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Abstract

1. Introduction

In the classical image-based visual servoing framework, error signals
are directly computed from image feature parameters, allowing, in
principle, control schemes to be obtained that need neither a complete
three-dimensional (3D) model of the scene nor a perfect camera calibration. However, when the computation of control signals involves
the interaction matrix, the current value of some 3D parameters is required for each considered feature, and typically a rough approximation of this value is used. With reference to the case of a point feature,
for which the relevant 3D parameter is the depth Z, we propose a visual servoing approach where Z is observed and made available for
servoing. This is achieved by interpreting depth as an unmeasurable
state with known dynamics, and by building a non-linear observer
that asymptotically recovers the actual value of Z for the selected
feature. A byproduct of our analysis is the rigorous characterization
of camera motions that actually allow such observation. Moreover, in
the case of a partially uncalibrated camera, it is possible to exploit
complementary camera motions in order to preliminarily estimate the
focal length without knowing Z. Simulations and experimental results
are presented for a mobile robot with an on-board camera in order
to illustrate the benefits of integrating the depth observation within
classical visual servoing schemes.
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Observers, Depth Observation, Focal Length Observation,
Mobile Robots

The International Journal of Robotics Research
Vol. 27, No. 10, October 2008, pp. 1093–1116
DOI: 10.1177/0278364908096706
c SAGE Publications 2008 Los Angeles, London, New Delhi and Singapore
1
Figures 2–6, 8–18 appear in color online: http://ijr.sagepub.com

The introduction of visual information into the control loop
of robot systems has increased the flexibility and the accuracy
of the tasks commonly performed by these systems (Espiau et
al. 19921 Hutchinson et al. 1996), by providing higher position accuracy, robustness to sensor noise and calibration uncertainties, and reactiveness to environmental changes. This is
especially true for the class of mobile robots, where the elaboration of visual cues is often crucial for self-localization and
navigation. Another interesting use of visual feedback is the
powerful approach known as visual servoing where the robotic
task is directly specified in terms of some image features extracted from a target object. These features are then used to
control the robot/camera motion through the scene. Two main
approaches have been proposed in recent years to deal with this
kind of task, namely position-based visual servoing (PBVS)
and image-based visual servoing (IBVS) schemes (Hutchinson et al. 19961 Chaumette and Hutchinson 2006a,b).
In PBVS control, the features extracted from the images are
used to estimate the relative three-dimensional (3D) pose between the camera and the target (Wilson et al. 19961 Taylor
et al. 2000). This error signal can be used by a control law to
move the camera/robot system towards its desired pose. Usually, PBVS methods need an a priori 3D model of the target in
order to reconstruct the relative pose with respect to the camera. In addition, uncertainty in the camera calibration parameters will lead to errors in the 3D reconstruction and, thus, to
inaccurate task execution. Finally, there is no direct control
on the motion of the features on the image plane, so that an
object of interest (for example, the target itself) may leave the
field of view during motion, causing the failure of the servoing
task.
On the other hand, IBVS methods compute the error signal directly in terms of the features extracted from the image, whose motion on the image plane is related to the linear/angular velocity of the camera through an interaction ma1093
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trix. As a consequence, there is no need for a complete 3D
model of the target, and convergence is generally robust with
respect to disturbances and uncertainties in the camera/robot
model (Espiau 1993). Moreover, direct control of the feature
motion on the image plane allows strategies to be devised that
aim at always keeping the target in the field of view of the
camera (Corke and Hutchinson 2001).
There are, however, some drawbacks to be considered
when dealing with IBVS methods. First, the interaction matrix (which depends on the current value of the features and on
other 3D information, such as depth) can become singular during the servoing, or false equilibria may be reached due to the
presence of unrealizable feature motions (Chaumette 1998).
In addition, considering, for example, point features, the actual value of the depth for each point is usually unknown, and
some estimate must be used (for example, the constant value
at the desired position). Thus, the convergence of the scheme
can be guaranteed only locally (Malis and Rives 2003). Local
convergence may also result from a rough approximation of
the camera intrinsic parameters. If the camera is not accurately
calibrated, or if its intrinsic parameters are changing over time,
it is still possible to plan a path for the features in a suitable invariant space (Malis 2004), but any global convergence property for the servoing scheme is lost.
To alleviate some of the above problems, a number of hybrid schemes have been proposed recently (Deguchi 19981
Malis et al. 19991 Morel et al. 20001 Malis and Chaumette
2002). In these methods, 3D information (usually obtained
from epipolar geometry considerations) is used to control a
subset of the camera configuration vector, while the remaining degrees of freedom (DOFs) are regulated through an IBVS
scheme. As a consequence, the robustness domain (that is, the
amount of calibration/approximation errors that can be tolerated by the system) is enlarged, and analytical conditions that
ensure global stability can also be obtained. Adaptive IBVS
schemes have been devised by Conticelli et al. (1999) for a
camera mounted on a non-holonomic mobile robot via on-line
observation of a constant unknown parameter (the height of
the object points), and by Conticelli and Allotta (2001) where
the authors treat depth as a time-varying uncertain parameter,
proving uniform boundedness of the whole feature/depth error,
but not convergence to the desired features. Finally, a recent result proposes a locally stable IBVS control law that does not
need any prior information about the 3D structure of the target,
but is directly computed in terms of the homography matrix
between the current and the desired image (Benhimane and
Malis 2006).
In this paper, we address the IBVS stability and convergence issues due to imprecise knowledge of the depths Z of
point features, by designing a non-linear observer that recovers the current value of Z during robot/camera motion, and
by using it within the visual servoing feedback loop. In fact,
the observation framework provides techniques to estimate unmeasurable time-varying states of known dynamical systems.

The long-term objective of this approach is to obtain an IBVS
scheme independent of any prior 3D knowledge, such as depth
or additional structure relative to the target at the robot final
pose. This would be relevant, for instance, in the case of navigation/exploration tasks for mobile robots. While exploring
the environment, a robot could store several images of interesting locations without the need of extracting 3D information,
a procedure which can in some cases be difficult or even impossible. When asked to reach again the stored locations, the
robot would have the possibility to recover the missing information on-line thanks to the proposed observer, thus greatly
enhancing its capability to fulfill the visual task.
The observation of the depth is based on the idea that, since
the motion of a point feature on the image plane depends upon
the current value of its depth, it is possible to estimate this
value by comparing the measured feature motion on the image plane with that predicted by using the current estimate of
Z, under the assumption of a perfect knowledge of the camera
3D motion and of its intrinsic parameters. This is one instance
of the more general paradigm of motion and structure reconstruction, whose purpose is to design identification schemes
to estimate both the camera motion and the structure (that is,
the 3D geometry) of the scene. Our work assumes a known
relative motion between the camera and the target, which can
be achieved, for example, if the feature is fixed in the world
and the camera is mounted on the end-effector of a robot manipulator. Furthermore, we show that the hypothesis of a perfect calibrated camera can be partially relaxed. As a matter of
fact, the same structure of the observer can be extended to also
cover the case of identification of the focal length. This can be
performed preliminarily (and once for all), without requiring
the knowledge of Z .
In recent years, several works have addressed structure
identification with known motion. Chaumette et al. (1996) propose a general methodology to recover the 3D information of
several geometric primitives (points, lines, cylinders, spheres,
etc.) by measuring the current values of the features, of the
image motion (the feature time derivatives) and of the camera
velocity twist. However, owing to the presence of noise and
discrete sampling, the extraction of the image motion is not
trivial, and some constraints on the allowed camera motions
must be considered. Matthies et al. (1989) derived and compared two algorithms based on a Kalman filter, with the first
algorithm estimating a continuous depth map of the scene and
the second extracting the depth of a discrete set of features.
Both methods need the computation of the current image motion, and impose several constraints on the camera motion in
order to simplify the problem. In particular, the second method
assumes a camera which translates orthogonally to the optical
axis (without rotations), so that the depth of the features is kept
constant and the problem is simplified considerably. A similar
technique is found in the work of Smith and Papanikolopoulos (1994), where, again, only lateral camera motions are allowed. With respect to these works, our contribution is that
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Z C coincident with the camera optical axis. The image plane,
perpendicular to the optical axis, lies at a distance 2 (the focal
length) from OC , and is endowed with a 2D reference frame
1 I : 2O I 3 u1 34 with axes parallel to X C and YC , respectively.
The 3D pose of 1C with respect to 1 O is an element g OC of
the group S E435 with homogeneous matrix representation
3
1
R OC O TOC
4 7 1484 1
g5 OC 6 2
0
1
where R OC 7 S O435 is the rotation matrix of 1C with respect
to 1 O , and O TOC 7 13 is the vector from O to OC expressed
in 1 O . Therefore, the coordinates of a point P 7 13 in 1C are
related to 1 O by the formula
O

