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Abstract

We study the common generalization of Markov decision pro-
cesses (MDPs) with sets of transition probabilities, known
as robust MDPs (RMDPs). A standard goal in RMDPs is to
compute a policy that maximizes the expected return under an
adversarial choice of the transition probabilities. If the uncer-
tainty in the probabilities is independent between the states,
known as s-rectangularity, such optimal robust policies can
be computed efficiently using robust value iteration. However,
there might still be multiple optimal robust policies, which,
while equivalent with respect to the worst-case, reflect dif-
ferent expected returns under non-adversarial choices of the
transition probabilities. Hence, we propose a refined policy
selection criterion for RMDPs, drawing inspiration from the
notions of dominance and best-effort in game theory. Instead
of seeking a policy that only maximizes the worst-case ex-
pected return, we additionally require the policy to achieve a
maximal expected return under different (i.e., not fully adver-
sarial) transition probabilities. We call such a policy an opti-
mal robust best-effort (ORBE) policy. We prove that ORBE
policies always exist, characterize their structure, and present
an algorithm to compute them with a manageable overhead
compared to standard robust value iteration. ORBE policies
offer a principled tie-breaker among optimal robust policies.
Numerical experiments show the feasibility of our approach.

1 Introduction
Markov decision processes (MDPs) are the standard model
for sequential decision making in stochastic environments
and are ubiquitous in artificial intelligence (AI) (Russell
and Norvig 2010), operations research (Davis 2018), control
theory (Åström 2012), and robotics (Hanheide et al. 2017).
Within AI, MDPs are at the core of many model-based rein-
forcement learning methods (Moerland et al. 2023). Solving
an MDP amounts to computing a policy (or strategy) for
the agent, i.e., a mapping from states to actions, that maxi-
mizes a particular performance value, such as the expected
(discounted) cumulative reward (Puterman 1994).

Robust MDPs. A fundamental limitation of MDPs is the
requirement to specify transition probabilities precisely. In
practice, accurately determining these probabilities can be
challenging, especially if parameters are uncertain or if the
model is learned from data (Badings et al. 2023b). Moreover,
optimal policies may be sensitive to small changes in the

transition probabilities (Mannor et al. 2004). To address this
issue, robust MDPs (RMDPs) generalize MDPs by allowing
for sets of transition probabilities (Iyengar 2005; Nilim and
Ghaoui 2005; Wiesemann, Kuhn, and Rustem 2013). That
is, instead of assigning precise probabilities between 0 and 1,
the transitions in an RMDP are described by a set of feasible
probabilities, called the uncertainty set of the RMDP.

The standard objective in an RMDP is to compute an
optimal robust policy, defined as a policy that maximizes
the expected return under the minimizing (i.e., worst-case)
transition probabilities in the uncertainty set. Unfortunately,
computing optimal robust policies under general uncertainty
sets is NP-hard (Wiesemann, Kuhn, and Rustem 2013). To
ensure tractability, uncertainty sets are commonly assumed
to be convex as well as independent between the states and/or
actions of the RMDP, referred to as rectangularity of the
uncertainty set. Under these assumptions, optimal robust
policies can be computed, e.g., using robust value iteration.

The adversarial nature of RMDPs. When computing an
optimal robust policy, the choice of transition probabilities
is inherently adversarial. However, in many scenarios, the
choice of transition probabilities is not actively working
against the agent, making this assumption overly conserva-
tive. Take, for example, an autonomous drone flying through
uncertain wind conditions. Clearly, the wind conditions do
not depend on the drone’s control policy, so reasoning solely
about the worst-case conditions might be too conservative.
Moreover, multiple optimal robust policies may exist, even
though their performance under non-adversarial conditions
may differ. We thus raise the vital question: can we compute
a policy that is optimal in the worst case, but also “is best”
when the environment does not act fully adversarially?

Best-effort policies. To address the limitations of purely
adversarial reasoning in RMDPs, we draw inspiration from
advances in reactive stochastic games (Aminof et al. 2023;
Giacomo, Favorito, and Silo 2024). In this framework, a pol-
icy is deemed winning, dominant, or best-effort if it succeeds
against all, the maximum subset, or a maximal subset of the
environment policies, respectively. Yet, these papers consider
games where only the graph of the model is known and the
probabilities are unconstrained, as opposed to RMDPs, where
the uncertainty is captured by bounded sets of distributions.

In this paper, we leverage the concepts of dominance and



best-effort to define a refined policy selection criterion for
RMDPs, which we term optimal robust best-effort (ORBE).
An ORBE policy satisfies two properties: (1) it achieves an
optimal expected return under the worst-case transition prob-
abilities; and (2) it is not dominated by any other policy, i.e.,
is best-effort. Here, one policy is said to dominate another if it
performs at least as well across the entire uncertainty set and
strictly better in at least one instance of the transition proba-
bilities from the uncertainty set. This best-effort perspective
offers a principled tie-breaker among optimal robust policies,
favoring those achieving a maximal expected return under
non-adversarial transition probabilities. Thus, ORBE poli-
cies preserve robust optimality—unlike approaches that up-
date the uncertainty set—while also improving performance
in non–fully adversarial environments.

Contributions. We introduce the class of optimal robust
best-effort (ORBE) policies for RMDPs. These policies com-
bine the worst-case guarantees of standard robust policies
with the refinement offered by best-effort reasoning, ensuring
strong performance even when the environment is not fully
adversarial. Specifically, our key contributions are as follows:

• We formalize the notions of dominant and best-effort
policies within the context of RMDPs (Sect. 3).

• We present a full characterization of ORBE policies and
an efficient algorithm to compute them with small over-
head to standard robust value iteration (Sects. 4 and 5).

• We empirically demonstrate the feasibility of our tech-
niques as a tie-breaker in robust value iteration (Sect. 6).

We postpone a detailed discussion of related work to Sect. 7.

2 Preliminaries
We write ⟨u, v⟩ :=∑x∈X u(x)v(x) for the dot product be-
tween the functions u, v : X → R. The cardinality of a set
X is written as |X|. A probability distribution over a set X
is a function µ : X → [0, 1] such that

∑
x∈X µ(x) = 1. The

set of all probability distributions over X is denoted by ∆X .

2.1 Markov Decision Processes
We consider Markov decision processes (MDPs) with dis-
counted rewards, defined as follows (Puterman 1994).

Definition 1 (MDP). An MDP is a tuple (S, sI , A, P,R, γ),
where S is a finite set of states, sI ∈ ∆S is the initial dis-
tribution, A is a finite set of actions, P : S × A → ∆S is
a transition function, R : S × A → R≥0 is a state-action
reward function, and γ ∈ (0, 1) is a discount factor.

The actions in an MDP are chosen by a (randomized)
policy π : S → ∆A. We write Π for the set of all policies and
simplify π(s)(a) as π(s, a). The objective in an MDP is to
compute a policy π that maximizes the expected return ρπP :

ρπP :=
∑

s∈S
sI(s)V

π
P (s) = ⟨sI , V π

P ⟩, (1)

where the value function V π
P : S → R is defined as

V π
P (s) := E

[∑∞

t=0
γtRπ(st)

∣∣∣ s0 = s, st+1 ∼ Pπ(st)
]
,

with the transition and rewards functions for π given as

Pπ(s) :=
∑

a∈A
π(s, a)P (s, a) ∈ ∆S , (2)

Rπ(s) :=
∑

a∈A
π(s, a)R(s, a) ∈ R≥0. (3)

This value function is the fixed point of the Bellman operator
T π
P (Puterman 1994), which is defined for all states s ∈ S as

(T π
P V )(s) := [Rπ(s) + ⟨γPπ(s), V ⟩] ,

whereas the optimal value V ⋆
P := maxπ∈Π V π

P is the fixed
point of the optimal Bellman operator T ⋆

P defined as

(T ⋆
P V )(s) := max

π∈Π
T π
P V (s).

Thus, the sequences V π
n+1 := T π

P V π
n and V ⋆

n+1 := T ⋆
P V ⋆

n
converge to their respective fixed points, i.e., limn→∞ V π

n =
V π
P and limn→∞ V ⋆

n = V ⋆
P . Subsequently, an optimal policy

can be computed as π⋆
P ∈ argmaxπ∈Π T π

P V ⋆
P .

2.2 Robust Markov Decision Processes
Robust MDPs (RMDPs) extend MDPs with sets of transi-
tion probabilities (Iyengar 2005; Nilim and Ghaoui 2005).
In an RMDP, the transition function is chosen from a set
P ⊆ {P : S ×A→ ∆S} of transition functions, called the
uncertainty set (also known as the ambiguity set).
Definition 2 (RMDP). A robust MDP (RMDP) is a tuple
(S, sI , A,P, R, γ), where S, sI , A, R, and γ are defined as
in an MDP, and where P ⊆ {P : S × A→ ∆S} is a set of
transition functions, called the uncertainty set.

