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Abstract

In recent years, the field of Quantitative Finance has witnessed significant ad-
vancements in the application of Machine Learning (ML) modelling techniques, as
they offer greater expressive power than traditional methods, reduce the need for
domain experts and generally rely on less rigid assumptions. Generative models
such as Generative Adversarial Networks (GANs) learn the underlying distribu-
tion of financial time series in an unsupervised fashion, generating meaningful
synthetic data from noise and could greatly enrich the tools of financial engineers.
We give an overview of two widely adopted methods to compute Value at Risk
(VaR) and Expected Shortfall (ES), namely Historical Simulation (HS) and Peaks
Over Threshold (POT) and propose a simple algorithm to compute such estimates
using GANs, qualitatively comparing the methods on data simulated from two
well known stochastic processes with promising results, especially for yearly time
horizons.
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1 Introduction

Value at Risk (VaR) and Expected Shortfall (ES) provide single measures of the potential loss of a
portfolio of financial assets. Given a confidence level α the former estimates the α-quantile of the
loss distribution over a specified time horizon while the latter takes into account the expected loss
conditioned on exceeding the VaR.

The VaR framework initially developed by J.P. Morgan in the late 1980s and made public in the 1990s
with the software RiskMetrics [1], has been widely adopted both by risk managers and regulators,
especially for capital requirements in the Banking and Insurance sectors. Accurately estimating the
capital requirements of such institutions is of paramount importance for a healthy economy: on one
hand, it offers protection against financial crises and on the other, it enables growth opportunities by
promoting more efficient resource allocation, i.e. lowering the budget for risk mitigation.

Although VaR is harshly criticized (e.g. ES could be regarded as more informative), it is the risk
measure upon which many regulations are based, such as the Basel Accords (I – III) issued by
the Basel Committee on Banking Supervision (BCBS) which laid the foundations for analogous
policies worldwide and the more recent Solvency II directive issued by the European Insurance and
Occupational Pensions Authority (EIOPA).

Initially, standard VaR estimation techniques were used, however, since more refined modelling tools
have been developed, both the international Basel III Accord and the European Solvency II directive
currently allow regulated institutions to use internal models tailored to their own risk profile [7, 30].

To be employed, an internal model for VaR estimation must be approved by the regulator, the
validation process mainly entails computing daily VaR estimates and then performing a backtesting
procedure on historical data, e.g. Kupiec’s Proportion of Failures (POF) [29] or Christoffersen’s test
[12]. The daily VaR can then be extrapolated to longer temporal horizons; the easiest method to do
so, explicitly mentioned in Basel II regulation [2], is to multiply the daily estimate by the square root
of the time frame’s duration1. The extrapolation method, as well as any other a priori assumption,
must also be tested.

Given the importance of accurately assessing risk measures, the problem of estimating and forecasting
VaR has extensively been studied and several methodologies have been developed for its computation
which can be broadly categorized as follows (see [3] for a comprehensive review).

• Non-parametric: methods like Historical Simulation (HS) and Kernel Density Estimation
(KDE), empirically estimating the return distribution’s quantiles from the available data,
i.e. without specifying a distribution for the risk factor returns nor the dynamics of the risk
factor.

• Parametric: methods such as RiskMetrics or the ones based on the more advanced General-
ized Autoregressive Conditional Heteroscedastic (GARCH) model [11] which specify the
dynamics of the risk factor and make distributional assumptions on the errors in order to
estimate the quantiles of the innovation’s distribution.

• Semi-parametric: methods making assumptions about the risk factor dynamics and then
using Monte Carlo (MC) simulation to estimate the quantiles of the return distribution or
fitting a GARCH model to the returns and then using HS on bootstrapped standardized
residuals (Filtered HS [8]); methods based on Extreme Value Theory (EVT), i.e. making
assumptions on the limiting distribution of extreme returns observed over a long period of

1Assuming that the risk factors’ returns are independent and identically distributed (i.i.d.) over time, that
there is a linear relationship between the risk factors’ returns and the portfolio’s returns and that the volatility
remains constant [25].
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time, e.g. fitting a Generalized Pareto Distribution (GPD), see [3, 38] for more details; meth-
ods directly modelling the quantile instead of the whole distribution via an Autoregressive
(AR) process as in Conditional Autoregressive Value at Risk (CAViaR) [16].

From their review of the existing literature [3], Abad et al. conclude that the methodologies that seem
to perform best overall are the ones that make the least distributional assumptions on the returns, i.e.
the ones based on EVT and Filtered HS and CAViaR, while the GARCH family performs well when
asymmetric and fat-tail distributions are involved.

Recently, with the increasing availability of computational means, considerable effort has been
devoted to applying Machine Learning (ML) models to time series modelling with the ultimate goal
of replacing more traditional ones, e.g. the GARCH family. Recurrent Neural Networks (NNs) such
as Long Short-Term Memory (LSTM) and Convolutional Neural Networks (CNNs) are deemed
to be state-of-the-art for price prediction and trend forecasting; although these architectures have
successfully been employed in both supervised and unsupervised settings, accurate predictions are
currently limited to short-term time horizons of days or weeks [39].

