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A general task priority formulation

= consider a large number p of tasks to be executed at best and with
strict priorities by a robotic system having many dofs

= everything should run efficiently in real time, with possible addition,
deletion, swap, or reordering of tasks

= a recursive formulation that reduces computations is convenient

geR” i eR™  i=Jiqq  Pilq)=TI-Jf(q)Tr(q)

b — k-th task projector in the null-space of k-th task
4 . L ) p
1 < j = task 7 has higher priority than task j E my. = m(< n)
k=1 even larger!
( r1 \ / J 1 \ #
: 7 Pap=1I—J%, Jax
T2 2 . . -
; — J — projector in the null-space of the
TAk : Ak : : :
' : : : augmented Jacobian of the first k tasks
\rk/ \Jk) J;Psr.=0 Vi<k
stack of first k tasks augmented Jacobian = J Ak PA, = 0

of first k tasks
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Recursive solution with priorities - 1

= start with the first task and reformulate the problem so as to provide
always a “solution”, at least in terms of minimum error norm

for k=1 1
- 1 i q, = arg min —||q||*
q, = arg mlnn —||q||2 ! ges 2
_ €R - - i
s.t. Jig=m S1 = {arg mlﬂ? _||qu — 71| }
— e n
- g, =J'r, = S ={q + P, v, €R"}
for k =2
_ . T
q; = arg min —|q]| 42 = @y + (J2P1)” (i — J2qy)
- ) —)
Sy = {afg min llJ2q — 72| } Sy ={qy + Papav2, v2 €R"}
1
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Recursive solution with priorities - 2

generalizing to step &

. . -
qr—1 Sp—1 = {qk_l + PA,k—lvk—la vi—1 €ER }
prioritized solution set of all solutions up to task k — 1
up to task k — 1 _ 1
q), = arg min ||q|’
g€ Sg
LQ problem i
for k-th task . . .
S = {arg ‘min §||qu — 'rk||2}
_ € Sk-1 initialization
| l \
recursive formula | . . Iy . qo =0
(Siciliano, Slotine: 9. = qj_1 T (JkPA,k—l) (”’k — Jka—l) P — 7T
ICAR 1991) A ‘ ’ A0 =
|
prioritized correction needed when
solution the solution up to task k — 1
up to task k is not satisfying also task k

over the steps, the search set n__
is progressively reduced = R =5262:-2 SP—l 2 SP
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Recursive solution with priorities

properties and implementation

= the solution considering the first k tasks with their priority
qr = q_, + (JkPA,k—l)# (7 — Jk@k—l)
satisfies also (“does not perturb”) the previous k — 1 tasks

Jak-1qr = J A r-19r1
since
Jagot (JePar—1)” = Tap1Pas_1 (JePar1)” =0
\ J

| J —
| - I
(Maciejewski, Klein: IJRR 1985): check the four defining properties of a pseudoinverse

= recursive expression also for the null-space projector

P 4 1 = Pajr— (JePap_1)” JPaj_s Pyo=1

(Baerlocher, Boulic: TROS 1998): for the proof, see Appendix A

= when the k-th task is (close to be) incompatible with the previous ones
(algorithmic singularity), use “"DLS"” instead of “#"” in k-th solution...
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A list of extensions

= up to now, only “basic” redundancy resolution schemes
= defined at first-order differential level (velocity)

= it is possible to work in acceleration

= useful for obtaining smoother motion
= allows including the consideration of dynamics

= Seen within a planning, not a control perspective

= take into account and recover errors in task execution by
using kinematic control schemes

= applied to robot manipulators with fixed base
= extend to wheeled mobile manipulators
= tasks specified only by equality constraints
= add also linear inequalities in a complete QP formulation
= very common also for humanoid robots in multiple tasks
= consider hard limits in joint/command space
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Resolution at acceleration level

r=1(q) " 7=](q)q ™ |¥=](q)j+](q)q
= rewritten in the form
J(@4G=7-J(q)q 2 %

el ™~
to be chosen given known g, g
(at time t) (at time t)

the problem is formally equivalent to the previous one,
with acceleration in place of velocity commands

= for instance, in the null-space method “preferred”
. . . acceleration
q = ]#(Q)x + (1 _]#(CI)](Q))\?YB to damp/stabilize

solution with minimum ~ av, H JtolwlgtnT|(|)tslggce
: 112
acceleration no\rm 1l ) s o

Y
solution with minimum norm ||G — &, ||?
Robotics 2 7/




Dynamic redundancy resolution

= dynamic model of a robot manipulator (more later!)

