Robotics 2
January 11, 2022

Exercise #1

The RPR robot in Fig. 1 moves on a horizontal plane, carrying at its end effector a payload of
mass m, and inertia I,,. The links of the robot can be considered as uniform rods of length /; and
mass m;, i = 1,2,3. The robot control architecture receives as reference input a high-level joint
velocity command ¢, € R3.

[

[i]

[iii]

The first task requires to move the end-effector point P along a desired trajectory p,(t) € R?,
while locally minimizing the robot kinetic energy T = %i]TM (g)g. Design a high-level control

law q}}‘] realizing this task and provide the detailed symbolic expression of all its terms.

Consider next the presence of a circular obstacle O, of radius r that is placed in a known
position P, in the robot workspace. Modify the previous control law into a q[ﬁ] so as to try
also avoiding collisions between the full robot body and the obstacle. Provide the symbolic
expression of the additional terms in this law.

Using the following kinematic and dynamic data

ll = 0.45, ZQ = 07, l3 =0.35 [m}, m1p = mg = 10, ms3 = 4, mp = 2 [kg], Ip =0.01 [kng],
compute the numerical values of the command qLﬂ when the robot is in the configuration
g =q = (7/4,0.25, —7/4) [rad,m,rad] and the desired end-effector velocity is p,; = (1,—1).

For case [ii], repeat the same evaluation for q[;'i], when the circular obstacle is placed at the
point Poys = (0.1 +13v/2,—0.1) =~ (0.736, —0.1) [m] and has radius r = 0.05 [m].

T

Figure 1: A planar RPR robot with a payload on the end effector. A circular obstacle O,,s may
also be present in a generic position P, in the robot workspace.

Exercise #2

Consider a robot manipulator with n revolute joints and with dynamic model given by

M(q)g+c(q,q) +9(q) =T. (1)

At time t = 0, the robot is in a state z(0) = (g7 (0) ¢"(0) )T = (af 4 )T € R*", with g, # 0.



[i] Define a joint torque law 7 = 7(x,t) that is continuous w.r.t. time and that will bring the
robot with a coordinated joint motion in exactly T seconds to an equilibrium state, i.e., to an
arbitrary configuration g¢(7') with ¢(0) = 0, where the robot will remain for all ¢ > T..

—
=

According to your choice, you should be able to provide in closed form both the reached joint
configuration q; = q(7T") and the resulting initial acceleration g, = q(0).

[iii

Consider the case of a robot with g(q) = 0. Assume that acceleration bounds |§;| < Apmaz.i,
i =1,...,n, are imposed on the already defined robot motion and that at least one of the
joints exceeds its bound at some time instant ¢ € [0,7]. Provide the expression of the minimum
factor k£ > 0 such that the robot trajectory resulting from an uniform scaling of the motion
time to 7" = kT will satisfy all the given bounds.

Exercise #3

The end effector of the PR robot in Fig. 2 is constrained to move along a line segment, between
points A and B. Assume that all dissipative effects are negligible and that the robot dynamic
model in free space has the form (1).

[ij Derive the (one-dimensional) reduced dynamic model of the constrained robot and the explicit
expression of the force multiplier A € R.

[ii] If the end-effector has to execute a rest-to-rest motion from A to B with a cubic profile in a
total time T without generating any constraint force at the contact during the motion, what
would be the explicit expression of the control law?

[iii] Using the following data
L=1,dy=0.6[m], my =15 ms=28lkg], I,=12[kgm?],
A=1(0.7,2), B=(0.5,1)[m], T=2]s],

compute at the initial time ¢t = 0 the numerical value 7(0) € R? of the force/torque commands
at the joints that execute the task specified in [ii].

Figure 2: A planar PR robot with its end effector constrained on a segment AB of a line.

[210 minutes (3.5 hours); open books]



Solution
January 11, 2022

Exercise #1

There is a unique solution to the problem of finding a joint velocity command ¢, € RY (here,
N = 3) that realizes a given task velocity p; € RM, with M < N (here, M = 2), by minimizing
the kinetic energy of the robot, i.e., for problem [i],

o1 . . .
min d"M(q)q, st J(@)g=pq,

where M (q) > 0 is the robot inertia matrix and J(q) is the task Jacobian, both evaluated at the
current configuration q. The solution is obtained by the weighted pseudoinverse

& = T py = M7 (@07 (@) (JOM @I (@) s )

For the planar RPR robot in Fig. 1, the Jacobian matrix is computed from the direct kinematics'

p= flq) = < lici — qos1 +13c13 )

l1s1 + qac1 + 13513
as
0f(q) [ —(lis1+qeer +13s13) —s2 —l3s13 > 3)

J = =7 =
(@) Jq ( lici — q251 + 13c13 a1 lzers

Next, we compute the inertia matrix M (q) by extracting its elements from the total robot kinetic
energy T. In doing so, we also use the fact that the links are uniform thin rods of length I,
i = 1,2,3. The center of mass is then located at the link midpoint (at a distance d; = [;/2
to the end of the rod), while the barycentric inertia (around an axis normal to the plane) is
I; = (1/12) m;l?. The payload will be included in the kinetic energy of the robot.