Instead of using forecasting ML models, we propose the use of generative models, Generative
Adversarial Networks (GANs) [23] in particular, to learn the underlying data distribution in an
unsupervised fashion. The most straightforward application is to learn to generate realistic paths for
the risk factors without having to specify their stochastic dynamics and then use MC simulation to
approximate the VaR. GANs could, in principle, be employed in other parametric or semi-parametric
methods to learn the underlying distributions without having to specify their family, e.g. learning the
distribution of the errors after fitting a GARCH model or the limiting distribution of extreme events
in the EVT framework, assuming there is enough data to do so.

Using GANs to model the risk factors’ paths, provided the model correctly captures the data’s
distribution, has many advantages:

• the VaR could be estimated for any time horizon by simulating the losses over such period
directly, without the need for an extrapolation method;

• the model could be trained on portfolio returns, eliminating the need to explicitly capture
the correlation between its components;

• since GANs are not AR models, once the NN is trained, simulation can easily be parallelized.

Sampling from GANs is straightforward, however, training them is not; as we will see, the main
disadvantages are due to training instability. While this is still an open problem, we introduce a
simple pre-training algorithm and a stopping criterion, which help mitigate this issue.

In this work, we will focus on three different methods to compute VaR and ES, namely HS, the EVT
and the GAN approach: HS, being the simplest method, is still widely adopted, whereas approaches
based on EVT seem to outperform other methodologies for very high quantiles (α ≥ 0.99) [38].

Instead of using backtesting procedures, we will compare the results in a controlled environment
by applying the techniques to simulated daily prices from two known stochastic processes, the
Geometric Brownian Motion (GBM) and Merton’s Jump-Diffusion (JD) process [31]. This choice
is motivated by the following considerations: the results of statistical tests highly depend on the
number of observations, therefore the reliability of Kupiec’s POF test could suffer considerably for
longer time horizon VaR estimates2, moreover GANs require a nonnegligible amount of time to train,
therefore it would be very expensive to perform such procedures.

2This is the reason why regulations such as Basel Accords require backtesting on daily estimates.
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2 Backround

2.1 Value at Risk and Expected Shortfall: Historical Simulation and Peaks Over Threshold

In order to discuss the two methodologies used for our comparison, we shall first formally define
both VaR and ES, following [5, 38].

Definition 1 (Value at Risk) Given a confidence level α and a time horizon T , the VaR is the
α-quintile of the loss distribution, calling the loss L := L(T ) = S(0)− S(T ) the VaR is such that:

VaRT
α(L) := inf{l ∈ IR : P(L > l) ≤ 1− α} = inf{l ∈ IR : FL(l) ≥ α} = F−1

L (α) (1)

where S is a risk factor, e.g. the price of a risky asset or portfolio and FL(l) is the Cumulative
Distribution Function (CDF) of L.

The VaR is criticized for many reasons, one of them being the fact that two risky assets may have the
same VaR but very different expected losses, as qualitatively described in figure 1.

VaR𝛼

1 − 𝛼

𝑆(0) − 𝑆(𝑇)

PD
F

(a)

VaR𝛼

1 − 𝛼

𝑆(0) − 𝑆(𝑇)

PD
F

(b)

Figure 1: Two different assets (a) and (b) share the same VaR, but (b) has higher expected losses.

To solve this issue, instead of the VaR, one could consider the ES which is the expected value of the
right tail of the loss distribution.

Definition 2 (Expected Shortfall) Given a confidence level α and a time horizon T the ES is the
expected value of the loss L conditioned on exceeding the VaR:

ESα(L) = E[L|L ≥ VaRα(L)] =
1

1− α

1∫
α

VaRu(L) du. (2)

2.1.1 Historical Simulation

The most straightforward method to estimate these quantities is Historical Simulation, which consists
in estimating the quantiles of the empirical loss (or profit) distribution from historical data. Suppose
we have N loss observations over a time horizon T : LT

i , i = 1, . . . , N (e.g. negative daily log-
returns) and the corresponding order statistic such that L(1) ≥ LT

(2) ≥ · · · ≥ LT
(N).

We can estimate the α-quantile by taking V̂aR
T

α =
{
LT
(i) :

⌊
i
N

⌋
= 1− α

}
, the HS procedure to

estimate VaR and ES is summarized and visualized in algortithm 1 and figure 2 respectively.
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Figure 2: HS applied to normally dis-
tributed daily log-returns.

