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Abstract

In this paper, we consider the base station deployment problem in a wireless net-
work. The natural formulation of this problem usually leads to numerical and memory
issues, preventing users from dealing with real-world problems. We provide a compact
reformulation that allows us to get beyond the limitations of the natural formulation.
We test the new formulation on three instances derived from simulations of realistic
LTE scenarios. The computational results demonstrate the efficiency of the proposed
formulation, which enables to quickly identify the optimal solution with extreme accu-
racy.

Keywords: Wireless network planning, base station deployment, 0-1 linear program-
ming, compact formulation, siting model, SINR inequalities



1 Introduction

This paper addresses the base station deployment optimization problem consisting of the
selection of base station locations, among a set of possible ones, according to an objective
and so that the selected base stations are able to guarantee coverage on a target area.
The research was carried out in collaboration with the Fondazione Ugo Bordoni (FUB)
in response to their request for the identification of a compact formulation for real-world
problems of this kind that must be implemented using standard modeling languages and
tractable by commercial solvers. FUB is a higher education and research institution under
the supervision of the Ministry of Economic Development that operates in the telecom-
munication field, providing innovative services for government bodies [14]. Their interest
in this topic comes from the fact that technological advancement and increase in traffic
are leading to a densification of the number of base stations along the territory, with the
consequent increase in interfering signals. Therefore, careful planning of the base station
location becomes crucial to reduce the capital expenditures costs that operators will incur
and to meet the service quality requirements demanded by users.

Optimization models for Wireless Network Design (WND) and for the specific problem of
base station deployment have been proposed since decades. However, the available compact
models present severe limitations when applied to realistic situations: the resolution of these
models involves strong numerical issues that arise even in small instances. This is due to
the fact that the constraints matrix contains coefficients that greatly vary in their order of
magnitude. Furthermore, in real-world instances, the size of the model is huge. Due to the
inability of dealing with practical problems, most contributors preferred to tackle large-size
instances with a heuristic approach. Only a few tried to optimally solve real-life problems,
using non-compact formulations and/or nonstandard optimization procedures.

In contrast to these works, we propose a compact formulation that can be used to
optimally solve real-life cases directly using Mixed-Integer Programming (MIP) solvers in
default settings. The formulation that we propose overcomes the numerical and size criti-
calities of the natural compact formulation and is obtained making an a priori reformulation
of the critical constraints. Our formulation of the problem has three main advantages:

e it is compact, hence easily manageable by its users (e.g., telecommunications practi-
tioners);

e it is tractable by commercial solvers using standard optimization procedures and this
is an advantage since solvers usually employ excellent heuristics leading to very good
and fast results (for a discussion of how heuristics of MIP solvers have a crucial impact
on solving complex problems see [13]);

e it is reduced in size compared to the natural formulation hence we can deal with large
instances, as in a real-world problem.

The remaining of this paper is organized as follows. Section [2] discusses the main con-
tributions in the field of wireless network planning. Section [3] reports the statement of the



problem and Section [4] presents a basic natural formulation for the base station deployment
problem and explains its limitations. In Section [5| a compact reformulation that overcomes
those limits is proposed. Section [6] compares the computational results obtained using the
basic and our strengthened formulation on realistic instances provided by FUB. Conclusions
are given in Section [7]

2 Literature Review

The base station deployment problem can be traced back to a WND problem, namely the
problem of configuring a set of transmitters to provide service on a target area. The term
configuring refers both to the optimal identification of the positions, hence to the base
station deployment problem, and to the optimal identification of some parameters of the
transmitters. The design of wireless networks is a widely studied topic with a large number
of contributions, we can divide them into two main strands: those using exact methods,
those using heuristic methods. A summary classification of the cited works can be found in
Table [

As for the strand of exact methods, a non-compact binary formulation is proposed in
[8], in which both locations and power emissions of the antennas are optimized, with the
aim of maximizing the territorial coverage. The main contribution of this paper lies in the
formulation, particularly suitable for a rapid numerical resolution since it does not make
use of the big-M coeflicients, which are normally employed to model logical relationships
bringing to numerical problems in large instances. Nonetheless, the formulation contains
an exponential number of constraints and cannot be represented in a compact way. The
resolution algorithm is a combination of row-generation and branch-and-cut repeated on
different combinations of power emission levels.