Kinetic energy and inertia matrix

Link 1
1 ) 1 myl3 .
T = 5(11 +mad}) ¢F = 373 Lgt
Link 2
2 1 .2
T = §m2 lveall” + 512‘11 =

P, = (llcl — (g2 — d2) 51 ) e ((1151+(92d2)01)41 —51G2 )
e lisi + (g2 — da2) 1 <2 < (licr — (g2 — d2) 51) 41 + €1 G2

= Joel’ = + (@2~ d2)*) 67 + @B +20 drd2 =
1 . . .
Ty = 5 (L2 ma (1f + (a2 = d2)*)) df + ma G5 + 2maly dade)

1 13 ) . .
=3 (mz (l% + §2 +q - lQQ2> 41 +ma g5 + 2moly Q1Q2>

n the following, the shorthand notation for trigonometric quantities is used (e.g., s13 = sin (q1 + g3))-



Link 3

1 1 ) .
T3 = 5 ms ||’Uc3||2 + 3 I3 (1 + CIS)2 =

P = ( lier — gas1 + dseas ) o e — ( (lis1+ g2c1 +d3s13) g1 — s1.d2 — d3s13 43)
= 3 = . . .
e l181 4 gac1 + d3si3 ¢ (licr — 251 +dsciz) gi + c1 g2 + dsciz s
= Jes|* = (3 + ¢3 + d3 + 2lydscs + 2qodsss) 63 + 43 + d3 d3
+2 (1 +dszcs) GiGe + 2d3 (d3 + lics + q253) 143 + 2d3cs 42z =

1 . . .
T3 = 3 (I3 + ms (I + g5 + d3 + 2l1dscs + 2qadsss)) G5 + mads + (Is +mad3) 63
+2mg3 (11 + dscz) Gige + 2 (I3 + mads (d3 + lic3 + q253)) G143 + 2m3dscs §243)
=5 (ms 5+ 3 +q5 + l1lzcs + qolzss | 41 +ma g5 +m33Q3
I3\ . . 13 I3 I3 .. I3 . .
+2mg | L+ Z ) qide +2m3 | 5 +lie3 +q2=53 | GiG3 + 2m3— G2gs
2 3 2 2 2
Payload

1 2 1 . . \2
szﬁmpHUpH +§Ip((11+Q3) =

b = ( lict — gas1 +l3c13 ) I ( (lis1 + qeer +13813) 41 — $142 — I3513 43)
P l151 + gz2c1 + 13813 b (lic1 — q2s1 +13¢13) 41 + ¢1 G2 + I3¢13 3
= H'UpH2 = (B + @3 + 13+ 2llscs + 2qal3s3) 63 + @3 + 13 43

+2(ly +13¢3) G + 23 (I3 + lacz + q353) G143 + 2l3c3 Gogs =

T,

1
P35 ((Ip + my (13 + B + 65 + 2lilscs + 2gal3s3) ) G5 + mypds + (I, + mypl3) d3

+2my, (11 + Iscs) G1G2 + 2 (I, +my (13 + lilses + qalsss)) Gids + 2mplscs gads)

Therefore, from

1. o1 ..
T=T+Ty+T5+T, = 54" M(a)g =5 mij(a) dids
i,j=1
we obtain by extraction the coefficients of ¢;¢; the elements m;; = mj; of the symmetric inertia

matrix
mi1 Miz2 Mi13

M(q) = | miz ma ma |, (4)
mi3 M23 M33



with
mql? 12 12
mi = ; Lt my (l% + §2 +q5 - lez) +ms (l% + 33 +q5 + lilses + CI21383)

+ I, +my (17413 4 65 + 2hlscs + 2gal3s3)

s

9 + mpl;),) C3

mig = (mg +ms3 + mp) I + <m3

12 l:
mis = Ip + mplg + mggg + <m323 + mpl;g) (1103 + QQ83)

Moo = Mo + M3 + My

ls
Moz = m35 + mplg C3

2

l
ma3 = m3§3 + Ip + mplg

Using the given data, we have from (3)

