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1 Introduction

It is well known that the global optimum of a generic optimization problem can be computed only
by an algorithm which has an everywhere asymptotic dense convergence to the feasible domain. The
algorithms proposed in literature try to ensure such property by exploiting different approaches
such as:

- to partition the feasible domain into a growing number of hyper-intervals [1,2],
- to employ space-filling curves [3,4],
- to choose points at random according to a suitable distribution [5,6,7,8,9,10];

Other efficient approaches to global optimization problems are the multi-start strategies [7,11] and
filled function techniques [12,13,14].
Multi-start method have two phases: the first one in which the solution is generated and the
second one in which the solution is typically (but not necessarily) improved. It aims to iterate local
minimization starting from points provided by probabilistic [5] or deterministic methods [11]. It is
shown under suitable assumption that local minimizations can be attracted by the global minimum
of both gradient related algorithm [15] and derivative-free [16,28,17].
Instead, in the filled function approaches the objective function is iteratively perturbed in order to
avoid that local optimization methods getting stuck in local minima.
Hard global optimization problems arise when the regions of attraction of local optimal solutions
are stronger than the global ones. This situation, in which algorithms may fails, often occurs in one
of the following circumstances:

i) global minimum surrounded by a cluster of many local minima;
ii) global minimum placed in steeper valley than those of local minimizer.

In this work we propose a new strategy that can be useful to tackling such hard global optimization
problems. The rationale behind our approach is to gain an advantage by an iterative perturbation
of the original problem. In particular it performs a suitable continuous transformation of the vari-
able space without directly modifying the objective function.
The idea for problems showing drawback i) is to perform a space dilation of the region containing
the cluster to avoid that the global minimum is hidden by the attraction regions of the local minima
meanwhile the rest of the space shrinks due to the continuity of the transformation.
For problems that shows drawback ii) the opposite action can be performed. Namely, for such
problems a contraction of the attraction regions of local optimal solutions imply the expansion of
the attraction region of the global minimum.
The integration of a dynamic strategy of expansion-contraction of the space within existent algo-
rithmic schemes could lead to obtain a better exploration of the search space and hence hopefully
to a speed up of the global search.
In the following sections we propose two bijective non-linear transformations. In order to have a
feel of the possible interest of the proposed transformations we combine it with a simple multi-start
algorithms. The obtained numerical results show that the performance of the multi-start approach
could improves by exploiting the transformations.
It is clear that the proposed transformations can be integrated with more complex algorithm
scheme. The study of efficient global optimization algorithms with a space expansion-contraction
strategy will be the object of future works.
In Sect. 2, we give some preliminary definitions that will be used throughout the paper. In Sect.
3, we describe a simple piecewise linear space transformation and outline its properties. In Sect.
4, we propose a more complex non-linear space transformation, that overcome some drawback of
the piecewise linear transformation. In Sect. 6, we report a first numerical experience combin-
ing our transformations with the derivative-free local minimization technique in the multi-start
framework. In Sect. 5 some preliminary considerations are made about the possibility to use these
transformations as derivative-free preconditioner. Finally, we draw some conclusions 6.
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2 Problem definition and Notation

Consider the following problem
min
x∈X

f(x), (1)

where

X = {x ∈ Rn : l ≤ x ≤ u} with l, u ∈ Rn, l < u and
f : Rn → R is a real valued function.

In the following we assume that X is compact and f is continuous on X .
Our aim is to find the global solution x∗ of problem (1), namely a point such that

f(x∗) ≤ f(x), ∀x ∈ X .
Given a vector x ∈ Rn, we denote by ‖x‖p, with p ∈ [1,+∞) the `p-norm of x, i.e.

‖x‖p =

(
n∑
i=1

|xi|p
) 1
p

,

and by ‖x‖∞ the `∞-norm of x, i.e.

‖x‖∞ = max
i=1,...,n

{|xi|}.