M(q)g +n(q,q) =71 J(@)g=%(E=7-](q@)q)
1 1 1 )
N XN symmetric input torque vector M-dimensional
inertia matrix, (provided by the motors) acceleration task

positive definite for all g

Coriolis/centrifugal vector c(q, q)
+ gravity vector g(q)

= we can formulate and solve interesting dynamic
problems in the general framework of LQ optimization(®)

= Closed-form expressions can be obtained by the solution
formula(® (assuming a full rank Jacobian J)

(©)in block Kinematic redundancy - Part 1, slide #28
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Dynamic redundancy resolution

as Linear-Quadratic optimization problems

= typical dynamic objectives to be locally minimized at (q, ¢)

torque norm

11
Hy (@) = llell? = -

1
; G"M*(q)§ +n"(q,q)M(q)§ + n’(q,¢)n(q, 9)

(squared inverse inertia weighted) torque norm

H.(d) = 1 2 _ 1 TM—Z
2(G) = > ||T||M—2 = ZT (@)t
1

1
=~ "G +n"(@OM (@) +5 n" (4. M (9)n(q, 9)

(inverse inertia weighted) torque norm

Lo L
H3(CI)=E||T||M—1 =57 M~ (q)t

1 1
= 24" M(@)§ +n'(q, 94+ n"(q. M ()n(q, ¢)
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Closed-form solutions

minimum torque norm solution

Il ® 7y = @M @)~ J@d + (@M (@n(g, D)

« good for short trajectories (in fact, it is still only a “local” solution!)
« for longer trajectories it leads to torque “oscillation/explosion” (whipping effect)

minimum (squared inverse inertia weighted) torque norm solution
1 .o N _ :
Sl W =M@/ (@F - /(@ +] (@M (n(q,9))

« good performance in general, to be preferred

minimum (inverse inertia weighted) torque norm solution

el 75 = JT (@ U @M QI (@) (F ~ J (@ + ] @M (@n(q, )

« a solution with a leading /" (q) term: what is its nice physical interpretation?

May we add also a term 7, in a (dynamic) null space? Easy to do in the LQ framework!
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Stabilizing the minimum torque solution

video
Universal 1
Robots min ~ Izl|? = MTN
UR-10
(6-dof) versus
video Y - MBP = minimizing
N
torque also at a short
Stable Torque Optimization for preview instant
Redundant Robots using a Short Preview * MTND = damping
joint velocity in the
null space

K. Al Khudir, G. Halvorsen, L. Lanari, A. De Luca

« MBPD = ... do both

Robotics Lab, DIAG
Sapienza Universita di Roma

IEEE Robotics and
September 2018 Automation Lett. 2019
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Kinematic control

= given a desired M-dimensional task r,;(t), in order to recover
a task error e = r; —r due to initial mismatch or due to

= disturbances
= inherent linearization error in using the Jacobian (first-order motion)
= discrete-time implementation

we need to “close” a feedback loop on task execution, by
replacing (with diagonal matrix gains K > 0 or K, Kp > 0)

T ‘ g+ K(rg—r) in velocity-based...

T ‘ ¥+ Kp(fg —7) + Kp(rg — 1) ..in acceleration-based methods

where r = f(q), 7 =J(q)q
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Mobile manipulators

= coordinates: g, of the base and q,,, of the manipulator

= differential map: from available commands wu,;, on the mobile
base and u,,, on the manipulator to task output velocity

1 ?\ r=71f(q) € RM kinematic
& model of the
dm < & ./(task output, e.g., wheeled base
/B the E-E pose) (subject to
nonholonomic
. constraints)
- _ (Qb) vy 9p = G(qp)up
q = e RY .7
dm Qm = Um
Up
b < u=(,")eRW N, <N

Um
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Mobile manipulator Jacobian

r= f(q) = f(qb' qm)