S — (0495 —oT0m 0
U=\ 04914 07071 035

and from (4)
5.6126 8.1899 0.6163

M(g)=| 81899 16  0.9899
0.6163 0.9899 0.4183

Thus, we compute numerically the solution (2) obtaining

—2.0329  0.1042 . —2.1371
g = J% (@) p,= | 0.0088 —0.0729 ( ) = | o0.0818 [rad/s,m/s,rad/s].  (5)
2.8365  2.8582 —0.0217

For case [ii], the solution includes a null space term with the gradient of the distance function
H,ps(q) between the fixed obstacle O,ps and the entire robot body R = R(g) —the robot occupies
a region in the Cartesian space that depends indeed on the current configuration g. This results
in

af = T4y (@) bat o (T = T5(0)T (@) Vo Hops(a)

= aV,Hos(q) + T (a) (Pg — T (@)VHobs(q)),

for a sufficiently small step size @ > 0. The distance function from the obstacle (also known as the
clearance of the robot) is defined as

Hops(q) = min  [la(q) — b]|, (7)
a(qg) €R
b S Oobs

(6)

with the Euclidean norm

la(g) — bl = \/(a(g) — b)" (a(q) — b).



Accordingly, the gradient of H,s(q) is evaluated? as

_ (OHas(@\T 1 1 da(q)\"
Vitta@ = () = 5w () (a0 -0 ®

clearance (: Habs (C_I))

Py.= (W2 +0.1,-01) B Oups

Figure 3: The clearance between the RPR robot and the circular obstacle O,;s when the robot is
in the configuration q = (7/4,0.25, —71/4).

We use now the given data and illustrate the situation in Fig. 3. At g = g, the two points on the
robot R and on the obstacle O, that are giving the clearance of the robot are point A at the
lower end of the second link and point B on the boundary of the circular obstacle (at a distance
r = 0.05 [m] from its center P,ps = (0.736,—0.1) [m]), along the line having the same orientation
of the second link. For varying g, the position of the point A on the robot and its Jacobian are

alq) = ( ey — (g2 — l2)s1 ) N da(q) ( —lis1— (g2 —la)ey —s1 O ) |

lisi + (g2 — l2)cr Oq - lici — (g2 — l2)s1 ct 0

Moreover the position of the point B on the obstacle is given by

a’(q) — Pobs

b= Dops T
||a’(q) _pobs”

Thus, we have from (7)

_ 0.6364 0.7007 _ _
a@) = ("0) o= (o) = Hosl@) = lata) — bl = 00911 [l

with the gradient in (8) being
0.4509
quobs (Q) = 1
0

2The expression in (8) holds in situations when the function Hp,(q) is differentiable. This occurs when the two
points on the robot R and on the obstacle O, that determine the minimum distance at the current configuration
g do not jump form one location to another. In practice, the gradient V,Hyps(q) is often computed numerically by
finite differences of H,ps(q) between two successive configuration q(tx) and g(tx—1) attained during motion (with
some safeguarding rule to obtain bounded variations).



Setting for instance o = 1, the evaluation of (6) yields the solution

—3.6742
q[Tii] - 1.1577 [rad/s,m/s,rad/s]. 9)
—0.0373

Compare now the two joint velocity commands in (5) and (9). It is evident that the presence of
the obstacle will modify the inertia-weighted minimum norm solution by pushing away the second
link through the sliding of the second (prismatic) joint in the positive direction. In order to still
achieve the desired end-effector velocity p, while compensating for this extra joint motion, the
first robot joint in qLiﬂ will rotate in the clockwise direction by a larger amount than in qi}?.

Exercise #2

To address the general problem of a robot motion that has to be completed in a prescribed finite
time, it is convenient to apply first to (1) the nonlinear feedback law

T =17(q,q,t) = M(q)u(t) + c(q,q) + g(q), (10)

obtaining the linear and decoupled system ¢ = w. Then, we use the acceleration command w(t),
which has to be continuous w.r.t. time for all ¢ > 0, to plan a state-to-rest trajectory q,(t) in exactly
T seconds. Since the final configuration is not specified a priori, but the state to be reached at
time ¢ = T should be an equilibrium, we will impose the following minimal set of (asymmetric)
boundary conditions to the interpolating trajectory:

q4(0) = qq, qq(0) = g9 #0, q,(T) =0, qq.(T)=0. (11)
One can satisfy these conditions by choosing a cubic trajectory in normalized time o = t/T € [0, 1],
q,(0)=ac®*+bo*+co+d, (12)

with @ € R™, b € R", ¢ € R”, and d € R". The joint motion will automatically be coordinated
since the total time T is the same for all joints. Imposing the boundary conditions (11) on the
vector function (12) leads to

q,00)=q, = d=gq, q,00)=q, = c=4q
and )
{qdu)o L (3a+2b+ ;) = 0 az®
= =
dq(1) =0 7 (6a+2b) = 0 b= —q,

a (t\* £\ 2 t

A0 () _4g (2 N

q4(t) = 3 (T) q9 (T) +4qq (T) + 4o, (13)
and thus the requested values

q .
a5 = 94(T) = a0 + 3 4o = 44(0) = — 5" (14)



