A LATTICE-THEORETICAL FIXPOINT THEOREM
AND ITS APPLICATIONS

ALFRED TARSKI

1. A lattice-theoretical fixpoint theorem. In this section we formulate and
prove an elementary fixpoint theorem which holds in arbitrary complete lattices,
In the following sections we give various applications (and extensions) of this
result in the theories of simply ordered sets, real functions, Boolean algebras,

as well as in general set theory and topology. '

By a lattice we understand as usual a system U = (4, < ) formed by a non-
empty set A and a binary relation <; it is assumed that < establishes a partial
order in A and that for any two elements a,b €4 there is a least upper bound
(join) @ u b and a greatest lower bound (meet) an b. The relations >, <, and

> are defined in the usual way in terms of <.

The lattice U = (4, < ) is called complete if every subset B of A has a
least upper bound UB and a greatest lower bound (1B, Such a lattice has in

particular two elements O and 1 defined by the formulas
0= nA and 1=UA.

Given any two elements a,b € A with a < b, we denote by [a,b] the interval
with the endpoints a and b, that is, the set of all elements x € A for which
a < x < b; in symbols,

[a,61=E[x €A and @ <x <b].

The system ([a,b], <)is clearly a lattice; it is a complete if U is complete,

We shall consider functions on A to 4 and, more generally, on a subset B of

A to another subset C of A. Such a function f is called increasing if, for any

1For notions and facts concerning lattices, simply ordered systems, and Boolean
algebras consult [1].
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elements x,y € B, x <y implies f (x) < f(y). By a fixpoint of a function f we
understand, of course, an element x of the domain of f such that f(x)=ax.

Throughout the discussion the variables a,b, +++,x,y,+++ are assumed to
represent arbitrary elements of a lattice (or another algebraic system involved ).

THEOREM 1 (LATTICE-THEORE TICAL FIXPOINT THEOREM). Let

(i) A=(4,<)bea complete lattice,
(ii) f be an increasing function on A to 4,

(iii) P be the set of all fixpoints of f.

Then the set P is not empty and the system (P, <)isa complete lattice; in
particular we have

UP=UE,[f(x)>x]€P
and
NP = NE,[f(x) <x]€P.?
Proof. Let

(1) u=UE,[f(x) > x].

We clearly have x < u for every element x with f (x) > x; hence, the function
f being increasing,

f(x) < f(u) and x < f(u).
By (1) we conclude that

(2) u < f(u).

2[n 1927 Knaster and the author proved a set-theoretical fixpoint theorem by which
every function, on and to the family of all subsets of a set, which is increasing under
set-theoretical inclusion has at least one fixpoint; see [3], where some applications
of this result in set theory (a generalization of the Cantor-Bernstein theorem) and
topology are also mentioned. A generalization of this result is the lattice-theoretical
fixpoint theorem stated above as Theorem 1. The theorem in its present form and its
various applications and extensions were found by the author in 1939 and discussed by
him in a few public lectures in 1939- 1942, (See, for example, a reference in the Ameri-
can Mathematical Monthly 49(1942), 402.) An essential part of Theorem 1 was included
in [1, p. 54]; however, the author was informed by Professor Garrett Birkhoff that a
proper historical reference to this result was omitted by mistake.
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Therefore

fu) < f(fw)),
so that f (1) belongs to the set Ex[f (x) > x]; consequently, by (1),
(3) fw) <u.

Formulas (2) and (3) imply that u is a fixpoint of f; hence we conclude by (1)
that u is the join of all fixpoints of f, so that

(4) UP =UE,[f(x) > =x]€P.

Consider the dual lattice %"= (4, >). U*, like U, is complete, and f is
again an increasing function in U, The join of any elements in 2’ obviously
coincides with the meet of these elements in U. Hence, by applying to U’ the
result established for & in (4), we conclude that

(5) NP =NE,[f(x) <x]€P.
Now let Y be any subset of P. The system
B=([Uy,1],<)
is a complete lattice. For any x € ¥ we have x < UY and hence
x=f(x) < f(UY);
therefore UY < f (UY). Consequently, UY < z implies

UY < f(UY) < f(z2).

Thus, by restricting the domain of f to the interval [UY, 1], we obtain an in-
creasing function f* on [UY, 1] to [UY, 1]. By applying formula (5) established
above to the lattice B and to the function f*, we conclude that the greatest lower
bound v of all fixpoints of f* is itself a fixpoint of f* Obviously, v is a fixpoint
of f, and in fact the least fixpoint of f which is an upper bound of all elements
of Y; in other words, v is the least upper bound of Y in the system (P, <)
Hence, by passing to the dual lattices ?” and B”’, we see that there exists
also a greatest lower bound of Y in [P, <]. Since Y is an arbitrary subset of

P, we finally conclude that

(6) the system { P, < ) is a complete lattice .
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In view of (4) -(6), the proof has been completed.