Definition 1 (hypercubes and hyperspheres) Given a vector x̂ ∈ Rn and a positive scalar r
we define

B∞(x̂, r) =
{
x ∈ Rn : ‖x− x̂‖∞ ≤ r

}
∂B∞(x̂, r) =

{
x ∈ Rn : ‖x− x̂‖∞ = r

}
B2(x̂, r) =

{
x ∈ Rn : ‖x− x̂‖2 ≤ r

}
∂B2(x̂, r) =

{
x ∈ Rn : ‖x− x̂‖2 = r

}
Definition 2 (hyperrectagles and hyperellipses) Given a vector x̂ ∈ Rn, a positive scalar r
and a square diagonal positive definite matrix

D =


σ1 0 . . . 0
0 σ2 . . . 0
...

...
. . . 0

0 0 0 σn

 ,

we define

E∞(x̂, D, r) =
{
x ∈ Rn : ‖D(x− x̂)‖∞ ≤ r

}
∂E∞(x̂, D, r) =

{
x ∈ Rn : ‖D(x− x̂)‖∞ = r

}
E2(x̂, D, r) =

{
x ∈ Rn : ‖D(x− x̂)‖2 ≤ r

}
∂E2(x̂, D, r) =

{
x ∈ Rn : ‖D(x− x̂)‖2 = r

}
Definition 3 Given a point x̂ ∈ X , we denote by

y = Tx̂(x) = ȳ(x),

a mapping X 7→ X . The point x̂ is the so called ”centroid” of the transformation. Conversely,

x = T−1
x̂ (y) = x̄(y)

denotes the inverse mapping. Hence, by definition, for every x ∈ X it holds that

x = T−1
x̂ ◦ Tx̂(x)



4 G. Liuzzi et al.

Given the inverse mapping T−1
x̂ (y), problem (1) becomes the transformed optimization problem

min
y∈Y

f(T−1
x̂ (y)) (2)

We point out that we never need to double-transform the variable space during the search of
solution. In fact we only deal with problem (2), where we make the search for solutions in a
transformed variable space Y and by using the inverse transformation, we always evaluate the
objective function in the original variable space X . By the way, as long as the direct and inverse
equations we are going to define are both continuous and bijective (one-to-one and onto), one can
switch between them.

3 Piecewise linear mappings

In this section we introduce a special kind of mapping Tx̂, namely the piecewise linear mapping.
This mapping shall be piecewise linear with respect to any single variable. Figure (1) illustrates
the mapping in R2.
For the sake of simplicity, let us consider ŷ = 0n ∈ X as the reference point. This point is set as
the centroid of the hypercube B∞(ŷ, ry) in which the mapping impact range is confined. The point
ŷ is also set as centroid of the smaller hypercube B∞(ŷ, εy) in which the mapping impact has the
main focus. The centroid ŷ is a fixed point of the transformation, i.e. ŷ = x̂, where x̂ is the centroid
of the corresponding hypercube B∞(x̂, rx).
For each dimension i = 1, 2, ..., n the piecewise linear transformation (blue line in fig. (1)) propa-
gates outward from the centroid in the relative space.
The larger the angle between the bisector (green line in fig. (1)) and the piecewise linear transfor-
mation, the greater the effect of the transformation.

Parameters

• θ1 = tan(α) > 0;
• θ2 = tan(β) > 0;
• θ3 = tan(γ) = 1;
• rx ≥ εx ≥ 0;
• ry ≥ εy ≥ 0.

Vector Parameters

• li ≤ x̂i − rx;
• x̂i + rx ≤ ui;
• li ≤ ŷi − ry ;
• ŷi + ry ≤ ui.

ŷi − ry ŷi + ry

x̂i − rx

x̂i + rx

Xspace

Yspace

ui

li

I(ŷi, εy)

I(x̂i, εx)

β

α

β

γ

γ

Fig. 1 Graph of the piecewise linear transformation in the ith dimension.
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Definition 4 (Piecewise linear mapping) Let x̂, ŷ ∈ Rn, and εx, rx, θ1, θ2, θ3 be positive
scalar quantities, with εx ≤ rx. The piecewise linear mapping y = Tx̂(x) is defined as foolows.
For each i = 1, . . . , n:

ȳ (x)i = ŷi + θ1 (xi − x̂i) , |xi − x̂i| ≤ εx (3)

ȳ (x)i = ŷi +
(xi − x̂i)
|xi − x̂i|

(θ1εx + θ2(|xi − x̂i| − εx)) , εx ≤ |xi − x̂i| ≤ rx (4)

ȳ (x)i = ŷi +
(xi − x̂i)
|xi − x̂i|

(θ1εx + θ2(rx − εx) + θ3 (|xi − x̂i| − rx)) , |xi − x̂i| ≥ rx (5)

The following proposition reports properties of the transformation and necessary coupling condition
to preserve the continuity of the transformation.