Algorithm 1. Historical Simulation

Input: A dataset of historical losses D = {Li}Ni=1;
the confidence level α

1 Sort the losses such that L(1) ≥ L(2) ≥ · · · ≥ L(N)

2 V̂aRα(L) :=
{
L(i) :

⌊
i
N

⌋
= 1− α

}
3 ÊSα(L) :=

1

J

J∑
i=1

L(i), J : L(J) = V̂aRα

return V̂aRα(L), ÊSα(L)

Due to its simplicity and low computational cost, HS is the most widely adopted non-parametric
approach [3]. The main advantages of this method are: that it does not depend on assumptions about
the loss distribution, therefore it can accommodate fat tails, skewness and any other non-normal
features observed in financial time series; it can be easily paired with parametric approaches (Filtered
HS) or modified to increase its accuracy and provide confidence intervals (e.g. applying it on
bootstrapped losses). However, it also has disadvantages: it is highly dependent on the dataset, e.g. if
the period in consideration is exceptionally volatile or includes extreme losses which are unlikely to
recur, this could lead to overestimation; it cannot take into account plausible events that have not yet
occurred in our sample period and it is slow to reflect changes (see [3, 14]).

2.1.2 Peaks Over Threshold

The second approach we consider in this work, closely following[14, 38], is based on EVT which
studies the asymptotic distribution of extreme losses observed over a long time. The theoretical
foundations of EVT were laid in [19, 21] in which it was proven that the distribution of extreme
(maximum) values of an i.i.d. sample from most known CDFs, appropriately rescaled, converge to one
of three possible families: Fréchet, Gumbel and Weibull which were unified under the Generalized
Etreme Value (GEV) distribution family [26]. The GEV depends on a shape parameter ξ ∈ IR so that
it corresponds to either the Fréchet (ξ > 0), the Gumbel (ξ = 0) or the Weibull (ξ < 0) family.

In this context, three different methods may be identified:

• the Block Maxima Method (BMM), in which the data is divided into blocks of n observations
each and the GEV distribution is fitted on the sequence of block maxima, e.g. using
Maximum Likelihood Estimation (MLE). The main disadvantage is that the data use is not
efficient since extreme values falling in the same block would be discarded while only the
block maximum would be kept.

• The Peaks Over Threshold (POT) method, where the extreme values in a sample are chosen
to be the ones that exceed a specified threshold u. The excess distribution over the threshold
for most CDFs has, as a limiting distribution, the GPD, which can be proven to share the
same shape parameter as the GEV for high values of u; i.e. those CDFs whose excess
distribution over the threshold converges to a GPD with shape parameter ξ, are the same
ones which lie in the maximum domain of attraction of a GEV distribution with the same
shape parameter ξ. Similarly to the BMM the GPD can be fitted to the right tail using MLE.

• Non-parametric approaches where the shape parameter ξ of the GPD (or GEV) is estimated
directly from the available data, e.g. using the Hill estimator.
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Among these methods, the POT model is considered to be the most useful for practical applications
due to the more efficient use of the data for extreme values compared to the BMM [3], therefore it is
the approach we will consider for our comparison.

By definition, the excess distribution over the threshold u of a random variable L, i.e. X = L− u,
with CDF F , is

Fu(x) := P(L−u ≤ x|L > u) =
P(0 < L− u ≤ x)

P(L > u)
=

F (x+ u)− F (u)

1− F (u)
, 0 ≤ x ≤ xF −u (3)

where xF = sup{x ∈ IR : F (x) < 1} and its asymptotic distribution distribution, for most known
CDFs, is the GPD with shape parameter ξ and scale parameter β > 0:

GPDξ,β(x) :=

1−
(
1 + ξ x

β

)−1/ξ

, ξ ̸= 0

1− e
x
β , ξ = 0

, where

{
x ≥ 0, if ξ ≥ 0

0 ≤ x ≤ −β/ξ, if ξ < 0
. (4)

In extreme value analysis, the cases in which we are usually interested are the ones where the shape
parameter ξ, also referred to as tail index, is nonzero and particularly when ξ > 0 as it corresponds to
heavy-tail behaviour.

Rearranging the right-hand side of equation (3) we can move from the excess distribution over
the threshold to the parent distribution F (l) defined over the losses [14], assuming the limiting
distribution of Fu(x) ≈ GPDξ,β(x) where x = l − u we have:

Fu(l − u) =
F (l)− F (u)

1− F (u)
= GPDξ,β(l − u) = 1−

(
1 +

ξ

β
(l − u)

)−1/ξ

therefore

F (l) = 1−
(
1− F (u)

)(
1 +

ξ

β
(l − u)

)−1/ξ

. (5)

We can now estimate the VaR by inverting equation (5), i.e. finding l = F−1(α):

α = 1−
(
1− F (u)

)(
1 +

ξ

β
(l − u)

)−1/ξ

recalling definition 1, we obtain

VaRα(L) = F−1(α) = u+
β

ξ

[(
1− α

1− F (u)

)−ξ

− 1

]
. (6)

Using definition 2, the ES estimate can be easily obtained by integrating equation (6):

ESα(L) =
1

1− α

1∫
α

VaRu(L) du =
VaRα(L)

1− ξ
+

β − ξu

1− ξ
. (7)

Before we outline the POT method there are still some aspects we have to clarify regarding the
unknowns: how to choose the threshold u, how to estimate the parameters ξ̂ and β̂ of the GPD and
how to estimate the tail distribution of the losses 1− F (u).

