃ 𝑇 𝑲 𝐼 −1 𝒓̃ ,
2
is then positive semi-deﬁnite in the whole state space. The time derivative of (41) along the system trajectory is
𝑉̇ 1 (𝒛) = − 𝒓̃ 𝑇 𝒓̃ .

1 𝑇
1 𝑇
𝝂̃ 𝚲𝑙 𝝂̃ + 𝒒̃ ∗ 𝑲 𝑙,𝑝 𝒒̃ ∗ ,
2
2

(46)

where its time derivative along the system trajectory is
𝑉̇ 𝑙 (𝒛) = − 𝝂̃ 𝑇 (𝑲 𝑙,𝑑 )𝝂̃ − 𝝂̃ 𝑇 𝒁 𝑙−1 𝑲 𝑙,𝑝 𝒒̃ + 𝝂̃ 𝑇 𝒁 𝑙−1 𝝉 𝑒𝑥𝑡
+ 𝒒̃̇ ∗ 𝑇 𝑲 𝑙,𝑝 𝒒̃ ∗ .

(42)

(47)

Meanwhile, the robot inverse kinematic is

By choosing proper KI , we realize −𝒓̃ 𝑇 𝒓̃ ≤ −𝛼 12 𝒓̃ 𝑇 𝑲 𝐼 −1 𝒓̃ . Therefore, the
ﬁrst two conditions in Theorem 1 are fulﬁlled and asymptotic stability
of the subset 1 = {𝒛 ∈ 0 |𝑉1 (𝒛) = 0} must be shown which includes
multiple position tracking task space states. To this end, Theorem 1 will
be applied iteratively for each of these tasks inside a nested subsets as
shown in Fig. 3. By employing Lyapunov equation2 for (38), the function

#

𝒒̇ = 𝑱 au𝑔

𝑙−1

𝒙̇ + 𝒁 𝑇𝑙−1 𝝂,

(48)

and within subset 𝑙 , all the previous task errors and their derivatives
#
#
are zero, and thus 𝑱̄ 𝑎𝑢𝑔 𝒙̇ = 𝑱̄ 𝑎𝑢𝑔 𝒙̇ 𝑑 holds. Considering (45) and the
𝑙−1
𝑙−1
constant (or slowly time varying) 𝝉 ext , one can obtain
𝒒̇ ∗ = 𝒒̇ 𝑙,𝑑 .

1
𝑉𝑖 (𝒛) = 𝒙̃ 𝑇𝑖 (𝑲 𝑖,𝑑 𝑲 𝑖,𝑝 −1 + 𝑲 𝑖,𝑑 −1 𝑲 𝑖,𝑝 + 𝑲 𝑖,𝑑 −1 )𝒙̃ 𝑖 +
2
(43)
1 ̇𝑇
𝒙̃ 𝑖 (𝑰 + 𝑲 𝑖,𝑝 −1 )𝑲 𝑖,𝑑 −1 𝒙̃̇ 𝑖 + 𝒙̃̇ 𝑇𝑖 𝑲 𝑖,𝑝 −1 𝒙̃ 𝑖 .
2
is suggested for the ith task where 1 ≤ 𝑖 ≤ 𝑙 − 1 . The time derivative of
(43) along the system trajectory is then
𝑉̇ 𝑖 (𝒛) = − 𝒙̃̇ 𝑇𝑖 𝒙̃̇ 𝑖 − 𝒙̃ 𝑇𝑖 𝒙̃ 𝑖 .

(45)

(49)

From (19) and (22) we see that
𝑱̄ 𝑙 𝑱 #𝑎𝑢𝑔,𝑙−1 = 𝟎.
𝑡 #
By choosing 𝒒 𝑙,𝑑 (𝑡) = ∫0 𝑱̄ 𝑎𝑢𝑔

(50)
𝑙−1

(𝒒 )𝒙̇ 𝑑 𝑑𝑡, one can obtain

̃ = 𝝂𝑑 − 𝝂
𝝂

(44)

By selection of appropriate controller gains, 𝑉̇ 𝑖 (𝒛) ≤ −𝛼𝑉𝑖 (𝒛) can be fulﬁlled. In each iteration of employing Theorem 1, the current subset is restricted to Vi (z) and the new subset is realized as 𝑖+1 = {𝒛 ∈ 𝑖 |𝑉𝑖 (𝒛) =

= 𝑱 𝑙 𝒒̇ 𝑙,𝑑 − 𝝂
= 𝑱 𝑙 𝑱 #aug,𝑙−1 𝒙̇ 𝑑 − 𝝂
= − 𝝂,
and

2
Let the system 𝒙̇ = 𝑨𝒙 and suppose that A is a Hurwitz matrix. If a symmetric
positive deﬁnite matrix P can be found which satisﬁes 𝑷 𝑨 + 𝑨𝑇 𝑷 = −𝑰 , then
the time derivative of the positive deﬁnite function 𝑉 = 𝒙𝑇 𝑷 𝒙 along the system
trajectory is negative deﬁnite [40]

∗
̃̇ = 𝒒̇ ∗ − 𝒒̇
𝒒

= 𝒒̇ 𝑙,𝑑 − 𝒒̇
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Fig. 5. Circular path tracking: Snapshots of the experimental setup during manipulation.