Proposition 1 Given x ∈ Rn, y = Tx̂(x) is such that:

i) The reference point x̂ ∈ X is mapped to ŷ, i.e. ŷ = Tx̂(x̂).
ii) For every index i, the function (Tx̂(x))i is continuous.

iii) for every index i such that |xi − x̂i| ≤ εx, yi is such that

|yi − ŷi| ≤ θ1εx.

iv) For every index i such that εx ≤ |xi − x̂i| ≤ rx, yi is such that

θ1εx ≤ |yi − ŷi| ≤ θ1εx + θ2(rx − εx).

v) For every index i such that |xi − x̂i| ≥ rx, yi is such that

|yi − ŷi| ≥ θ1εx + θ2(rx − εx).

Proof Point i) is trivially true. Point ii). For every index i = 1, . . . , n, the function (Tx̂(x))i is
obviously continuous when xi is such that |xi − x̂i| 6= εx and |xi − x̂i| 6= rx. Then, we have to
only worry about xi such that either |xi − x̂i| = εx or |xi − x̂i| = rx. Let us first consider the case
|xi − x̂i| = εx. According to the definition of Tx̂, continuity is guaranteed if

ŷi + θ1(xi − x̂i) = ŷi +
xi − x̂i
|xi − x̂i|

(θ1εx + θ2|xi − x̂i| − θ2εx)

and since |xi − x̂i| = εx, we have

ŷi + θ1(xi − x̂i) = ŷi +
xi − x̂i
εx

(θ1εx)

which proves continuity. Now, let us consider xi such that |xi− x̂i| = rx. In this case, continuity is
guaranteed provided that

ŷi+
(xi − x̂i)
|xi − x̂i|

(θ1εx + θ2(|xi − x̂i| − εx)) = ŷi+
(xi − x̂i)
|xi − x̂i|

(θ1εx + θ2(rx − εx) + θ3 (|xi − x̂i| − rx))

When |xi − x̂i| = rx, the above can be written as

ŷi +
(xi − x̂i)

rx
(θ1εx + θ2(rx − εx)) = ŷi +

(xi − x̂i)
rx

(θ1εx + θ2(rx − εx))

which is always true.
Point iii). Let i be an index such that

|xi − x̂i| ≤ εx.
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Then, by definition of Tx̂, we have

yi = (Tx̂(x))i = ŷi + θ1(xi − x̂i).

Hence,

|yi − ŷi| = θ1|xi − x̂i| ≤ θ1εx,

which proves the result.

Point iv). Let i be such that εx ≤ |xi − x̂i| ≤ rx. By definition of Tx̂, we have

yi = (Tx̂(x))i = ŷi +
xi − x̂i
|xi − x̂i|

(θ1εx + θ2(|xi − x̂i| − εx)),

which, by considering that |xi − x̂i| − εx ≥ 0, gives

|yi − ŷi| = θ1εx + θ2(|xi − x̂i| − εx).

Then, recalling that |xi − x̂i| ≤ rx, we can write

|yi − ŷi| ≤ θ1εx + θ2(rx − εx). (6)

On the other hand, recalling that |xi − x̂i| ≥ εx

|yi − ŷi| ≥ θ1εx. (7)

Hence, by (6) and (7), we have that

θ1εx ≤ |yi − ŷi| ≤ θ1εx + θ2(rx − εx),

from which the result of point iii) follows.

Point v). Let now i be an index such that |xi − x̂i| ≥ rx. By definition of Tx̂, we can write

yi = (Tx̂(x))i = ŷi +
xi − x̂i
|xi − x̂i|

(θ1εx + +θ2(rx − εx) + θ3(|xi − x̂i| − rx)).