Fig. 1. World and camera frame definitions.

we solve the problem of depth reconstruction for static point
features without any special constraints on the camera motion,
and without the need for image motion estimation1 the only
information used is the current value of the features measured
on the image plane.
The paper is organized as follows. In Section 2 we recall
the basic kinematic and perspective relationships of the camera/target system. In Section 3 we design a non-linear observer
to estimate the unknown value of Z, while in Section 4 the
extension to cover the unknown focal length case is considered. The performance of the proposed observers is evaluated
in Section 5 by means of simulations. Section 6 discusses the
integration of the proposed observer in a visual servoing loop.
Finally, Section 7 presents a collection of experiments for a
mobile robot equipped with an on-board camera, showing the
performance of the integrated observer-based IBVS scheme.

2. Perspective Camera Model
In this section we give an overview of the basic kinematic
and perspective relationships modeling a camera which moves
through the scene. Most of the concepts can be found, for example, in the work of Murray et al. (1994) and Ma et al. (2004).

5
P5 6 g5 OC CP1

(1)

with P5 6 [X Y Z 1]T 7 14 being the homogeneous representation of P. The inverse element of g OC , denoted as
g 91
OC 6 gC O , takes the matrix form
3 1
3
1
T
T O
RC O 9RC O OTOC
R OC
9R OC
TOC
462
46
g5C O 6 2
0
1
0
1
The velocity of point P in 1C can be found by inverting and
differentiating (1) with respect to time. Indeed, the time derivative of CP5 6 g5C O OP5 is
C

P5

6

g5C O OP5

6

C

g5C O OP5 6 g5C O g5 OC CP5

V5C O CP5

g5 C O OT5P 6

g5C O OP5
(2)

In this equation, OT5P 7 14 is the homogeneous representation1
of the absolute velocity of point P in 1 O , and C V5C O 6
g5C O g5 OC , called twist, is an element of the Lie algebra se435
of the matrix group S E435, representing the linear/angular velocity of 1 O with respect to 1C expressed in 1C . The homogeneous matrix representation of C V5C O is
3
1
RC O R OC 9RC O O TOC
C5
4
VC O 6 2
0
0
1
6 2

C

5C O
7

9C TOC

0

0

3
41

5 C O 7 so435 the skew-symmetric matrix associated
with C 7
with the angular velocity C 7C O 7 13 . By expanding (2) we
finally obtain

2.1. Kinematic Modeling
With reference to Figure 1, consider an inertial world reference
frame 1 O : 2O3 X O 1 Y O 1 Z O 4 and a pin-hole camera associated with the moving frame 1C : 2OC 3 X C 1 YC 1 Z C 4, with

1. We recall that the homogeneous representation of a vector 3 7 13 is 35 6
[3 x 3 y 3 z 0]T .
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1
C

P5

6 2

RC O O TP 9 C TOC

C

5 C O CP
7

3
4

0
1
6 2

C

5 OC CP
TP 9 C TOC 9 C 7

3
46

(3)

0
To simplify the notation, the dependency on 1C is dropped in
the following, since we always refer to quantities expressed
in the camera frame, unless otherwise stated. Furthermore, by
letting C TP 6 3 P , C TOC 6 3 C and C 7 OC 6 7C , we can
rearrange (3) in a more convenient matrix form
1
3
1
3
91 0
0
0 9Z
Y
X
6
7
6
7
6
7
6 Y 7 6 6 0 91 0
7
Z
0
9X
6
7
2
4
2
4
Z
0
0 91 9Y
X
0
8
8

3C 9 3 P

a non-singular matrix containing the camera intrinsic parameters:
1
3
2ku 92ku 9 tan
u0
6
7
6
7
6
A66 0
(6)
2k3 9 sin
30 7
76
2
4
0
0
1
Here, [u 0 3 0 ]T are the coordinates of the principal point (in
pixels), 2 is the focal length (in meters), ku and k3 are the magnifications in the u and 3 directions (in pixels per meter), and
is the angle between these axes. Assuming, as is usually done,
that 6 92 and ku 6 k3 , we can rewrite (6) as
1

(4)

which will be useful in the next developments. Note that 3 C
and 7C (the camera linear and angular velocity) can be seen as
the control inputs of the system, while 3 P (the world velocity
of point P) represents an exogenous quantity. Throughout the
paper, we always assume that 3 P 6 0, that is, that point P is
fixed in the scene.
2.2. Image and Camera Model
In the computer vision literature, an image feature is a realvalued quantity associated to a geometric primitive (for example, the coordinates of a point, the area of an ellipse, the angular coefficient of a line, etc.) in the image plane. Given a vector
of features f 6 [ f 1 6 6 6 f k ]T 7 1k , the velocity twist 43 C 1 7C 5
of the camera is mapped to f by a k 86 matrix J f 4 f1 85 called
the interaction matrix
1
3
3C
41
(5)
f 6 J f 4 f1 85 2
7C
where 8 is a vector representing 3D information associated to
f . It is possible to determine the interaction matrix for many
features of interest, see Espiau et al. (1992) for the case of
points, lines, planes, circles, etc., and and Chaumette (2004)
and Tahri and Chaumette (2005) for the set of image moments.
In the case of a 3D point feature P with homogeneous coordinates P5 6 [X Y Z 1]T , its projection on the image plane is a
2D point feature p with homogeneous normalized coordinates
p5 6 [ p5u p5 3 1]T 6 [X9Z Y9Z 1]T . The corresponding coordi5 where A is
nates in pixels are denoted p 6 [ pu p3 1]T 6 A p,

0

6
6
A66
6 0
2
0

9

7C

2ku

3

u0

2ku
0

1

2

0

7 6
7 6
6
30 7
766 0
4 2
1
0

2
0

u0

3

7
7
30 7
7
4
1

(7)

where 2 6 2ku is the focal length in pixels. If matrix A is
known, that is, the camera is calibrated, it is always possible to transform the measured point p back to p5 6 A91 p,
and thus derive the expression of the interaction matrix in this
completely “normalized” space (see Hutchinson et al. (1996)
for an explicit derivation). However, to obtain a relationship
which can be used also in the case of a partially uncalibrated
camera, we only assume that the values of 4u 0 1 3 0 5 are known.
Hence, by defining f u 6 pu 9 u 0 and f 3 6 p3 9 3 0 , that is,
centering the pixel coordinates of p with respect to the camera
principal point, we use the partially normalized relationship
8

fu
f3

9

1
92 0
6 Z
6 2
0 9 Z2
1
8 2

3C
7C

3

fu
Z
f3
Z

fu f3
2
2

f 32
2

f u2
2

9 2

9 fu2f3
1

4 6 J f 4 f u 1 f 3 1 Z5 2

3C
7C

3
f3

7
4

9 fu
3
46

(8)

The 286 matrix J f 4 f u 1 f 3 1 Z 5 is referred to as the interaction
matrix of a point feature.
Note that, in the case of point features, the 3D information
represented by 8 simply reduces to the point depth Z. Moreover, since only the first three columns of J f are affected by the
value of Z , a pure camera rotation does not bring any useful information for depth observation: a camera translation must be
necessarily present. This intuitive conclusion, already established by Inaba et al. (2000) in the context of the observability
of dynamical systems with perspective outputs, are reobtained
in Section 3 as a byproduct of the persistency of excitation
condition.