0 d
= g;;” i+ LD 6 1 @y + (@i

0Qm
Up
= Jo@G @)ty + Jn (@t = Up(@G (@) Jm(@) (5

_ Nonholonomic Mobile Manipulator (NMM)
— UL
Jnmm (C[) Jacobian (M xN,)

= ... most previous results follow by just replacing

] = Jyumy G = u  (redundancy if N, — M > 0)
T

namely, the
available velocity commands
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car-like+2R planar arm
(N =6,N, =4):
E-E trajectory control on a line (N, — M = 2)
with maximization of [y, manipulability

Robotics 2

wheeled Justin with centered
steering wheels
(N =3 +4%2,N, = 8)
“dancing” in controlled
but otherwise passive mode

15



Quadratic Programming (QP)

with equality and inequality constraints

= Mminimize a quadratic objective function (typically positive definite, like when
using norms of vectors) subject to linear equality and inequality constraints,
all expressed in terms of joint velocity commands

Jg=1r Cg<d geQCR"
within a given convex set
solution set, with only equality constraints
D .
Seq = argmin -|Jq — 7|

QP complete formulation

given ¢ €S,y = Su={q€Q:Jq=Jq}
D TR I
| | . | | min ||Jq —7||" + S|jw]|
solution set, with only inequality constraints gen 2 2
1 . .
qge

s.t. Cqg—d<w w € RT

(possibly with prioritization
(non-negative) slack variables

of constraints)
T. . T-*
c.q<d;. ife:q” <d;

v i' €Sy = Swgman] TE% TGS
c;q=c¢;q, 11c;q >dad;
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Equality and inequality linear constraints

\

set of feasible

feasible convex area solutions _
(from inequalities) active
inequality
4 constraint
Sineq
inequality 4
constraint e
minimum norm
solution Seq
any priority order equality
gives the same constraint
final solution
NO exact
. 4 solution here
b

equality

~_ ... €quality > inequalities

set of possible
minimum error

.
N
\‘

‘\

solutions if ... inequality @
A ... inequalities > equality
inequality ® inequality ®

Robotics 2

feasible convex area

inequality @

higher priority > lower priority

solution if
inegq @ > ineq ®

solution if
_i_|_1eq ® > ineq @

feasible convex area

\ equality

(top priority)
NO exact
solution here |
slack vari?bles
_ _ /" minimizing = ||w]|?
inequali 2
quality © | y
_________ if
“““““ {ineq (@), ineq @} - solution if equality
> equality-----.&-" > {ineq (v, ineq
,I'/ ------ "= ®}
feasible convex area \
equality

17



Equality and Inequality Tasks

6R planar robot (simulations) and 7R KUKA LWR (experiment)

= an efficient task priority approach, with simultaneous inequality tasks
handled as hard (cannot be violated) or soft (can be relaxed) constraints

video

Unilateral Constraints in the Reverse Priority
Redundancy Resolution Method

Fabrizio Flacco Alessandro De Luca

Robotics Lab, DIAG
Sapienza University of Rome

July 2015

IEEE/RSJ Int. Conf. on Intelligent Robots and Systems (IROS) 2015
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Equality and Inequality Tasks

for the high-dof humanoid robot HRP2

= a systematic task priority approach, with several simultaneous tasks

in any order of priority
» avoid the obstacle

* gaze at the object

* reach the object

video

Prioritizing linear equality and ...
inequality systems: application to local while keeping balance!

motion planning for redundant robots. I

Oussama Kanoun, Florent Lamiraux,
Pierre-Brice Wieber, Fumio Kanehiro, all subtasks are locally

Eiichi Yoshida and Jean-Paul Laumond expressed by linear
equalities or inequalities
(possibly relaxed
when needed)
on joint velocities

IEEE Int. Conf. on Robotics and Automation (ICRA) 2009
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. . S2)
Inclusion of hard limits in joint space %o/{f—

Saturation in the Null Space (SNS) method

= robot has “limited” capabilities: hard limits on joint ranges and/or on joint
motion or commands (max velocity, acceleration, torque)

= represented as box inequalities that can never be violated (at most, active
constraints or saturated commands) — kept separated from “stack” of tasks