The authors of [22] tackle the problem of optimal base station locations and power emissions,
maximizing the service provider’s profit. They use a Mixed-Integer Linear Programming
(MILP) formulation with big-M constraints to be solved with an exact solution method
that combines combinatorial Benders decomposition, classical Benders decomposition, and
valid cuts in a nested way.

As for the papers proposing formulations to be solved in standard exact fashion, we can find
a recent work [6] focusing on 5G planning that provides a mixed-integer formulation with
a big-M approach. It takes into account a wide range of decision variables, including the
locations, and considers the presence of mutually exclusive transmitters. The goal of the
authors is the maximization of mobile operator profits, which consists of both maximizing
coverage and minimizing costs (i.e. activation, installation, transmission of bits costs). This
paper takes the basis on the formulations proposed in previous works [11, 2, 9] related to LTE-
RAN applications, in which a set of services (except for [2]) and multi-period planning are
also considered in the decision process. The formulations proposed in the aforementioned
papers [1}, 2, [6, O] are solved using standard solvers but tests have been done on randomly
generated instances with very small size (when declared), hence the criticalities arising from
practical instances are not faced.



Among the heuristic proposals, we can cite many works. One of the first that has identi-

fied the presence of numerical issues is [21]. The authors of this paper proposed a heuristic
algorithm to solve very large instances of MILP network planning models in which the
revenue associated with the coverage is maximized. The addressed decisions variables are
power emissions and frequency channels. In [10] a MILP problem for the optimal allocation
of power emissions and frequency channels is tackled by means of a genetic algorithm, which
is suitable for large-scale problems. The model maximizes territorial coverage. In [20] the
authors employ a MILP formulation for the power assignment problem in wireless networks,
in which the signal orientation of the antenna is also considered. Their formulation uses
the notorious big-M approach and its exact resolution is not viable for real-world problems.
Therefore, a constructive heuristic followed by an improving local search is introduced to
overcome this issue. Another formulation for the optimal allocation of power emissions,
frequency channels and transmission scheme can be found in [I2], in which a matheuris-
tic is also proposed to solve the problem. The matheuristic combines a genetic algorithm
exploiting a suitable linear 2 relaxation of the problem and an integer linear programming
heuristic improving the solutions found with the relaxation.
Among the recent works addressing 5G network planning, there is [16], in which the mini-
mization of the total number of deployed base stations is pursued. The proposed model uses
0-1 variables and is solved with a meta-heuristic approach. Another interesting contribution
is [7], which considers the design of 5G networks using an optimization model that allocates
locations and frequencies and contains also constraints on electromagnetic emissions and on
the distance between sensitive areas and activated antennas. The goal is the maximization
of coverage together with the minimization of installation costs. The authors propose a
heuristic to solve practical problems.

In summary, the majority of the contributions focus on heuristics approaches and a very
limited number of papers addressed the numerical and size issues that arise in real cases
using exact methods.

3 Problem Definition

The objective of the base station deployment problem is to identify an optimal placement
for base stations, given a range of possible sites. For our purpose, base stations can be
considered as transmitters providing service (i.e. wireless connection) to a target area. The
target area is usually partitioned into elementary areas of identical size in line with the
recommendations of the telecommunications regulatory bodies. Each elementary area is
called testpoint and it is assumed to be representative of all users within the corresponding
elementary area, namely each testpoint is a representative receiver.