Then, recalling that |xi − x̂i| ≥ rx,

|yi − ŷi| = θ1εx + +θ2(rx − εx) + θ3(|xi − x̂i| − rx) ≥ θ1εx + +θ2(rx − εx)

and the result follows, concluding the proof. ut

Proposition 2 (inverse of the PLT) Let x̂, ŷ ∈ Rn, and εy = θ1εx, ry = θ1εx + θ2(rx − εx),
θ1, θ2, θ3 be positive scalar quantities. The following equations define the inverse piecewise linear
mapping. For each i = 1, . . . , n,

x̄ (y)i = x̂i +
1

θ1
(yi − ŷi) , |yi − ŷi| ≤ εy (8)

x̄ (y)i = x̂i +
(yi − ŷi)
|yi − ŷi|

(
εy
θ1

+
1

θ2
(|yi − ŷi| − εy)

)
, εy ≤ |yi − ŷi| ≤ ry (9)

x̄ (y)i = x̂i +
(yi − ŷi)
|yi − ŷi|

(
εy
θ1

+
1

θ2
(ry − εy) +

1

θ3
(|yi − ŷi| − ry)

)
, |yi − ŷi| ≥ ry (10)
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Proof When |yi − ŷi| ≤ εy, we have to show that x̄(y)i is such that |x̄(y)i − x̂i| ≤ εx. In fact, in
this case Tx̂(x̄(y))i = yi. From (8), we get that

|x̄ (y)i − x̂i| =
1

θ1
|yi − ŷi|

and, since |yi − ŷi| ≤ εy = θ1εx, we obtain

|x̄ (y)i − x̂i| ≤ εx.

Now, let us suppose that εy ≤ |yi−ŷi| ≤ ry. In this case, we have to show that εx ≤ |x̄(y)i−x̂i| ≤ rx.
From (9) we get

|x̄ (y)i − x̂i| =
(
εy
θ1

+
1

θ2
(|yi − ŷi| − εy)

)
. (11)

Since εy ≤ |yi − ŷi|, (11) yields

|x̄ (y)i − x̂i| =
(
εy
θ1

+
1

θ2
(|yi − ŷi| − εy)

)
≥ εx.

On the other hand and since |yi − ŷi| ≤ ry, again from (11) we obtain

|x̄ (y)i − x̂i| ≤
(
εx +

1

θ2
(ry − εy)

)
.

This, recalling the expressions of εy and ry, gives

|x̄ (y)i − x̂i| ≤
(
εx +

1

θ2
(θ1εx + θ2(rx − εx)− θ1εx)

)
.

from wihch we get |x̄ (y)i − x̂i| ≤ rx.
Finally, let us suppose that |yi − ŷi| ≥ ry. In this last case, we have to show that |x̄(y)i − x̂i| ≥ rx.
From (10) we can write

|x̄ (y)i − x̂i| =
(
εy
θ1

+
1

θ2
(ry − εy) +

1

θ3
(|yi − ŷi| − ry)

)
and, considering that |yi − ŷi| ≥ ry,

|x̄ (y)i − x̂i| ≥
(
εy
θ1

+
1

θ2
(ry − εy)

)
which, again recalling the expressions of εy and ry, gives |x̄ (y)i − x̂i| ≥ rx, thus concluding the
proof. ut

The piecewise linear transformation is well suited for all those global optimization approaches where
the feasible region is partitioned in sets of hyper-rectangles.
For instance, deterministic algorithms such as DIRECT-type approach (DIviding RECTangle [2]
and its variants [20,21]). In the modifications of the DIRECT, there are hybridization with local
minimization algorithm [11] in order to speed up the search in promising partition. One can expand
the current promising partition to let the local minimization algorithm be fast exploiting longer
stepsize or to avoid coming across numerical issue if the partition region is already too small.
For example, the transformation can be applied to the subrectangles which are more promising,
while the rest of subrectangles remain unchanged.
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4 Piecewise nonlinear mapping

In this section we introduce a transformation that overcome the drawback of the piecewise linear
one. It means that for such transformation there exist choices of parameters such that its effects
are confined to the set B2(x̂, rx)
In particular, we introduce a piecewise nonlinear mapping y = Tx̂(x). This latter mapping is not
component-wise, even though it is still piecewise.
For the sake of simplicity, let us consider ŷ = 0n as the reference point. The mapping impact range
is confined to the set B2(ŷ, ry). The mapping has the main focus within the set B2(ŷ, εy). We point
out that the centroid ŷ is a fixed point of the mapping, i.e. ŷ = x̂.