By the theorem just proved, the existence of a fixpoint for every increasing
function is a necessary condition for the completeness of a lattice. The question
naturally arises whether this condition is also sufficient. It has been shown

that the answer to this question is affirmative.®

A set F of functions is called commutative if

(i) all the functions of F have a common domain, say B, and the ranges of

all functions of F are subsets of B;

(ii) for any f, g € I we have fg = gf, that is,
f(g(x))=g(f(x)) for every x € B.
Using this notion we can improve Theorem 1 in the following way:

THEOREM 2 (GENERALIZED LATTICE-THEORE TRICAL FIXPOINT THEO-
REM). Let

(i) U=(4, <) be a complete lattice,
(ii) F be any commutative set of increasing functions on A to A,
(iii) P be the set of all common fixpoints of all the functions f € F.

Then the set P is not empty and the system (P, <) is a complete lattice; in

particular, we have

UP = UE,[f(x) > x for every fEF]EP
and

NP =NE,[f(x) < x for every fEF]EP.

Proof. Let

(1) u=UElf(x) > x for every f€ F].
As in the proof of Theorem 1 we show that
(2) u < f(u) forevery fEF,

Given any function g € F, we have, by (2),

3This is a result of Anne C. Davis; see her note [2] immediately following this
this paper.
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gu) < g(f(u))
and hence, the set F' being commutative,

g(u) < f(g(u))
for every f € F. Thus

glu) €E lf(x) > x for every fEF].
Therefore, by (1),
g(u) <u;

since g is an arbitrary function of F, we have
(3) f(u) <u forevery fEF.

From (1)-(3) we conclude that u is a common fixpoint of all functions f € F,

and, in fact, the least upper bound of all such common fixpoints. In other words,
UP = UE,[f(x) > x for every fEF]EP.
In its remaining part the proof is entirely analogous to that of Theorem 1.

Since every set consisting of a single function is obviously commutative,
Theorem 2 comprehends Theorem 1 as a particular case. Theorem 2 will not be

involved in our further discussion.

2. Applications and extensions in the theories of simply ordered sets and
real functions. A simply ordered system U = (4, <), that is, a system formed
by a nonempty set 4 and a binary relation < which establishes a simple order
in 4, is obviously a lattice. If it is a complete lattice, it is called a continuous-
ly Cor completely) ordered system. The system ¥ is said to be a densely ordered
system if, for all x,y € A with x < y, there is a z €4 withx < z <y,

Theorems 1 and 2 obviously apply to every continuously ordered system .
Under the additional assumption that 2 is densely ordered we can improve
Theorem 1 by introducing the notions of quasi-increasing and quasi-decreasing

functions.

Given a function { and a subset X of its domain, we denote by f*(X) the
set of all elements f(x) correlated with elements x € X. A function f on B to
C, where B and C are any two subsets of 4, is called quasi-increasing if it

satisfies the formulas
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fUX) > Nf*(X) and f(ﬂ)() < Uf*(X)

for every nonempty subset X of B. It is called quasi-decreasing if it satisfies

the formulas

F(UX) < UF*(X) and f(NX) > NF*(X)

for every nonempty subset X of A. A function which is both quasi-increasing

and quasi-decreasing is called continuous.
THEOREM 3. Let

(i) U =(4, <) be a continuously and densely ordered set,

(ii) f be a quasi-increasing function and g a quasi-decreasing function on A
to A such that

£(0) > g(0) and f(1) < g(1),

(iii) P=E [f(x)=g(x)].

Then P is not empty and (P, <)is a continuously ordered system; in particular

we have
UP = UE,[f(x) > g(x)]€P
and

NP =NE,[f(x) < g(x)]€P.
Proof. Let B be any subset of 4 such that

(1) f(x) > g(x) for x €B.
Assume that

(2) 7(UB) < g(UB).
Since, by hypothesis, { (0) > g(0), we conclude that
(3) UB #£ 0.

The system U being densely ordered, we also conclude from (2) that there is

an element @ € A for which
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(4) f(UB) <a < g(UB).

Let

(5) D=E,[x <UB and g(x) < al,
whence

(6) UD < UB

and

(7) Ug*(D) < a.

If UD = UB, we see from (3) that UD # O and that consequently the set D is
not empty; hence, the function g being by hypothesis quasi-decreasing, we

obtain
g(UB) =g(UD) < Ug*(D),
and therefore, by (7),

g(UB) < a.

Since this formula clearly contradicts (4) we conclude that UD # UB and thus,
by (6),

(8) UD < UB.
Let
(9) E=E,[UD <x and x €B].