Each testpoint receives the signals coming from all the transmitters: the power received
by each receiver is classified as serving power if it relates to the power emitted by the
transmitter serving that receiver, otherwise is classified as interfering power. This is in
line with the physical layer specifications of the LTE standard [24], which corresponds to
the technology we are modeling. A receiver is regarded as served by a base station if the



Paper Decision Variables Method Formulation Technology

. . UMTS,
[22] location, power emission exact MILP W-CDMA
. . WiMAX,
18] location, power emission exact 0-1 LP DVB.T
[21] power emission, frequency channel heuristic ~ MILP DVB-T
[10] power emission, frequency channel heuristic ~MILP WiMAX
120] power emission, horizontal orientation  heuristic =~ MILP DVB
[12] power emission, frequency heuristic  0-1 LP DVB-T
channel, transmission scheme
[16] location heuristic  0-1 LP 5G
7 location, frequency channel heuristic =~ MILP 5G
i location, power emission, frequency excact MILP G
channel
2o location, power emission, frequency excact MILP [ TE-RAN

channel, service (except for [2]), period

Key: DVB-T, Digital Video Broadcasting-Terrestrial; WiMAX, Worldwide Interoperability
for Microwave Access; UMTS, Universal Mobile Telecommunications System; W-CDMA,
Wideband Code Division Multiple Access; LTE-RAN, Long Term Evolution-Radio Access
Network; 5G, 5™ Generation.

Table 1: Paper classification scheme.

ratio of the serving power to the sum of the interfering powers and noise power (Signal-to-
Interference Ratio or SIR) is above a threshold [23], whose value depends on the desired
quality of service. We also consider the presence of received noise.

In our model, power emission, frequency channel, and transmission scheme of the trans-
mitters are given and equal for all of them without loss of generalization. Indeed, in the
planning phase, there is no need to consider more than one power value since planning
considers either the mean or the maximum, the value can then be re-evaluated using traffic
data in real-time; for different frequency channels, the problem decomposes since there is
no interference among non-co-channel signals; the transmission scheme affects the received
signal that in our case is given.

4 A Basic Compact Formulation

Since we assume that both the frequency channel and the power emissions are given and are
the same for all the transmitters, we only need to define which transmitters are activated
and which receivers are served by a transmitter. Thus the basic formulation of the SINR
inequalities is a special case of the discrete big-M formulation with a single power value
reported e.g. in [§].



Let B the set of possible transmitters and T the set of receivers located at the testpoints.
We introduce the variables

I 1 if transmitter b is activated be B
>~ 0 otherwise
and
o — 1 if testppint t is served by transmitter b beB. teT
0 otherwise.

The quality of the received signal at a testpoint can be measured through several criteria,
we adopt the Signal-to-Interference-plus-Noise Ratio (SINR). Let ay, > 0 be the power value
measured in t € T of the signal emitted by b € B, then a receiver t is served by 5 € B,
if the SINR of the serving power to the sum of the interfering powers and noise p > 0 is
above a given SINR threshold § > 0, namely

Gep%s >6  t:omp=1 (1)

M+ Z awzy

beB\{B}

The way serving and interfering power signals are evaluated is the same, what changes is the
role of the transmitter emitting the signal: if a transmitter is the server of the receiver ¢, then
the signal will be classified as serving, otherwise it will be classified as interfering. Following
[8], we can rewrite the SINR condition by means of the following big-M constraints

aipzg — 1) Z agpzp > O — Mt,g(l — xtﬁ) teT,BeB (2)

beB\{5}
where M,z is a large positive constant. When x5 = 1, reduces to ; when 2,3 = 0 and
Mg is sufficiently large, becomes redundant. We can set, e.g., Mg = op+9 Z Agp-

beB\{8}
A minimum territorial coverage, namely a minimum number ¢ of served testpoints, is en-

forced by the following
E E T > C (3)
beB teT

where 0 < ¢ < |T].
Each testpoint must be covered by at most one serving base station, namely

Zl‘tb S 1 t e T (4)

beB

In accordance with FUB purposes, we aim at minimizing the total number of activated base
stations. Thus the basic formulation is the following 0-1 Linear Programming model:

miny, , Z Zp
beB (5)
(x,z) €S



where S is the feasible region defined as

S = {(x, z) € {0,1}"T™ : satisfying @, 3. }

with @ = (zu)teT peB, 2 = (2p)oes and n = |T| x |B|,m = |B].
Sets and parameters used in the model are summarized in Table

Symbol Notation

B Set of potential transmitters

T Set of receivers

ath Power value measured in ¢t € T of the signal emitted by b € B
c Minimum number of receivers that must be covered

0 SINR threshold

" System noise

Table 2: Sets and parameters of the optimization model.

