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Two-Dimensional
Transformations

Two-Dimensional
Transformations

m Transforming a point
;,
~
b
m Transforming an object

~

i

ml
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Geometry: 2 \j

ml

Types of Transformation

m Translation

y 9)

X =X+t

y = y+Ty

Types of Transformation

m Scaling

Sx=8y=3
X = x5,
y =y,

Geometry: 4 \j

ml
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Symmetric vs asymmetric
scaling

m Symmetric scaling: s, =,

m Asymmetric scaling: sy> s, Or sy <5,

[ ?vy@/

SX > sy

X

sx < sy
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Scaling to achieve
reflection

m Reflection in y axis: s, <0

Geometry: 6 \j
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Scaling to achieve
reflection

m Reflection in xand y axes:

sy<0ands,<0
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Types of Transformation

m Rotation
T
/M N -
/ s
/)“//

Geometry: 8 \j




In

Rotation

>
1

R cos (a +B)
R Gsin (a + B)
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e

Rotation

X = Rcos (a +B)
y' = RN (a +B)

Expanding the formulae for cos(a+3)
and sin(a+p):

X = ROcosa CcosP — R sina [5inB
Yy = R5ina [cosP + RBiNR Ocosa

Substituting for R OcosP and R [kin:
X
y

x [cosa — y [kBina

X Bina + y Ocosa

Geometry: 10 \j

Types of Transformation

m Shearing
Y/F 31\/‘ yFﬁ
__ V —_
| |
shear in x shear in y shear in x and y
X =x+ylo
y = y+xb

O Shearinx:. az0
O Sheariny: b#0
O Shearinxandy:az0and b0

ml

Matrix Representation of

Transformations
m Translate:
X = x+1,
y = y+t,
m Scale:
X = x5,
y =y,
m Rotafe:
X = x[cosa -y [Bina

y

X [Bina + y cosa

ml

L Copyright O University of Manchester 1995

Geometry: 11 \j L Copyright O University of Manchester 1995

Geometry: 12 \j



Matrix Representation of
Transformation

m Shear:
X = x+ylo
y = y+x

m In general.
X
y

alk+by+c
dix+ely+f
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Matrix Representation of
Transformations

X =alk+bly+c
y = dx+ely+f

Include a - fin one matrix:

- b

ml

|

Geometry: 14

Maftrix Representation of

Transformations
X =alk+bly+c
y =dXx+elly+f

Using a square matrix:

X abc X
yI = |de fl*|y
w ghi 1

ml

Matrix Representation of
Transformations

10t
01t,
001

m Translate:

s,00
0s,0
001

m Scale:

cosa =sina O
m Rotafe: | sina cosa 0
0 0 1

ml
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Matrix Representation of

Combining
Transformations Transformations
1 a0
m Shear: b10 Can perform complex tfransformations
001

by combining simple ones.
m Identity matrix: For exomple, rotating an object about
its centre:

X 100 |x
y| =1010|° |y
w 001 1

1l
o< X

X
y
w
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Combining Combining
Transformations Transformations

Rotating an object about its centre;

1. Translate by (X, -ye) 1. Translate by (-x¢.-yo):

2. Rotate about the origin
X, 10 —x
3. Translate by (x., Vo)

2. Rotate about the origin:

: X2 cosa —sina 0 | X
3 Yol = | sina cosa Q] * |y,
1 0 0 1 1
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In

Combining
Transformations

3. Translate by (x., yo:

X3 10xC Xy
y3=01yc'y2
1 00 1 1

Total fransformation is:

10X, |cosa —sina 0l |10 -x,
01y, *|sina cosaO°(01-y,
00 1 O 0 1 joo 1

ml

Ordering Transformations

m  Matrix mulfiplication is NOT
commutative, M, « M, #M, « M,

m Order of fransformations is important

L Copyright O University of Manchester 1995
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Geometry: 22 \j

Ordering Transformations

m Rotate then franslate

L Copyright O University of Manchester 1995
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Ordering Transformations