If the set £ were empty, we would have x < UD for every x € B and conse-
quently UB < UD, in contradiction to (8). Hence £ is not empty. We easily
conclude by (9) that UE = UB. Since, by hypothesis, the function f is quasi-

increasing, we have
f(UB) =f(UE) > Nf*(E)
and therefore, by (4),
a>Nf*(E).

Hence we must have a > f (z) for some z €E, for otherwise
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a <Nf*(E).
Thus, by (1) and (9),
UD <z z€B, and g(z) < a;
therefore, by (5), z € D. The formulas
UD <z and z €D

clearly contradict each other.

We have thus shown that formula (2) cannot hold for any non-empty set B

satisfying (1). In other words, we have
(10) f(UB) > g(UB) for every non-empty subset B of

Exlf(x) > g(x)].

By applying the result just obtained to the dual system %= (4, >), we

conclude that

(11) f(NC) < g(NC) for every subset C of
E.lf(x) <g(x)].
Now let Y be any subset (whether empty or not) of the set
P=E,[f(x)=g(x)],
and let
(12) u=UE,[f(x) > g(x) and x <NY].

By (10) and (11) we have

(13) f(u) > g(u) and f(NY) < g(NY).

Hence, in case u = Y, we obtain at once

(14) f(u)=g(u), that is, u €P.

In case u # 1Y we see from (12) that u < NY. The system U being densely

ordered, we conclude that
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(15) u=NE.{u <x <NY].

We also see from (12) that f (x) < g(x) for every element x of the set
E.lu <x <NYI.
Hence, by (11) and (15), we obtain
flu) <glu),

and this formula, together with (13), implies (14) again. Thus we have shown
that

(16 ) for every subset Y of P, if u = UE, [f(x) > g(x) and x < UY],
then u € P.

Dually we have

(17)  for every subset Y of P, if v = NE,[f(x < g(x) and x > NY],
then v € P,

We see immediately that the element u in (16) is the largest element of P
which is a lower bound of all elements of Y; in other words, u is the greatest
lower bound of Y in the system { P, <). Similarly, the element v in (17) is the
least upper bound of ¥ in (P, <). Consequently,

(18) (P, <) is a continuously ordered system.

Finally, let us take in (16) and (17) the empty set for Y, so that NY =1

and UY = 0. We then easily arrive at formulas

(19) UP =UE,[f(x) > g(x)]eP
and
(20) NP =NE,[f(x) <g(x)]€P.

By (18)-(20) the proof is complete.

Every increasing function is clearly quasi-increasing. The identity function,
g(x)=x for every x €4, is continuous, that is, both quasi-increasing and
quasi-decreasing, and the same applies to every constant function, g(x) =c € 4

for every x € A. Hence we can take in Theorem 3 an arbitrary increasing function
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for f and the identity function for g; we thus obtain Theorem 1 in its application
to continuously and densely ordered systems. On the other hand, by taking for
g a constant function, we arrive at:

THEOREM 4 (GENERALIZED WEIERSTRASS THE OREM)., Let

(i) ¥ ={(4, <) be a continuously and densely ordered system,

(ii) f be a quasi-increasing function on A to A and ¢ be an element of A
such that

f0) > ¢ > f(1),

(iii) P =E,[f(x)=c].

Then P is not empty and (P, <) is a continuously ordered system; in particular,

we have
UP = UE,[f(x) > c]€P
and
NP =NE,[f(x) <cl€P.
An analogous theorem for pseudo-decreasing functions can be derived from

Theorem 3 by taking an arbitrary constant function for f.

It can be shown by means of simple examples that Theorems 3 and 4 do not
extend either to arbitrary continuously ordered systems or to arbitrary complete
lattices which satisfy the density condition (that is, in which, for any elements
% and y, x < ¥ implies the existence of an element z with x < z < y).

We can generalize Theorem 3 by considering two simply ordered systems,
U=(4, <) aad B=(B, <),

as well as two functions on A to B, a quasi-increasing function f and a quasi-
decreasing function g. The system U is assumed to be continuously and densely
ordered. No such assumptions regarding B are needed. Instead, the definitions
of quasi-increasing and quasi-decreasing functions must be slightly modified.
For example, a function f on 4 to B will be called quasi-increasing if, for
every non-empty subset X of 4 and for every b € B we have

f(UX) > b whenever f(x) > b for every x €X

and
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f(NX) < b whenever f(x) < b forevery x €X,

By repeating with small changes the proof of Theorem 3, we see that under
these assumptions the conclusions of the theorem remain valid. (The only
change which is not obvious is connected with the fact that the system B is
not assumed to be densely ordered; therefore we cannot claim the existence of
an element a € B which satisfies (4), and we have to distinguish two cases,
dependent on whether an element a with this property exists or not.) Theorem

4 can of course be generalized in the same way.