Definition 5 (Piecewise nonlinear mapping) Let x̂, ŷ ∈ Rn, and εx, rx, θ1, θ2, θ3 be positive
scalar quantities, with εx ≤ rx. Then, for each x ∈ Rn, let

ȳ (x) = ŷ + θ1 (x− x̂) , ‖x− x̂‖2 ≤ εx, (12)

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))
, εx ≤ ‖x− x̂‖2 ≤ rx, (13)

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2(rx − εx) + θ3

(
‖x− x̂‖2 − rx

))
, ‖x− x̂‖2 ≥ rx. (14)

Below we report the properties of the piecewise nonlinear mapping.

Proposition 3 i) The reference point x̂ ∈ X is transformed in ŷ, i.e. ŷ = Tx̂(x̂).
ii) The region B2(x̂, εx) is transformed in B2(ŷ, εy)

iii) The region
{
x ∈ Rn : εx ≤ ‖x− x̂‖2 ≤ rx

}
is transformed in

{y ∈ Rn : εy ≤ ‖y − ŷ‖2 ≤ ry}

iv) The region
{
‖x− x̂‖2 ≥ rx

}
is transformed in

{y ∈ Rn : ‖y − ŷ‖2 ≥ ry}

Proof Points i) and ii) are trivial.
Point iii). From (13) we have

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))
,

which can be rewritten as

(ȳ (x)− ŷ)

‖ȳ (x)− ŷ‖2
‖ȳ (x)− ŷ‖2 =

(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))
,

and applying the norm operator it has∥∥∥∥ (ȳ (x)− ŷ)

‖ȳ (x)− ŷ‖2
‖ȳ (x)− ŷ‖2

∥∥∥∥
2

=

∥∥∥∥ (x− x̂)

‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))∥∥∥∥
2

,

from which taking into account scalar terms

‖ȳ (x)− ŷ‖2
‖ȳ (x)− ŷ‖2

‖ȳ (x)− ŷ‖2 =
‖x− x̂‖2
‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))
,

that is
‖ȳ (x)− ŷ‖2 = θ1εx + θ2

(
‖x− x̂‖2 − εx

)
,
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and by substituting
εy = θ1εx. (15)

it impose at the boundary the following coupling condition

ry = εy + θ2(rx − εx). (16)

Point iv). From (14) we have

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2(rx − εx) + θ3

(
‖x− x̂‖2 − rx

))
,

substituting (15) and (16)

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
ry + θ3

(
‖x− x̂‖2 − rx

))
. (17)

As long as the (17) refers to the outermost region there is no need to further coupling condition.
It means that θ3 is free of choice. ut

We are going to prove that the piecewise nonlinear mapping is invertible.

Proposition 4 The piecewise nonlinear mapping Tx̂ is invertible.

Proof Let us consider (13):

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2

(
‖x− x̂‖2 − εx

))
,

substituting (15)

y − ŷ =
(x− x̂)

‖x− x̂‖2

(
εy + θ2

(
‖x− x̂‖2 − εx

))
, (18)

taking the `2-norm and recalling that ‖x− x̂‖2 ≥ εx

‖y − ŷ‖2 =

∥∥∥∥ (x− x̂)

‖x− x̂‖2

(
εy + θ2

(
‖x− x̂‖2 − εx

))∥∥∥∥
2

=

∥∥∥∥ (x− x̂)

‖x− x̂‖2

∥∥∥∥
2

(
εy + θ2

(
‖x− x̂‖2 − εx

))
=

(
εy + θ2

(
‖x− x̂‖2 − εx

))
,

and so
‖y − ŷ‖2 = εy + θ2

(
‖x− x̂‖2 − εx

)
, (19)

by inverting the last expression we have

‖x− x̂‖2 = εx +
1

θ2
(‖y − ŷ‖2 − εy). (20)

Substituting (19) in (18)

y − ŷ =
(x− x̂)

‖x− x̂‖2
‖y − ŷ‖2 ,
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by inverting the last expression

x (y)− x̂ =
(y − ŷ)

‖y − ŷ‖2
‖x− x̂‖2 ,

and substituting (20) we have

x (y)− x̂ =
(y − ŷ)

‖y − ŷ‖2

(
εx +

1

θ2
(‖y − ŷ‖2 − εy)