The robust expected return ρπP for the policy π is defined
as the worst-case expected return over the uncertainty set P:

ρπP := min
P∈P

ρπP . (4)

The standard objective in an RMDP is to find an optimal
robust policy π⋆

P maximizing the robust expected return ρ⋆P :

π⋆
P ∈ argmax

π∈Π
ρπP , ρ⋆P := max

π∈Π
ρπP . (5)

Unfortunately, solving Eqs. (4) and (5) is NP-hard for general
uncertainty sets P , even if they are convex (Wiesemann,
Kuhn, and Rustem 2013). Thus, P is commonly assumed to
be decomposable over states and/or state-action pairs, which
is also known as rectangularity of the uncertainty set.
Definition 3 (Rectangularity). The uncertainty set P is s-
rectangular if it can be decomposed state-wise as P =
×s∈S Ps, where Ps ⊆ {P : Act → ∆S}. Moreover, P is
(s, a)-rectangular if it can be decomposed state-action-wise
as P =×s∈S,a∈A Ps,a, where Ps,a ⊆ ∆S .

(s, a)-rectangularity is a special case of s-rectangularity.
Assumption 1. Throughout the paper, the uncertainty set P
of an RMDP is assumed to be s-rectangular.

Under s-rectangularity, optimal policies may need to be
randomized (Wiesemann, Kuhn, and Rustem 2013, Prop. 1).
Our definitions follow the usual semantics that the environ-
ment knows the stochastic policy of the agent but not the
actual actions sampled from this policy, known as the envi-
ronment first (or nature first) semantics (Suilen et al. 2024).



Robust value iteration. Under s-rectangularity, for every
policy π, there is a robust value function V π

P : S → R that sat-
isfies V π

P (s) := minP∈P V π
P (s) for all s ∈ S (Wiesemann,

Kuhn, and Rustem 2013). This value function V π
P is the fixed

point of the robust Bellman operator T π
P for every s ∈ S:

(T π
P V )(s) := min

P∈PS

[Rπ(s) + ⟨γPπ(s), V ⟩] .

Similarly, there exists an optimal robust value function V ⋆
P :=

maxπ∈Π V π
P , which is the fixed point of the optimal robust

Bellman operator T ⋆
P , defined for all s ∈ S as

(T ⋆
PV )(s) := max

π∈Π
T π
P V (s).

Robust value iteration leverages these fixed points so that
the sequences V π

n+1 := T π
P V π

n and V ⋆
n+1 := T ⋆

PV ⋆
n converge

to their respective fixed points, i.e., limn→∞ V π
n = V π

P and
limn→∞ V ⋆

n = V ⋆
P . Subsequently, an optimal robust policy

can be computed as π⋆
P ∈ argmaxπ T π

P V ⋆
P .

3 Best-Effort Policies in RMDPs
The optimal robust policy in Eq. (5) assumes the choice
of transition function from the uncertainty set to be fully
adversarial. Here, we introduce dominance and best-effort as
the basis for a policy selection criterion that also considers
non-adversarial scenarios. These notions have been used in
uncertain stochastic games (Aminof et al. 2023), but, as we
discuss in Sect. 7, these results do not carry over to RMDPs.

3.1 Dominant and Best-Effort Policies
In this section, we tailor the definitions of dominant and best-
effort policies from Aminof et al. (2023) to RMDPs. The first
concept is that of dominance between policies.
Definition 4 (Dominance). Let π, π′ ∈ Π be policies for the
RMDPMR. The policy π dominates π′, written π ≥P π′, if
and only if ρπP ≥ ρπ

′
P for all P ∈ P .

Intuitively, π dominates π′ if π does not perform worse
than π′ under any transition function P ∈ P . If, in addition,
the policy π also attains a strictly higher expected return in
some P ∈ P , then π strictly dominates π′:
Definition 5 (Strict dominance). Let π, π′ ∈ Π be policies
for RMDPMR. Policy π dominates π′, written π >P π′, if
and only if π ≥P π′ and there exists P ′ ∈ P s.t. ρπP ′ > ρπ

′
P ′ .

We say that the policy π is (strictly) dominant in the RMDP
MR if it (strictly) dominates every other policy π′ ∈ Π\{π}.
Next, we say that a policy is best-effort if there is no other
policy that dominates it.
Definition 6 (Best-effort). A policy π ∈ Π for the RMDP
MR is best-effort if there is no π′ ∈ Π such that π′ >P π.
We denote by ΠBE ⊆ Π the set of all best-effort policies.

A policy is best-effort if there is no other policy that is
strictly better for some P ∈ P and not worse for all P ∈ P .
In other words, a best-effort policy cannot be improved with-
out also decreasing the expected return under some transition
function. Best-effort policies are incomparable with respect
to the dominance order, i.e., for all π, π′ ∈ ΠBE, π ̸= π′, we
have both π ̸≥P π′ and π ̸≤P π′.
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Figure 1: Left: An RMDP with two states, where the policy
is fully defined by the probability β := π(s1, a1) of choosing
a1 in s1. The reward function is defined as R(s1, a1) =
R(s1, a2) = 0 and R(s2, a) = 1. Right: The expected return
ρβξ as a function of β and ξ ∈ [0, 0.5]. All policies are optimal
robust, but only the policy with β = 0 is best-effort.

3.2 Optimal Robust Does Not Imply Best-Effort
In general, optimal robust policies for RMDPs are not best-
effort, as shown by the two-state RMDP in Fig. 1 with reward
function R(s1, a1) = R(s1, a2) = 0, R(s2, a) = 1. In this
RMDP, the only action choice is between a1 and a2 in state
s1, so the stochastic policy π is completely defined by the
probability β := π(s1, a1) ∈ [0, 1] of choosing a1 in s1.
Similarly, the (s-rectangular) uncertainty set P is fully de-
fined by the parameter ξ ∈ Ξ = [0, 0.5]. As a result, we may
simplify the notations from the preceding definitions by re-
placing π with β, P with ξ, and P with Ξ. The value function
V β
ξ : {s1, s2} → R depends on β and ξ and is defined as

V β
ξ (s1) = γ

(
β
[
ξV β

ξ (s2) + (1− ξ)V β
ξ (s1)

]
+ (1− β)

[
2ξV β

ξ (s2) + (1− 2ξ)V β
ξ (s1)

])
,

V β
ξ (s2) = 1 + γ

[
0.5V β

ξ (s1) + 0.5V β
ξ (s2)

]
.

Solving for the value ρβξ = V β
ξ (s1) with γ = 0.9 yields the

surface in the right half of Fig. 1. This surface shows the
expected return ρβξ for all β ∈ [0, 1] and ξ ∈ [0, 0.5]. The
worst-case expected return is zero and is attained at ξ = 0,
regardless of the value of β. Thus, all policies in this RMDP
are optimal robust. Nevertheless, only the policy for β = 0
is best-effort, because for all ξ > 0, the expected return for
β = 0 is strictly higher than for any β > 0. In other words,
the policy defined as π(s1, a1) = 0, π(s1, a2) = 1 strictly
dominates all other policies π′ ̸= π, that is, π >Ξ π′.

3.3 Problem Statement
Above, we have shown that not all optimal robust policies
are also best-effort. This observation motivates the next core
problem, which we shall solve in the remainder of this paper.
Problem 1. For a given RMDPMR, compute a policy π⋆

BE
that is optimal robust and best-effort, i.e.,
π⋆
BE ∈ argmax

π∈Π
ρπP such that ∄π′ ∈ Π\{π⋆

BE}, π′ >P π⋆
BE.

We call a policy that satisfies Problem 1 optimal robust
best-effort (ORBE). In RMDPs with multiple optimal robust
policies (as in Fig. 1), the best-effort criterion offers a prin-
cipled tiebreaker, favoring a policy that attains a maximal
performance under non-adversarial transition probabilities.



Remark 1. For clarity and due to space constraints, all
proofs are provided in Appendix A.

4 Representation of Robust Value Functions
We first introduce a change in perspective to the value func-
tion, which we will use in Sect. 5 to solve Problem 1. Instead
of using shared variables to represent dependencies between
probabilities (such as ξ in Fig. 1), we label each transition
with its own probability p(s, a)(s′) and encode dependen-
cies in the uncertainty set P . For instance, we can equally
represent the RMDP in Fig. 1 using the uncertainty set

Ps1 = {(Ps1 : A→ ∆S) : p(a1)(s1) + p(a1)(s2) = 1,

p(a2)(s1) + p(a2)(s2) = 1, p(a1)(s2) = 0.5p(a2)(s2)}.
We aim to reason about the expected return when the tran-
sition function is fixed in all but one state. To this end, we
introduce the notion of a partial transition function.
Definition 7 (Partial transition function). Let P be an s-
rectangular uncertainty set and let s̄ ∈ S be a state. A
partial transition function P−s̄ for state s̄ is defined as
P−s̄ =×s∈S\{s̄} Ps, where Ps ∈ P for all s ∈ S \ {s̄}.

A partial transition function has the form P−s̄ : (S\{s̄})×
Act → ∆S . Thus, to complete P−s̄ with Ps̄ ∈ Ps̄ for the
missing state s̄, we take the product P−s̄ × Ps̄. Similarly,
we write P−s̄ × Ps̄ for the set of all completions, such that
P−s̄ × Ps̄ ∈ P−s̄ × Ps̄. Using this notation, we define the
following value function in a fixed state s̄, when the transition
probabilities are fixed in all states but s̄.
Definition 8 (Parametric value function). The value in state s̄
is a function of the completion Ps̄ ∈ Ps̄ of the partial transi-
tion function P−s̄ and is defined as Zπ

P,s̄(Ps̄) = V π
P−s̄×Ps̄

(s̄).