Theorems 3 and 4 thus generalized can be applied in particular to real func-
tions defined on a closed interval [a,b] of real numbers. In application to real
functions Theorem 3 can easily be derived from Theorem 4. In fact, if f is a
quasi-increasing real function and g a quasi-decreasing real function on the

interval [a,b ], then the function f* defined by the formula
fAx)=f(x)—g(x)

is clearly quasi-increasing; by applying Theorem 4 to this function, we obtain
the conclusions of Theorem 3 for f and g. lence the fixpoint theorem (Theorem
1) for increasing real functions is also a simple consequence of Theorem 4.
Finally, since every continuous function is quasi-increasing, and since, in the
real domain, continuous functions in our terminology coincide with continuous

functions in the usual sense, Theorem 4 is a generalization of the well-known
Weierstrass theorem on continuous real functions, *)

Returning to Theorem 3 for simply ordered systems, if we assume that both
functions f aund g are continuous, we can strengthen the conclusion of the

theorem; in fact we can show, not only that the system (P, <) is continuously

4Theorem 3 (for both simply ordered systems and real functions) was originally
stated under the assumption that the function f is increasing and the function g is con-
tinuous; see [3]. In 1949 A. P. Morse noticed that this result in the real domain could
be improved; in fact, he obtained Theorem 4 for real functions—under a different, though
equivalent, definition of a quasi-increasing function. By his definition, a real function
f on an interval [a,b] is quasi-increasing if it is upper semicontinuous on the left and
lower semicontinuous on the right, that is, if

(i) Tim f(x) <f(d) < lim f(x) for every d € [a,b].

x —d- x> d+

By generalizing this observation, the author arrived at the present abstract formulations
of Theorems 3 and 4. According to a recent remark of Morse, the first part of the con-
clusion of Theorem 4, that is, the statement that the set P is not empty, holds in the
real domain for a still more comprehensive class of functions; in fact, for all real func-
tions which satisfy the condition obtained from (i) by replacing lim by lim on the right
side of the double inequality (or else by replacing lim by lim on the left side ).
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ordered, but also that, for every nonempty subset X of P, the least upper bound
of X in (P, <) coincides with the least upper bound of X in {4, <), and simi-
larly for the greatest lower bound. In application to real functions this means
that the set P of real numbers is, not only continuously ordered, but also closed

in the topological sense. Analogous remarks apply to Theorem 4.

3. Applications to Boolean algebras and the theory of set-theoretical equi-
valence. As is known, a Boolean algebra can be defined as a lattice U= (A, 5),
with 0 and 1, in which for every element & € A there is a uniquely determined
element b € 4 (called the complement of b), such that

bub=1 and bnb=0.

Given any two elements a,b € 4, we shall denote by a — b their difference, that
is, the element anb. If U = (4, <) is a Boolean algebra and a € 4, then
A’=([0,a], <) is also a Boolean algebra, though the complement of an element

b in ¥’ does not coincide with the complement of b in U,

By applying the lattice-theoretical fixpoint theorem we obtain:

THEOREM 5. Let
(i) U=(4, <) be a complete Boolean algebra,

(ii) a,b be any elements of A, f be an increasing function on [0,a] to A, and

g an increasing function on [0,b] to A.

Then there are elements a’,b’€ A such that
fla-a’)=b" and g(b-b")=a".
Proof. Consider the function A defined by the formula

(1) h(x)=f(a-g(b~x)) forevery x €4.
Let x and y be any elements in 4 such that

x <vy.
We have then

b-x>b-y;

and since b —x and b —y are in [0,b], and g is an increasing function on [0,5]
to 4, we conclude that
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g(b—x)>g(b-y)
and
a-g(b-x) <a-glb-y).

Hence, the elements a — g(b —x) and a — g(b —y) being in [0,a], and { being
an increasing function on [0,a]to 4, we obtain

fla-g(b-x)) <f(a-g(b-y)),
that is, by (1),
h(x) <h(y).

Thus 4 is an increasing function on 4 to 4, and consequently, by Theorem 1,

it has a fixpoint 6. Hence, by (1),

(2) fla=g(b-5b"))=0b".
We put
(3) g(b-b")=a”".

From (2) and (3) we see at once that the elements a” and b’ satisfy the con-

clusion of our theorem.