In principle, model can be solved by commercial solvers, however, it is well-known
that both numerical and memory issues arise when trying to solve practical instances, as
widely described in [8, [IT]. The main issues encountered are:

e the power received in each testpoint ranges in a large interval, from very small values
(order of 10~7) to huge (10%), which makes the range of coefficients ay in the con-
straints matrix very large and the solution process numerically unstable and possibly
affected by error;

e the big-M coefficients lead to poor quality bounds that impact on the effectiveness of
standard solution procedures;

e practical problems lead to models with a very large number of variables and con-
straints.

The consequences are that real-world base station deployment problems are hard to solve
using classic optimal procedures.

5 A Priori Reformulation

We present a reformulation tightening the basic formulation and reducing the number of
constraints in order to overcome the numerical criticalities outlined in Section [l

5.1 VUB-based tightening
First we tighten the basic formulation adding the following Variable Upper Bounds (VUBs):

T <z, te€T,beB (6)



enforcing that a testpoint t € T can be assigned to the transmitter b € B only if b is acti-
vated. VUBs are trivially valid inequalities for S. They turned out to be computationally
very effective as reported in Section [6]

Furthermore, we can also strengthen each SINR constraint by replacing the zg with
the x;g as in the following:

aipTIe — 1) Z apzp > O — Mw(l — :Utg) teT,pBeB. (7)
beB\{B}

Theorem 1 Inequalities are valid for S.

Proof When x5 = 1, the corresponding inequality of @ becomes a;g —¢ Z apzp = Ol
beB\{8}
which is the required SINR inequality. When ;3 = 0 we get —¢ Z apzp > O — Mg
beB\{B}
that is trivially satisfied.
Theorem 2 Inequalities are implied by inequalities @ and .

Proof For each t € T and § € B, inequalities and can be written respectively as
2g > % and x5 > % where h = 52()66\{6} agpzy + 6p — Myg(1 — x45) and using ag > 0.
Inequality @ can be written as z3 — x5 > 0. Hence we get that inequality can be
obtained summing up inequalities @ and , meaning that it is implied by them.

5.2 Constraint aggregation

In order to reduce the dimension of the problem, we can aggregate the constraints using
, producing the following aggregate SINR constraints

(1+90) Zatbxtb — 6Zatbzb > op— My(1— Zwtb) teT (8)

beB beB beB
where the big-M term depends only on the testpoint ¢ and could be set to My = du +
52 ayy, > Myg.
beB

Theorem 3 Inequalities are valid for S.

Proof Given t € T, we can have the following cases according to : t is covered by
exactly one base station [, or ¢ is not covered by any base station. In the former case,
thanks to , the sum Zatbxtb reduces at most to a single element a;gx3, being 3 the

beB
unique transmitter serving testpoint ¢, and the same is for Z x4 = x4g. Thus reduced
beB
to
(1+9)agxig — 52 awzp > Op — Mi(1 — 243).

beB



Since x4 = 1 implies zg = 1, we get that is satisfied . In the latter case, no transmitter

is serving testpoint ¢t and we get Z apxy = 0 and Z xyp = 0. Thus reduced to
beB beB

—52 awpzp > O — My
beB

which satisfy when x5 = 0.

Observe that Theorems and |3|allow to use the aggregate constraints for replacing
all the SINR constraints in problems . Since for each receiver ¢ the SINR aggregate
constraint is only one, whereas for each receiver ¢ the SINR constraints are m = |B|, we
obtain a reduced formulation in terms of number of constraints.

5.3 Coefficient tightening

To act on the numerical issues arising from the coefficients of the SINR inequalities, we also
performed a heuristic sparsification by setting a minimum threshold € on the received power
below which it is possible to consider the power received in a receiver by a transmitter to
be null, namely we set
~ Qp if Qtp Z 9
aip = .
0  otherwise.