)
,

that is

x̄ (y) = x̂+
(y − ŷ)

‖y − ŷ‖2

(
εx +

1

θ2
(‖y − ŷ‖2 − εy)

)
. (21)

Now consider the equation (14):

ȳ (x) = ŷ +
(x− x̂)

‖x− x̂‖2

(
θ1εx + θ2(rx − εx) + θ3

(
‖x− x̂‖2 − rx

))
,

substituting (15) and (16)

y − ŷ =
(x− x̂)

‖x− x̂‖2

(
ry + θ3

(
‖x− x̂‖2 − rx

))
, (22)

taking the `2-norm operator and recalling that ‖x− x̂‖2 ≥ rx

‖y − ŷ‖2 =

∥∥∥∥ (x− x̂)

‖x− x̂‖2

(
ry + θ3

(
‖x− x̂‖2 − rx

))∥∥∥∥
2

=

∥∥∥∥ (x− x̂)

‖x− x̂‖2

∥∥∥∥
2

(
ry + θ3

(
‖x− x̂‖2 − rx

))
=

(
ry + θ3

(
‖x− x̂‖2 − rx

))
,

and so

‖y − ŷ‖2 = ry + θ3
(
‖x− x̂‖2 − rx

)
, (23)

by inverting the last expression we have

‖x− x̂‖2 = rx +
1

θ3
(‖y − ŷ‖2 − ry). (24)

Substituting (23) in (22)

y − ŷ =
(x− x̂)

‖x− x̂‖2
‖y − ŷ‖2 ,

by inverting the last expression

x (y)− x̂ =
(y − ŷ)

‖y − ŷ‖2
‖x− x̂‖2 ,
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and substituting (24) we have

x− x̂ =
(y − ŷ)

‖y − ŷ‖2

(
rx +

1

θ3
(‖y − ŷ‖2 − ry)

)
,

that is

x̄ (y) = x̂+
(y − ŷ)

‖y − ŷ‖2

(
rx +

1

θ3
(‖y − ŷ‖2 − ry)

)
. (25)

This concludes the proof. ut

We can now state the formal definition of the inverse piecewise nonlinear mapping.

Definition 6 Let ŷ ∈ Rn, εy, ry, θ1, θ2, θ3 be positive scalar quantities, with εy ≤ ry.

x̄ (y) = x̂+
1

θ1
(y − ŷ) , ‖y − ŷ‖2 ≤ εy, (26)

x̄ (y) = x̂+
(y − ŷ)

‖y − ŷ‖2

(
1

θ1
εy +

1

θ2

(
‖y − ŷ‖2 − εy

))
, εy ≤ ‖y − ŷ‖2 ≤ ry, (27)

x̄ (y) = x̂+
(y − ŷ)

‖y − ŷ‖2

(
1

θ1
εy +

1

θ2
(ry − εy) +

1

θ3

(
‖y − ŷ‖2 − ry

))
, ‖y − ŷ‖2 ≥ ry. (28)

5 Scaling and Preconditioning

In addition to the contraction and the expansion we have seen so far, the equations allow us to
relate hyperspheres B(x̂, rx) in the original space, to scaled hyperspheres B(ŷ, ry) in the transformed
space. The scaling factor can be tuned by setting θ3 to the ratio of the outer radius rx/ry of the
considered hyperspheres. In figure (2) there is an example of an hypersphere in the X space centered
in x̂ = ŷ = (0, 0) with outer radius rx = 2.5 that is related to an hypersphere in the Y space with
outer radius rx = 3.
The transformation parameters have been set as follows:

εx = 2.0 rx = 2.5 θ1 = 1 θ3 = 1.2

εy = 2.0 ry = 3.0 θ2 = 0.5 x̂ = ŷ = (0, 0)>

Fig. 2 A spherical neighborhood of x̂ has been scaled to an expanded one in the transformed space.
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The same can be made for a contraction scaling by inverting the previous ratio and so by setting
θ3 = ry/rx. The example is in figure (3) there is an example of an hypersphere in the X space
centered in x̂ = ŷ = (0, 0) with outer radius rx = 2.5 that is related to an hypersphere in the Y
space with outer radius rx = 3.