The actual torque law realizing the task will be given by (10) with

L 2 [t
wiy = | a0 =2 (T - 1), te0,T] )
0, t>T.

We note that, after stopping the robot at time ¢ = T" in q = g, the applied torque (10) with (15)
will become equal to 7(t) = g(q), keeping the robot in equilibrium for all times ¢ > T as requested.

The choice of a cubic function (12) is also convenient for addressing the presence of bounds on
the joint accelerations. In fact, the accelerations in (15) are linear functions of time and their
maximum (absolute) value is always attained at ¢ = 0, as given by the second equation in (14).
We have

) . 2/, .
0] € A VD 400) = max [ia (0] = |T027z < Apanis i=1,....n.

Assuming that at least one of the joints exceeds its bound during the planned motion implies that
this will happen at t = 0. Define the index ¢* of the maximum violating joint as

) |do,i o 2|qo,+ |
* = —_ th ~(0))=——=2—> A i
o GBL i i O = 2

Then, the uniform scaling of motion time with minimum k > 0 that guarantees satisfaction of all
acceleration bounds is given by

1 [ 2/do.-
Mol oy L g (16)

Amax,i*

2|qo, i+
(KT)?

= Amaa:;i* = k=

=l

The absence of the gravity term g(q) plays no role in the solution. In that case, when the robot
comes to rest at the end of the motion, the control law will simply vanish (7(t) = 0, for t > T).
Exercise #3

We derive first the dynamic model of the PR robot in Fig. 2 when moving in an unconstrained
way in the vertical plane (under gravity).

Kinetic energy and inertia matrix

1 . 1 5 1 .
T1=§m1(ﬁ, T2:§m2HUcZ|| +§IQ(]§7

dy cos go > < —day sin qa Go > 2 .9, 2.2
— ; = V.o =1 = . . = v =q +d 7 +2d COS j14G
P2 ( q1 + dasings 2 = Pe2 G1 + d2cos g2 G2 veell A 2 ez

1. ) . mi+m mady cos
= T:T1+T2:§qTM(q)q7 with M(q):( ! 2 272 q2>.

modg cosqe Iy + mgdzz

Potential energy and gravity vector

U1 = mago q1, Uy =mago (g1 +sings) = U=U1+0U;

- gl (2)" (i )y,




Coriolis and centrifugal vector

cio=3 (%) (52) = (50) = (0 vt

= c1(q,q) = 4" C1(q)qg = —mads sin g2 G2

cio=3 () (32) () =0 = wta=s

1
~ 2
—Mmads sin
- qq ( 202 QQQQ>.

Dynamic model
M(q)qg+c(q,q) +g9(q) =7 <+
{ (m1 +ma2) §1 + mads cos gz §o — mada sings G5 + go (M1 +ma) = 71 (17)

mada cos 2 G1 + (I2 + mad3) Go + gomads cos gz = To.

We write next the Cartesian constraint on the end-effector position p = (pg,py): point P should
to belong to the line £ passing through the two points A and B. Assuming that both z4 # zp
and y4 # yp hold true, we can use the parametric expression of the line

T8 YU per: kp) = YE P TB (18)
TA—TB YA —YB YA — YB TA—TB

L:

Substituting the direct kinematics p = f(q) for the point P in (18) yields

Lcosqo
q1 + Lsings

Lsi — L —
) = hlg) = k(f(g) = W SRLoE 2O TE

YA —YB TA— B

p—f(q)—<

with the Jacobian of the scalar constraint given by

Oh(q) _ ( 1 L cos gz N Lsin gy )

A pr—
(@) Jq YA—YB YA—YB TA—TB

~  Al@q=0.  (20)

In the assumed hypothesis on the relative location of the two points A and B, the matrix A(q) is
always well defined and has full rank.