= (equality) tasks are usually executed in full (with priorities, if desired), but
can be relaxed (scaled) in case of need (i.e., when robot capabilities are used

at their limits)

= Ssaturate one overdriven joint command at a time, until a feasible and better
performing solution is found = Saturation in the Null Space = SNS

= on-line decision: which joint commands to saturate and how, so that this
does not affect task execution

= for tasks that are (certainly) not feasible, SNS embeds the selection of a task
scaling factor preserving execution of the task direction with minimal scaling

. . ) contains

gsnNs — (JW)# ?CB + (I — (JVX)# J) an <—saturat|ed
joint

scaling diagonal ve{ocities

Robotics 2 factor 0/1 matrix 20



Geometric view on SNS operation

in the space of joint velocity commands

NO exact
solution here

-~
-~
-~
-~
h.
~

~
~~o
-~
Sy

[
~~o
-~
N
~,

i =S
dsns G
SNS

hard bounds hard bounds
(box inequality constraints) (box inequality constraints)

the total correction to the original pseudoinverse solution
is always in the null space of the Jacobian (up to task scaling, if present)
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Illustrative example - 1

consider a 4R robot with equal links of unitary length

X5 A task: end-effector Cartesian position
L = (fEEE,1 33EE,2)
manipulator configuration
q = (q1 4293 q4)
differential map
= J(q)q
> desired Cartesian velocity & € R?
commanded joint velocity g € R?

task Jacobian

J(q) = —1S1 — 1S12 — 1S123 — [S1234  —1S12 — 15123 — 1S1234  —1S123 — 151234  —1S1234
V= ICy + 1C12 + 1Ch123 + 1Ch234  1C12 + 1Ch23 + 1Ch234 [Ch23 + 1Ch234 [C'1234

velocity limits  |¢;| < V;,i=1...4 [V1:V2:2 V3:V4:4[rad/s”
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Illustrative example -2

current configuration ¢q=( n/2 —-7n/2 w/2 —=n/2 )T
-2 -1 -1 0
associated Jacobian J=(Ji1 Jo J3 Ji )= ( 5 o 1 1 )

desired end-effector velocity « = ( —4 —1. 5 \T
-2.0

X2 A dps = Jti = @9 £2.1364 12273 —3.3636 )"
direct (velocity =) task scaling? Cs = (0.8148

qps =sJ¥& = (20 —174 1.0 —274)"

saturating only the most violating velocity? ¢4 = V7 = 2

q2
esns=x— J)Vi=(Jo J3 Jy) ( q3 )
G4
. AT
‘ dsns = ( Vi [( Jo J3 Jy )# d:SNS])
X1 =2 —1.8333 18333 —3.6667 ] >

Robotics 2 23




Joint velocity bounds

int Space Qmin,i < ¢i < Qmaa.i joint velocity bounds
J . p _Vmaw,i < q-i < Vmam,i i = la L » : . :
limits A < G<A _ szn(tk) <q< Qma.’v(tk)
mazx,i = i = Amaazx,i

conversion. control sampling (piece-wise constant velocity commands) + max feasible velocities
and decelerations to stay/stop within the joint range

. ni — Qk.i

Qmin,i = Imnax { szn} L 3 _Vmax,ia _\/2Amax,i (Qk,i - Qmin,i)}
: . Qumaz.i — k.

Qma:c,i = min { et ‘ s Vmam,i, \/2Amaa:,i (Qma:c,i - Qk,i)

T
smooth velocity bound “anticipates” the reaching o’f a hard limit

Link Velocity [rad/sec]
(=)
I

7 -1.5 -1 -05 0 0.5 1 15 2
RObOtICS 2 Link Position [rad] 24



SNS at velocity level

Algorithm 1

W=I.q‘\r=0,S:1.S*=O
repeat \ TEENT .
initialization

limit_exceeded = FALSE

a=qy +(IW)" (& - Jay) W : diagonal matrix with (j,j) element
316[111]: — 1 if i ..
] Sl OR 2,5 G, | Lif joint j is enabled
lmut_oxceodod = TRUE = O If .]Olnt] IS dlsabled
= (JW)" & .
b=q—-a g N : vector with saturated velocities in

getTaskScalingFactor(a, b) (xcall Algorithm 2x) Correspondence of disabled jOintS

if {task scaling factor} > s* then
s* = {task scaling factor}

W* =W, ¢y = qn s . current task scale factor
end if
J = {the most critical joint} s": largest task scale factor so far
Vii =