If in the hypothesis of Theorem 5 we assume in addition that f (a) < b and
g(b) < a, we can obviously improve the conclusion by stating that there are

elements a”’,a”,b 56" € A for which
a=a’va’, b=b’ub”, a’na”=b"nb"=0,

fa”)=b" and g(b”)=a’. "

Theorem 5 has interesting applications in the discussion of homogeneous
elements. Given a Boolean algebra % = (4, <), two elements a,b € A are called
homogeneous, in symbols a = b, if the Boolean algebras ([0,a], < )and
( [0,6], <) are isomorphic. In other words, a =~ b if and only if there is a func-
tion [ satisfying the following conditions: the domain of f is [0,a]; the range

of f is [0,b]; the formulas x <y and f(x) < f(y) are equivalent for any

5In this more special form Theorem 5 is a generalization of a set-theoretical theorem
obtained by Knaster and the author; see [3].
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%,y € [0,a]. Various fundamental properties of the homogeneity relation easily
follow from this definition; for example, we have:

THEOREM 6. U = (4, <) being an arbitrary Boolean algebra,

(i) @ =a for every a €4;

(ii) if a,b €4 and a ~ b, then b ~ a;

(iii) if a,b,c €A, a = b, and b = ¢, then a = c;

(iv) if a1,a2,b1,b; €4, ayna; =0 =by n by,

a; = by, and ay = by, then ay v ay = by u by;
(v) ifa,by,by €A, bynb; =0, and a = by u by,
then there are elements aj,a; €A such that ay va, =@, a;na, =0, a; = by,

and Qy = b2 .

In what follows we shall use parts (i)-(iii) of Theorem 6 without referring
to them explicitly. If now we restrict our attention to complete Boolean algebras,
we can establish various deeper properties of the homogeneity relation by apply-
ing Theorem 5. We start with the following:

THEOREM 7. U = (4, <) being a complete Boolean algebra, if

aby,by,c,d €4, bynby =0, c=d, andauc=byubyud,

then there are elements ay,ay € A such that

arvay =a, aynNa; =0, ayuc=byud, and az uc=by ud.

Proof. By the definition of homogeneity, the formula ¢ = d implies the ex-
istence of a function f which maps isomorphically the Boolean algebra { [0,c],
<) onto the Boolean algebra ([0,d1, £ ); we have in particular

(1) fle)=d.

Similarly, the formula @ uc =b; u by ud implies the existence of a function
g which maps isomorphically ([0, b; ub, ud], <) onto ([0,auvc], <), and
we have

(2) glbyubyud) =avuc.
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We can assume for a while that the domain of g has been restricted to the in-
terval [0, b; ud]. Thus, f is an increasing function on [0,c] to 4, g is an
increasing function on [0, b; ud] to 4, and by applying Theorem 5 we obtain

two elements c }d” such that

(3) flec=¢’)=d” and g((byud)-d")=c".

The functions f and g being increasing, formulas (1)-(3) imply
(4) d’<d and ¢c"<avec.
We now let
(5) ay=c’~c and a3 =a —a;.
By (4) we have ¢’ ~ ¢ < a, and hence, by (5),
(6) arvay; =a and a;na, =0,
From (4) and (5) we also obtain

(7) (c~c¢cVuc’=ayuc and (c=c’)nc’ =0,
(8) d’vl(byud)=d’l=byud and d’n[(b; ud)~d’]1=0.

Since f maps isomorphically ([0,c], <) onto {[0,d], <), we conclude from
(3) that it also maps isomorphically ([0,c —¢*], <) onto ([0,d"], <) and

that consequently

(9) c-c’=d"
Analogously, by (3),

(10) ¢’ =(byud)-d’.
By Theorem 6 (iv), formulas (7)-(10) imply

(11) ayuc=byud.

Furthermore, from (4) and (5) we derive

(12) (cnc)ullauc)=c’l=asuc and (cne’)nl(auve)=-c’]=0,



300 ALFRED TARSKI

(13) (d=d)ullby-d)ud’l=b, ud and (d ~d*)n[(b; ~d)ud’1=0.

The function f being an isomorphic transformation, we obtain, with the help of

(1) and (3),

flene)=flc=(c=c)N=f(c)=flc—-c)=d~d",

and hence, by arguing as above in the proof of (9),
(14) cnc’=d-d’.
Since, by (4) and the hypothesis,

(by —d)ud’=(byubyud)=[(byud)-d’],

we conclude analogously, with the help of (2) and (3), that

glby—d)ud?) =g(byuby,uvd)—g((byud)~d)=(avec)-c’
and therefore

(15) (auec)—c’ =(by—-d)ud’.
From (12)-(15), by applying Theorem 6 (iv) again, we get
(16) 02UC=b2Ud.

By (6), (11), and (16), the proof is complete.

In deriving the remaining theorems of this section we shall apply exclusively
those properties of the homogeneity relation which have been established in
Theorems 6 and 7; thus the results obtained will apply to every binary relation
(between elements of a complete Boolean algebra) for which these two theorems
hold. It may be noticed in this connection that Theorem 6 (v) restricted to com-

plete Boolean algebras is a simple consequence of Theorems 6 (i) and 7.

THEOREM 8 (MEAN-VALUE THEOREM). U= (4, <) being a complete
Boolean algebra, if a,b,c,ayc’€A4, a <b <c,a’<c%a=a’%and c ~c’, then
there is an element b” € A such thata” < b’ < c¢”and b =b".