Downloaded from http://ijr.sagepub.com by Alessandro De Luca on October 3, 2008

De Luca, Oriolo, and Robuffo Giordano/ Feature Depth Observation for Image-based Visual Servoing

Let x5 7 13 be the estimate of the (partially) unknown state
x. We seek an update law in the form

3. Observation of a Feature Depth
The purpose of this section is to design a non-linear observer
which estimates the value of Z during the motion of the camera. We first assume a calibrated camera, that is, that the value
of 2 is known. The resulting observer was preliminarily presented by De Luca et al. (2007b).
It is convenient to rewrite (4) and (8) in a more familiar
form. Let x 6 [ f u f 3 Z ]T 7 13 be the state vector and u 6
[3 CT 7CT ]T 7 16 be the input vector. Hence, using (8) and the
last row of (4), the state dynamics are expressed by the driftless
system
3
1
x12
x1
x1 x2
0
9
2
x
9 x23
2
x3
2
2
7
6
7
6
2
7
6
x1 x2
x 6 6 0 9 2 x2 2 x2
u
9 2
9x1 7
x3
x3
2
7
6
4
2
x1 x3
0
0 91 9 x22x3
0
2
8
y

6

x1

1

2
0 (that is, the
which is globally defined since x3 4t5
point P is supposed to lie always in front of the image plane,
otherwise the camera sensor, and hence the visual servoing,
would fail). In the new coordinates, system (9) becomes
3
1
x12
x1 x2
0 x1 x3
9
2
x
92 x3
2
2
2
7
6
7
6
7
6
2
x1 x2
x 6 6 0 92 x3 x2 x3 2 x2
7u
9
9
x
1 7
2
2
6
4
2
x1 x3
x2 x3
0
0
x32
9
0
2
2
y 6 2

3
46

(11)

Lemma 1. Consider the linear time-varying system
 

6

H

 T 4t5z1

 7 1n
(12)

z

6 9  4t5P 1

z 7 1p

(9)

x3

x1

45
x 1 y1 u5

x4t5 9 x54t5 6 0,  5
x 4t0 5. Drawwhich guarantees limt
ing a parallel with standard observers in the linear domain,
the term 45
x 1 y5u plays the role of a copy of the original system (10), while 45
x 1 y1 u5 provides the feedback action needed
to recover the observed states. The design of the functions
45
x 1 y5 and 45
x 1 y1 u5 will be based on the following result,
known as the persistency of excitation lemma, a proof of which
was given by Marino and Tomei (1995).



where the output vector y 7 12 represents the measurable variables, that is, the coordinates of the point p on the image plane.
Consider the change of coordinates (see also Conticelli and Allotta (2001))
3
1
x1
7
6
7
6
6 x2 7
x 66
71
7
6
2 1 4

1

x5 6 45
x 1 y5u

9

x2

1097

(10)

x2

where H is an n 8 n Hurwitz matrix, P is an n 8 n symmetric positive-definite matrix such that H T P P H 6 9Q,
with Q symmetric positive definite, and  is a p 8 p symmetric positive-definite matrix. If  4t5, 4t5 are uniformly
bounded and the persistency of excitation condition is satisfied, that is, there exist two positive real numbers T and 
such that


t T

 4 5 T 4 5 d   I

01

 t  t0 1

(13)

t

then 4 1 z5 6 0 is a globally exponentially stable equilibrium
point.
We now perform some manipulation in order to be able to
apply Lemma 1 to our case. Let e 6 x 9 x5 be the error vector,
and note that the subvector [e1 e2 ]T is directly accessible for
measurements. Thus, if we define the observer as in (11) with
1
0 y1 x53
925
x
6 3
6
6
45
x 1 y5 6 6 0 925
x3 y2 x53 2
6
2
5
0
0
x32

y1 y2
2
y22

9 2

y12
2

2

9 y12y2

y2 x53
2

9 y125x3

3
y2

7
7
7
9y17
7
4
0

3

1
k1 e1

Since (10) is driftless, its time-invariant linear approximation
at any point is unobservable and admits no standard linear observer. As a consequence, a more general class of observation
schemes must be considered in order to solve the estimation
problem.

7
6
7
6
7
6
k2 e2
7
6
6
45
x 1 y1 u5 6 6
 7
7
6  k3 4492u 1 y1 u 3 5e1  7
7
6
4
2


492u 2 y2 u 3 5e2 5
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with k1 1 k2 1 k3
e1

1

0, we obtain the error dynamics

6 9k1 e1

492u 1

e2

6 9k2 e2

e3


6 9k3 92u 1

6
6
g4e1 t5 6 6
6
2

y1 u 3 5e3

492u 2

y2 u 3 5e3


1

y2 u 3 2

y1 u 3 9 2u 2

e1

4

e2

4 x32

9

x532 5u 3

y2 u 4 9 y1 u 5
2


e3 6

(15)

By setting


6 [e1 e2 ]T

z

6 e3
8

H

6

0

0

9k2

 4t5 6 [92u 1


6 k3

P

6

y1 u 3

9



V 4e1 t5 6

9 2u 2



V 


 e 

y2 u 3 ]

I1

(16)

system (15) is very close to the formulation in (12), the only
difference being the last two terms in the e3 dynamics.
It is worth noting that, when
u 3 4t5  u 4 4t5  u 5 4t5  01

(17)

the two formulations match exactly and the global exponential stability of e is guaranteed, as long as the conditions of
Lemma 1 are met. While we thoroughly discuss such conditions in the forthcoming analysis, we would like to emphasize that (17) corresponds to a camera motion which keeps the
depth Z constant. As explained in Section 1, in this case the
problem is considerably simplified and can be attacked with
various techniques. The purpose of our analysis is to show
that (15) can converge also when (17) does not hold.
Proposition 1. Assume that  4t5 as given by (16) satisfies
the persistency of excitation (13). Then, by using the observer (11)–(14), the origin of the error system (15) can be
made globally exponentially stable.
Proof. Rewrite (15) as e 6 A4t5e g4e1 t5 with
3
1
0
 1 4t5
9k1
7
6
7
6
6
A4t5 6 6
 2 4t5 7
0
9k2
7
4
2
0
9k3  1 4t5 9k3  2 4t5

y2 u 4 9y1 u 5 
2

(18)

e3 9 u 3 e32

We can consider g4e1 t5 as a perturbation on the nominal system e 6 A4t5e which, if (13) holds, is guaranteed by Lemma 1
to be globally exponentially stable. In fact, the uniform boundedness of  4t5 and 4t5 required in Lemma 1 is ensured
since the image plane has a finite size, and the camera linear
velocity and acceleration are obviously limited.
Converse Lyapunov theorems (see, for example, Khalil
(1996, Theorem 3.12)) can be used to claim that the nominal
system admits a Lyapunov function V 4e1 t5 such that
c1 e2

9k1

7
7
7
7
4

0


2x3 u 3

3

3

0



V  c2 e2
V
t

V
A4t5e  9c3 e2
e

c4 e1

with c1 6 6 6 c4 positive constants. At this point, we exploit the
fact that g4e1 t5 is a vanishing perturbation, that is, g401 t5 6
01  t. In particular, let Sc 6 2e  V 4e1 t5  c4 be any
level set of function V . Since V is radially unbounded, Sc is
a compact set. Owing to the boundedness of u4t5, g4e1 t5 is
(locally) Lipschitz and there exists a positive constant M such
that g4e1 t5  Me in Sc . Using V as a Lyapunov candidate for the perturbed system, we obtain