. R an.r.j if g (1_] > Qm(n J
qN._] - = f
Qmin.j 1 ([J < Q”H”J
if rank(JW') < m then
s = S*, W = W*T (:IAV = qu
q=qy+ (JIW)" (s — Jqy)
limit_exceeded = FALSE  (*outputs solutionx)
end if
end if
until limit_exceeded = TRUE

dsns =4
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SNS at velocity level
Algorithm 1

W=1I1,q5y=0,s=1,5"=0
repeat

limit-exceeded = FALSE compute the joint velocity with
9=ay+(IW)" (&~ Jqy) € initialized values

if{ i€ [Lin]: }then 6 _ J#s,

&i < Qmin,i OR 6;‘ > Qmaa:,i
limit_exceeded = TRUE
a=(JW)"
b=q—a
getTaskScalingFactor(a, b) (xcall Algorithm 2x)

check the joint velocity bounds

if {task scaling factor} > s* then
s* = {task scaling factor}
W* = Wa q*N = qN

end if

compute the task scaling factor
and the most critical joint

J = {the most critical joint}

Wjj =0 _

IN o = Qmax,j if 6]' > Qmam,j

s { Qmin,j if §; < Qmin,j

if rank(JW') < m then
s=s""W=W" qy=4qy
d=ay +(IW)* (s& — Jqy)

if a larger task scaling factor is
obtained, save the current solution

v

disable the most critical joint by

limit_exceeded = FALSE  (xoutputs solutionx) forcing it at its saturated VElOCiW
end if
end if
until limit_exceeded = TRUE
dsns =17
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SNS at velocity level
Algorithm 1

W=1I1,q5y=0,s=1,5"=0
repeat
limit_exceeded = FALSE
gd=aqn+(IW)* (& - Jgqy)
. Jiel:n]:
if { &i < Qmin,i OR 6;‘ > Qmaa:,i } then
limit_exceeded = TRUE
a=(JW)*
b=q—a
getTaskScalingFactor(a, b) (xcall Algorithm 2x)

if {task scaling factor} > s* then
s* = {task scaling factor}
W:« = W’ q*N o qN
end if
j = {the most critical joint}
Wjj =0 _
IN o = Qmax,j if 6]' > Qmam,j
d { Qmin,j if 53' < Qmi
if rank(JW') < m then

S=s""W=W*,"1N=q7V /
g =qy+ (W) (s& - Jqy)

limit_exceeded = FALSE (xoutputs solutionx)
end if

end if

check if task can be accomplished
with the remaining enabled joints

if NOT, use the parameters that
allow the largest task scaling
factor and exit

until limit_exceeded = TRUE €

dsns =4

repeat until at least one joint limit
is exceeded (exit if there is none!)

Robotics 2
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Task scaling factor
Algorithm 2

function getTaskScalingFactor(a, b \ called with current @ = (JW)*x and
for i = 1=+ ndo 7 b= (I-UW)*)qy = qsys = as + b
Smin,i = (Qmin,i — bi) Ja; _ :
. - Qmin,i <as+b; < Qmax,i with s € [0;1]
Smax,i — (Qma:c,i — bz) /ai

if Smin,i > Smaaz,i then &
{switch Syin.i and Spaqz.i}

restore the correct order of inequalities
(possibly modified by the sign of a;)

end if yields the best task scaling factor
end for (i.e., closest to the ideal value = 1) due
Smaz = Min; {Spmaz.i} to the most critical among the currently
Smin = MaxX; {Smin.i} enabled joint velocity components

the most critical joint = argmin; {Sy,az.i}
if Sin > Smar -OR. Spmar < 0 .OR. s,,in > 1 then

task scaling factor = 0 | no variation of the scaling factor currently used in
else Algorithm 1 is needed (it will keep the previous s)
task scaling factor = s,,44 —
end if always take the largest value for task scaling ...
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Simulation results