This allows to reduce the size of the problem eliminating some x4, variables a priori.
Another way to deal with numerical problems is to use the smallest possible big-M.
Consider the big-M suitable for the aggregate SINR, constraints, namely

Mt:6u+52atb with t € T.
beB

One way to decrease its value is to replace the term which makes the sum of the signal
power received from all the transmitters in the testpoint ¢ with the sum of the strongest
interferers. In particular, only the strongest a interferers might be considered, where « is an
upper bound of the optimal number of activated base stations, i.e. a > Z zp. Therefore,

beB
the big-M with the proposed reduction becomes

M:5H+5Zatb witht € T
be Ay

where A; is the set of the o base stations emitting the strongest signals received in ¢, i.e.
|A¢| = a. The smaller «, the smaller the big-M and the better the formulation, so the
estimate of @ must be as accurate as possible. A couple of procedures that can be used
to identify « are an a priori estimate (that requires the knowledge of the dataset) or the
resolution of the siting problem only through a heuristic that identifies a good feasible
solution.



5.4 The final formulation

The new strengthened and reduced formulation differs from the basic formulation since
it contains the aggregate SINR constraints instead of the SINR constraints and
considers the addition of VUBs (). It can be formulated as follows

min Z Zp

beB
(1+5)Zdtb$tb—5zdtbzb25H—Mt(1—z$tb) teT
beB beB beB

Tep < 2p teT,be B
sztb >c (9)
beB teT
> ay <1 teT
beB
xy € {0,1} teT,beB
2y € {0, 1} beB

where the new big-M coefficient can be defined as M, = Op+ 0D pe 4, atb, in which Ay is
the set of the o transmitters emitting the strongest signals received in ¢ and the coefficient
« is an upper bound of the optimal value. We have also carried out a heuristic coefficient
tightening with which it was possible to eliminate the smallest coefficients of the SINR
aggregate constraints with the setting of a minimum threshold on the received signal.

6 Computational Results

The scope of this section is to compare the performance obtained using the basic and the final
formulations to solve the base station deployment problem on the same instances. The code
has been implemented in Python and the experiments have been carried out on a Virtual
Machine server characterized by 8 GHz CPU and 96 GB RAM employing Gurobi Optimizer
9 [17] as the solver. The setting used on Gurobi is the default one, with an exception related
to the use of heuristics, which has been increased as the rapid identification of a feasible
solution turned out to be crucial in closing the problem resolution.

6.1 The instances

The instances used for the comparison are obtained from simulations of realistic scenarios
provided by FUB concerning the LTE signal in the Municipality of Bologna. Both the
system noise and the power received in each receiver by each possible transmitter are cal-
culated using the Cost Hata model [3], [15] 24].

The values of the parameter ay, are expressed in W and are scaled by 10! to obtain a better
accuracy on the optimal solutions, as suggested in [I1]. Accordingly, both the threshold on
the quality of service § and the system noise p are expressed in W, and the latter is also

10



scaled by 100,

The value of the received power below which the signal can be considered neglectable is set
around -110 dBm [25] 26].

Not all transmitters are considered possible serving base stations for each testpoint: a sub-
set of them is selected for each testpoint based on the power values received at the testpoint
by the base stations. In particular, if we are not in the simple case in which one transmitter
is able to cover the entire target area, which is trivially testable, the best-case scenario is
the one in which two base stations will be deployed. According to this case, we can cer-
tainly exclude that base station b € B serves testpoint ¢ € T for all those b whose power
received in t is not sufficient to satisfy the specific SINR threshold § considering each possi-
ble combination with a single interferer. Namely, we can set xy = 0 for all those (¢,b) such
that

(£27)
<0 vV heB\{b}
pt a, Mo

Note that this is not the same as setting the coefficient ay = 0; in fact, in this case, ay, still
appears in the interfering signal, which depends only on the activation of the base station,
namely on z, = 1.