The transformation parameters have been set as follows:

εx = 2.0 rx = 3.0 θ1 = 1 θ3 = 0.83

εy = 2.0 ry = 2.5 θ2 = 2 x̂ = ŷ = (0, 0)>

Fig. 3 An entire spherical neighborhood of x̂ has been scaled to an expanded one in the transformed space. The
innermost region of radius εx = εx remain unchanged.

The transformation equation can also be tuned to perform a generalized scaling but isolating a
specific region to be unchanged. Let us consider the innermost transformed region B(ŷ, εy) where
the transformation equation involved is

x̄ (y) = x̂+ θ1 (y − ŷ) .

In order to keep the region unchanged we must set θ1 = 1, while setting θ3 = rx/ry. With this
transformation to the hypersphere B(ŷ, εy), corresponds an identical hypersphere in the original
space B(x̂, εx)

The transformation parameters have been set as follows:

εx = 2.0 rx = 2.5 θ1 = 1 θ3 = 1.2

εy = 2.0 ry = 3.0 θ2 = 0.5 x̂ = ŷ = (0, 0)>

The same can be made for a contraction scaling by inverting the previous ratio and so by setting
θ3 = ry/rx. The example is in figure (5) there is an example of an hypersphere in the X space
centered in x̂ = ŷ = (0, 0) with outer radius rx = 2.5 that is related to an hypersphere in the Y
space with outer radius rx = 3.

The transformation parameters have been set as follows:

εx = 2.0 rx = 3.0 θ1 = 1 θ3 = 0.83

εy = 2.0 ry = 2.5 θ2 = 2 x̂ = ŷ = (0, 0)>
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Fig. 4 A spherical neighborhood of x̂ has been scaled to an expanded one in the transformed space. The innermost
region of radius εx = εy remains unchanged.

Fig. 5 A spherical neighborhood of x̂ has been scaled to a contracted one in the transformed space. The innermost
region of radius εx = εy remains unchanged.

5.1 Preconditioning

The conditioning of a problem can be defined as the range (over a level set) of the maximum
improvement of objective function value in a ball of small radius centered on a given level set. In
the case of convex quadratic functions (f(x) = 1

2x
THx where H is a symmetric definite matrix),

the conditioning can be exactly defined as the condition number of the Hessian matrix H, i.e., the
ratio between the largest and smallest eigenvalue. Since level sets associated to a convex quadratic
function are ellipsoids, the condition number corresponds to the squared ratio between the largest
and shortest axis lengths of the ellipsoid.

In optimization, the preconditioning is a technique exploited by algorithms which seeks to let an
ill-conditioned problem be more straightforward to be tackled. In literature there are many methods
for preconditioning but all are based on derivatives [22,23,24] or an approximation of them, such
as finite differences [25,26].

At the time of writing this thesis, it is under exploration how to apply the proposed transformations
as preconditioning technique that neither use derivatives nor an approximation of them. In this
subsection it is reported a possible way to proceed and a numerical example.
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It considers the well known Rosenbrock function, also referred to as the Valley or Banana function,
defined as follows

f(x1, . . . , xn) =

n−1∑
i=1

(λ(x2i − xi+1)2 + (1− xi)2)

where λ ∈ {1, . . . , 1010}. This function has a global minimum at the point x∗ = (1, 1, . . . , 1) and
f(x∗) = 0.

The function is unimodal, non-separable, and the global minimum lies in a narrow, parabolic valley.
However, even though this valley is easy to find, convergence to the minimum is difficult [35,37].
Moreover for large enough λ and n, has one local minimum close to x = [−1, 1, ..., 1], see also [32].
In figure (6) the contour lines of the 2D Rosenbrock function show a bent ridge that guides to the
global optimum and the parameter λ controls the width o the ridge. In the classical Rosenbrock
function λ is equals to 100. For smaller λ the ridge becomes wider and the function becomes less
difficult to solve.

Fig. 6 Contour plot of Rosenbrock function in 2D
.