Axi Range of motion, software- Velocity without payload
| A1 (J1) +/-170° 100%/s |
| A2 (J2) +-120° 110%s
E1 (J3) +/-170° 100/
a3 9) 20 . 7-dof KUKA LWR 1V
| A4 (J5) +-170° 130%s |
| A5 (J6) +-120° 180%/s
| AB (JT7) +/-170° 180°/s

Q.. = (170,120,170, 120, 170, 120, 170) [deg]
V mae = (100,110, 100, 130, 130, 180, 180) [deg/s]
Aoz = 300 [deg/s?] Vi=1...n

T =1 [ms]
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Simulation results

Desired

Velocity m/s 0.5 1.0 2.0 4.0 - for increasing V
Casstruint | e ~ requested task
‘ L i move the end-effector through six
t=9.139 . t=a.573 . t=2.289 - t=1.147 (Jesjred Cartesian positions along
linear paths with constant speed V
Constraint | N kY oy T T
=10.395 t=5.216 - t=3.595 “t=3.214 ”:BT' o CE”
task redundancy degree =7 -3 =4
Task
Scaling . .
S\ i | robot starts at the configuration
f=;0.395 t=5.234 . t=4.0 At=§.0
q(0) = (0,45,45,45,0,0,0) [deg]
SNS i . - , j i ‘ (with a small initial approaching phase)
approach ' |
¢=9.138 ‘>t=‘4.656 t=3.375 t=3.361
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Robotics 2

Experimental results

KUKA LWR 1V with hard joint-space limits

Control of Redundant Robots
under Hard Joint Constraints:

Saturation in the Null Space

Fabrizio Flacco Alessandro De Luca Oussama Khatib

Robotics Lab, DIAG Artificial Intelligence Lab
Sapienza Universita di Roma Stanford University

July 2014

IEEE Transactions on Robotics 2015
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video

\ Prioritized Multi-Task Motion Control @%ﬁ
\Z &

of Redundant Robots under %E%
Hard Joint Constraints

Attached video to IROS 2012

* F. Flacco *A. De Luca
** O Khatib

*Robotics Laboratory, Universita di Roma "La Sapienza”
**Artificial Intelligence Laboratory , Stanford University

IEEE/RSJ] Int. Conf. on Intelligent Robots and Systems (IROS) 2012
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Inclusion of hard Cartesian bounds

= SNS at the velocity command level, with hard bounds on joint position, velocity,
and acceleration and task scaling factor (just one task is considered here ...)

= additional (possibly, time-varying) Cartesian box inequalities on position, velocity,
and acceleration of 7 control points along the structure (including end effector)

= generalized treatment of all bounds in a unified way (conversions like in slide #24)
Q;mn S (Ij S Q}nam szn < pcp 3 Pmaa:

Cp, Cp,1
min . max min . max pcp,z' = ]Rdz
Vit < q; <V Vepi© < Pep,i < Vepg
Amz’n < . < Ama:z: Amzn & Amaaz di < {1’2’3}
7 —q]— 7 ' cp,i —pCp%— cp,t
J=1...,n i=1,...,r
. T
generalized vector a=(q" pl, vl .. pl.)
additional processing of q in I g7 T 7 \T
> A= ( JCP, JCP, JCP, )

Algorithm 1 (rather than by I only)

= B,in(tx) <|a(q, q)|< B.:(tx) unified joint/Cartesian bounds

Robotics 2 33




Inclusion of hard Cartesian bounds

simulation on a 6R planar manipulator with » = 5 control points (at joints from 2 to 6)
video ol maz min joint limits on
I Qj = —Qj =90 [deg] . .
~ ‘ 90 p05|t|9n and velocity
| Z i Z — [deg/s] (g =1,..,6)

0.5}

y [m]

maz,y _ AL . control point
P w =1, Pep” =—11[m] Jimits on position

and velocity
maz,y __ mzn,y _
-1.50 . : : : : - Vepi - =09, Vo7 = —0.5 [m/s] along y axis

x [m] (z=1,.,5)

’_Pdr.l = Pctr 2 Petr3 =™ Pcird —'pdr,SI

Joint positions [deg]
o
Control point positions [m]