2 V 
g4e1 t5  9c3 e2 c4 Me2 6
V 4e1 t5  9c3 e 
e 
In view of the structure of g4e1 t5 in (18), if u 3 4t5, u 4 4t5 and
u 5 4t5 are sufficiently small, one has M  c3 9c4 so that V is
negative definite on Sc . Since Sc is an arbitrary compact set,
the origin of system (15) is globally exponentially stable. 1
This result shows that to guarantee global exponential convergence it is sufficient that u 3 , u 4 and u 5 are small enough.
This can be taken into account in a visual servoing controller
based on the proposed observation scheme by suitably scaling
down these velocity inputs, when needed. On the other hand,
if u 3 , u 4 and u 5 are exogenous signals, one can still guarantee that M  c3 9c4 (and, thus, the validity of the proof) if the
observer (in particular, x53 1 see (18)) is initialized sufficiently
close to the true value to be estimated. This means that only
local asymptotic stability is obtained for arbitrary inputs u 3 ,
u 4 and u 5 .
Proposition 1 demonstrates the possibility to recover the
depth by exploiting the known camera motion and the measured position of the point feature on the image plane. To this
end, the persistency of excitation condition (13) must hold, that
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t,  4t5  0. By
is, there must not exist a t such that  t
direct inspection of the expression of  4t5, we can conclude
that the persistency of excitation condition for depth observation is violated if and only if
t: u 1 4t5  0, u 2 4t5  0, u 3 4t5  0, that is,
1.  t   t
no translations are involved in the camera motion1
2.  t   t
lent to

It is interesting to note that such a persistency of excitation
condition, essential for the observation convergence, is basically due to the scale ambiguity present in every perspective
system. Indeed, it is well known (see, for example, Ma et al.
(2004)) that within a perspective system it is impossible to distinguish between an object and the same object twice as large,
twice as far away and moving twice as fast. The condition of
non-zero (and known) camera translational velocity introduces
a scale information which is essential to disambiguate among
all of the equivalent states and to successfully recover the actual feature depth. Note that, in this case, such a property also
implies the necessity of Lemma 1 requirements (which in general are only sufficient), that is, the depth can be recovered if
and only if (13) holds.

4. Observation of the Focal Length
As discussed in the previous section, pure camera rotations do
not allow depth observation because in this case the feature
motion does not depend on Z . However, this motion depends
on 2: therefore, it is possible to exploit the same observer design approach to estimate the constant value of 2 without being
affected by uncertainties on Z .
Assume a pure rotational motion of the camera. With reference to (8), let x 6 [ f u f 3 2 192]T 7 14 be the state vector
and u 6 7C 7 13 be the input vector. The dynamic equations
for this case are then expressed by the driftless system
3
1
94x3 x12 x4 5 x2
x1 x2 x4
7
6
7
6
6 x
2
9x1 x2 x4
9x1 7
7
6 3 x2 x4
7u
x 6 6
7
6
7
6
0
0
0
7
6
4
2
0
0
0
1
y

The introduction of the component x4 6 192, which at first
glance may seem unnecessary, is aimed at obtaining a linear
dependence on the unmeasurable states in (19).
Proceeding as in the previous section, we define x5 7 14
as the current estimate of x, and seek an update law in the
x4t595
x 4t5 6 0,  x54t0 5.
form (11) so as to guarantee limt
By defining e 6 x 9 x5 as the observation error vector, and

t: 2u 1 6 y1 u 3 , 2u 2 6 y2 u 3 , which is equiva-

u2
X
Y
u1
6 1
6 1
u3
Z
u3
Z
that is, the camera is translating along the projection ray
of the selected point p.

6 2

x1

1

(19)

y1 y2 x54

y12 5
x4 5

945
x3

6
6
6 x5
2
6 3 y2 x54
45
x 1 y5 6 6
6
6
0
6
2
0

9y1 y2 x54
0
0

1

3
y2

7
7
9y1 7
7
7
7
0 7
7
4
0
3

k1 e1

7
6
7
6
7
6
k
e
2 2
7
6
7
6
7
6
45
x 1 y1 u5 6 6
7
k3 49u 5 e1 u 4 e2 5
7
6
6
 7
6  k 44y y u 9 y 2 u 5e  7
7
6
4
1 2 4
1 5 1
4
2


4y22 u 4 9 y1 y2 u 5 5e2 51
with k1 1 k2 1 k3 1 k4
1 3
1
e1
9k1
2 4 6 2
e2
0
1
2

9u 5
u4

1 3
1
e3
k3
2 4 6 92
e4
0
1
8 2

(20)

0, we obtain the error dynamics
31 3
e1
42 4
e2
9k2
0

31 3
e3
42 4
y22 u 4 9 y1 y2 u 5
e4
y1 y2 u 4 9 y12 u 5

0

3
4

k4
9u 5

y1 y2 u 4 9 y12 u 5

31 3
e1
4 2 4 6 (21)
y22 u 4 9 y1 y2 u 5
e2
u4

Therefore, if we let


6 [e1 e2 ]T

z

6 [e3 e4 ]T
1
3
9k1
0
4
6 2
0
9k2

3
46

1099

H

x2
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1
 4t5 6 2
1

P

6 2
6

3

9u 5

u4

y1 y2 u 4 9 y12 u 5

y22 u 4 9 y1 y2 u 5

k3

0

0

k4

5. Simulation Results with the Observers

4

3
4

I1

(22)

we obtain a formulation that exactly matches (12). Hence,
global convergence to the origin of (21) is guaranteed under
the same assumptions of Proposition 1.
In this case, however, the physical meaning of the persistency of excitation (13) is not as evident as in the previous
section. Indeed, since  4t5 in (22) is a square matrix rather
than a vector as in (16), condition (13) is violated if and only
if there exists a t5 such that
det  4t5 6

y1 y2 u 25 9 y22 u 4 u 5 9 y1 y2 u 24
t

y12 u 4 u 5  01

t56

(23)

To gain insight into (23), rewrite it in terms of 3D coordinates
of point P, that is,
f2
4Y u 4 9 Xu 5 54X u 4
Z2

Y u55 6

t56

In order to show the performance of the observer (11)–(14) derived in Section 3, we analyze the case of a camera translating
and a rotating about the X and Z axes, a case that, for example, could not be addressed with the methods of Matthies et al.
(1989) or Smith and Papanikolopoulos (1994) (see Section 1).
The simulation data are:
x4t0 5 6 [10

910 2]T

x54t0 5 6 [10

910 1]T

u 1 4t5 6 061 cos 2 t

u 4 4t5 6 066 cos 92 t
(24)

Recalling that P 6 [X Y Z] and 7C 6 [u 4 u 5 u 6 ] , it is easy
to see that 1 is the third component of vector 7C 8 P, while
2 is the third component of vector 7C 8 P 92 , where P 92 6
[9Y X Z]T is point P rotated 92 radians about the camera
Z C axis. Therefore, the persistency of excitation condition for
focal length observation is met if and only if:
T

5.1. Depth Observation

u 3 4t5 6 065 cos t

f2
   01
Z2 1 2
t

In the following, we present some simulation results to illustrate the properties of the observation techniques developed
so far. The simulations are implemented in MATLAB (Mathworks 2007) and Webots2 (Cyberbotics 2007) environments,
under the assumption that the camera is carried by the endeffector of a robot system which can provide the chosen linear/angular motion.