Proof. We apply Theorem 7, with a,b;,by,c,d respectively replaced by

c’—a%, b-a, c-b, a’, a, and we conclude that there are elements a,,a, € 4
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such that
’ ’ ’
c’—a’=a;ua, and (b—alua=a,va’.
The element b”=a,u a”’ clearly satisfies the conclusion of our theorem.

TEEOREM 9. U = (A4, <) being a complete Boolean algebra, for any ele-

ments a,b € A the following two conditions are equivalent:
(i) there is an element a; € A such that a ~a, < b;

(ii) there is an element by € A such that a < by = b.

Proof. To derive (ii) from (i), we consider an arbitrary element a; satisfy-
ing (i), and we apply Theorem 8 with a,c,a’,c’ respectively replaced by ay,
1, a, 1. The implication in the opposite direction follows immediately from

Theorem 6 (v) (and hence holds in an arbitrary Boolean algebra).

THEOREM 10 (EQUIVALENCE THEOREM). U = (4, < ) being a complete
Boolean algebra, if a,b,c €4, a <b < c,and a=c, thena =b =c.

Proof. This follows immediately from Theorem 8 with a“=¢”"=c.

Tueorem 11. U =(4, <) being a complete Boolean algebra, for any
elements ay,a2,b € A the formulas

(i) aub=a,uvb=b and
and
(ii) arua,ubs=h

are equivalent.
Proof. Obviously,
b<ayub<ajuayub and b <ayub <a,va,ub.

Hence (ii) implies (i) by Theorem 10.

Assume now, conversely, that (i) holds. We clearly have

la; —(aub)In(ayub)=la;—(a; ub)Inb=0
and

ay ~(ayubd)=ay—(a, ub).

By Theorem 6 (iv), these two formulas together with (i) imply
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(1) ayvayub=lay ~(a;ub)lula,ub)=la; -(a,ub)lub.

Since

la; —(ayub)lub<azub<a uayub,
we derive from (1), by applying Theorem 10,
(2) ayub=a,va; ub.
Formulas (i) and (2) obviously imply (ii), and the proof is complete.

Various properties of the relation of homogeneity can conveniently be ex-
pressed in terms of another, related relation which is denoted by <. Thus
%= (A4, <) being a Boolean algebra, and a,b being any elements of 4, we
write @ < b if there is an element a; €A such that a ~a; < b; in case the
algebra U is complete, an equivalent formulation of this condition is given in
Theorem 9(ii). Theorems 8 and 10 can now be put in a somewhat simpler,
though essentially equivalent, form:

MEAN-VALUE THEOREM. U =(4, <) being a complete Boolean algebra,
if a,bc €4, a <c,and a = b < c, then there is an element b” € A such that
a<b'<candb=b".

EQuivALENCE THEOREM. U = (4, <) being a complete Boolean algebra,
ifa,b€A4,a < b,and b < a, thena = b.

We shall give two further results formulated in terms of =< .
THEOREM 12, U =(A, <) being a complete Boolean algebra, if
ay,a3,c1,¢2 €4, a1 < cy,a1 R 2,83 R ¢y, and ay <cy,

then there are elements byby €A such that ay < by < ¢y, a3 < by < cyy
and bl = bg.

Proof. The hypothesis implies the existence of two elements a/,a, such that

4

2 scl.

(1) ay~a/ <c; and a3 ~a

Since, by (1),

alnag’ <a =y,

we conclude from Theorem 9 that there is an element d for which
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(2) a,na’
We have, by (1),

ay=(ayna;)ula;-a;) and (ayna))n(a; —a;)=0;

hence, by Theorem 6 (v), there are elements ey,e, such that

(3) a=ejue; and e;ne, =0,

4

(4) ey=arna, and e; ~a,

; -ay.
By (1)-(4) and the hypothesis,

d<al <cy e <cy d=ey, and ¢y ~cy;
hence, by Theorem 8, there is an element { for which

(5) ey <f<cy and af =f.

Since, by (4),

es—f<ey=a;—ay,
Theorem 9 implies the existence of an element g with

(6) e;—f=g La, —ay.

We now put
(7) by=a,ug and by =fule; —f)=fue,.
By (1), (3), (5), (6), (7), and the hypothesis, we obtain
(8) a, <b; <cy and ay; < by <eca.
By (5) and (6) we have
ayng=fnley~f)=0, a1 =f, g=~es —f;

hence, by (7) and Theorem 6 (iv), we get
(9) by = by,

From (8) and (9) we see that the elements b; and b, satisfy the conclusion of

our theorem,
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From the theorem just proved, by letting @; = c¢;, we derive as an immediate
consequence the mean-value theorem; if we put a; =¢, and a, = ¢c,, we obtain

the equivalence theorem. A further consequence of Theorem 12 is:

THEOREM 13 (INTERPOLATION THEOREM). U = (4, <) being a com-
plete Boolean algebra, if ay,az,c1,c2 €A and a; = cj for i,j =1,2, then there
is an element b € A such that a; < b =< cj for isj =1,2.