Example 1. Consider again the RMDP from Fig. 1 with the
policies given by β = 0 and β = 1. The value functions Zπ

P,s1
for these two policies are, respectively, shown in the left and
right halves of Fig. 2. For β = 1, the value depends only
of the transition probabilities related to action a1 (and for
β = 0 only of those related to a2). In both plots, the dashed
line in the bottom plane shows the set of valid distributions
in Ps1 , where the marked points coincide with those on the
ξ-axis in Fig. 1. The green (left) and purple (right) curved
lines show the expected return for the policies with β = 1
and β = 0, respectively, as a function of ξ and coincide with
the lines of the same color in Fig. 1. As in Fig. 1, we observe
that, for any ξ > 0, the policy for β = 1 strictly dominates
all other policies and is, thus, best-effort.

5 Finding Optimal Robust Best-Effort Policies
We now use the representation of the value function from
Def. 8 to determine whether an optimal robust policy for a
fixed RMDPMR = (S, sI , A,P, R, γ) is best-effort.

5.1 Existence of ORBE Policies
We first establish in Theorem 1 that, for any s-rectangular
RMDP, the set of ORBE policies is nonempty. Intuitively,
this result holds because the dominance relation imposes a
partial order over policies, ensuring the existence of maximal
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Figure 2: The value function Zπ
P,s1

in state s1 for the RMDP
from Fig. 1, shown for the policies with β = 1 (left) and
β = 0 (right). The curved lines show the expected return
as the parameter ξ in Fig. 1 ranges from 0 to 0.5 (the line
markers correspond with those on the ξ-axis in Fig. 1).

(i.e., best-effort) ones that under an adversarial environment
must also be optimal robust. Furthermore, any optimal robust
policy π ∈ Π⋆ cannot be dominated by a policy that is not
optimal robust. Thus, an ORBE policy always exists.

Theorem 1 (Existence of ORBE policies). For any RMDP,
the intersection of the sets of optimal robust policies Π⋆ and
best-effort policies ΠBE is nonempty.

Note that the existence of best-effort policies in RMDPs
does not directly follow from the results for synthesis in
stochastic environments in Aminof et al. (2023); see Sect. 7.

5.2 Characterizing ORBE policies
In Theorem 2, we provide a sufficient condition for ORBE
policies, used as a foundation in the remainder of the section.

Theorem 2 (ORBE policy). Given an optimal robust policy
π⋆ ∈ Π⋆ := argmaxπ∈Π ρπP , if there exists P ∈ P such that
ρπ

⋆

P > ρπ
′

P for all π′ ∈ Π⋆ \ {π⋆}, then π⋆ is ORBE.

Proof. First, π⋆ is optimal robust by definition. Second, to
show that π⋆ is also best-effort, we must show there is no
other policy π′ ∈ Π \ {π⋆} that strictly dominates π⋆. By
construction, π⋆ cannot be dominated by any π′ ∈ Π⋆ \{π⋆}.
For any other policy π′′ ∈ Π \Π⋆, we have ρπ

⋆

P > ρπ
′′

P and,
moreover, as ρπ

⋆

P = minP∈P ρπP (cf. Eq. (4)), it holds that
ρπ

⋆

P ′ ≥ ρπ
⋆

P for all P ′ ∈ P . By letting P ′ ∈ argminP∈P ρπ
′′

P ,
we thus obtain ρπ

⋆

P ′ ≥ ρπ
⋆

P > ρπ
′′

P = ρπ
′′

P ′ , which proves that
π′′ ̸>P π⋆. Thus, the policy π⋆ is ORBE.

In the remainder of this section, we use Theorem 2 to
derive conditions under which an optimal robust policy is
also best-effort (and thus ORBE). First of all, if an optimal
robust policy is unique, then this policy is also best-effort.

Corollary 1. Let Π⋆ = argmaxπ∈Π ρπP be the set of optimal
robust policies. If Π⋆ is a singleton, then π⋆ ∈ Π⋆ is ORBE.

ORBE via optimistic RVI. The second observation is that,
if an optimal robust policy is not unique but further optimiz-
ing via robust value iteration (RVI) for the optimistic (i.e.,
maximizing) transition function does yield a unique optimum,
then the resulting policy is also best-effort.
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Figure 3: The directional derivative ∇vZ
π
P,s1

for β = 0
(shown in the right half) is strictly larger than for any β > 0.
Hence, we conclude that the policy for β = 0 is ORBE.

Corollary 2. Let Π̌⋆ = argmaxπ∈Π ρπP and let Π̂⋆ =
argmaxπ∈Π̌⋆ maxP∈P ρπP be the set of policies that (within
Π̌⋆) maximize the expected return under the maximizing
P ∈ P . If Π̂⋆ is a singleton, then π⋆ ∈ Π̂⋆ is ORBE.

Example 2. Consider again the RMDP in Fig. 1. Even
though all policies are optimal robust, only the policy for
β = 0 is optimal under the maximizing transition function
(which is attained for ξ = 0.5). Thus, the policy for β = 0,
i.e., always choosing action a2, is ORBE.

ORBE via derivatives. Another way to determine if a
policy is best-effort is to reason about the derivative of the
value function. Let ∇vf(x) = v⊤ · ∂f(x)∂x be the directional
derivative of the function f : Rn → R in the direction
v ∈ Rn. Recall from Def. 8 that Zπ

P,s̄ is the value function in
state s̄ when the transition function is fixed in all states except
s̄. The next result states that, if an optimal robust policy π⋆

leads, for every state s̄, to a strictly higher derivative of
Zπ
P,s̄(Ps̄) than all other optimal robust policies, then π⋆ is

best-effort. This derivative can be taken in any direction such
that the perturbed Ps̄ is still within the uncertainty set Ps̄.

Corollary 3. Let π̄ ∈ Π⋆ = argmaxπ∈Π ρπ̄P be an optimal
robust policy with minimizer P ⋆ ∈ argminP∈P ρπ̄P . Define
Π⋆

(1) = argmaxπ∈Π⋆ ρπP⋆ and pick a policy π⋆ ∈ Π⋆
(1). The

policy π⋆ is ORBE if, for all states s̄, there exists a vector
v ∈ R|S| such that ∃ϵ > 0, P ⋆

s̄ + ϵv ∈ Ps̄ and

∇vZ
π⋆

P⋆,s̄(P
⋆
s̄ ) > ∇vZ

π′
P⋆,s̄(P

⋆
s̄ ) ∀π′ ∈ Π⋆

(1) \ {π⋆}. (6)

Intuitively, the condition that there exists ϵ > 0 such that
P ⋆
s̄ + ϵv ∈ Ps̄ encodes that the vector v at the minimizing

transition function P ⋆ points inside the uncertainty set Ps̄.

Example 3. Another way to characterize the ORBE pol-
icy of β = 0 in Fig. 1 is to compare the derivatives of
Zπ
P,s1

at the minimizing transition function ξ = 0. In this
example, the only feasible direction is v = [−α, α], α >
0, as shown in Fig. 3. Any change in P (s1, a1)(s1) and
P (s1, a1)(s2) causes a change twice as big in P (s1, a2)(s1)
and P (s1, a2)(s1), visualized by the longer vectors in Fig. 3.
Thus, the directional derivative for the policy with β = 0
(i.e., always choosing action a2) is strictly larger than for all
β > 0. Therefore, the policy with β = 0 is ORBE.

Conversely, we can consider the derivative of the value
function under the policies π⋆ ∈ Π̂⋆ (as defined in Corol-
lary 2) that are, besides being optimal robust, also optimal
under the maximizing transition function. In this case, if π⋆

leads to a strictly lower directional derivative ∇vZ
π⋆

P,s̄(Ps̄)

than all other policies π′ ∈ Π⋆ \ {π⋆}, then π⋆ is best-effort.
This result and the proof are analogous to Corollary 3, so we
omit a formal statement due to space limitations.

Completeness. So far, we have shown that an optimal ro-
bust policy π⋆ is best-effort if either of the following holds:
1. π⋆ is uniquely optimal (in the minimizing or maximizing

sense with respect to the transition function).
2. π⋆ yields a uniquely highest (resp. lowest) directional

derivative at the minimizing (resp. maximizing) P ⋆ ∈ P .
In this section, we complete the characterization by show-
ing that any policy that satisfies these conditions up to this
uniqueness is also best-effort. Theorem 3 formalizes this
non-trivial result. For conciseness, we defer the preliminaries
needed for the proof of Theorem 3 to Appendix A.4.
Theorem 3 (Computing ORBE policies). Let Π⋆ =
argmaxπ∈Π ρπP be the optimal robust policies. Pick two tran-
sition functions P (1), P (2) ∈ P such that P (1) ̸= P (2) and,
for all s̄ ∈ S, the line gs̄(λ) = λP

(1)
s̄ +(1−λ)P (2)

s̄ intersects
the relative interior1 of Ps̄, or Ps̄ ∩ {gs̄(λ)} = Ps̄. Define

Π⋆
(1) = argmax

π∈Π⋆

ρπP (1) , Π⋆
(2) = argmax

π∈Π⋆
(1)

ρπP (2) .