( #
= 𝑱 #aug,𝑙−1 𝒙̇ 𝑑 − 𝑱 au𝑔

𝑙−1

𝒙̇ 𝑑 + 𝒁 𝑇𝑙−1 𝝂

)

= − 𝒁 𝑇𝑙−1 𝝂.

(52)

Consequently, (47) is simpliﬁed as
̃
𝑉̇ 𝑙 (𝒛) = − 𝝂̃ 𝑇 (𝑲 𝑙,𝑑 )𝝂,

(53)
𝒒̃ ∗

which implies that 𝝂̃ and
are bounded. Furthermore, setting 𝛿 = 𝜆 ≠
0 in Theorem 2, (37) can be rewritten as
𝑉̇ (𝑡, 𝒚 ) ≤ −𝑉 (𝑡, 𝒚 ).

Fig. 6. Two levels hierarchy: The tracking performance of a circular path using
proposed controller-observer: Tracking error (Top), Estimated external torque
applied to the robot body (Middle) and the joint space trajectory (Bottom).

(54)

By properly choosing Kl, p and Kl, d , (54) can be fulﬁlled for Vl and 𝑉̇ 𝑙
as
1
1 𝑇
(55)
−𝝂̃ 𝑇 (𝑲 𝑙,𝑑 )𝝂̃ ≤ −( 𝝂̃ 𝑇 𝚲𝑙 𝝂̃ + 𝒒̃ ∗ 𝑲 𝑙,𝑝 𝒒̃ ∗ ).
2
2

robot has 4 degrees of redundancy which is exploited for impedance behavior at the second level of hierarchy. The desired trajectory for the
end eﬀector is a circle. The performance of the system under the control
action (32) and (33) as well as (12)–(14) are compared together without
any physical interaction.
As mentioned in Section 2, in the case of no physical interaction,
the robot is stable using (12)–(14). The parameters in (32) and (12) are
identical and the same diagonal matrices are used for K in (14) and Kl, d
in (33). The tracking error for both cases are illustrated in Fig. 4. It can
be seen that the tracking performance is signiﬁcantly improved using
the new proposed algorithm.
Circular trajectory tracking is repeated with physical interaction
which is applied by the human hand to the various points of the robot
body using (32) and (33) (see Fig. 5). It is noteworthy that in real application this force may be applied to the robot body accidentally by any
environment entities including humans.
The performance of the controller is illustrated in the Fig. 6. In this
ﬁgure, four intervals are shown by “A”, “B”, “C” and “D”. During these
intervals external force is applied to the robot body (as shown in Fig. 5).
These intervals are almost similar in each set of experiments. As one can
see in (29), the disturbance happened in each task space depends on
both the interaction position and the robot conﬁguration. Hence, multiple interactions in diﬀerent time and locations can show the controller

Eventually, according to Theorem 2 the subset 𝑙 is uniformly asymptotically stable. Hereafter, using Theorem 1 asymptotic stability can be
shown successively for 𝑖 from 𝑖 = 𝑙 − 1 to 𝑖 = 1 . Therefore the stationary point 𝒛 = {𝒓̃ = 𝟎, 𝒙̃̇ 1 = 𝟎, 𝒙̃ 1 = 𝟎, … , 𝒙̃̇ 𝑙−1 = 𝟎, 𝒙̃ 𝑙−1 = 𝟎, 𝝂̃ = 𝟎, 𝒒̃ ∗ = 0}
is asymptotically stable. □
6. Experimental evaluation
The proposed approach is veriﬁed experimentally on a 7-DOF KUKA
LWR IV robot arm. Each experimental case comprises multiple priority
levels where position controls are considered at higher priority levels
and compliance control is realized at lower priority level. The robot joint
torque is commanded using the Fast Research Interface (FRI) libraries
with 2 ms sampling time through a remote PC. The dynamic parameters
of the KUKA LWR IV, employed in this work, are based on the model
reported in [42] and [43].
6.1. Two levels hierarchy
In this set of experiments, a translational Cartesian path is considered as the main task (𝑚 = 3 ) at the ﬁrst level of hierarchy. Hence, the
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Fig. 8. Snapshot of experimental setup in case I.

eﬀector is commanded to track a predeﬁned trajectory and preserve the
initial X and Y position of the distal end of the 5th link as the ﬁrst and
second priority task, respectively (see Fig. 8). Null-space compliance is
considered at the third priority level. In Case II, the ﬁrst task is to regulate the end-eﬀector position around a desired point in the Cartesian
space. At the second priority level, the distal end of the 5th link is commanded to follow a predeﬁned path in XY plane (tasks locations are the
same as the ones in Fig. 8). The null-space compliance is realized at the
third priority level as before.
Fig. 7. Two levels hierarchy: The tracking performance of a circular path without using observer: Tracking error (Top), Estimated external torque applied to
the robot body (Middle) and the joint space trajectory (Bottom).