Proof. The hypothesis implies the existence of two elements a/ and a, for

which

’

(1) a1~a/ <c; and a3 =~a; < c;.
Hence, as is easily seen,
’ 4 ’ ’
a, Leyy a, = cC2, a, = c1 a, L e,

Consequently, by Theorem 12, there are elements b,,b, such that

(2) a/ <by <cy, a; <by <y and by = by,

From (1) and (2), with the help of Theorem 9, we obtain

a; =% by % ¢ for 4,7 =12,
Thus the element b = b, satisfies the conclusion of our theorem.

From Theorems 7 and 11-13 we obtain by induction more general results in

which the couples (aj,a;), (b1,62) (ci1,cy) are replaced by finite sequences
(al"":an)’ (bls"'sbn), (cls"'scn)

with an arbitrary number n of terms; in Theorem 13 the couples <a1,a2) and
(c1,c2 ) can be replaced by two finite sequences with different numbers of
terms. The results discussed can be further extended to infinite sequences;
however, these extensions seem to require a different method of proof, and we
see no way of deriving them by means of elementary arguments from the fix-

point theorem of $1.8

8Theorems 6-13 concerning the relation of homogeneity and their applications to
cardinal products of Boolean algebras and to the theory of set-theoretical equivalence
are not essentially new. (Theorem 12 is new, but it can be regarded simply as a new
formulation of the interpolation theorem 13.) All these results are stated explicitly or
implicitly in [7, §§ 11, 12, 15-17], where historical references to earlier publications
can also be found. However, the method applied in [7] is different from that in the
present paper and is not directly related to any fixpoint theorem. Also, the axiom of
choice is not involved at all in the present discussion, while the situation in [7] is in
this respect more complicated (compare, for instance, the remarks starting on page 239).
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All the results of this section, except Theorem 5, remain valid if the Boolean
algebra U = (4, <) is assumed to be not necessarily complete, but only count-
ably-complete (o-complete). This can be seen in the following way. To prove
Theorem 5 we have constructed, in terms of two given increasing functions f and
g, a new function h, and we have shown that this function A is increasing and
hence has a fixpoint. In the subsequent discussion, Theorem 5 has been applied
only once, namely in the proof of Theorem 7. The functions f and g involved in
this application not only are increasing, but have much stronger properties, in
fact, the distributive properties under countable joins and meets; that is, for

every infinite sequence (aj,+++, ay ,+++) we have
f(al U...uanu.-.):f(al)u.--uf(an)u...’
f(aln...nann...):f(al)n...nf(an)n...’

and similarly for g. It can be shown that the function % constructed from f and
g in the way indicated in the proof of Theorem 5 also has these distributive
properties, It is also easily seen that, in any countably-complete Boolean
algebra (and, more generally, in any countably-complete lattice with 0), every
function A which is distributive under countable joins has at least one fixpoint
a; in {act,

a=00kh(0)uh(A(0))uy.--.

The results obtained in this section have interesting consequences con-
cerning isomorphism of cardinal (direct) products of Boolean algebras. To
obtain these consequences it suffices to notice that every system of Boolean
algebras (2, ) can be represented by means of a system of disjoint elements
(a; ) of a single Boolean algebra % (in fact, of the cardinal product of all
algebras ;) in such a way that (i) each algebra ¥; is isomorphic to the sub-
algebra ([0,a;], < ) of 2; hence (ii) two algebras ¥; and &; are isomorphic
(A; = %) if and only if the elements a; and aj are homogeneous (a; =~ a;);
(iii) for i #j, we have ¥U; xU; =y if and only if a; uaj~ay (iv) ¥; is
isomorphic to a factor of Uy if and only if a; < aj. Keeping this in mind, we

derive, for example, the following corollary from Theorem 11:
Uy, Wy, B being three complete Boolean algebras, we have
Uy xBoxUyxBx B
if and only if

H]XSZIQXB;%.
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Results of this type can again be extended to countably-complete Boolean
algebras.