T

1. a camera rotation about its X C and/or YC axes is present,
that is, u 4 6 0 or u 5 6 0 (note that a rotation about the
optical axis Z C is useless for the observation)1
2. the camera rotation 7C induces on points P and P 92 a
non-zero linear velocity along the Z C axis, that is, these
two points must either become closer to or further from
the image plane as a consequence of the camera rotation.
Obviously, there exists a number of more sophisticated (and
usually off-line) tools for solving the camera calibration problem, see, for example, Sepp et al. (2005), Strobl and Paredes (2005) and Bouguet (2007). A benefit of our observation
scheme for focal length is that it can be used, in a sequential fashion, together with the depth observer discussed in the
previous section. Indeed, thanks to the complementarity of the
camera motions useful for depth and for focal length observation, one can preliminarily estimate the focal length without
knowing Z and then solve the depth observation problem.

u 6 4t5 6 1
k1

6 20

k2

6 20

k3

6 065

2 6 128
Figure 2 depicts the behavior of e4t5 during the simulation and
shows how the estimate of Z approaches the true value. Note
that the first two components of the observation error are initially zero because the feature position is measured. Practically
zero error is reached after 1 [s] of motion.
As an additional case study, we implemented the proposed
algorithm in the Webots environment by considering a camera
with 2 6 128 pixels mounted on the end-effector of a mobile
manipulator made of a unicycle-like platform carrying a 3R
spatial arm (see Figure 3). The idea was to test the performance
of the proposed observer against the noise automatically introduced by the Webots engine. This noise is added on the image
perceived by the camera and thus directly reflects on the feature extraction process. The objective is to estimate the depth
2. Webots is a commercial robot simulation software developed by Cyberbotics Ltd. Its simulation engine automatically takes into account the presence
of image noise as well as motion disturbances.
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Fig. 2. Depth observer (MATLAB simulation): (a) true (solid blue line) and estimated (dashed red line) Z 1 (b) behavior of e1
(solid blue line), e2 (dotted green line) and e3 (dashed red line) versus time.

mate the actual value of the depth Z accurately, as shown
in Figure 4. A video clip of this simulation can be found at
http://www.dis.uniroma1.it/labrob/research/depth_est.html.

5.2. Focal Length Observation
We consider now one example of the focal length observation process. Following the structure of the previous section,
we show a MATLAB simulation which demonstrates the good
convergence properties of (11)–(20). The simulation data are

Fig. 3. Webots environment with a mobile manipulator carrying a camera mounted on the end-effector.

of the target point (the red dot on the cube in Figure 3), while
the first and second link of the manipulator move according to
the velocity profiles:
q1

6 062 sin 064 t

q2

6 061 sin 068 t6

The initial value of the estimated depth is set at 195
x 3 4t0 5 6
0605 and the gains were chosen as k1 6 k2 6 10 and
k3 6 068. Despite the noise, the observer is able to esti-

x4t0 5 6 [10

910 128 19128]T

x54t0 5 6 [10

910 0 0]T

u 4 4t5 6 065 cos 92t
u 5 4t5 6 063 sin t
k1

6 50

k2

6 50

k3

6 5000

k4

6 1

In Figure 5(a)–(c), the evolution of the error vector e4t5 is reported, from which we can check that convergence is practically reached after 4 s of motion. It is worth noting that the
behavior of e3 4t5 appears a bit erratic, alternating between
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Fig. 4. Depth observer (Webots simulation): (a) true (solid blue line) and estimated (dashed red line) Z versus time1 (b) behavior
of e1 (solid blue line) and e2 (dashed red line) versus time.
fast decreases (around t 6 2 s) and nearly flat transients (at
t 6 1 or 3 s). This is in close agreement with the persistency of excitation condition. Indeed, whenever matrix  4t5
is far from singularity, the observation process can converge
quickly, while when  4t5 is close to ill-conditioning, convergence nearly stops. By defining  4 A5 as the smallest singular
value of a matrix A, we report in Figure 5(d) the evolution of
1 4t5, 2 4t5 and 20   4 4t55 versus time (the factor 20 is introduced to obtain a comparable scale between  4 4t55 and
1 4t5, 2 4t5). As expected, the slow convergence phases correspond to a small value of  4 4t55 which goes to zero when
0 or 2 4t5
0.
either 1 4t5

f 6 Jimage 4 f1 81 q5u 6 J f 4 f1 85Jc 4q5u1
where:

 the 6 8 n matrix Jc gives the linear and angular velocity
pair 43 C 1 7C 5 of the camera mounted on the end-effector
(expressed in the camera frame), in response to the robot
commands u1
 the s 8 6 matrix J f is given by (5). In particular,
if f is defined as the coordinates of k point features
[ f u1 f 31 6 6 6 f uk f 3k ] 7 12k , s 6 2k, J f is the stack of
k point feature interaction matrices J fi as in (8), each
one accounting for one point feature

6. Plugging the Observer into the IBVS Loop
In these last few sections, the integration of depth/focal length
observers and IBVS schemes is analyzed by means of several
experiments run on a real robot carrying a camera. The aim is
twofold: to effectively show how depth observation and IBVS
can be integrated, and to point out the benefits of such integration in terms of stability and overall performance.
In order to better illustrate our approach, let us consider first
the case of a generic robot committed with an IBVS task. Without loss of generality, let q 7 1n be the robot configuration
vector, u 6 q the available inputs, and f 7 1s a vector of features describing the chosen visual task. The differential mapping between the commands u and f can be easily obtained
by dividing the problem into two steps, and deriving the image Jacobian, at a given configuration, as the product of two
matrices

(25)

1
f 6 J f 4 f1 Z 5 2

3C
7C

3

1

6
6
466
6
2

J f1 4 f1 1 Z 1 5
66
6

3

3
1
7 3
C
7
72
41
7
4 7C

J fk 4 f k 1 Z k 5
with Z 6 [Z 1 6 6 6 Z k ]T the vector of depths associated
with the k feature points.
The most simple and widely used IBVS control strategy is
based on the inversion of (25) in terms of a desired feature
velocity f , that is,
(26)
u 6 Himage f 1
where Himage is any generalized inverse of Jimage . A common
†
choice is Himage 6 Jimage
, that is, the unique pseudo-inverse of
Jimage (Maciejewski and Klein 1989), and
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Fig. 5. Focal length observer (MATLAB simulation): (a) evolution of e1 (solid blue line) and e2 (dashed red line) versus time1
2 versus time1 (c) evolution of e4 6 192 9 195
2 versus time1 (d) evolution of 1 (solid blue line), 2
(b) evolution of e3 6 2 9 5
(dashed red line), and 20   4 4t55 (dotted green line) versus time.
f 6 K 4 f d 9 f 51

K

01

(27)

where f d represents the constant desired value to be reached
by task f . Feedback (26)–(27) guarantees a linear decoupled
exponentially stable closed-loop behavior for the task error
e 6 f d 9 f , that is,
e 6 9K e6
(28)
Clearly, (26)–(27) represent just an ideal case, since in practice one does not have full knowledge of the matrix Jimage , and
some model/approximation/estimation J5image must be used instead as discussed in the introduction. This yields the closedloop behavior

†
Ke
e 6 9Jimage J5image

(29)