POSTCONCATENATE M, with My:
p'= M, M,p (M;applied first)

PRECONCATENATE M, with My:
p'= M, M, p (M applied first)

Premultiply = Postconcatenate

Postmultiply = Preconcatenate

Geometry: 24 \j
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Homogeneous
Coordinates

X abc X
yI = |de fl*|y
w ghi 1

m Point in 2D space expressed in
3D homogeneous coordinates

m |f bottom row of matrixis (00 1),
w =1

m If w# 1 project point (X, y,w) onto
plane w =1 by homogeneous
division (using the origin as the
centre of projection)

e

Homogeneous
Coordinates

w=w' w=1

m Real world coordinates are x' and
y"' where

X/ w

y/w

=~
I

ml
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Geometry: 26 \j

In

Homogeneous
Coordinates

X 100] |x
Y1 = 1010[° |y
w 004 |1

Perform homogeneous division to get
“real world” coordinates:
X'=X/W = x/4
y'=y/wW = y/4
Effect is OVERALL scaling.
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Object vs Axis
Transformation

Object fransformation

y p
YnF—————— jocﬁw
|
. 7 } shift object
b dx
) ‘ } g <dy>
Yo gt mn |
\ \
Xo Xn x

m Object transformed
m Axesfi xed

ml
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Object vs Axis
Transformation

AXxis fransformation

y y
Yn Yo, Qj
L
\;/ }Xo X
shift axes ‘
by (—dx ‘
(*dy} !
|
Xn X

m Object fi xed in space
m Axes fransformed
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Object vs Axis
Transformation

= Object franslation by (dy. @)

= Axis franslatfion by (-dy, -d,)
m Object scale by (sy, s,)

= Axis scale by (1/sy, 1/s))
m Object rotation by a

= Axis rotation by -a

Geometry: 30 \j
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Normalization
Transformation in GKS

Normalised Device
World Coordinates Coordinates
vymax ———— !
wymax) window ﬁj viewport
wymin /\ vymin| /‘
. . 0 X
4‘—% vxmin vxmax
|

wxmin

X
Y1
1

wxmax

1. Translate bottom left hand corner of
window 1o origin:

10 ~Wymin X
=101 _Wymin tlY
00 1 1

e

ml

Normalization
Transformation in GKS
2. Scale window to size of viewport:
Xy s, 00
Yol = |0 syO ez
1 001 1

X

where
s = Vimax ™ Yxmin
X —
meox mein
— Vymax - Vymin
s = —_—
Y  w

ymax Wymin
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Normalization
Transformation in GKS

3. Translate to bofttom left hand corner
of viewport:

X3 10 Vmin Xy
Y3 =101 Vymin * Yo
1 00 1 1

Normalization transformation is:

10v s;,00 |[10-w

xmin xmin
01 Vyin| *105,0*(01-w, .
00 1 001 00 1

ml

Two-Dimensional
Transformations

m Different types: translation, scaling,
rotation, shearing.

m Object vs axis transformations
m  Matrix representation

X abc |x
yiI = |de f|°* |y
w ghi 1
m Combine transformations by
multiplying matrices
m Homogeneous division to get “redl
world” coordinates

X' = X/W, Y = YW

L Copyright O University of Manchester 1995
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Geometry: 34 \j

In
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Three-Dimensional
Transformations

ml
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Three-Dimensional
Transformations

m For manipulating pictures (as in 2D)
m Help us to understand 3D shape

m Right-handed coordinate system

Geometry: 36 \j

ml




In

Homogeneous
Coordinates

X abcd X
Vi - |e fghl, |y
z i j k1 z
w mnop| |w

Obtain “real world” coordinates by
homogeneous division:

X' = X/W
y'=y/w
Z'=Z/wW

e

Types of
Three-Dimensional
Transformation

100 TX
m Translote: 010 fy
001 fz

000 1]