The threshold u must be chosen so that it is high enough for the EVT theorems to hold, i.e. for the
GPD to be the limiting distribution of the excess losses regardless of the distribution of the losses;
however, it must be low enough to include a reasonable amount of observations for reliable estimates.
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A widely used criterion is to choose u so that the tail is populated by no more than 10-15% of the
data and, as a rule of thumb, the value of 5-10% is often used [38].

Given a dataset D = {Li}Ni=1 of i.i.d. samples, once u is chosen, the parameters ξ and β can be
estimated by fitting, via MLE, the GPD on the sequence

{
Xi

}Nu

i=1
, where Xi = L̃i − u are the data

exceeding the threshold and Nu is the total number of excesses.

The log-likelihood for the case where ξ ̸= 0 can be written as [14]

ℓ(ξ, β) = −Nu lnβ − (1 + 1/ξ)

Nu∑
i=1

ln

(
1 + ξ

Xi

β

)
(8)

and the parameters can be estimated by maximizing equation (8) subject to the constraints under
which the GPD is defined:

(ξ̂, β̂) = argmax ℓ(ξ, β)

s. t. β > 0

1 +
ξ

β
Xi > 0

. (9)

To compute the VaR and the ES we also need to estimate 1− F (u) and the most natural estimator
is the empirical proportion of observations over the threshold, i.e. Nu

N . Now that all the quantities
involved have been specified, we can finally outline the POT method for VaR and ES estimation.

Algorithm 2. Peaks Over Threshold

Input: A dataset of historical losses D = {Li}Ni=1; the confidence level α

1 Choose a threshold u such that Nu

N ≤ 15% and compute the excesses
{
Xi

}Nu

i=1
, Xi = L̃i − u

2 Assuming that the data are in the maximum domain of attraction of a GEV distribution, estimate
the parameters of the corresponding GPD, (ξ̂, β̂) solving problem (9)

3 Estimate 1− F (u) := Nu

N

4 Compute the VaR estimate according to equation (6):

V̂aRα(L) := u+
β̂

ξ̂

[(
N

Nu
(1− α)

)−ξ̂

− 1

]

5 Compute the ES estimate according to equation (7):

ÊSα(L) :=
1

1− α

1∫
α

VaRu(L) du =
VaRα(L)

1− ξ̂
+

β̂ − ξ̂u

1− ξ̂
.

return V̂aRα(L), ÊSα(L)

While this method still greatly depends on key assumptions such as having a dataset representing
extreme events sufficiently well and that the asymptotic distribution of the excesses tends to a GPD,
it no longer constrains us to a particular family for the distribution of the losses by exclusively
modelling the tail behaviour and leads to satisfying results, especially when considering very high
quantiles (α ≥ 0.99).

7



2.2 Generative Adversarial Networks

Generative unsupervised learning refers to any learning process explicitly or implicitly modelling the
true unknown data distribution P(x). There are many different ML models, Deep Learning (DL) ones
[24] in particular, that attempt to do so, some of which are based on Latent Variable Models (LVMs)
and require some form of inference during training, sample generation or both, e.g. Variational
Autoencoders (VAEs) [28].

GANs were introduced by Goodfellow et al. [23] with the main goal of avoiding explicit inference
steps during training and sample generation. Relying on an adversarial process in which a generative
model G competes with a discriminative one D which estimates the probability that a sample came
from the training data rather than G, this framework eliminates the need to train an approximate
inference model such as in VAEs and does not require complicated and computationally expensive
sampling methods such as Markov Chain Monte Carlo (MCMC) in denoising Autoencoders (AEs) or
ancestral sampling in Fully Visible Belief Networks (FVBNs) [24].

𝒛

𝒙
Figure 3: GAN and
VAE LVM.

GANs share the same LVM as VAEs (in figure 3) where the generative model
is given by pθ(x, z) = p(z)pθ(x|z), but instead of choosing the likelihood
pθ(x|z) among a family of distributions and parametrizing it with a NN, the
likelihood is implicitly defined by a Generator network G(z;θG) representing
a deterministic, differentiable mapping from latent to data space G : z 7→ x.

Therefore we have the empirical distribution pG(x|z) := δ(x−G(z)) where
δ is Dirac’s delta and the marginal likelihood is given by [13, 42]:

pG(x) =

∫
p(z)pG(x|z) dz. (10)

The objective is to train the generative model so that it approximates the true data distribution
pG(x) ≈ pdata(x). In order to do so, the Discriminator D(x;θD) is introduced, a classifier which
outputs a scalar D : x 7→ y ∈ [0, 1] representing the probability that the input x comes from the
data-generating process pdata(x) (y = 1) rather than pG(x) (y = 0). Both models are then trained to
compete against each other in a minimax game

min
θG

max
θD

V (D,G) = Ex∼pdata(x)

[
lnD(x)

]
+ Ex∼pG(x)