Any given sets 4, B, C,... can be regarded as elements of a complete
Boolean algebra; in fact, of the algebra formed by all subsets of the union
AuBuCu-.., with set-theoretical inclusion as the fundamental relation. As
is easily seen, two sets A and B treated this way are homogeneous in the
Boolean-algebraic sense if and only if they are set-theoretically equivalent,
that is, have the same power. Hence, as particular cases of theorems on homo-
geneous elements, we obtain various results concerning set-theoretical equiva-
lence; for instance, Theorem 10 yields the well-known Cantor-Bernstein theo-
rem. ’

4. Applications to topology.® By a derivative algebra we understand a
system U = {4, <, D) in which {4, <) is a Boolean algebra and D is a unary
operation (function) on A to A assumed to satisfy certain simple postulates;
the main consequence of these postulates which is involved in our further dis-
cussion is the fact that D is increasing. The element Dx (for any given x €4)
is referred to as the derivative of x. The derivative algebra ¥ is called complete

if the Boolean algebra (A4, <) is complete.

In topology the notion of the derivative of a set is either treated as a funda-
mental notion in terms of which the notion of a topological space is character-
ized, or else it is defined in terms of other fundamental notions (for example,
the derivative of a point set X is defined as the set of all limit points of X).
At any rate, all point sets of a topological space form a complete derivative
algebra under the set-theoretical relation of inclusion and the topological operas
tion of derivative. Hence the theorems on complete derivative algebras can be
applied to arbitrary topological spaces.

% = (4, <, D) being a derivative algebra, an element a € 4 is called closed
if Da < a; it is called dense-in-itself if Da > @, and perfect if Da = a; it is
called scattered if there is no element x < a different from 0 which is dense-in-

itself.

As a consequence of the fixpoint theorem we obtain:

THEOREM 14 (GENERALIZED CANTOR-BENDIXON THEOREM).

7These extensions can be found in [7]. The proof of Theorems 12 and 13 extended
to infinite sequences requires an application of the axiom of choice (to denumerable
families of sets ). Compare the preceding footnote.

8In connection with this section see [4, pp. 182 f.]; compare also [5], in particular
pp- 38 f. and 44.
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U=(4,<,D)

being a complete derivative algebra, every closed element a €A has a decom-

position
a=buc, bnc=0,
where the element b € A is perfect and the element ¢ € A is scattered.
Proof. We put
(1) b=UE,[anDx >x] and ¢c=a—-b.
Hence obviously
(2) a=buc and bnc=0.

D being an increasing function on 4 to 4, the same clearly applies to the func-

tion D, defined by the formula
Dyx =an Dx for every x € 4.

Hence, by Theorem 1, we conclude from (1) that b is a fixpoint of Dg; that is,

(3) b=Dgb=anDb.

Consequently b < a and Db < Da; since the element a is closed, we have
Da < a, Db < a and therefore, by (3), b = Db; that is, the element b is perfect.

If an element x < ¢ is dense-in-itself, that is, Dx > x, we have, by (1),
an Dx > x,

and hence x < b; therefore, by (2), x =0. Thus the element ¢ is scattered.
This completes the proof.

It should be mentioned that the operation D in a derivative algebra
A = (A, <, D )
is assumed to be not only increasing, but distributive under finite joins, that is,
D(x uy)=Dxu Dy for any x,y €4.

Under this assumption we can improve Theorem 14 by showing that every closed
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element a € 4 has a unique decomposition
a=buc, bnc=0,
where b is perfect and ¢ is scattered. In fact, let
a=b"vc’ b'nc’=0
be another decomposition of this kind. We then have
b=Db<D(bub?)=D(b-bNubdb)=D(b-5)uDb’=D(b-b")ub".
Hence

b-b’<D(b-b";

that is, b — b’ is dense-in-itself. Since, moreover, b ~b" < ¢, and ¢’ is scat-
tered, we conclude that b —56"=0. Similarly we get 6"~ b =0. Consequently

b =05’ and hence also ¢ =c¢".

If, instead of Theorem 1, we apply Theorem 5, we obtain the following result

(of which, however, no interesting topological consequences are known ):

THEOREM 15. U = (4, <, D) being a complete derivative algebra, every
closed element a € A has two decompositions

a=buc=b'uc, bnc=>b'nc’=0,

where b, c, b’, ¢’ are elements of 'A such that
Db’=b and Dc’=c.

Proof. From Theorem 5 (with a = b) we conclude that there are two elements
c,b’ € A such that

(1) D(a=-c)=b" and D(a-b")=c.
By putting
(2) b=a—-c and ¢’=a-5b"

we obtain, from (1),

(3) Db=b"and Dc’=c.
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Since the function D is increasing and the element @ is closed, (1) implies
¢ <Da<a and b’ < Da < a;

hence, by (2),

(4) a=buc=b'vec’ and bnec=>b"nc’=0.

By (3) and (4) the proof has been completed.

Theorems 1 and 5 can be applied not only to the operation D, but also to
other topological operations which are defined in terms of D and, like the

latter, are increasing; for instance, to the operation [ defined by the formula

Ix =% - Dx;

Ix referred to as the interior of the element x. Theorem 5 can of course be

applied to two different topological operations, provided both are increasing.
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