Sy 000
0 00
m Scale: SV

00 sZO

0001

ml
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Geometry: 38 \j
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Types of
Three-Dimensional
Transformation

m Shear:

1bcO
el g0
ij10
0001

e

Types of
Three-Dimensional
Transformation

m Rotation:

abcO
e fg0
i j kO
0001

m Rotation about x-axis:

1 O 0O O
0 cosa —sina O
0 sina cosa O
0O O 0 1

ml
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Geometry: 40 \j



In

Types of
Three-Dimensional
Transformation

m Rotation about y-axis:

cosa O sina O

O 1 0 O
—sina 0 cosa O
. 0 0 0 1

m Rotatfion about zaxis:

cosa —sina 00
sina cosa 00

0 0O 10
| 0 0 071

2. Rotate so that axis of rotation

3. Perform specifi edotation about

4. Apply inverse rotation from (2)
5. Apply inverse translation from (1)

ml

Rotation about
an arbitrary axis

1. Translate so axis of rotation passes
through origin

coincides with one of the
coordinate axes

coordinate axis

L Copyright O University of Manchester 1995
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Geometry: 42 \j

Perspective
Transformations
X 1000 X
y| 210100, |y
z 0010 b4
w 00yl 1

X

— y

V4
yz+1

e
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Perspective
Transformations

After homogeneous division

X
yz+1

X' =

[ y
v T yz+ ]

z :yDZ+1
ASZ—»OO
xX'-0
y' -0
Z' > 17y

Geometry: 44 \j
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Perspective
Transformations

m BEFORE transformation lines parallel
to z-axis

m AFTER fransformation lines pass
through point (0, 0, 1/y)

m Vanishing point is (0, 0, 1/y)

m Eye point/centre of projection is
0.0,-1/y)

m One point perspective
tfransformation

e

Perspective
Transformations

m One point:

1000
0100
0010
a001

1000
0100
0010
0BO1

ml
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Geometry: 46 \j

In

Perspective
Transformations

m Two point:

1000
0100
0010
a0yl

m Three point:
1000

0100
0010

aByl

L Copyright O University of Manchester 1995

e
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Perspective
Transformations

Points behind the Eye Point

Perspective transformation with eye
point at (0, 0, ¢):

S NS X

(c-2)/c

ml

Geometry: 48 \j




In

=

Perspective
Transformations

Points behind the Eye Point

m w>0forz<c
m w=0forz=cC
m w<0forz>c

p<

eye at (0,0,c)

pl

pe'

e
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Perspective
Transformations

Points behind the Eye Point

p2

Copyright O University of Manchester 1995

In

Perspective
Transformations

Points behind the Eye Point

m Want to simulate what eye would
see

m Clip BEFORE perspective
transformation (z= ¢)

pR

o>

eye at (0,0,c)

pl

e

Perspective
Transformations

Points behind the Eye Point

m Clip after perspective
fransformation but BEFORE
homogeneous division (w < 0)

p<’

L
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Projections

m Translation, rotation efc. all 3D - 3D
m Projectionis 3D - 2D

light source
(finite distance
from object)

m Similar to casting shadows
\ parallel rays of

shadow]/
= light from distant

shaaov{ E light source

\

ml

Perspective Projections

m Produces realistic images

®> centre of
projection

image

L Copyright O University of Manchester 1995
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Geometry: 54

|

Perspective Projections

m Jo calculate new x and y coordi-
nates use similar triangles:

X
= — L X =
4 1-z/¢c

X _ X=X
c
similarly

y = —~

1-z/¢c

m Like perspective transformation

Parallel Projections

image
parallel
\ projectors

m Perspective projection with centre
of projection at «

m Less realistic

m Retains size information for
measurements

ml
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Classifi cation of
Projections

PLANAR GEOMETRIC PROJECTIONS

Transformartions
and Viewing in
GKS-3D and PHIGS

ml

|
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GKS Output Pipeline

2D Output Primitives

Normalization
Transformation

Non-segments \Segr\bnents

Segment
Transformation

Clip

L

Workstation
Transformation

l

Display

ml

GKS Output Pipeline

m Converts user-defi ned graphical
information to device coordinates
for display.

m GKS-3D and PHIGS need also to
perform viewing transformations.