The total number of z;, that we can be set to zero following this rule are 225636, 341 121
and 446 626 in instance 1, 2, 3 respectively, with an average per testpoint of 48, 73, 95
transmitters, among the 135 available, for instance 1, 2, 3 respectively.

Since the technology we refer to is LTE, the elementary areas should have a square shape
with a side of 100 m in accordance with the guidelines provided by the Italian Resilience
Plan [I8] which are based on the guidelines given by the Body of European Regulators for
Electronic Communications [4, 5]. However, since the number of the testpoints, which is
strictly related to the size of the elementary areas, has a huge impact on the size of the
problem and since it has been tested that for the purpose of optimization such a refined
subdivision of the territory is not necessary, we decided to select a subset of the testpoints
and use only this subset in the instances. The territorial distribution of the testpoints
selected to model the Municipality of Bologna is depicted in Figure [I The black and blue

Figure 1: In black the testpoints of the Municipality of Bologna selected for the instances,
in blue those discarded.
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dots together form the 14 078 testpoints of the Municipality of Bologna identified according
to [4, 5, 18]. Only the black ones are selected for optimization purposes.

The selection was made using a k-means clustering procedure with the aim of identifying
the most representative testpoints. In fact, the use of a clustering procedure with clusters
of different dimensions suggests intuitively the use of different sizes for elementary areas
based on the characteristics of the specific area: e.g., larger size in rural areas, smaller
size in urban areas. This procedure is widespread in many fields: for example, the famous
coarsening and refinement approach of the METIS algorithm [19] suggests a first selection
and a subsequent refinement in the parts of the graph where it is necessary. In our case, the
areas where there is a greater variation of the received power values in adjacent testpoints,
have smaller clusters and therefore a greater number of selected testpoints. Conversely,
other areas do not need to be modeled as finely, since the variation of the received power
values increases with increasing distance at a slower speed than the previously described
areas. In other words, the densification of the selected testpoints reflects the morphology
of the territory.

The values of the fixed parameters that are used in the optimization model are collected
in Table Bl and are the same for all instances.

Symbol Value Notation

|B| 135 Number of potential transmitters

7’| 14078 Number of receivers according to [4, [5, [18]

IT] 4693 Number of receivers selected for modeling purposes
f 800 MHz Frequency band

By, 20 MHz Channel bandwidth

" -130.97 dBW  System noise

Table 3: Values of the parameters.

The instances obtained from this case study are three and are indicated by numbers 1,
2, 3. Each instance differs in the quality of service required (increasing with the number) in
the receivers and in the number of receivers that can be covered accordingly, like reported
in Table [4 The upper bounds have been estimated a priori not to affect resolution times,
therefore a more accurate estimate may be obtained using e.g. Gurobi heuristics before
solving the problem entirely.

6.2 Results

The experiments reported in Table [6] aim at analyzing the effect of the reformulating opera-
tions discussed in the previous section on the resolution times. The table shows the results
obtained when solving instance 1 using the five different formulations described in Table
In instance 1, all testpoints are required to be covered, hence for all formulations (B to F)
instead of constraints and , we used ZbeB x4 = 1 for t € T since each testpoint must
be covered by exactly one base station. The evaluation metrics are model size and sparsity,

12



Instance Value Notation

- 7.56 dB  SINR threshold (0)

1 100% Desired percentage of territory to be covered
20 Upper bound of the optimal number of activated base stations («)
0 dB SINR threshold ()

2 85% Desired percentage of territory to be covered
10 Upper bound of the optimal number of activated base stations («)
+ 7dB  SINR threshold ()

3 65% Desired percentage of territory to be covered
10 Upper bound of the optimal number of activated base stations («)

Table 4: Characteristics of the instances.

efficiency in the resolution expressed through the number of explored nodes and resolution
times, quality of the root bounds, and accuracy of the optimal solution.

Formulation Characteristics

Basic formulation in

Formulation in plus the addition of VUBs @

Formulation C plus the variable replacement in the SINRs like in (7))
Formulation C plus the replacement of the SINRs with the

aggregate SINRs
Final setting in @

moE Oaw

Table 5: Characteristics of the tested formulations. The letters B and F stand for basic and
final, whereas the letters C, D, and E refer to intermediate formulations.