[
ln
[
1−D

(
x
)]]

︸ ︷︷ ︸
Ez∼p(z)

[
ln
[
1−D

(
G(z)

)]] (11)

where the Discriminator maximizes the probability of assigning the correct label to its input, i.e.
the log-likelihood for estimating the conditional probability P(Y = y |x), whereas the Generator is
trained to minimize it [23]. In short, the structure of a GAN, shown in figure 4, is composed by:

𝒛
noise

G 𝒙̂
g
e
n
e
r
a
t
e
d

𝒙 r
e
a
l
d
a
t
a

D

𝟎
𝟏

Figure 4: General structure of a GAN

• a prior p(z) on the latent variable z from which to
sample noise vectors;

• the Generator G(z;θG): a NN producing syn-
thetic data from noise input, representing a differen-
tiable mapping from latent to data space G : z 7→ x

which implicitly defines the probability distribution
pG(x) of the samples G(z);

• the Discriminator D(x;θD): a differentiable clas-
sifier that outputs a scalar in [0, 1] representing the
probability that a sample x comes from the data-
generating process pdata(x) rather than pG(x).
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Goodfellow et al. [23] prove that given enough capacity to both the Generator and the Discriminator,
i.e. in the non-parametric limit, and given that we have access to the true data-generating process, the
global optimum of problem (11) is achieved when pG(x) = pdata(x) [23]. The training criterion for
the Generator can be rewritten as:

C(G) = − ln 4 + 2 JS(pdata(x)∥pG(x))

where JS is the Jensen-Shannon divergence (JS divergence), a symmetric version of the Kull-
back–Leibler divergence (KL divergence):

JS(P∥Q) :=
1

2
KL

(
P
∥∥∥∥P+Q

2

)
+

1

2
KL

(
Q
∥∥∥∥P+Q

2

)
with 0 ≤ JS(P∥Q) ≤ 1 and equal to zero if and only if P = Q, therefore the training criterion is
theoretically sound as solving problem (11) drives pG → pdata.

In practice, however, even when the training dataset is sufficiently representative of the true data-
generating process, GANs can parametrize limited3 families of distributions. Moreover, when
using deep NNs, solving problem (11) requires finding a Nash equilibrium of a non-convex high-
dimensional game, which is not trivial.

Goodfellow et al. [23] proposed to use minibatch Stochastic Gradient Descent (SGD) to optimize
Discriminator and Generator alternately in order to find an approximate solution4 to such problem,
arguing that if G changes slowly enough, D is maintained near its optimum; the procedure is outlined
in algortithm 3.

Arjovsky and Bottou [4] prove that the closer the Discriminator is to optimality, the more the Genera-
tor’s loss saturates, resulting in a weak or even vanishing gradient when the optimal Discriminator is
perfectly able to classify the data. While no formal proof was given, the problem was known since the
original paper [23], being especially evident early in training when G is poor and the Discriminator
can reject generated samples with high confidence.

To address the issue, Goodfellow et al. [23] modified the loss so that the Generator, instead of
minimizing the log-probability of the Discriminator being correct, maximizes the log-probability of
it being mistaken LNS

G (z) [22]:

LG(z) = ln[1−D(G(z))] ⇒ LNS
G (z) = − lnD(G(z)). (12)

This heuristically motivated non-saturating version of the game between D and G is no longer
zero-sum and, while lacking a theoretical basis, it allows GANs trained with algortithm 3 to produce
very high-quality samples compared to other generative models.

3Even when the universal approximation theorem applies the architecture needed for the model to be
identifiable could be infeasible.

4The authors prove that the algorithm converges in the non-parametric limit since the logarithm is strictly
concave and expectations preserve convexity w.r.t. the distributions, but this is no longer true when D and G are
NNs, known to produce highly non-convex losses [34].
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Algorithm 3. GAN training with minibatch SGD

Input: A dataset D =
{
x(i)

}N

i=1
; the Discriminator D(x;θD) with its loss

LD(x, z) = − lnD(x)− ln[1−D(G(z))]; the Generator G(x;θG) with its loss
LNS
G (z) = − lnD(G(z)); a routine performing one minimization step of a

gradient-based optimization algorithm optimizer_step.

for number of training epochs do
for number of minibatches do

for k steps do

1 Select a minibatch of m examples x =
{
x(1), . . . ,x(m)

}
from D and m noise

samples z =
{
x(1), . . . ,x(m)

}
from the prior p(z).

2 Compute ∇θD
J(θD) =

1

m

m∑
i=1

∇θD
LD

(
x(i), z(i)

)
3 Update the Discriminator: θD = optimizer_step(θD,∇θD

J(θD))

end

4 Sample m noise vectors z =
{
x(1), . . . ,x(m)

}
from the prior p(z).

5 Compute ∇θG
J(θG) =

1

m

m∑
i=1

∇θG
LG

(
x(i), z(i)

)
6 Update the Generator: θG = optimizer_step(θG,∇θG

J(θG))

end
end

The GAN framework offers many advantages over other generative models, mainly that training
requires no inference and that sampling is straightforward (no MCMC needed) and easily parallelized.