which does not possess the nice properties of (28) and can possibly become unstable if a very rough approximation is made.
Uncertainties on Jimage 6 J f Jc can have different sources, for
example:
 poor knowledge of camera hand–eye calibration, that is,
the fixed pose of the camera with respect to its mounting
point on the robot body1 this uncertainty obviously only
affects matrix Jc 1
 poor knowledge of matrix A, that is, the camera intrinsic
parameters1 this uncertainty only affects matrix J f 1
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 poor knowledge of the 3D information present in vector
8 (see (5)).
While typically both the camera hand–eye and intrinsic parameters are unknown but constant, and therefore they can
be accurately estimated off-line once and for all (Strobl and
Hirzinger 2006), vector 84t5 is made of unmeasurable timevarying quantities which need to be approximated in real implementations. As discussed in the introduction, a common
choice is to perform the servoing by replacing 84t5 with the
constant value 8 d relative to the final robot pose. Indeed, 8 d
can be provided during the learning stage when the desired
image is stored, or estimated off-line by means of any (partial)
pose estimation algorithm. However, such a solution does not
represent a pure 2D visual servoing scheme, since 8 d must still
be measured preliminarily and independently from the servoing task. Our proposal is to replace the current 8 4t5 with its
5 4t5 obtained from the observer (11)–(14). This can
estimate 8
be considered as a concrete step towards a pure 2D visual servoing scheme, since the on-line observation of 8 4t5 is based
only on image measurements (the positions of the point features) and the known camera motion. Furthermore, the use of
5 4t5 instead of 8 d has at least two general advantages:
8
1. it allows a visual task to be executed successfully without any preliminary 3D information, not even the value
of 8 d 1
2. it enlarges the stability domain and the transient performance of (29), in comparison with a scheme that
uses a constant 8 d , providing a better approximation of
J5image thanks to the observer convergence during robot
motion.
The first feature becomes particularly relevant in the case of
navigation/exploration tasks for mobile robots equipped with
cameras, whenever a set of locations is specified only in terms
of images acquired during motion without the possibility of
storing at the same time the corresponding depth information.
Note that, while in the linear domain the separation principle (Friedland 1986) would guarantee global stability of the
combined servoing/observer system, when considering nonlinear systems this property is lost in general and convergence
can be proved only locally, for example, if the observer initial
conditions are close enough to the true state values. Obtaining
an analytical characterization of the actual stability region with
respect to initial task/observer errors/states is a difficult problem due to the high non-linearities present in the system dynamics and is currently the object of ongoing research. Promisingly, the experiments reported in the following sections have
shown a good tolerance of the combined servoing/observer
system with respect to observer initial errors, camera noise,
and calibration uncertainties.

Fig. 6. (a) Robot and (b) target object.

7. An Experimental Case Study
The experiments considered in this section have been conducted on a unicycle-like robot equipped with a fixed camera mounted on its top (Figure 6(a)). This design can be seen
as a particular case of the more general class of standard manipulator arms mounted on a non-holonomic mobile platform,
thus realizing a non-holonomic mobile manipulator (NMM).
Indeed, such a class of robots merges the intrinsic dexterity of
the arm with the enhanced workspace capabilities of the mobile base, and it is therefore a suitable choice for environment
exploration/interaction tasks. As for the target to be tracked,
we chose a vertical planar object with four black dots placed
at the vertexes of a rectangular shape, see Figure 6(b).
In order to obtain the analytic expression of matrix Jc ,
needed in (25) for the computation of Jimage , we follow the
general methodology developed by De Luca et al. (2006)1
De Luca et al. (2007a) for kinematic modeling and control of NMMs (paying special attention to IBVS tasks). Let
q 6 [x y  ]T 7 13 be the platform configuration vector,
u 6 [3 p 7 p ]T 7 12 be the linear and angular platform velocities, vector r 6 [r x r y r z ]T be the relative displacement
between the unicycle reference point and OC (the camera optical center), and  be the angle between camera Z C axis and
platform main axis (Z C lies on the horizontal plane, see Figure 7). With this notation, we can obtain the following 6 8 2
matrix Jc
3
1
sin  9r x cos  9 r y sin 
7
6
7
6
7
6 0
0
7
6
7
6
7
6
6 cos  r x sin  9 r y cos  7
7
6
Jc 6 6
7
7
6
0
7
6 0
7
6
7
6
7
6 0
91
7
6
4
2
0
0
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Fig. 7. Definition of frames, variables and constants: (a) top view1 (b) side view.

mapping the robot inputs [3 p 7 p ]T to the camera linear/angular
velocity vector [3 C 7C ]T expressed in the camera frame. The
geometric data of the robot are
r

6 [0607 0602 0613]T [m]



6 0 [rad]6

Note that Jc is completely independent of the platform
configuration coordinates 4x1 y1 5. As explained by De Luca
et al. (2007a), this property always holds when dealing with visual tasks for NMMs. In particular, it can be proven that Jc is a
function of the manipulator arm variables only (not present in
this case), thus making the computation of Jimage independent
of the mobile base absolute localization.
The following sections are arranged as follows. Section 7.1
presents experimental results on focal length observation,
where the value of 2 is estimated independently of the knowledge of Z. Then, Sections 7.2 and 7.3 illustrate the integration
of depth observation in IBVS schemes based on point features
and image moments, respectively3.

7.1. Experiments on Focal Length Observation
As discussed in Section 4, it is possible to exploit the persistency of excitation lemma to observe the value of the focal
length 2 independently of Z . The purpose of this section is to
provide an experimental validation of both the theoretical and
simulation results presented in Sections 4 and 5.2.
With the robot chosen for our experiments, it is easy to
check that a pure angular motion cannot be imposed on the
camera. Indeed, for any angular velocity command 7 p of the
3. The outcome of one of these experiments is also shown in Extension 1.

platform, a camera linear velocity will always result due to the
r x and r y components of the camera offset vector r. However,
the camera is not very far from the platform center, that is,
the values of r x and r y are small, and, as a consequence, the
undesired camera linear velocity 3 C can be considered negligible with respect to the imposed camera angular velocity 7C .
Therefore, we tested the algorithm by considering 3 C as an additional external disturbance in addition to noise and modeling
uncertainties. The feature point tracked during the experiment
was the top-left black dot of the planar target in Figure 6(b).
The robot was commanded with the desired velocity
profiles 3 d 6 0 [m9s], 7d 6 6 cos 94t [degrees9s]. Figure 8(a) shows the commanded 7d and actual 7 p velocity of
the platform during a typical experiment. Note that 7 p was
obtained by numerical differentiation of the wheels encoder
readings. From the time behavior of 43 C 1 7C 5 reported in Figure 8(b), it can be readily seen that the main camera angular
motion (7C y , represented by the solid blue line) dominates all
components of the undesired 3 C .
The parameters of the focal length observation algorithm
were set to
5
x 4t0 5 6 [17601 32699 0 0]T
k1

6 30

k2

6 30

k3

6 1500

k4

6 06016

In order to have a reference value for comparing our observation results, we performed a standard off-line camera calibration by using the MATLAB calibration toolbox (Bouguet
2007). The focal length value obtained at this preliminary stage
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Fig. 8. (a) Robot and (b) camera velocities during the focal length observation experiment: (a) 7d (dashed blue line) and 7 p
(solid red line) versus time1 (b) 7C y (solid blue line) and the other components of the camera linear/angular velocity versus time.

was 21 6 1096 pixels. Figure 9 shows the result of the observation process. The estimated focal length x53 4t5 (solid blue
line) reaches a steady state after about t 6 30 s of motion
(represented by a vertical line), despite noise and other disturbance sources. The average value of x53 4t5 after t 6 30 s is
22 6 1092632 pixels, thus very close to the value computed
with the off-line calibration technique. In Figure 9, 21 and 22
are represented by the (almost coincident) horizontal green and
red solid lines, respectively.

7.2. Experiments with Point Features
In this first set of four experiments, we tested the feedback
5 4t5, for the case
control law (26)–(27), with 84t5 replaced by 8
of regulation of 4 point features, see Figure 10(b)–(d). The
same servoing task (same initial and final robot poses) was run
with different initial values for the observer (11)–(14), with the
aim of assessing the robustness and reliability of the integrated
approach. In the following, we use superscript j 6 1 6 6 6 g
(g 6 4) to denote the jth experiment, and subscript i 6 1 6 6 6 k
(k 6 4) to denote the ith point feature.
For this visual task we have f 6 [ f u 1 f 3 1 6 6 6 f u k f 3 k ]T 7
s
1 , s 6 2k 6 8, matrix J f 7 12k86 is made of the stack of
k point feature Jacobian J fi as in (8), and 8 6 [Z 1 6 6 6 Z k ]T 7
1k .
At the initial robot pose we have Z i 4t0 5  369 [m] for
each point feature i, while at the desired final pose it is Z di 
0698 m and f d 6 [46 379 143 374 139 201 38 203]T . Note
that, in this case,

Fig. 9. Evolution of x53 4t5 6 5
24t5 (solid blue line) versus time.
The estimate of 2 reaches a steady-state after about 30 s of
motion (vertical solid line).