Choose a policy π⋆ ∈ Π⋆
(2) s.t., for all s̄ ∈ S, it holds that

∇vZ
π⋆

P (1),s̄(P
(1)
s̄ ) ≥ ∇vZ

π′

P (1),s̄(P
(1)
s̄ ) ∀π′ ∈ Π⋆

(2), (7a)

∇vZ
π⋆

P (2),s̄(P
(2)
s̄ ) ≤ ∇vZ

π′

P (2),s̄(P
(2)
s̄ ) ∀π′ ∈ Π⋆

(2), (7b)

where the vector v ∈ R|S| is defined as

v =

{
P (2) − P (1) if ρπ

⋆

P (2) > ρπ
⋆

P (1) ,

P (1) − P (2) otherwise.
Then, the policy π⋆ is ORBE

In the proof, presented in Appendix A.4, we show that
there always exists a policy π⋆ ∈ Π⋆

(2) that satisfies Eqs. (7a)
and (7b). As discussed next, a practical implementation of
Theorem 3 is to choose P (1) and P (2) as worst- and best-case
transition functions.

5.3 Algorithm
Theorem 3 leads to Algorithm 1 for computing an ORBE
policy. In particular we iteratively refine Π by applying the
criteria presented above to obtain an ORBE policy.

We first use robust value iteration to compute the set of op-
timal robust policies (Line 1), which, if a singleton2, consists

1The relative interior of a convex set X is defined as
relint(X) := {x ∈ X : ∀y ∈ X, ∃λ > 1. λx+ (1− λ)y ∈ X}.

2An optimal policy π⋆ is unique if, for every state s ∈ S, the ro-
bust value V π⋆

P (s) is strictly higher than R(s, a)+⟨γP (s, a), V π⋆

P ⟩
for all other actions a ̸= π⋆(s) (Puterman 1994). For randomized
policies, we instead must check for strict concavity of the value
function with respect to the policy, e.g., by deriving the optimal
robust Bellman operator explicitly as in Kumar et al. (2024).



Algorithm 1: Computation of ORBE policy.

Input: s-rectangular RMDP (S,A,P, r, γ)
Output: ORBE policy π⋆ ∈ Π⋆

BE
1: Π← argmaxπ minP∈P ρπP
2: if |Π| > 1 then
3: Π← argmaxπ∈Π maxP∈P ρπP
4: if |Π| > 1 then
5: π ← Π
6: P (1) ← argminP∈P ρπP
7: P (2) ← argmaxP∈P ρπP
8: Π← argmaxπ∈Π ρπ

P (1)

9: Π← argmaxπ∈Π ρπ
P (2)

10: v← P (2) − P (1) ∀s̄
11: Π←×s̄∈S argmaxπ(s̄)∈Π∇vZ

π
P (1),s̄

(P
(1)
s̄ )

12: if |Π| > 1 then
13: Π←×s̄∈S argminπ(s̄)∈Π∇vZ

π
P (2),s̄

(P
(2)
s̄ )

14: return any π⋆ ∈ Π

of an ORBE policy by Corollary 1, thus solving Problem 1.
Otherwise, we analogously compute the set of optimal poli-
cies under the maximizing transition function (Line 3), which,
if a singleton, contains an ORBE policy by Corollary 2.

If this set is still not a singleton, we arbitrarily select a pol-
icy π from the remaining updated set Π (Line 5) and compute
the minimizing and maximizing transition functions P (1) and
P (2) (Lines 6 and 7). We then refine the policy set by keeping
only those that first maximize the expected return for P (1)

and then for P (2) (Lines 8 and 9). For every s̄ ∈ S, we define
v← P (2)−P (1) as per Theorem 3 (Line 10). Next, we refine
the set of policies by, in every state s̄ ∈ S, only selecting
actions that maximize the directional derivative at the mini-
mizer P (1) (Line 11). The Cartesian product Π←×s̄∈S · · ·
of these actions gives the set of policies that satisfy Eq. (7a).
If Π is now a singleton, then it satisfies Corollary 3 and, thus,
π⋆ ∈ Π is ORBE. Otherwise, if multiple policies remain, we
perform the analogous refinement—over the set of policies
obtained in Line 11—to minimize the directional derivative
at the maximizing transition function P (2) (Line 13).

Any returned policy π⋆ satisfies at least one of the Corol-
laries 1 to 3 or Theorem 3, thus showing that the algorithm
always returns a ORBE policy.

Remark 2. We can easily amend Algorithm 1 for a pol-
icy that minimizes expected return under the maximizing
probabilities. In this case, we replace all min with max and
vice versa. We shall see such an application in Sect. 6.

Complexity. The computations in Algorithm 1 lead to a
manageable overhead compared to the standard robust value
iteration in Line 2. First, Line 3 amounts to running robust
value iteration again, but over a potentially smaller subset of
actions per state, increasing complexity by a constant smaller
than 2. Next, Lines 6 to 9 compute the minimizer and max-
imizer, and solve the two associated MDPs using standard
value iteration. Finally, maximizing the derivatives (Line 11)
amounts to solving a linear equation system of size |S| for ev-

ery state and action (Heck et al. 2022; Badings et al. 2023a).
Solving each equation system has worst-case complexity
O(|S|3), yielding an overall complexity of O(|S|4 · |A|) for
Line 11 (and, by symmetry, also for Line 13). Thus, whenever
computing an optimal robust policy is feasible, the additional
overhead of Algorithm 1 is also manageable.

6 Empirical Evaluation
In Sect. 5, we presented an efficient and complete algorithm
for computing ORBE policies. In this section, we experimen-
tally show the applicability of our algorithm within different
implementations of robust value iteration. Our primary objec-
tive is to provide a proof of concept to confirm the theoretical
results from Sect. 5. The experiments ran on an Apple Mac-
Book with an M4 Pro chip and 24GB of RAM. The code is
available on https://github.com/tbadings/best-effort-rmdps.

6.1 Best-Effort Policies for Interval MDPs
We consider robust value iteration within PRISM, a popular
tool for MDPs (Kwiatkowska, Norman, and Parker 2011).
PRISM only supports interval MDPs (IMDPs), i.e., (s, a)-
rectangular RMDPs with interval-valued probabilities. We
consider variants of a slippery gridworld IMDP (see Ap-
pendix B for details). The objective is to minimize the ex-
pected number of steps to reach the goal state. When the
agent slips, it remains in the same state. The agent can move
in each direction with two actions: one where the slipping
probability p is fixed, and one where it belongs to the interval
[q, p]. Since the goal is to minimize the number of steps, the
worst-case slipping probability is p, so the robust value of
both action types is the same. However, only a policy that
always picks the interval-valued action is best-effort.

To show that PRISM returns an arbitrary optimal robust
(but not necessarily ORBE) policy, we define the IMDP’s
actions in different orders. Let ν ∈ [0, 1] be the fraction
of states in which the best-effort action is defined first. We
consider ν = 0 (non-best-effort always defined first), ν = 1
(best-effort defined first), and ν = 0.5 (a coin-flip decides
which action is defined first). We repeat each experiment over
10 seeds. The results in Table 1 show the percentage of states
where the optimal robust policy returned by PRISM chooses
the best-effort action (i.e., the action with an interval for the
slipping probability). Essentially, the PRISM policy sticks to
the first action it finds to be optimal robust, so the fraction of
best-effort actions is roughly proportional to ν. Thus, PRISM
finds optimal robust policies, but not necessarily ORBE ones.

Conversely, for our method, we apply Corollary 2 by again
running robust value iteration with PRISM, but this time over
the optimal robust policies and for the best-case slipping prob-
ability. This second run of value iteration is over a smaller
set of policies and less than doubles the runtime (especially
for |S| = 104), thus confirming our results from Sect. 5: the
complexity for computing ORBE policies is still dominated
by that of robust value iteration, making the process feasi-
ble whenever robust optimal policies can be computed. The
policy obtained using our approach always chooses actions
with the interval-valued slipping probabilities. Thus, and as
confirmed by the rightmost column of Table 1, the use of
Corollary 2 indeed always leads to ORBE policies.



PRISM + Best-case (Corr. 2)

|S| ν Time [s] BE [%] Time [s] BE [%]

100 0.0 2.0 21.9 3.9 100.0
0.5 1.9 59.6 3.8 100.0
1.0 1.9 89.9 3.9 100.0

900 0.0 2.1 23.3 4.0 100.0
0.5 2.1 62.0 4.1 100.0
1.0 2.1 87.4 4.2 100.0

10 000 0.0 48.9 21.2 54.4 100.0
0.5 54.9 39.3 61.2 100.0
1.0 51.0 85.4 56.5 100.0

Table 1: Comparison to PRISM on the gridworld IMDPs,
showing the grid sizes, probability ν to define the best-effort
action first, runtimes, and percentage of states in which the
resulting optimal policy chooses a best-effort (BE) action.