In order to obtain the reduced dynamic model of the constrained PR robot, the basic step is to
define a 1 x 2 (row) vector D(q) that is linearly independent from A(g). A simple choice is the
following constant matrix with rank one:

D=(0 ya—ys) = det(Al()q)):l. (21)

Thus,
Lcosqs n Lsingg

(A(q)>_1: me ‘<yA—y31 ) 2(E Fla))
ya—up




We define then the pseudo-velocity v € R on the Cartesian line and the inverse mapping to ¢ as

(Lcosqz N Lsinqg)
YA—YB TA—TB

v=Dqg=(ya —yB)q2, qg=F(q)v = . . (22)
YA —YB
Being
. . L S L ~3
D=0 and  Aq) = (0 ( cosd2 bmq?)cjg),
TA— B YA —YB

the reduced dynamic model of the constrained PR robot is given by the single differential equation
(F@)M(0)F(a)) 0 = FT(a)(r — c(a.d) - 9(a)) + F'(@M(@)EA@F(q)v,  (23)

with the scalars

Lcosq Lsings \° IL+m 2
FT(q)M(q)F(q):(ml+m2)( 2, 2> 2 + mady

YA — YB A —TB (yA_yB)
2m2d2cosq2 <Lcosq2 N Lsings )

Ya —YB YA —YB TA—TB

and

. L cos Lsin 2 .
fﬂmMmmAmwm><m+mg( @ ”>@
TA— B Ya —YB

mads cosqe ( L cosqo Lsings \ .
Ya —YB <$A—33B a Z/A—yB) e

Similarly, the multiplier A € R that produces the normal force when attempting to violate the

constraint is

A= (ETM(Q)F(q)) b — (ETM(q)E A(q)F(q)) v+ E"(c(q.q) +g(q) —T),  (24)

with the scalars

mads COS @2
YA —YB

Lcos g N Lsin go ))
YA—Yp TA—TB

.WM@ﬂm—M—w( —mﬁmﬁ<

and

Lcosqs Lsin g9 ) .

E™M(q)E A(q)F(q) = (m1 + m2)(ya — yn) (:EA - YA —YB

The desired rest-to-rest motion from A to B on the line £ in time T is planned in a parametric
way by defining the path as

pd(s):pA+S %7 ERS [OvA]a A= ||pB_pA||:\/(xA_xB)2+(yA_yB)27

where p, € R? and py € R? are, respectively, the position vectors of point A and point B, and
the timing law with a cubic profile as

5= sa(t) = A (3 <;)2_2 (;)3> tel0,1].



Note that the parameter s is here the actual length of the path traced during motion. The desired
pseudo-velocity and pseudo-acceleration are then

vd(t):éd(t):6A;(1—;), @d(t):%(l—Q;), teo,7].

At time t = 0, the position p of the robot end effector should be matched with the position p4
of the point A (on the linear constraint h(g) = 0). The initial configuration g(0) is obtained by
solving the inverse kinematics problem for the PR robot

sa=(, MR Y = () =p
q1 + Lsingy Ya A
This yields®

arccos (f) ATCCOS ( %4 )

Moreover, since the robot starts at rest, it is g, = q(0) = 0 (consistently with v4(0) = 0).

To execute the desired constrained motion with o = 94(t) and A = Ay = 0 (no forces are generated
normal to the line £), we apply the inverse constrained dynamics control law

T =M(q)F(q) b4 + c(q,q) + g(q) — M(q)E A(q)q, (25)
with I s J
cos sin mads cOs
(ml+m2)<x jQ*y ;12)+ y22 y(h
A—Tp A—YB A—YB
M(q)F(q) = | 2
( Lcos g Lsings ) Iy + mod;
—mads COS g2 — +
XA —XB Ya — YB YA — YB
and I I
cos sin .
0 () (g ) (o )
M(q)E A(q) =

L cosqs Lsingo ) .
- 2

0 madscos gz (ya — yB) (xA e ——

At time ¢ = 0, we have
70 =7(0) = M(q0)F(q0)0a(0) + g(qo) (26)

With the given numerical data, we compute the following relevant quantities: the path length and
the initial pseudo-acceleration

A = 1.0198 [m], 4(0) = 1.5297 [m/s?];

the inverse kinematics solution at the point A

A AN
0=\ 7954 ) PHTACH

3We chose arbitrarily only one of the two inverse solutions. The other solution has a sign — in front of arccos
and a sign + in front of the square root.
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the inertia matrix, the gravity vector, and the F' term evaluated at the initial configuration g

M{q,) = ( 3?2?6 i:gg > o 9@) = ( 2:>>225.§663 > o Flao) = ( 4.127 )

Finally, plugging in (26) the above values, we obtain

381.02
Ty = [N,Nm].
61.15

k% ok ok ok
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