L Copyright O University of Manchester 1995 Geometry: 59 \j L Copyright O University of Manchester 1995

Geometry: 60 \j



GKS-3D Output Pipeline

Pg=WeV,eV,eSeNep,

3-D Output primitives

World coordinates (WC3) - —— — —

Normalization

Transformations in GKS-3D

Normalization .
Transformation
Non-segments Segments
€ . wes NDC3
1,11
Segment s (10,20,0) e ( 5 )
Transformation NT1 " "
Normalized Device _ MENU /N ! !
Coordinates (NDC3) . .
Normalization 3:2.2) .
cl .
WORKSTATION [NDEPENDENT T A 1
WORKSTATION DEPENDENT JMENU| .
View Orientation v ' ' '
Transformation ° (0.0,0) (1,1.1) .
View Reference (20505) %2_7 . .
Coordinates (VRC) o ' .
Vm ' -, ---
Normalized Projection __ _ NT3 !
Coordinates (NPC) . ’ .
e p
(0,0,0)
Workstation (0,0,0)
Clip
Workstation W
Transformation
Device Coordinates (DC) ————
Display
Copyright O University of Manchester 1995 Geometry: 61 Copyright O University of Manchester 1995 Geometry: 62

Segment Transformation
and Normalization Clip

Normalization
After transformation
normalization viewport
transformation
After
segment
transformation
After
normalization Resulting image
clip is unrecognisable

Possible Implementation
of the GKS-3D Pipeline

Normalization
Transformation

Segment
Transformation

View Orientation

Transformation

View Mapping
Transformation

Workstation
Transformation

Device Coordinates (DC) ——

Normalization
Clip

Workstation
Clip

Copyright O University of Manchester 1995 Geometry: 63
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PHIGS Output Pipeline

Pg=W eV, eVoeG el epp,
\LTraversal

3D Output Primitives
Modelling Coordinates (MC) — _ _

Local Modelling

Transformation L
Global Modelling G
Transformation
World Coordinates (WC) _ _
Modelling
WORKSTATION INDEPENDENT —————7———_ __  _ __  _
WORKSTATION DEPENDENT
View Orientation| v,
Transformation ©
View R
Coordinates (VRC) ~~ —
w Mapping v
Transformation m
Normalized Projection _ _ _
Coordinates (NPC)
Workstation
Clip
Workstation W

Transformation

Device Coordinates (DC) -————

Display

Modelling Clip

A ”
O v !
object and modelling ' 1
clipping limits BEFORE 7
modelling transformation ' ); '
= L
modelling
- clipping limits

object and modelling h I -

clipping limits AFTER
modelling transformation

m Clipping limits are affected by mod-
elling fransformation

L Copyright O University of Manchester 1995 Geometry: 65
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Possible Implementation
of the PHIGS Pipeline

Normalization
Transformation

Segment
Transformation

View Orientation
Transformation

View Mapping
Transformation

Workstation
Transformation

Device Coordinates (DC)

Different Views on
Different Workstations

view index

view rep——>

Normalization : :
Cli . .
LSview repl—> '
Workstation ' '
Clip . .
Copyright O University of Manchester 1995 Geometry: 67 Copyright O University of Manchester 1995 Geometry: 68



The Viewing Pipeline

Normalized Device
Coordinates (NDC3)

l

View Orientation
Transformation

]

View Mapping
Transformation

L

View
Clip

7

Normalized Projection
Coordinates (NPC)

L Copyright O University of Manchester 1995

View Reference
Coordinates (VRC)

Geometry: 69 \j L Copyright O University of Manchester 1995
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The Viewing Pipeline

View orientation and mapping

tfransformations specifi ed a# x 4
maftrices

Gives maximum fl exibility to the user
Hard to set the matrices!