RVI + Best-case (Corr. 2) + Deriv. (Corr. 3)

|S| ν Time [s] BE [%] Time [s] BE [%] Time [s] BE [%]

100 0.0 7.0 0.0 11.7 100.0 7.1 100.0
0.5 7.0 49.2 11.7 100.0 7.1 100.0
1.0 7.6 100.0 12.7 100.0 7.6 100.0

400 0.0 49.5 0.0 83.4 100.0 50.1 100.0
0.5 50.1 48.0 84.4 100.0 50.6 100.0
1.0 48.4 100.0 81.7 100.0 48.9 100.0

900 0.0 163.6 0.0 274.4 100.0 172.0 100.0
0.5 163.4 50.1 273.8 100.0 171.9 100.0
1.0 164.1 100.0 275.0 100.0 172.6 100.0

Table 2: Results on the gridworld RMDPs, for robust value
iteration (RVI), RVI plus optimizing for the best-case proba-
bilities, and RVI plus optimizing for the derivatives.

6.2 Best-Effort Policies for s-Rectangular RMDPs

To show the applicability of our methods beyond IMDPs, we
create a basic implementation of robust value iteration and
the derivative computation for s-rectangular RMDPs (see
Appendix B for details). We consider variants of the same
slippery gridworld as in Sect. 6 but now with an s-rectangular
uncertainty set. For this RMDP, either Corollary 2 or 3 is suf-
ficient to obtain an ORBE policy. Therefore, instead of im-
plementing Algorithm 1 sequentially, we test both separately
on top of robust value iteration.

The results in Table 2 give the same picture as in Sect. 6: if
multiple optimal robust policies exist, robust value iteration
returns the first optimal actions it finds. By contrast, our
methods provide simple yet effective tie-break rules, either
by returning a policy that is also optimal under the best-case
transition probabilities (RVI + Corollary 2), or by returning a
policy with the highest derivatives (RVI + Corollary 3). The
former less than doubles the total runtime (especially for the
larger models), while computing derivatives is even cheaper,
increasing the total runtime by less than 10%.

7 Related Work
The notion of best-effort was first introduced in a game the-
oretic context by Faella (2009) as a relaxation of “winning”
policies (or strategies). These ideas have been adapted to re-
active synthesis, where in the absence of a winning strategy,
best-effort policies can be computed at the same cost (Aminof
et al. 2019, 2020; De Giacomo, Parretti, and Zhu 2025). Clos-
est to our work are Aminof et al. (2023) and Giacomo, Fa-
vorito, and Silo (2024), who study best-effort for stochastic
games where each transition probability is only constrained
to lie within the open interval (0, 1). Crucially, Aminof et al.
(2023); Giacomo, Favorito, and Silo (2024) exploit this lack
of probability bounds to construct a three-valued abstrac-
tion of policies (winning, losing, and pending) which is cen-
tral to their characterization of best-effort policies. However,
this does not carry over to RMDPs, where probabilities are
bounded subsets of [0, 1], thus breaking a direct translation
of their characterization to the RMDP setting.

Related are lexicographic orderings over objectives for
MDPs (Wray, Zilberstein, and Mouaddib 2015) and algo-
rithms for stochastic games that progressively prune subopti-
mal actions per objective (Chatterjee et al. 2024). While our
algorithm is conceptually similar, the refinement to best-effort
policies requires different reasoning over the dominance
order over policies. In multi-objective MDPs (MOMDPs),
multiple objectives are combined, leading to Pareto opti-
mality (Delgrange et al. 2020; Etessami et al. 2008). While
MOMDPs require a trade-off between the objectives, our set-
ting uses best-effort as a hard refinement within the optimal
robust policies. Finally, weakly related are partial orders over
states of MDPs (Roux and Pérez 2018) and monotonicity in
parametric Markov chains (Spel, Junges, and Katoen 2019).

While we focus on s-rectangular RMDPs, our definitions
of best-effort and dominance carry over to other models, such
as k- or non-rectangular RMDPs (Mannor et al. 2004; Goyal
and Grand-Clément 2023; Gadot et al. 2024) and parametric
MDPs (Quatmann et al. 2016). However, computing optimal
policies for these models is much harder—up to NP-hard
for general non-rectangular RMDPs (Wiesemann, Kuhn, and
Rustem 2013). Thus, adapting dynamic programming meth-
ods to these models is still an open problem.

8 Conclusion
We presented a principled tie-breaker among optimal ro-
bust policies in RMDPs based on best-effort. Our proposed
ORBE policies maximize the worst-case expected return but
also achieve a maximal expected return under non-adversarial
transition probabilities. We fully characterized ORBE poli-
cies and presented an algorithm for computing them. Our
experiments showed how to use our methods as an effective
and efficient tie-breaker within robust value iteration.

Future work includes generalizing our methods to non-
rectangular RMDPs or parametric MDPs. Moreover, our
methods still rely on first computing a policy under adversar-
ial transition probabilities. A next step is to consider ε-close
optimal robust policies and optimize for best-effort within
this broader context. Finally, we aim to study settings with a
Bayesian prior over the uncertainty set (Murphy 2001).
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A Proofs
This appendix provides the complete proofs of the theoreti-
cal results presented in the main paper. For clarity and self-
containment, all theorems and lemmas are restated before
their corresponding proofs.

A.1 Existence of Best-Effort Policies
This section contains the proof of Theorem 1. We first prove
that the set of best-effort policies in an s-rectangular RMDP
is non-empty (Theorem 4) and then show that its intersection
with the set of optimal robust is non-empty as well.
Theorem 4 (Existence of best-effort policies). The set of
best-effort policies ΠBE is nonempty.

Proof. To prove the existence of at least one best-effort policy
in an RMDPM, we show the existence of a maximal element
(with respect to the dominance order) in the set of policies Π
inM, i.e., a best-effort policy.

We start by showing that the value functions induced by
policies are smooth rational functions over the choice of tran-
sition probabilities (Puterman 1994, Theorem 6.1.1), and are,
therefore, well-defined and comparable over the uncertainty
set. The expected return V π

P ∈ R|S| under the policy π ∈ Π
and transition function P ∈ P is written in matrix form as

V π
P = (I − γPπ)−1Rπ, (8)

where Pπ ∈ R|S|×|S| and Rπ ∈ R|S| are the matrix and
vector forms of Eqs. (2) and (3) over all states, respectively.
Thus, the expected return ρπP = ⟨sI , V π

P ⟩ for a fixed policy
π is a smooth rational function over the transition function
P ∈ P , which is called the solution function.3 Note that,
since the solution functions induced by policies are smooth,
any strict improvement occurs over a nontrivial (non-measure-
zero) subset of the domain.

Recall that the dominance relation ≥P in Def. 5 is defined
as follows:

Let π, π′ ∈ Π be policies for the RMDPMR. The policy
π dominates π′, written π ≥P π′, if and only if ρπP ≥ ρπ

′
P

for all P ∈ P .

This relation is reflexive, transitive, and antisymmetric.
Thus, under this ordering, the set of policies Π becomes a
partially ordered set. A policy is best-effort if it is a maximal
element in this partially ordered set, i.e., there is no other
policy that dominates it over all P ∈ P .

To apply Zorn’s Lemma (Halmos 1974) and establish the
existence of a maximal element, we show that every chain
(i.e., a totally ordered subset) C ⊆ Π has an upper bound. As
mentioned, each policy π ∈ C induces an expected return
of ρπP = ⟨sI , V π

P ⟩, which is a smooth rational function of
P ∈ P . Because the policies in C are totally ordered, their
corresponding returns ρπP form a pointwise increasing chain:
for any π, π′ ∈ C, either ρπP ≥ ρπ

′
P or vice versa for all

P ∈ P .
Due to the smoothness and pointwise comparability of

these functions, and the compactness of the uncertainty set
3For details on such solution functions for parametric MDPs,

we refer to Junges et al. (2024).

P , we can define the pointwise supremum ρπ̄P of the chain
as the return value of a policy π̄ ∈ argmaxπ∈C ρπP . The
policy space Π is the set of all probability distributions over
the finite set of actions A and is, hence, compact. Moreover,
since the mapping π 7→ ρπP is continuous for each fixed P ,
it follows that the policy π̄ realizing this supremum exists in
Π, i.e., π̄ ∈ Π. That is, π̄ realizes the pointwise supremum
and thus serves as an upper bound of the chain C in Π. Thus,
every chain has an upper bound.

Because the policy space is nonempty and every chain has
an upper bound, Zorn’s Lemma (Halmos 1974) guarantees
the existence of at least one maximal element with respect to
dominance. By Def. 6, these maximal elements are precisely
the best-effort policies. Hence, ΠBE is nonempty.

Theorem 1 (Existence of ORBE policies). For any RMDP,
the intersection of the sets of optimal robust policies Π⋆ and
best-effort policies ΠBE is nonempty.

Proof. By definition, an optimal robust policy π⋆ ∈ Π⋆,
which always exists by construction, maximizes the ex-
pected return under the worst-case (fully adversarial) tran-
sition function. This means no other policy can strictly
dominate π⋆ in that adversarial transition function, that is,
∄ π ∈ Π \ {π⋆} s.t. ρπP > ρπ

⋆

P where ρπP and ρπ
⋆

P represents
the robust expected return (as defined in Eq. (4)) for policy π
and π⋆, respectively.