However, GANs are notoriously hard to train and suffer from what is known as mode collapse, i.e.
when the Generator learns to map several different input values to the same output, producing a subset
of very similar samples [22], as shown in figure 5. The problems of training instability and mode

Initialization
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Figure 5: Example of mode collapse in a GAN applied to a 2D multimodal toy dataset.

collapse arise both when using the original loss function and the non-saturating one (equation (12)).
In fact, in the first case, we are trying to find a solution (assuming it exists) to a non-convex Nash
Equilibrium Problem (NEP) with an iterative optimization method that has no theoretical guarantees
of convergence [22]. In the second case, Arjovsky and Bottou [4] prove that updating the Generator
by minimizing the new cost function is equivalent to approximately finding

argmin
pG

KL(pG∥pdata)− 2 JS(pG∥pdata),

thus directly contributing to mode-dropping with the reverse KL term and to training instability with
the JS divergence actually driving the two distributions apart.
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Despite these theoretical issues, alas leading to very practical consequences, GANs are able to
produce very realistic synthetic samples when correctly fine-tuned and are, to this day, considered
cutting-edge technology (see [15] for a recent review on GANs in Finance).

2.2.1 GANs in Value at Risk and Expected Shortfall estimation

The applications of GANs in Finance are relatively recent, with the first ones dealing with realistic
synthetic time series generation [41]. To our knowledge, specific applications to VaR estimation are
generally focused on 1-day VaR estimates by training a GAN to reproduce the log-return distribution
of a financial time series.

In [18] a thoroughly fine-tuned Recurrent Conditional GAN [17] was compared both to unconditional
(Variance-Covariance, HS and KDE methods) and conditional5 VaR models (GARCH family) using
several backtesting procedures including Kupiec’s and Christoffersen’s. The author concludes that,
when precisely fine-tuned, GANs can outperform traditional models in unconditional VaR estimation;
the same cannot be said for conditional VaR, where the performance is worse compared to state-of-
the-art GARCH models.

Although 1-day VaR estimation for backtesting purposes is important, we believe the true strength of
using GANs in VaR and ES estimation lies in longer time horizon projections. If the GAN model is
able to reproduce the log-return distribution to a certain degree of accuracy, we can generate unlimited
scenarios sampling from it as we would in MC simulation, with the important difference that the
model from which we simulate is not specified by an expert, but rather it is learnt in an unsupervised
fashion.

While the accuracy might not be sufficient to outperform prediction models on shorter time scales, it
could potentially compensate for their limitations on longer ones; moreover, using such an approach,
there is no need for extrapolation methods when there is not enough data to learn the N -day return
distribution directly, the only limitation is that the daily distribution must be sufficiently stationary.
We can now outline such a method for VaR and ES estimation in algortithm 4.

Algorithm 4. MC-GAN: VaR and ES estimation

Input: A GAN model; a dataset of historical daily log-returns D =
{
r(i)

}N

i=1
; the confidence

level α; the time horizon T in days

1 Train a GAN on D using algortithm 3

2 Sample Nruns × T returns from the GAN, sum over the time horizon and compute the losses
vector:

L = −GAN.sample(Nruns,T ).sum(dim = 1)

3 Sort the losses such that L(1) ≥ L(2) ≥ · · · ≥ L(N)

4 V̂aRα(L) :=
{
L(i) :

⌊
i
N

⌋
= 1− α

}
5 ÊSα(L) :=

1

J

J∑
i=1

L(i), J : L(J) = V̂aRα

return V̂aRα(L), ÊSα(L)

This method incorporates aspects of both MC simulation and HS, however, it does not share the
limitations of the latter regarding the sample size.

5In this context, conditional refers to the conditioning of the VaR w.r.t. a specific filtration, i.e. a specific set
of past information.
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3 Experiments

3.1 Testing environment: synthetic datasets

We tested algorithms 1, 2 and 4 in a controlled environment by simulating daily prices of an asset S
from two stochastic processes with known properties:

1. the GBM, a diffusion process with constant drift (µ) and diffusion (σ) underlying the
Black-Scholes-Merton (BSM) option pricing model [10, 32]

dSt = µSt dt+ σSt dWt.

2. Merton’s JD process [31], a GBM with jumps, following Glasserman [20]

dSt = µSt− dt+ σSt− dWt + St− dJt, J(t) =

N(t)∑
i=1

(Yi − 1)

where N(t) is a Poisson process with rate λ (Jt is a compound Poisson process) and
Yi ∼ LN (µY , σ

2
Y ); we adopt the convention that the process is right-continuous, i.e.

S(t) = lim
τ↓t

S(τ), therefore indicate with St− the value of the price right before a jump.