T 

T
5 4t5 6 Z51 6 6 6 Z5k 6 195
x31 6 6 6 195
x 3k 1
8
that is, it can be directly computed in terms of the observer output. In all four experiments, the first two observer states were
j
j
always initialized as 5
x1i 4t0 5 6 f uji 4t0 5 and x52i 4t0 5 6 f 3ji 4t0 5,
j 6 11 6 6 6 1 4, that is, matching the measured initial feature positions. On the other hand, we considered four differ-
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Fig. 10. Observer-based IBVS experiments: external and camera views. The green dots are the desired positions of the four point
features: (a) initial pose (external view)1 (b) initial pose (camera view)1 (c) final pose (external view)1 (d) final pose (camera
view).

ent values for
ment:











the initial depth guesses, one for each experiZ5i1 4t0 5 6 195
x31i 4t0 5 6 166 [m]
Z5i2 4t0 5 6 195
x32i 4t0 5 6 3 [m]




x33i 4t0 5 6 5 [m]
Z5i3 4t0 5 6 195






 Z5 4 4t 5 6 195
x34i 4t0 5 6 8 [m]6
i 0

(30)

The feedback/observer gains were chosen as K 6 065I , k1 6
k2 6 48 and k3 6 441000.
Figure 11 shows the motion of the point features on the image plane in each of the four experiments. The visual task is
successfully completed in all cases, that is, the feature points
reach their desired positions without crossing the image plane

boundaries (the black thick box in the plots). This is a direct
consequence of the convergence properties of the observer,
which tolerates wrong initial guesses for the depths and estimates their true time-varying values Z i 4t5 during robot motion.
We remark that, as already mentioned in the introduction,
any visual servoing law in the form (26) is affected by the presence of local minima corresponding to unrealizable motions
on the image plane (Chaumette 1998). When the error vector
K e belongs to the null space of Himage , the servoing law does
not produce any motion command even if there is still a position error for the features. This is a well-known drawback of
this class of visual servoing schemes, which becomes particularly relevant when considering more than three feature points
with a camera with six DOFs. Indeed, the accurate knowledge
of 8 4t5 obtained with our observer will provide no substan-
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Fig. 11. Feature trajectories during the four servoing experiments: (a) Z5i1 4t0 5 6 166 m1 (b) Z5i2 4t0 5 6 3 m1 (c) Z5i3 4t0 5 6 5 m1
(d) Z5 4 4t0 5 6 8 m. The black thick box represents the boundary of the image plane.
i

tial advantage in this context. In the performed experiments,
however, we did not run into this situation and the considered
servoing tasks could always be fulfilled.

Convergence to the true depth values can also be seen in
Figure 12, which shows the time behavior of the estimated
depths for each point feature i and each experiment j. De-
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7.3. Experiments with Image Moments
As an additional case study, we tested the integrated approach
by considering a more sophisticated feature set, that is, image moments instead of individual feature point coordinates. A
thorough analysis and evaluation of the use of moments within
the IBVS framework can be found in the work of Chaumette
(2004) and Tahri and Chaumette (2005). For the reader’s convenience, in the following we briefly summarize the main results.
Given a planar object with 3D plane equation 1 X
2Y
4
3Z
4 6 0, in all non-degenerate cases it is possible to
express the inverse of the depth Z of each point on the plane
in terms of its image coordinates
1
6 A fu
Z
Fig. 12. Evolution of the estimated depths of the four point
features during the four servoing experiments. The blue horizontal line represents the (common) depth Z di 6 0696 m at the
desired pose.

spite the different initial values used in the experiments, at
j
the end of the motion every Z5i 4t5 approaches the final value
Z di  0696 m, that is, the true depth at the desired pose (represented in the plot by a blue dashed horizontal line).
It is also worth noting that the initial and final robot poses
are such that, in each experiment, the linear motion of the camera occurs mainly along the Z axis, implying a continuously
time-varying behavior for Z i 4t5. This can be verified in Figure 13, where the camera velocities 3 C and 7C of the fourth
experiment are shown. The noisiness of 3 C and 7C is due to the
numerical differentiation step needed to obtain the actual robot
velocities from discrete sampling of wheel encoders. These results confirm the claims made in Sections 3 and 5.1 that the observer (11)–(14) is able to cope with large variations of the feature depth, showing in addition also good robustness against
noise.
Finally, Figure 14 shows the feature motion on the image
plane when considering a constant depth during the servoing,
thus discarding the observer and relying just on prior knowledge about the scene. For comparison, the same previous four
j
j
experiments were run with Z5i 4t5  Z5i 4t0 5, that is, assuming
that the initial depth guesses in (30) represent our best knowledge of the 3D scene. All of the experiments failed because
the servoing scheme was not able to complete the task while
keeping the feature points inside the boundaries of the image
plane. This can be attributed to a too rough approximation used
in J5image due to the wrong depth information.

B f3

C1

(31)

where A 6 9 1 9 4 , B 6 9 2 9 4 , C 6 9 3 9 4 and 4 f u 1 f 3 5
represents the projection of the 3D point [X Y Z ]T (see Section 2.2). Note that parameters 4A1 B1 C5 can be interpreted
as the plane unit normal vector scaled by the plane distance
from the camera frame.
Assume that a collection of  separate points are extracted
and tracked from the target planar object. Analogously to the
continuous case, it is possible to define the 4i1 j5th discrete
moment m i j as


f uil f 3jl 1
mi j 6
l61

and the 4i1 j5th discrete centered moment i j as
i j 6



4 f ul 9 x g 5i 4 f 3l 9 yg 5 j 1
l61

where x g 6 m 10 9 and yg 6 m 01 9 are the barycenter coordinates. Following the derivation of Tahri and Chaumette
(2005), an analytical expression for the interaction matrices
associated to m i j and i j can be obtained in terms of image
moments and plane parameters 4A1 B1 C5. In terms of our notation, given a generic feature vector f 7 1k made of k image
moments, either m i j or i j , the interaction matrix will have the
expression
f 6 J f 4m kl 1 kl 1 85u1
where m kl and kl stand for generic 4k1 l5th moments of order
up to i
j 1 and 8 6 [A1 B1 C]T . Note that m kl and kl
can be directly measured on the image plane, while 3D information in 8 reduces always to three parameters independently
of the number of points considered. In addition to depth, some
additional scene structure information should be known, that
is, the current orientation of the plane in the camera frame.
4. A degenerate case occurs whenever the camera optical center belongs to the
target plane.
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Fig. 13. (a) Linear (3 C ) and (b) angular (7C ) velocity of the camera during the fourth experiment. The dominant components are
3 Cz and 7C y , respectively.
1

3
1
6 Z1 7
6
7
6
7
6
7
6
6  † 6 66 7 1
6
7
6
7
2 1 4
Zk

In our experiments, we considered a set of discrete moments defined by the four points present in the target object
of Figure 6(b). In order to control the robot motion, we chose
a feature set made of three moments, namely

 T
(32)
f 6 x g yg 19 a 1
where a 6 20 02 is a measure of the area enclosed by
the selected points. Similarly to the case of point features, an
approximation of 84t5 is required for the actual computation
of the interaction matrix associated to the chosen image moments. As before, a standard choice is to set 84t5  8 d . However, one can again exploit observer (11)–(14) to obtain an in5 4t5 during the servoing task.
direct estimate 8
Rearranging (31) and considering the k selected points, we
obtain the linear system
3
1
1
31
3
1
f u 1 f 31 1
6 Z1 7
A
7
76
7 6
6
7
76
7 6
6
6
6
6
76 B 7 6 6 6 7
6
6
7
6
6
76
7 6
6
7
42
4 6
2
7
2 1 4
C
f u k f 3k 1
Zk
which can be easily solved as
1