Moreover, when this other policy π is non-optimal robust,
i.e., π ∈ Π\Π⋆, we can also deduce that π⋆ cannot be strictly
dominated by π. More precisely, since ρπ

⋆

P = minP∈P ρπP ,
it holds that ρπ

⋆

P ′ ≥ ρπ
⋆

P for all P ′ ∈ P . By letting P ′ ∈
argminP∈P ρπP , we thus obtain ρπ

⋆

P ′ ≥ ρπ
⋆

P > ρπP = ρπP ′ ,
which implies that π ̸>P π⋆.

Then, two cases arise:

1. For all policies π ∈ Π, ρπP < ρπ
⋆

P . In this case, π⋆ is the
unique optimal robust policy and is trivially best-effort
as it is a maximal element under strict dominance, and
thus cannot be strictly dominated by any other policy (as
detailed above). Hence, π⋆ ∈ ΠBE and so Π⋆ ∩ΠBE ̸= ∅.

2. There exists at least one other policy π′ ∈ Π⋆ \{π⋆} such
that ρπ

′
P = ρπ

⋆

P . Here, the set of optimal robust policies is
not a singleton. Among these policies, there must exist at
least one best-effort policy. This follows from the same
reasoning based on partial orders and maximal elements
as in the proof of Theorem 4. In particular, if no best-effort
policy existed, the set of policies ordered by ≥P would
have no maximal element, contradicting the existence
of such elements ensured by Zorn’s Lemma. Thus, the
intersection is nonempty.

In either case, there exists at least one policy that is both
optimal robust and best-effort.

Fig. 4 summarizes this, showing that the orange region
(optimal robust policies), the blue region (best-effort policies),
and their overlapping area (ORBE policies) are all nonempty.
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Set of all policies over RMDP

Π⋆

Optimal Robust
ΠBE

Best-EffortΠ⋆
BE

Figure 4: Structure of the policy space in an RMDP. The
gray ellipse represents the set of all policies admissible in
the RMDP. The orange region denotes the set of optimal
robust (Π⋆), while the blue region indicates the set of best-
effort policies (Π⋆

BE). The area where the two regions overlap
corresponds to the ORBE policies (Π⋆ ∩ΠBE = Π⋆

BE).

A.2 Proofs of Corollaries 1 to 3
For completeness, we provide the proofs of Corollaries 1 to 3,
presented in Sect. 5.
Corollary 1. Let Π⋆ = argmaxπ∈Π ρπP be the set of optimal
robust policies. If Π⋆ is a singleton, then π⋆ ∈ Π⋆ is ORBE.

Proof. The proof follows immediately from Theorem 1,
which states that the set of optimal robust policies Π⋆ always
contains a best-effort policy. Thus, if there is a single optimal
robust policy, this policy must also be best-effort.

Corollary 2. Let Π̌⋆ = argmaxπ∈Π ρπP and let Π̂⋆ =
argmaxπ∈Π̌⋆ maxP∈P ρπP be the set of policies that (within
Π̌⋆) maximize the expected return under the maximizing
P ∈ P . If Π̂⋆ is a singleton, then π⋆ ∈ Π̂⋆ is ORBE.

Proof. First, Theorem 1 states that there exists an ORBE

policy within Π̌⋆. Second, the uniqueness of π⋆ ∈ Π̂⋆ implies
there exists P ∈ P such that ρπ

⋆

P > ρπ
′

P for all π′ ∈ Π̌⋆.
Thus, there is no policy in Π̌⋆ that strictly dominates π⋆,
which proves that π⋆ is ORBE.

Corollary 3. Let π̄ ∈ Π⋆ = argmaxπ∈Π ρπ̄P be an optimal
robust policy with minimizer P ⋆ ∈ argminP∈P ρπ̄P . Define
Π⋆

(1) = argmaxπ∈Π⋆ ρπP⋆ and pick a policy π⋆ ∈ Π⋆
(1). The

policy π⋆ is ORBE if, for all states s̄, there exists a vector
v ∈ R|S| such that ∃ϵ > 0, P ⋆

s̄ + ϵv ∈ Ps̄ and

∇vZ
π⋆

P⋆,s̄(P
⋆
s̄ ) > ∇vZ

π′
P⋆,s̄(P

⋆
s̄ ) ∀π′ ∈ Π⋆

(1) \ {π⋆}. (6)

Proof. We will show that, for the policy π⋆, there exists a
P ∈ P such that ρπ

⋆

P > ρπ
′

P for all π′ ∈ Π⋆ \ {π⋆}, and thus,
π⋆ is ORBE by Theorem 2.

First, suppose that π′ ∈ Π⋆ \ (Π⋆
(1) ∪ {π⋆}). As π′ is not

in Π⋆
(1) = argmaxπ∈Π⋆ ρπP⋆ , it holds that ρπ

⋆

P⋆ > ρπ
′

P⋆ . Thus,
π⋆ cannot be strictly dominated by π′.

On the other hand, suppose that π′ ∈ Π⋆
(1) \ {π⋆}. In this

case, it holds that ρπ
⋆

P⋆ = ρπ
′

P⋆. Because the expected return is
a smooth function and v points inside the uncertainty set, the

condition∇vZ
π⋆

P⋆,s̄(P
⋆
s̄ ) > ∇vZ

π′
P⋆,s̄(P

⋆
s̄ ) implies that there

exists λ > 0 such that

Zπ⋆

P⋆,s̄(P
⋆
s̄ + λv) > Zπ′

P⋆,s̄(P
⋆
s̄ + λv).

As this condition holds for every state s̄ ∈ S and the policies
π⋆ and π′ must differ in at least one state, it follows that, also
in the second case, π′ cannot strictly dominate π⋆. Thus, π⋆

cannot be strictly dominated by any policy π′ ∈ Π⋆ \ {π⋆},
so we conclude that π⋆ is ORBE by Theorem 2.

A.3 Rational form of the value function.
Toward the proof of Theorem 3, we show in the following
Lemma 1 that the parametric transition function Zπ

P,s̄(Ps̄)
in Def. 8 is a rational function of degree one (i.e., a frac-
tion of two linear functions). In the proof Lemma 1, we use
the Sherman-Morrison formula, a well-known matrix iden-
tity (Golub and Loan 2013, Sect. 2.1.4), which states that,
for a nonsingular matrix A ∈ Rn×n, vectors u, v ∈ Rn, and
1 + v⊤A−1u ̸= 0, it holds that

(A+ uv⊤)−1 = A−1 − A−1uv⊤A−1

1 + v⊤A−1u
. (9)

In other words, the inverse of a rank-one update to a nonsin-
gular matrix A can be expressed in terms of the inverse of
A itself, as long as 1 + v⊤A−1u ̸= 0. For a derivation of
Eq. (9), we refer to Golub and Loan (2013, Sect. 2.1.4).

Recall that Ps̄ : A → ∆S is a function from actions to
distributions over states. For notational simplicity, we will
also interpret Ps̄(a), a ∈ A, as a vector in R|S|, and Ps̄ as a
matrix in R|A|×|S|.

Lemma 1 (Value function as rational). For any policy π,
state s̄ ∈ S, and partial transition function P−s̄, the value
Zπ
P,s̄(Ps̄) in state s̄ as a function of the completion Ps̄ ∈ Ps̄

can be written as a rational function of the form

Zπ
P,s̄(Ps̄) =

Rπ(s̄) +
∑

a∈A α⊤
a Ps̄(a)

1−∑a∈A φ⊤
a Ps̄(a)

, (10)

where Rπ is defined by Eq. (3), and for all a ∈ A, the coeffi-
cients αa ∈ R|S|

≥0 and φa ∈ R|S|
≥0 are defined appropriately.

Proof. The expected return V π
P ∈ R|S| under the policy π

and transition function P is written in matrix form as

V π
P = (I − γPπ)−1Rπ, (11)

where Pπ ∈ R|S|×|S| and Rπ ∈ R|S| are the matrix and
vector forms of Eqs. (2) and (3) over all states, respectively.
Define es ∈ R|S| as the vector with value 1 in entry s only
and 0 otherwise, and conversely, define e¬s ∈ R|S| as the
vector with value 0 in entry s only and 1 otherwise. Then,
Eq. (11) can be decomposed as

V π
P = (I − γ · diag(e¬s̄)P

π − γ · diag(es̄)Pπ)
−1

Rπ.
(12)

For Lemma 1, we are given a partial transition function P−s̄,
which thus fixes Pπ(s) is fixed for all s ∈ S \ {s̄}. Hence,



by interpreting the completion Ps̄ as a vector in R|S|, we can
rewrite Eq. (12) as

V π
P =

(
G− γ · es̄P⊤

s̄

)−1
Rπ, (13)

where G = I−γ ·diag(e¬s̄)P
π is fixed. As γ < 1, the matrix

G is nonsingular, so we can apply the Sherman-Morrison
formula from Eq. (9) (with A := G, u := −γ · es̄ and
v := Ps̄) to obtain(

G− γ · es̄P⊤
s̄

)−1
= G−1 +

G−1(γ · es̄P⊤
s̄ )G−1

1− P⊤
s̄ G−1γ · es̄

,

where P⊤
s̄ G−1γ · es̄ ∈ [0, 1) for γ < 1 (which we consider;

see Def. 1). Thus, V π
P in Eq. (13) is rewritten as

V π
P =

(
G−1 +

G−1(γ · es̄P⊤
s̄ )G−1

1− P⊤
s̄ G−1γ · es̄

)
Rπ (14)

=

(
G−1

[
1− P⊤

s̄ G−1γ · es̄ + (γ · es̄P⊤
s̄ )G−1

]
1− P⊤

s̄ G−1γ · es̄

)
Rπ,

which has a numerator and a denominator that are both
linear in Ps̄. Thus, Eq. (14) can be written as a ratio-
nal function between two linear functions. Let us write
V π
P = [V π

P (s1), . . . , V
π
P (s|S|)]. By Def. 8, we have that

Zπ
P,s̄(Ps̄) = V π

P−s̄×Ps̄
(s̄) = V π

P (s̄), yielding the rational
form in Eq. (10) with appropriate coefficients αa and φa

for all a ∈ Act. Finally, the domains of αa and φa follow
from the fact that the rewards and transition probabilities are
nonnegative.