In both cases6 we used plain vanilla MC simulation (without any variance reduction techniques, e.g.
antithetic variables) sampling from the analytic distributions of the log returns. It is possible to show
that prices following the Stochastic Differential Equations (SDEs) above are distributed according to
a lognormal distribution (GBM) and a Poisson mixture of lognormal distributions (JD) [20]:

GBM: P(St ≤ x) = Φ

(
ln(x)−m

s2

)
,

{
m := lnS0 + (µ− 1

2
σ2)t

s2 := σ2t

JD: P(St ≤ x) =

∞∑
n=0

e−λt (λt)
n

n!
Φn,t

(
ln(x)−mJ

s2J

)
,

{
mJ := lnS0 + (µ− 1

2
σ2)t+ nµY

s2J := σ2t+ nσ2
Y

(13)

where Φ indicates the Gaussian CDF. We simulated a 10-year time series of daily prices with 252
trading days per year for training and 100000 possible paths in the following 10 years for testing.

0 1000 2000 3000 4000 5000
0
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4000

6000

8000

10000

Training time series
Possible GBM paths

(a) GBM process

0 1000 2000 3000 4000 5000

0

5000

10000

15000

20000

Training time series
Possible JD paths

(b) JD process.

Figure 6: Training time series and 50 possible paths 10 years in the future for an asset’s price starting
at S0 = 1000 and following a GBM (a) and a JD (b) process respectively.

6For the JD process such a distribution we numerically approximated the infinite series [6] using Julia
programming language [9] for the implementation.
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3.2 GAN architecture and training

The architecture chosen for the following study is a Deep Convolutional GAN (DCGAN) variant
implemented using PyTorch [35], given its out-of-the-box success in reproducing most of the stylized
facts of the Standard & Poor’s 500 (S&P 500) index time series [15].

In our implementation of DCGAN we follow the original paper’s guidelines for a stable architecture
Radford et al. [37] replacing the 2-dimensional convolutions with 1-dimensional ones:

1. Replace pooling layers with strided convolutions for the Discriminator and fractionally-
strided (transposed) convolutions for the Generator.

2. Use Batch Normalization (BN) in both G and D.

3. Remove fully connected hidden layers for deeper architectures.

4. Use Rectified Linear Unit (ReLU) activation in the Generator and Leaky ReLU (LeakyReLU)
in the Discriminator.

The complete description of the architecture used is given in tables 1 and 2 in appendix A.1.

The dataset was pre-processed using a rolling window of 32 days, up-scaled by a factor of 100,
shuffled and divided into batches of size 32 for the training procedure.

The Generator was pre-trained using a denoising autoencoder [24] as it seems to significantly speed
up the training and to reduce mode collapse to some degree, as described in appendix A.2. The
GAN was trained using algortithm 3 on the log returns ln St+1

St
of the first 10 years of simulation

optimizing the weights with Adam algorithm [27], as in the original DCGAN paper. To deal with
training instability, a simple stopping criterion was adopted: 100 Kolmogorov-Smirnov (KS) tests
were performed each epoch and the training was interrupted if a good number of the tests were passed
(usually at least 90%).

3.3 Results

Before describing the qualitative results obtained from the comparisons, there are some considerations
to keep in mind regarding the POT method. We chose a setting in which the datasets are fairly i.i.d.
but we have a limited amount of data (only 10 years), this penalizes the POT method which requires
more observations of rare events in order to correctly capture the tail behaviour. Moreover, the
analysis will be carried out on the returns rather than the log returns, which would be normally
distributed in the case of the GBM. We used the library evd [40] in the R programming language [36]
to fit the GPD and the threshold was chosen such that Nu

N ∈ [5%, 15%].

We compared algorithms 1, 2 and 4 for the estimation of both VaR and ES on the GBM and on the JD
processes for different time horizons. For T ≤ 100 days we used no extrapolation, while for longer
horizons we scaled the VaR using

√
T rule of thumb.

3.3.1 Geometric Brownian Motion

For the GBM process HS has slightly better performance than the GAN model and performs
reasonably well for horizons up to 100 days. The POT tends to overestimate both VaR and ES
especially for T > 10 days as shown in figure 7.
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Figure 7: VaR and ES estimation using HS, POT and GAN methods in the daily–monthly range.

As there isn’t enough data to perform HS and POT past 100 days, we necessarily have to extrapolate
the results on longer time horizons, negatively impacting the estimates. The GAN method on the
other hand, yields considerably better results, especially for ES estimation as shown in figure 10.
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Figure 8: VaR and ES estimation using HS, POT and GAN methods in the yearly range.

The POT method is very sensitive to the threshold choice, when tweaking it, the method seems to
give better results, particularly in the daily range, as shown in figure 9. The GAN model, however,
still outperforms both on longer time horizons.
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Figure 9: VaR estimation for the GBM process using HS, POT and GAN methods for T = [1, 18, 252]
together with the histograms of Real (simulated) and Generated losses.
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3.3.2 Jump-Diffusion

For the JS divergence process HS has comparable performance to the GAN model and, similarly
to the previous case, performs reasonably well for horizons up to 100 days. The POT tends to
overestimate both VaR and ES, however, since the process has wider tails, it seems to perform better
than the previous case, as shown in figure 10.
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Figure 10: VaR and ES estimation using HS, POT and GAN methods in the daily–monthly range.