6.2.1. Case I
In this case, the robot end-eﬀector is commanded to track a circular
trajectory in the Cartesian space while the external force is applied to
its body. The controller performance is shown in Fig. 9. Five interaction
phases are speciﬁed in this ﬁgure (“A”, “B”, “C”, “D” and “E”). Both
the ﬁrst and the second tasks are accomplished accurately and the error
converges to zero when the interaction torque is constant.

functionality much better. Meanwhile, the robot compliance in various
locations can be evaluated according to the external torques computed
by the observer and also may be reported by the human.
Comparing the ﬁrst task error using (32) and (33) in Figs. 4 and
6 demonstrates that the end-eﬀector still accurately tracks the desired
path in spite of the physical interaction. To evaluate the eﬀect of observer in the control scheme, the last experiment is repeated without
external interaction observer. The command acceleration in the task
space is given by (12) instead of (32) and the performance is reported in
the Fig. 7. Interaction intervals are shown with vertical red lines as before. In both experiments with physical interaction, the external forces
are applied almost to the same points of the robot body. The time history and the magnitude of the external torques are almost the same (see
Figs. 6 and 7). Moreover, comparing the task space error in these two
ﬁgures, it can be seen that the error magnitude reduces during the interaction phases and goes to zero when the contact force is almost constant.
It is noteworthy that exploiting high degrees of redundancy besides
low stiﬀness in the null-space, the magnitude of the external torque remains small during the interaction phases.

6.2.2. Case II
In this case, the manipulator end-eﬀector is regulated around a constant position, while the distal end of the 5th link of the robot is commanded to follow a spiral trajectory in XY plane. Time history of the task
errors are shown in Fig. 10 which demonstrates precise accomplishment
of the regulation and the tracking task. Despite considerable force on the
robot body in ﬁve intervals the task is executed accurately.
6.3. Discussion
In this work, diﬀerent task combinations were implemented experimentally using the proposed approach. Three major issues are investigated in these experiments: priority allocation, accurate multiple task
accomplishment and compliant behavior during physical interactions.
Tracking of the desired trajectory is executed precisely in all hierarchical levels.
Residual vector computed using (30), is exploited to obtain accurate manipulation during external physical interaction with robot body.
However, residual vector is not null even when no external force is applied to the robot body. This issue can be seen in other works that utilize

6.2. Three levels hierarchy
In the second set of experiments, each case comprises three diﬀerent tasks which is deﬁned in three hierarchy levels. In Case I, the end
177

A. Karami et al.

Mechatronics 55 (2018) 171–179

Fig. 9. Case I: Circular path tracking error (Top), 2nd task error (Middle) and
Estimated external torque applied to the robot body (Bottom).

Fig. 10. Case II: 1st task error (Top), Circular path tracking error (2nd task)
(Middle), Estimated external torque applied to the robot body (Bottom).

the residual vector during robot motion such as [29] and experiment 2
in [13]. Harmonic drive, actuator noise, joint friction, identiﬁcation error and numerical computation are the source of this error. Thus, compensating the projected residual vector on each task space improves the
manipulation accuracy during external physical interaction, and noticeably decreases the tracking error in the case of no interaction. This issue
can be seen in Fig. 4 for two level hierarchy. The same results are also
obtained in three level hierarchy which is omitted for the sake of brevity.
Another issue conﬁrmed by the experiment (that are not shown here
for brevity), is that, choosing low null-space stiﬀness decreases the external force arises in the physical interactions with the robot body. In
Section 6.1, most of the physical interactions encountered with the robot
are almost similar to the other set of experiments. However, high degrees
of freedom in the null-space (𝑚𝑟 = 4 ) and low stiﬀness in that space decrease the magnitude of the residual vector in comparison with the one
in Section 6.2. This issue has considerable eﬀect on the tracking performance during physical interaction using (12) (without using observer).
However, the results obtained by suggested controller in (32) are almost
identical with diﬀerent null-space stiﬀness.

safe robot manipulation without any extra equipments like joint torque
sensors. External torques applied on the robot body are estimated using
momentum-based observer and are used in the controller. Using a Lyapanouv stability analysis, it is shown that the task space tracking errors,
the external torques estimation and the null-space velocities converge to
zero. Moreover, a desired compliance behavior during physical interaction is achieved in the null-space of the tasks using a new Jacobian definition. The theoretical ﬁndings and the eﬀectiveness of the algorithm
are evaluated through implementing several experiments on KUKA LWR
IV. The acquired results are considerably more accurate in comparison
with the previous methods in various cases. The proposed method can
be employed for any other redundant robot such as humanoids.
Supplementary material
Supplementary material associated with this article can be found, in
the online version, at 10.1016/j.mechatronics.2018.09.005
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