3

1

fu1
A
7 6
6
7 6
6
6 B 766
7 6
6
4 2
2
C
fuk

f31

1

66
6
f3k

1

3†
7
7
7
7
4

1

3
1
6 Z1 7
6
7
6
7
6 66 7
6 6 7
6
7
6
7
2 1 4
Zk

(33)

that is, by computing the “best” plane passing through the
given points. Since matrix  is made of quantities directly
measured on the image plane, an estimate of 4A1 B1 C5 can
be obtained by replacing the true depths Z i in (33) with the
estimated Z5i obtained from the observer. Therefore, in the following we use
1
3
1
1
3
6 Z5 7
5
A
6 1 7
6
7
6
7
6 6 7
6
7
†
6
7
6
7
5 6
5 4t5 6 6 B
8
(34)
6 66 7 6
7
6
7
2
4
6
7
2 1 4
5
C
Z5k
Following the same testing structure of the previous section,
we again applied the feedback control law (26)–(27) based on
5 4t5 in g 6 5 different experiments, keeping approximately
8
the same initial and final robot poses as before and varying
the initial observer state. Figure 15 shows the initial and final
robot poses from external and camera views. Note that the central dot in Figure 15(b) and Figure 15(d) does not represent a
physical point but the computed barycenter of the four point
features. At the initial robot pose we have Z i 4t0 5  461 m
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Fig. 14. Feature trajectories during the four servoing experiments without using the observer: (a) Z5i1 4t5  166 m1 (b) Z5i2 4t5  3 m1
(c) Z5i3 4t5  5 m1 (d) Z5i4 4t5  8 m. The black thick box represents the boundary of the image plane.

for each point feature i, while at the desired final pose it is
Z di  069 m, x gd 6 422 pixels, ygd 6 28362 pixels and
ad 6 181571 pixels2 .

In all experiments, the first two observer states were again
initialized with the current feature position measured on the
image plane. For the last observer state we chose
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Fig. 15. Observer-based IBVS experiments: (a) initial pose (external view)1 (b) initial pose (camera view)1 (c) final pose (external
view)1 (d) final pose (camera view). The green dots are the desired positions of the 4 point features and of their barycenter
4x g 1 yg 5.













Z5i1 4t0 5 6 19x31i 4t0 5 6 069 [m]
Z5i2 4t0 5 6 19x32i 4t0 5 6 3 [m]

Z5i3 4t0 5 6 19x33i 4t0 5 6 5 [m]






Z5i4 4t0 5 6 19x34i 4t0 5 6 8 [m]





 Z5 5 4t 5 6 19x 5 4t 5 6 16 [m]6
i 0
3i 0
The gains in the feedback law and the observer were set as in
the previous section.
Figure 16(a)–(e) shows the feature trajectories during the
five experiments. White triangles/circles represent the initial/final positions of the k 6 4 feature points, while a filled
triangle/circle is used to denote the initial/final position of
the barycenter 4x g 1 yg 5, that is, the feature over which we

have “direct” control (see (32)). For the first experiment,
 Fig
ure 16(f) also shows the behavior of ea 4t5 6 19 ad 919 a4t5,
that is, the task error relative to the third feature chosen for the
servoing.
The integrated observer/controller approach is again able
to fulfill the visual task with all of the different initial depth
guesses and despite the indirect estimation of the plane parameters 4A1 B1 C5. Convergence to the true depth values can
be checked in Figure 17, where the blue dashed horizontal line
represents the common depth value of the four feature points
at the final robot pose.
As a final test, the same experiments were run using a
5 4t5, as computed from (34) by setting
constant value for 8
j
j
Z5i 4t5  Z5i 4t0 5. The obtained results are shown in Figure 18.
It is interesting to note that in the first two cases (Figure 18(a)
and (b)) the servoing is still completed despite the approxima-
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Fig. 16. Feature trajectories during the five servoing experiments: (a) Z5i1 4t0 5 6 069 m1 (b) Z5i2 4t0 5 6 3 m1 (c) Z5i3 4t0 5 6 5 m1
(d) Z5i4 4t0 5 6 8 m1 (e)Z5i5 4t0 5 6 16 m. The black thick box represents the boundary of the image plane. (f) The time behavior of

ea 4t5 6 19 ad 9 19 a4t5 in the first experiment.

Fig. 17. Evolution of the estimation of the four point features’
depths during the five servoing experiments. The blue horizontal line represents the (common) depth of the four point
features at the desired pose.

tion adopted in the feedback law, while in the other cases the
features exit the image plane boundaries during robot motion.
Convergence in case (a), with constant depths Z5i1 4t5  Z di set
equal to their values at to the final robot pose, is not surprising.
As mentioned in the introduction, many works (for example,
those of Chaumette (2004) and Tahri and Chaumette (2005))
have shown that this choice allows for the fulfillment of the
servoing task when the relative camera/target pose is inside
the region of stability of the control scheme (as it was in this
case). On the other hand, convergence in case (b) demonstrates
some tolerance of the feedback (26)–(27) based on image moments to approximations in the depth/plane structure (in this
case Z5i2 4t5  3 m are not so close to their true final depth values). In comparison, similar (and even milder) approximations
used with point features in the previous section led to the failure of the servoing task (see Figure 14(a) and (b)). Nonetheless, in the remaining cases reported in Figure 18(c)–(f) convergence was not obtained due to the even larger depth approximations, in contrast to what happened in the corresponding
experiments run by integrating the depth observer in the loop
(Figure 16(c)–(f)).
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Fig. 18. Feature trajectories during the five servoing experiments without using the observer: (a) Z5i1 4t5  069 m1 (b) Z5i2 4t5  3 m1
(c) Z5i3 4t5  5 m1 (d) Z5i4 4t5  8 m1 (e) Z5i5 4t5  16 m. The black thick box represents the boundary of the image plane.

8. Conclusions and Future Work
In this work an integrated approach consisting of standard
IBVS schemes and on-line observation of 3D structure was
proposed. In particular, by exploiting the persistency of excitation lemma, we derived a non-linear observer able to recover
the depth of stationary feature points during the robot/camera
motion without approximation on the camera/point dynamics,
special requirements on the allowed camera motion, or the
need to estimate the feature image motion. An extension of this
observer was tailored to the case of camera focal length identification. Simulation and experimental results allowed the assessment of good performance and reliability of the proposed
approach. The integrated observer/controller scheme proved
its effectiveness in dealing with standard IBVS tasks without
any preliminary 3D knowledge of the scene, such as depth or
other structure relative to the final pose.
Future developments will address a rigorous characterization of the stability of the closed-loop dynamics with the

observer-based IBVS scheme, as well as the extension of the
proposed observation scheme to generic planar shapes. Indeed, in this work we considered only the observation of depth
for isolated feature points tracked during the camera motion.
Whenever the extraction of point features is not easy or possible, as in the case of planar dense objects (for example, circles
or ellipses), more general features such as region-based image
moments can be exploited for observation and servoing. Recently, we proposed Robuffo Giordano et al. 2008 a theoretical
framework able to deal with this kind of situations. We are currently seeking an experimental validation of the integrated observer/controller, similarly to what has been presented in this
paper.
Concerning the proposed observation schemes, we are also
investigating the possibility of recovering depth and focal
length simultaneously, so as to obtain a common formulation
for the two observation tasks discussed here separately. Finally, we would like to remove the assumption of a known
camera motion which was used in this work. This could be
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achieved, for instance, by first estimating the relative camera/target motion as done by Soatto et al. (1996), and then
feeding this information to our observer algorithm for scene
structure identification.
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Appendix: Index to Multimedia Extensions
The multimedia extension page is found at http://www.ijrr.org
Table of Multimedia Extensions
Extension Type
1

Description

Video The video shows the external and camera views of the experiment described in
Section 7.3, Figure 16(d). The depth observer is initialized with a value of 8 m,
while the robot starts at about 4 m from
the target.
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