The results under column B report the performance of the basic formulation. First of
all, its optimization process has been interrupted before finding the optimal solution as the
time exceeded the limit of 36 hours, preventing us from evaluating the accuracy obtained.
In fact, the resolution times required by formulation B are very long, confirming this for-
mulation cannot be used in real-life cases. Furthermore, the reported number of activated
transmitters, i.e. the value of the optimal solution, is an interval that goes from the best
lower bound to the best upper bound found.

Formulation C, which with respect to B contains the VUBEs, is reported in order to underline
the decisive effect of adding these constraints. Indeed, their addition makes the problem
resolution much more efficient: a definitely reduced number of nodes is explored, signifi-
cantly reducing the Branch-and-Cut tree search time. This may depend on the goodness of
the solution found at the end of the root relaxation: the first lower bound identified in B
at the root node is 0, which is definitely worse than what found in C, i.e. 11.70, which is
instead very close to the optimal solution (equal to 13).

For what concerns the comparison between formulations C and D, a little sparsification and

13



Instance 1

Parameters B C D E F
Variables 633690 633 690 633690 633690 409434
Constraints 638 248 1271803 1271803 642941 418 686
Non-zeros 86210410 87477520 87430590 3167775 2046630
Root Relax Sol Value 0.00 11.70 11.70 10.23 10.54
Root Best Lower Bound 1.00 11.99 12.00 11.97 11.99
Root Incumbent 26 18 19 24 17
Root Optimality Gap 96.15% 33.39% 36.84% 50.12% 29.47%
Final Optimality Gap 76.92% 0% 0% 0% 0%
Activated Transmitters  [3,13] 13 13 13 13
Explored Nodes > 92637 169 90 39 100
Presolve Time 14 12 11 3 1

Root Relax Sol Time 0 1 1 1 1

B&C Tree Search Time > 2146 109 74 28 26
Total Resolution Time > 2160 122 86 32 28

Inst Ideal Min Coverage 100% 100% 100% 100% 100%
Inst Real Coverage N/A 100% 100% 100% 100%

Key: N/A, not available; Relax Sol, Relaxation Solution; B&C, Branch-and-Cut; Inst,
Instance; Min, Minimum

Table 6: Optimization results on instance 1 of Bologna: a comparison between five different
formulations (see Table [5| for descriptions). Time is expressed in minutes.

a good improvement in the times can be observed with the sole replacement of the variables
in the SINR constraints.

The aggregation of the SINR constraints involves a slight worsening of the bounds but allows
to obtain a definitely reduced and more sparse formulation: this is what can be observed
by comparing the results under formulations D and E. The sparsity continues to increase
after performing coefficient tightening operations: formulation F is characterized by fewer
NoN-zeros.

As for the accuracy of the solutions, ideal and real coverage on the instance coincide in all
the available results. This result is probably due to the scaling operation made in advance
on the coefficients and to the effectiveness of Gurobi in dealing with numerical issues. Fur-
thermore, the heuristic coefficient tightening seems not to affect the feasible set: ideal and
real coverage coincide also in the results of formulation F.

In the end, our formulation F turns out to be much more competitive with respect to the
other formulations, especially to the basic formulation B.

In Table |7, a comparison between the basic formulation in and the final formulation
in @ is made for each instance of Bologna. The evaluation metrics are the same of Table