Viewing ufility routines

EVALUATE VIEW ORIENTATION MATRIX
EVALUATE VIEW MAPPING MATRIX
Viewing model

Geometry: 70 \j

Model for View
Orientation

m View orientation transformation
maps from NDC3 to VRC

m VRC is an intermediate coordinate
system

m VRC defi ned so that view plane is
parallel to the VRC xy-plane

ml

ml

View Orientation
Transformation

AXIS transformation

v For simplicity, only the x—y and
u—v planes’ are shown hére.

Point originally
defined in NDC3

New coordinate
system defined

L Copyright O University of Manchester 1995
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EVALUATE VIEW
ORIENTATION MATRIX

m Parameters defi ne position and
orientation of VRC with respect to
NDC3

m View reference point (VRP) - origin
of VRC

m View plane normal (VPN) - defi nes
n-axis of VRC

m View up vector (VUV) - defi nes
v-axis of VRC

Geometry: 73 \j L Copyright O University of Manchester 1995 Geometry: 74 \j

EVALUATE VIEW
ORIENTATION MATRIX

v—axis

VRP

VPN = n—axis

L Copyright O University of Manchester 1995

In

Deriving the View
Orientation Matrix

m |nverse of axis fransformation =
equivalent object transformation

m |nverse view orientation
fransformation mayps unit vectors on
NDC3 axes onto VRC axes

m Rotate vectors to align with VRC

axes (R)
100 VPR,
m Translate by VRP, T = 010 VPRV
001 VPR,
000 1

e

ml

Deriving the View
Orientation Matrix

[t can be shown that

u, v, nXO

R = UyVyI’)yO

uzvznZO
0 001

where (u,, u,, u,) are the components
of uin Worlor—coordinoTes and similarly
forv.andn

L Copyright O University of Manchester 1995
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Deriving the View
Orientation Maftrix

m |nverse view orientation
tfransformation =T« R

m View orientafion fransformation
-1 1

=R T
u,u,u, 0 |100-VPR,
_ vavaO . O]O—VPI?y
nxnynZO 001 —VPI?Z

0001 [000 1

Model for View Mapping

m Creates view required
m Parallel or perspective projection

retaining third dimension for HLHSR

m Maps contents of view volume onto

projection viewport in NPC

ml

|
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EVALUATE VIEW MAPPING
MATRIX

Parameters describe:
m View volume in VRC
m View plane distance (VPD)
m Front plane distance (FPD)
m Back plane distance (BPD)
m View window limifs

(U v .,V

min’ Umox’ min’ mox)
m Projection reference point (PRP)

m Projection type: PARALLEL or
PERSPECTIVE

m Projection viewport in NPC

EVALUATE VIEW MAPPING
MATRIX

m Creating the view

m Parallel or perspective projection on
xand y (defi ned by PRP and view
plane)

m  Maintains relative zinformation for
HLHSR

m Mapping contents of view volume
to projection viewport

m After viewing transformation, view
volume is a cuboid

m Window to viewport mapping

L Copyright O University of Manchester 1995
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Using the Viewing Model

Orthographic parallel
projections

m Projectors perpendicular to view
plane

m Projector direction defi ned by
vector from PRP to centre of view
window

PRP, - (Ui,
PRP, = (Vin* Vg

*Una

)72
)/2

X

ml
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Using the Viewing Model

Perspective projections

m Lines not parallel to the view plane
converge to a vanishing point

m One point

O 1 vanishing point - 1 axis not
parallel to view plane

O view plane normal is one of
(a.0,0),,b,0),0,0,0

m Two point

0 2 vanishing points - 2 axes not
parallel to view plane

0 view plane normal is one of
(a.b,0),0.b,0).(a.0,0

ml

Geometry: 82 \j
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Using the Viewing Model

Perspective projections
m Three point

O 3 vanishing points - all 3 axes not
parallel to view plane

O view plane normalis (a, b, ¢©)

ml
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Geometry: 83 \j
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