Similarly to the GBM, the GAN method, yields considerably better results on longer time horizons,
especially for ES estimation as shown in figure 11.
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Figure 11: VaR and ES estimation using HS, POT and GAN methods in the yearly range.

Tweaking the threshold has a positive effect also in this case, however results seem comparable to
HS, as shown in figure 12.
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Figure 12: VaR estimation for the JD process using HS, POT and GAN methods for T = [1, 18, 252]
together with the histograms of Real (simulated) and Generated losses.
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4 Conclusions and future work

The results reported above are quite promising considering the fact that we learned to simulate data
from a single 10-year time series in an unsupervised fashion, moreover, we used a relatively standard
GAN model which could be further fine-tuned. While these results remain qualitative and more
comprehensive tests should be run, they demonstrate the great potential generative models have to
revolutionize the field of Quantitative Finance and show how GANs could immediately be employed
as valuable additions to the financial engineer toolbox, albeit with some caveats.

The flexibility of models such as GANs comes at the high cost of some training instability and lack
of robustness to changes in hyperparameters. This, coupled with the lack of quantitative evaluation
metrics to assess the training progress makes them challenging to adopt in contexts where conformity
to standards is not only important but many times required as part of strict regulations. We have seen
how GANs applied to VaR and ES estimation seem to perform best on longer time frames, however,
it is increasingly difficult to carry out statistically significant backtesting procedures on such horizons
when considering real data.

We believe the true power of models such as GANs lies in their ability to generate realistic medium
to long-term scenarios that could potentially bridge the gap between conditional and unconditional
VaR models; employing GANs together with more traditional techniques such as GARCH models, in
the EVT framework or together with predictive ML models might be worth exploring further.

Nevertheless, in order to employ such models with confidence, better training techniques must be
developed and great effort must be devoted to devising better quantitative evaluation metrics.

Risk management is only one of the possible areas of application of generative models, many of
which remain to this day largely unexplored, e.g. option pricing, such models could yield tangible
competitive advantages not only for big financial institutions but also for single investors.
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A GAN

A.1 Architecture

Table 1: Generator Network
Layer Parameters

(0): Linear (in features=100, out features=512, bias=True)
(1): Unsqueeze Add dimension
(2): BatchNorm1d (512, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(3): ReLU (inplace=True)
(4): ConvTranspose1d (512, 256, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(5): BatchNorm1d (256, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(6): ReLU (inplace=True)
(7): BatchNorm1d (256, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(8): ConvTranspose1d (256, 128, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(9): ReLU (inplace=True)

(10): BatchNorm1d (128, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(11): ConvTranspose1d (128, 64, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(12): ReLU (inplace=True)
(13): BatchNorm1d (64, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(14): ConvTranspose1d (64, 32, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(15): ReLU (inplace=True)
(16): ConvTranspose1d (32, 1, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(17): Squeeze Remove dimension

Table 2: Discriminator Network
Layer Parameters

(0): Unsqueeze Add dimension
(1): Conv1d (1, 32, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(2): BatchNorm1d (32, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(3): LeakyReLU (negative slope=0.2, inplace=True)
(4): Conv1d (32, 64, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(5): BatchNorm1d (64, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(6): LeakyReLU (negative slope=0.2, inplace=True)
(7): Conv1d (64, 128, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(8): BatchNorm1d (128, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(9): LeakyReLU (negative slope=0.2, inplace=True)

(10): Conv1d (128, 256, kernel size=(4,), stride=(2,), padding=(1,), bias=False)
(11): BatchNorm1d (256, eps=1e-05, momentum=0.1, affine=True, track running stats = True)
(12): LeakyReLU (negative slope=0.2, inplace=True)
(13): Conv1d (256, 1, kernel size=(1,), stride=(2,), bias=False)
(14): Squeeze Remove dimension
(15): Sigmoid
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A.2 Autoencoder pre-training

From tests on toy datasets, we found that pretraining the Generator using it as the decoder of a
denoising AE [24] can speed up the training process. Additionally, such an initialization has in some
cases produced qualitatively better results in terms of mode collapse.

Though a more thorough investigation is required, this technique seems to generalize to different
architectures and datasets, in figure 13 we show the results of applying AE pretraining to a GAN
using Multi Layer Perceptron (MLP) networks for both G and D trained on a toy dataset similar
to the one used in [33] and to DCGAN trained on the Modified National Institute of Standards and
Technology (MNIST) dataset.
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(a) MLP GAN with No pretraining
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(b) MLP GAN with AE pretraining
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Figure 13: No pretraining (a,c) vs. AE pretraining (b,d) technique applied to two different GAN
architectures and two different datasets. In the first comparison, KDE is used on the Generator’s
samples; in this specific case, a better initialization seems to greatly reduce mode collapse.
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