Intuitively, the numerator Rπ(s̄) +
∑

a∈A α⊤
a Ps̄(a) in

Eq. (10) is the sum of the immediate reward and the future
discounted reward along paths that do not loop back to state
s̄. Moreover, the term

∑
a∈A φ⊤

a Ps̄(a) in the denominator
is the discounted probability of (eventually) looping back
to state s̄ (and thus acts as a normalizing constant). For any
γ < 1, this probability is strictly smaller than one.

A.4 Proof of Theorem 3
In this section, we use Lemma 1 to provide the proof of Theo-
rem 3, which states that, for any RMDP, our characterization
yields an ORBE policy.

Equivalence of policies. First, we show that if two policies
attain the same expected return and derivatives under two
distinct transition functions, then these policies attain the
same expected return on an entire line segment in the space of
transition functions. This intuition is formalized by Lemma 2.
Lemma 2 (Equivalence along Ps̄ line segment). Let π, π′ ∈
Π be two policies, let s̄ ∈ S be a state, let P ∈ P be a
transition function, and let P (i)

s̄ ∈ Ps̄, i = 1, 2 be two distinct
transition functions in state s̄. Define v = P

(2)
s̄ − P

(1)
s̄ . If,

for all i = 1, 2, it holds that

Zπ
P,s̄(P

(i)
s̄ ) = Zπ′

P,s̄(P
(i)
s̄ ), (15a)

∇vZ
π
P,s̄(P

(i)
s̄ ) = ∇vZ

π′
P,s̄(P

(i)
s̄ ), (15b)

then the expected returns are the same on the entire line
segment between points P (1)

s̄ and P
(2)
s̄ , i.e., for all λ ∈ [0, 1],

Zπ
P,s̄(q) = Zπ′

P,s̄(q) ∀q = λP
(1)
s̄ + (1− λ)P

(2)
s̄ . (16)

Proof. The conditions above state that there exist two poli-
cies π and π′ that attain the same values in two different
points P (1)

s̄ and P
(2)
s̄ . Furthermore, the directional derivatives

∇vZ
π
P,s̄(P

(i)
s̄ ) and ∇vZ

π′
P,s̄(P

(i)
s̄ ), i = 1, 2, in the direction

v of the line segment connecting P
(1)
s̄ and P

(2)
s̄ are also

equal. We will show that these four constraints are sufficient
for Eq. (16) to hold.

Recall from Lemma 1 that for any policy π, the value
function Zπ

P,s̄(Ps̄) in state s̄ is a rational function of the form

Zπ
P,s̄(Ps̄) =

Rπ(s̄) +
∑

a∈A α⊤
a Ps̄(a)

1−∑a∈A φ⊤
a Ps̄(a)

,

with appropriate coefficients αa and φa, a ∈ Act. For the
proof of Lemma 2, we only need to consider the values of
Zπ
P,s̄(Ps̄) for values Ps̄ ∈ {λP (1)

s̄ + (1 − λ)P
(2)
s̄ : λ ∈

[0, 1]}. In other words, we restrict the value function to the
line segment between P

(1)
s̄ and P

(2)
s̄ . Thus, we may further

simplify the multivariable function Zπ
P,s̄(Ps̄) as the univariate

function Y π
P,s̄ : [0, 1]→ R defined for all λ ∈ [0, 1] as

Y π
P,s̄(λ) = Zπ

P,s̄(λP
(1)
s̄ + (1− λ)P

(2)
s̄ ) =

ã+ b̃λ

c̃+ d̃λ
, (17)

with appropriate coefficients ã ∈ R, b̃ ∈ R, c̃ ∈ R, d̃ ∈ R.
Thus, the value function on the line segment between P

(1)
s̄

and P
(2)
s̄ is defined by four parameters. At the same time, we

have four constraints on Y π
P,s̄, given by

Y π
P,s̄(0) = µ1,

∂Y π
P,s̄(0)

∂λ
= δ1,

Y π
P,s̄(1) = µ2,

∂Y π
P,s̄(1)

∂λ
= δ2,

which together fully define these four coefficients of Y π
P,s̄.4

Therefore, any two policies π and π′ satisfying the conditions
in Eq. (15) must lead to the same coefficients ã ∈ R, b̃ ∈ R,
c̃ ∈ R, d̃ ∈ R, and thus satisfy Eq. (16).

We will use Lemma 2 to investigate the geometry of the
value functions Zπ

P,s̄ and Zπ′
P,s̄. For convenience, we simplify

the rational function Zπ
P,s̄(Ps̄) defined by Eq. (10) as

fπ
P,s̄(x) =

a+ b⊤x
1− c⊤x

, (18)

where x ∈ R|A|·|S| represents Ps̄(a) concatenated for all a ∈
A, and with the appropriate coefficients a ∈ R, b ∈ R|A|·|S|,
and c ∈ R|A|·|S|. Using this notation, let Lπ,π′

P,s̄ (x) denote the
difference between the rationals of two policies π and π, i.e.,

Lπ,π′

P,s̄ (x) =
a+ b⊤x
1− c⊤x

− a′ + (b′)⊤x
1− (c′)⊤x

(19)

=
x⊤diag(b′c− bc′)x+ (a′c− ac′ + b− b′)⊤x+ a− a′

(1− c⊤x)(1− (c′)⊤x)
,

where the vector-vector multiplication is element-wise.
4In fact, the function Y π

P,s̄ is invariant to joint scaling of the pa-
rameters and is, thus, already uniquely defined by three constraints.



Proof of Theorem 3. Observe that Eq. (19) is a rational
function in x of degree one in the numerator and two in the
denominator. Under the conditions required in Lemma 2,
the function Lπ,π′

P,s̄ (x) is zero on a line segment. In other
words, the numerator in Eq. (19) is zero on a particular line
segment. Crucially, observe that a quadratic function is zero
on a line segment only if the quadratic term cancels out, i.e.,
if b′c − bc′ = 0. This fact leads to the following theorem,
which is our final characterization of ORBE policies.
Theorem 3 (Computing ORBE policies). Let Π⋆ =
argmaxπ∈Π ρπP be the optimal robust policies. Pick two tran-
sition functions P (1), P (2) ∈ P such that P (1) ̸= P (2) and,
for all s̄ ∈ S, the line gs̄(λ) = λP

(1)
s̄ +(1−λ)P (2)

s̄ intersects
the relative interior5 of Ps̄, or Ps̄ ∩ {gs̄(λ)} = Ps̄. Define

Π⋆
(1) = argmax

π∈Π⋆

ρπP (1) , Π⋆
(2) = argmax

π∈Π⋆
(1)

ρπP (2) .

Choose a policy π⋆ ∈ Π⋆
(2) s.t., for all s̄ ∈ S, it holds that

∇vZ
π⋆

P (1),s̄(P
(1)
s̄ ) ≥ ∇vZ

π′

P (1),s̄(P
(1)
s̄ ) ∀π′ ∈ Π⋆

(2), (7a)

∇vZ
π⋆

P (2),s̄(P
(2)
s̄ ) ≤ ∇vZ

π′

P (2),s̄(P
(2)
s̄ ) ∀π′ ∈ Π⋆

(2), (7b)

where the vector v ∈ R|S| is defined as

v =

{
P (2) − P (1) if ρπ

⋆

P (2) > ρπ
⋆

P (1) ,

P (1) − P (2) otherwise.

Then, the policy π⋆ is ORBE

Proof. Observe that the policy π⋆ satisfies one of the follow-
ing three points:

1. Π̂⋆, Π̂⋆
(1), or Π̂⋆

(2) is a singleton, so that π⋆ is ORBE by
Corollary 1 or Corollary 2;

2. Π̂⋆, Π̂⋆
(1), and Π̂⋆

(2) are no singletons but either Eq. (7a) or
Eq. (7b) holds with strict inequality, so that π⋆ is ORBE
by Corollary 3;

3. Π̂⋆, Π̂⋆
(1), and Π̂⋆

(2) are no singletons and Eq. (7) with
non-strict inequality.