Time |s] Time |s]
[—@ — G =4 —¢s s | |[——Pars ——Petra —Pears ——Para

Normalized
joint velocities

Normalized
control point velocities

0 2 4 6 8 10
Time s

Proc. 3™ Italian Conference on Robotics and Intelligent Machines (I-RIM 2021)
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) 5 0 5 20 25 ) 2 0 02 ; 04 06
video
K aavas
task error 005 5 10 15 2 2 30
. Time [s]
and scaling o
;:_ 1
w 05
0 5 10 15 20 25 30
Time [s]
Robotics 2

L . I AR T
04 02 0 o2 .40 0204°°
X [m]

y [m]

Joint positions |deg]

Normalized
joint velocities

joint limits on position, velocity and acceleration

QM = —Q™™ = (170 105 170 120 170 85 170)" [deg]
Vmar — it — (20 22 20 26 26 36 36)” [deg/s]
A™F =A™ — (30 30 30 30 30 30 30)" [deg/s®

g

control point limits on position, velocity and acceleration

—0.1<Pep,1 0.1, —01<pgy, 10 <01 [m/s].

permanent
_0.5 S ﬁcpz'l S 0.5, _0-5 S ﬁcpy'] S 0.5 [m/Sz]

Pep,1 <0.15 [m], 16 <t <22 [s]

(online) time-varying
Pep,1 <02 [m], 5<t<10[s]

joint-space and Cartesian controI pomt behaviors

[ —a —a—a—a —«—a|

-
T

IEEE Robotics and Automation Letters, 2022 35



experlment #2 on KUKA LWR IV robot with » = 1 control point at the robot elbow (with d, = 2)

+Dvsied te). —EE 1rn joint limits on position, velocity and acceleration
QM = Q™M = (170 120 170 120 170 120 170) [deg]
(100 110 100 130 130 180 180)T [deg/s]
= (300 300 300 300 300 300 300)7 [deg/s’]
much higher than before = faster motion!

i control point limits on position, velocity and acceleration
0.7 € Pep,,1 0.7, —=0.7 < Pep,,1 < 0.7 [m/s]

i i permanent
~1.5 < Pep,1 £ 1.5, —1.5 < Pep,1 < 1.5 [m/s?].

Pep,1 <06 [m], 25<t<45][s] (online)time-varying

OE MITTITIT gen®
04 02 0 02 04 [—’h — @ =G —— @ — N —'J.‘l
x [m] o
| W'W

1 . . “ P . <
video circle will be “cut” during second turn! - | ~
= 0
I : \/\ \.4/
[ ----- Desired pos. —EE p(ls‘] = S0k
. o4} .
g —E‘ 02 % i ¢ ':_ 100 A A A
.S « O k= "~
B OR02F 5]
8 04 - - - = 2 -1t " 1 L " 2 e p: 2
o 0 ! 2 3 4 3 6 7 8 NS 0 I 2 3 4 5 6 7 8
k= Time [s| = = Time “
E £ g
= osh  Ymar = 0.6m 23 & ot
ot o =]
: - §e W i
o] S = 0 o =
] S N
=S
=1 o
4 et LT LL L L COT T CL T I LT £ >
: . S
0 I 2 3 4 5 6 7 8 > £
Time [s] R=X
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Appendix A - Recursive Task Priority

proof of recursive expression for null-space projector

Par=Pary— (JpPap1)” JPaj_s

= proof based on a result on pseudoinversion of partitioned matrices (Cline: J. SIAM 1964)
T=E*+X (I — FFE #) X is irrelevant here

(A )#=(A#—TBA# T)
B E = B(I — A*A)

_ 4 Jak-1 # J A k-1
= (i) PA.k=I—JA,k‘I"“'=I_( jk ) ( jk )

) = (i) + (i) = Q.E.D.

JA_.k—l

=I—( J4, —TIJ}, T)( Ty

_r_ T# . J* 1—TJ : -
I—Jh s Jap1+TIed Y 1 Jaga =TIy » if k-th task is scalar

=Pup 1 —TJPap J . = single row ]{
PA.k—ljkj’}fPA,k—l
T Py, =Pyp._q1— :
s (i) T=(JPar ) +X (I — (JrPax-1) (JkPA,k—l)#) Ak T Ak | P k17|
= TJiPas_1= (JkPA,k_l)# JeP Ay (Greville formula)
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