14



@k

Instance 1 Instance 2 Instance 3
Parameters B F B F B F
Variables 633 690 409434 633 690 409434 633 690 409434
Constraints 638 248 418686 638 249 418 687 638 249 418 687
Non-zeros 86210410 2046630 86843965 2455929 86843965 2455929
Root Relax Sol Value 0.00 10.54 0.00 2.09 0.00 1.30
Root Best Lower Bound 1.00 11.99 1.00 4.28 1.00 3.00
Root Incumbent 26 17 7 - - 3
Root Optimality Gap 96.15% 29.47%  85.71% - - 0.00%
Final Optimality Gap 76.92% 0% 83.33% 0% - 0.00%
Activated Transmitters — [3,13] 13 [1,6] 6 [1,-] 3
Explored Nodes > 92637 100 > 18171 29610 > 44949 1
Presolve Time 14 1 14 3 15 4
Root Relax Sol Time 0 1 1 11 1 3
B&C Tree Search Time > 2146 26 > 2145 983 > 2144 28
Total Resolution Time > 2160 28 > 2160 997 > 2160 35
Inst Ideal Min Coverage 100% 100% 85% 85% 65% 65%
Inst Real Coverage N/A 100% N/A 94% N/A 81%
Munic Real Coverage N/A 100% N/A 94% N/A 81%

Key: N/A, not available; Relax Sol, Relaxation Solution; B&C, Branch-and-Cut; Inst,
Instance; Min, Minimum; Munic, Municipality

Table 7: Optimization results on the three instances of Bologna: a comparison between the
basic (indicated with letter B) and the final (indicated with letter F') formulations. Time
is expressed in minutes.

From the results, it turns out that the final model is much more sparse in the coefficients
and smaller in the size than the basic. And in fact, the quality of the bounds at the root
node is better and each phase of its resolution is faster making the total resolution time
heavily reduced. Furthermore, none of the basic formulations have been successfully solved
within the time limit of 36 hours, therefore the reported number of activated transmitters
is an interval and the evaluation of the coverage was not possible.

Figures show the assignment of testpoints to each activated base station via
a color code. The black dots represent the uncovered testpoints, whereas the grey dots
represent the testpoints not included in the instance, i.e. the testpoints belonging to 7'\ T.
The solutions used to depict the figures are those obtained with the optimization of the
final formulations. The distribution of testpoints to the serving base stations seems to be
coherent according to the positions of the testpoints having the same color as the base
station and to the direction in which the signal is emitted by the antenna (illustrated in a
simplified fashion with an arrow).
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Figure 2: Optimal assignment of testpoints to the base stations activated according to the
solution found on instance 1 using the final formulation.
N/A, not available since the testpoint is not in the instance
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Figure 3: Optimal assignment of testpoints to the base stations activated according to the
solution found on instance 2 using the final formulation.

None, the testpoint is covered by none of the activated antennas; N/A, not available since
the testpoint is not in the instance

Let us now focus on the coverage obtained by the optimal solutions. The Instance Ideal
Minimum Coverage is the minimum percentage of testpoints of the instance that must
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Figure 4: Optimal assignment of testpoints to the base stations activated according to the
solution found on instance 3 using the final formulation.

None, the testpoint is covered by none of the activated antennas; N/A, not available since
the testpoint is not in the instance

be covered by the optimal solution, whereas the real coverage is the exact percentage of
testpoints that is covered by the optimal solution found. The real coverage can be evaluated
on the testpoints included in the instance, i.e. included in 7, and in this case, is denoted
by Instance Real Coverage. Otherwise, it can be evaluated on the testpoints of the entire
municipality, i.e. those included in 77, and in this case is denoted by Municipality Real
Coverage. The results reported in Table [7] demonstrate that for optimization purposes, the
selection of testpoints made through clustering is effective and sufficient, and in fact, the
Instance Real Coverage and the Municipality Real Coverage coincide.

7 Conclusions

This study, conducted in cooperation with the Fondazione Ugo Bordoni, mainly focused
on tackling numerical and memory issues encountered when solving base station deploy-
ment problems. The main scope was to provide a compact formulation suitable for real-life
instances. Starting from a basic natural optimization model, we intervened on the formula-
tion by carrying out both strengthening operations (i.e. additions of variable upper bounds,
variable replacement, heuristic coefficient tightening, big-M reduction) and size reduction
operations (i.e. constraints aggregation). The new formulation was tested to solve the
problem in different cases concerning the LTE technology in the Municipality of Bologna.
The proposed formulation allows us to efficiently solve the problem to a very high accuracy
using commercial solvers.
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