We will prove Theorem 3 by showing that, even in the third
case, the policy π⋆ is ORBE. As Π⋆

(2) is not unique, there
exists a policy π′ ∈ Π⋆

(2) \ {π⋆} that, for all s̄ ∈ S, satisfies:

Zπ⋆

P (1),s̄(P
(1)
s̄ ) = Zπ′

P (1),s̄(P
(1)
s̄ ),

Zπ⋆

P (2),s̄(P
(2)
s̄ ) = Zπ′

P (2),s̄(P
(2)
s̄ ),

∇vZ
π⋆

P (1),s̄(P
(1)
s̄ ) = ∇vZ

π′

P (1),s̄(P
(1)
s̄ )

∇vZ
π⋆

P (2),s̄(P
(2)
s̄ ) = ∇vZ

π′

P (2),s̄(P
(2)
s̄ ).

Hence, observe that the policies π⋆ and π′ satisfy the con-
ditions in Lemma 2. In addition, Theorem 3 requires that,
for all s̄ ∈ S, the line gs̄(λ) between P

(1)
s̄ and P

(2)
s̄ either

intersects the relative interior of Ps̄, or completely covers Ps̄.
5The relative interior of a convex set X is defined as

relint(X) := {x ∈ X : ∀y ∈ X, ∃λ > 1. λx+ (1− λ)y ∈ X}.

First, consider the case where gs̄(λ) covers Ps̄, i.e., Ps̄ ∩
{gs̄(λ)} = Ps̄. In this case, Lemma 2 implies that the policies
π⋆ and π′ have the same value in the entire uncertainty set.
As a result, it holds that ρπ

′
P = ρπ

⋆

P for all P ∈ P , so the
policy π⋆ is ORBE.

Second, consider the case where the line gs̄(λ) intersects
the relative interior of Ps̄, that is, there exists λ ∈ [0, 1] such
that gs̄(λ) ∈ relint(Ps̄). We use the definition of Lπ⋆,π′

P,s̄ (x)
in Eq. (19) to prove this case by contradiction. As such,
suppose that the other policy π′ strictly dominates π⋆. In
this case, there must exist a P ′ ∈ Ps̄ where ρπ

′
P ′ > ρπ

⋆

P ′ .
By Lemma 2, the point P ′ cannot be on the line segment
between P

(1)
s̄ and P

(2)
s̄ . Because the line gs̄(λ) between P

(1)
s̄

and P
(2)
s̄ intersects the relative interior of Ps̄, there also

exists another point P ′′ ∈ P such that the line through P ′

and P ′′ is perpendicular to gs̄(λ). Moreover, as the quadratic
term of Lπ⋆,π′

P,s̄ (x) is zero (i.e., it is a rational of degree one)

and Lπ⋆,π′

P,s̄ (x) has a value of zero on gs̄(λ), the fact that
ρπ

′
P ′ > ρπ

⋆

P ′ implies that ρπ
′

P ′′ < ρπ
⋆

P ′′ . In other words, the
existence of a point P ′ where π′ has higher expected return
than π⋆, implies the existence of another point P ′′ where π′

has lower expected return than π⋆. Therefore, such a policy π′

that strictly dominates π⋆ cannot exist, so π⋆ is ORBE.

A visualization of the proof of Theorem 3 is given in Fig. 5.

P1 = 1

P2 = 1

P3 = 1

P
(1)
s̄

P
(2)
s̄

P ′

P ′′

Figure 5: Visualization of the proof of Theorem 3 for a convex
polytopic uncertainty set Ps̄ over three states. The line seg-
ment between P

(1)
s̄ and P

(2)
s̄ is shown in red. The color shade

in the polytope depicts the difference Lπ⋆,π′

P,s̄ (x) in value be-

tween the policies π⋆ and π′. Red means Lπ⋆,π′

P,s̄ (x) < 0,

white means Lπ⋆,π′

P,s̄ (x) = 0, and green means Lπ⋆,π′

P,s̄ (x) > 0.

Because Lπ⋆,π′

P,s̄ (x) is zero along the line segment and inter-
sects the interior of the uncertainty set Ps̄, for every point P ′

where Lπ⋆,π′

P,s̄ (x) < 0 (i.e., π′ outperforms π⋆), there exists

another point P ′′ where Lπ⋆,π′

P,s̄ (x) > 0 (i.e., π′ performs
worse than π⋆). In particular, this point P ′′ ∈ Ps̄ can be
chosen to be any point such that the line through P ′ and P ′′

is perpendicular to the line through P
(1)
s̄ and P

(2)
s̄ .



B Details on Empirical Evaluation
In this appendix, we provide further details about the models
used in the empirical evaluation and the implementation of
robust value iteration that we use.

B.1 Gridworld Models
We generate slippery gridworlds of different sizes and with
different numbers of obstacles, such as the instance shown in
Fig. 6. The objective for the agent is to minimize the expected
number of steps to reach the target (in green) from the initial
state (in blue). Upon hitting an obstacle (in red), the agent
resets to the initial state.

Interval MDP. For the interval MDP (IMDP) used in
Sect. 6, we use the model depicted in Fig. 7. For every direc-
tion (left, right, up, down), the agent can choose between two
actions: one where the slipping probability p is fixed, and one
where it belongs to the interval [q, p]. This model structure is
repeated for every cell in the grid.

s-Rectangular RMDP. For the RMDP used in Sect. 6.2,
we use the model depicted in Fig. 8. Similar to the example
RMDP in Fig. 1, this gridworld RMDP has an s-rectangular
uncertainty set, which is, in this case, parametrized by the
maximum slipping probability p and an improvement q. The
value of p is fixed, e.g., p = 0.25, whereas the value of q
belongs to an interval, e.g., 0 ≤ q ≤ 0.25. Thus, for q = 0,
both action types yield the same value, whereas the best-effort
action dominates the non-best-effort action for any q > 0.

B.2 Robust Value Iteration
In our experiments, we use two implementations of robust
value iteration: one for IMDPs within the probabilistic model
checker PRISM (Kwiatkowska, Norman, and Parker 2011),
and one for s-rectangular RMDPs that we implemented our-
selves in Python. Our own implementation of robust value
iteration follows the standard form also described in Sect. 2.
That is, given an initial policy π ∈ Π and uncertainty set
P ∈ P , we iterate between the following steps:
1. Given fixed P , for every state s ∈ S, update the policy

π(s) by maximizing the value V (s) in state s:

π(s)← argmax
π(s)∈∆A

{Rπ(s) + ⟨γPπ(s), V ⟩} ,

V (s)← max
π(s)∈∆A

{Rπ(s) + ⟨γPπ(s), V ⟩} .

2. Given fixed π and V , for every state s ∈ S, update the
worst-case transition function:6

P (s, ·)← argmin
P (s,·)∈Ps

{Rπ(s) + ⟨γPπ(s), V ⟩} ,

which we compute by solving a linear optimization pro-
gram (under the assumption that Ps is a convex polytope).

For the gridworld experiments in Sect. 6, the goal is to com-
pute a policy that minimizes the expected return. Thus, for
these experiments, we replace each max with min in the
algorithm above and vice versa.

6Here, we use P (s, ·) to denote the transition probabilities in
state s ∈ S for all actions a ∈ A.
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Figure 6: Example instance of the slippery gridworld model
of size 10× 10 and with 10 obstacles (in red), initial state (in
blue), and target (in green). Upon hitting a target, the agent
is reset to the initial state.
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rightBE [1− p, 1− q]

[q, p]...
...
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. . .

Figure 7: Structure of a single action in the slippery gridworld
IMDP model used in Sect. 6. For every move into one of the
four cardinal directions (left, right, up, down), the agent has
a normal action with a fixed slipping probability p (e.g.,
right), and a best-effort action (e.g., rightBE) with a slipping
probability interval [q, p]. The structure shown is repeated for
every cell in the grid.
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Figure 8: Structure of a single action in the slippery grid-
world RMDP model used in Sect. 6.2. This model has an
s-rectangular uncertainty set, defined by a fixed worst-case
slipping probability (e.g., p = 0.25) and an uncertain im-
provement in the slipping probability of, e.g., 0 ≤ q ≤ 0.1.
The structure shown is repeated for every cell in the grid.

As discussed in Sect. 2, randomized policies are necessary
to achieve optimal values in s-rectangular RMDPs in general.
However, for the gridworld models, deterministic policies
are sufficient for optimality, meaning that we may replace
the (arg)max over distributions π(s) ∈ ∆A in step 1 by an
(arg)max over actions a ∈ A.



Parameters. In our implementation, we alternate between
these steps until the value function has converged (up to a pre-
defined ϵ > 0, where we use ϵ = 10−4 in our experiments),
or a predefined number of iterations is reached (we use a
limit of 1 000 in our experiments). In practice, this leads to a
non-optimized but functional implementation of robust value
iteration, which we use to compute policies and evaluate our
methods for s-rectangular RMDPs.

B.3 Results
As described in Sect. 6, we repeat every instance over 10
random seeds. Note that the only source of randomness in
our experiments comes from the generation of obstacles and
the randomization in the order of defining the best-effort
versus non-best-effort actions (reflected by the parameter ν).
All standard deviations of the results presented in Table 1
and 2 are negligible and are thus omitted for clarity.