It considers a derivative-free algorithm DFL such as [33] (S. Lucidi, M. Sciandrone, 2002). The
algorithm investigates the local behaviour of the objective function on the feasible set by sampling
it along the coordinate directions and by performing a linesearch along suitable descend direction.
When the stepsize αi along a coordinate direction i = 1, . . . , n, differs too much, say, over a threshold
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τ , from the stepsize of the other coordinate directions, it might suggest that an ill-conditioning
occurs in a neighborhood of the current best point x̂.
Now consider to apply the non-linear transformation over hyperellipsoids in such a way as to prevent
the ill-conditioning. It can be done by a suitable choice of the diagonal entries of the matrices Dx
and Dy. In particular a possible choice is

Dx =


σ1 0 . . . 0
0 σ2 . . . 0
...

...
. . . 0

0 0 0 σn

 , Dy =


ν1 0 . . . 0
0 ν2 . . . 0
...

...
. . . 0

0 0 0 νn

 ,

where σi =
max
i

(αi)

αi
, νi = 1, i = 1, . . . , n.

In figure (7), with the function parameter λ = 102, it is drawn the trace of 2102 improving points
explored by the algorithm mentioned above in standard setting, until the stopping criterion of
max
i

(αi) < 10−6 is satisfied, without the use of any transformation.

Fig. 7 Trace of the improving points explored by the algorithm DFL
.

In figure (8), it is drawn the trace of the 1246 improving points explored by DFL algorithm with
the use of the non-linear transformation.
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Fig. 8 Trace of the improving points explored by the DFL with transformation.

The transformation is applied iteratively in a neighborhood of the current best solution x̂ such that
the path followed by the algorithm turns out to be smoother and it could exploit larger stepsize,
meaning less function evaluations, until the stopping criterion is met. Tables (1, 2) report the results
of DFL algorithm on the Rosenbrock, with and without the non-linear transformation, with different
values of the function parameter λ and different thresholds τ = αi

αi+1
, 1
τ =

αi+1

αi
, i = 1, . . . , n − 1

that trigger the use of the transformation.

Table 1 DFL not exploiting non-linear transformation.

Cond. Funct. Min. Threshold
Function Param. Iter. Eval. Value Dim. τ
Rosenbrock 100 2102 6270 0.000000 2 -
Rosenbrock 500 8992 26943 0.000002 2 -
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Table 2 DFL exploiting non-linear transformation.

Cond. Funct. Min. Threshold
Function Param. Iter. Eval. Value Dim. τ
Rosenbrock 100 1274 3784 0.000000 2 2
Rosenbrock 100 1246 3700 0.000000 2 5
Rosenbrock 100 1246 3702 0.000000 2 10
Rosenbrock 500 5100 15264 0.000001 2 2
Rosenbrock 500 5176 15492 0.000001 2 5
Rosenbrock 500 8992 26943 0.000002 2 10

The results seems promising. In particular the identification of a tailored dynamic strategy to
select the τ threshold, and an accurate tuning of the transformation could be the keys to pursue
the research.

6 Preliminary numerical experience

This section aims to provide preliminary results about the promising use of the transformation
in global optimization algorithms. It is considered the DFL algorithm mentioned in the previous
subsection in a multi-start framework that leverages variables transformations to gain an advantage
for the search of the global minimum.
The goal is to find a good solution of multi-modal black-box global optimization problems. It is
compared a simple multi-start approach against a multi-start that exploit the transformations.
Both the algorithms were stopped either when the number of local searches exceeds the budget or
when a point x̄ is found such that:

f(x̄)− f∗

max (1, |f∗|) ≤ 10−5 (29)

where f(x̄) is the approximations of the global minimum value of the objective function f∗ found
by the multi-start algorithm.
For the testbed it is chosen the library CEC’ 2013 Benchmark Set for Real parameter Optimization.
The CEC’13 test problems library [36] was released on the occasion of the Special Session on Real-
Parameter Optimization held in Cancun, Mexico. 20 - 23 June 2013, during IEEE Congress on
Evolutionary Computation (CEC 2013). In figure (9) the details of the 28 problem classes available
in dimension 2, 5, 10, 20, 50, 100.
As long as in the multi-start approach exploits randomly generated points as staring point for the
local searches, the tests on these libraries were set in a stochastic fashion and it is summarized as
follows

- Test problem: 28;
- Dimensions investigated 2, 5, 10;
- Budget local searches: 100 * dimensions;
- Stochastic runs per problem (random starting point): 10;
- Fixed seed for reproducibility of the pseudorandom number sequence (Mersenne Twister gen-

erator [27]).

It means that the total number of problems was 28 * 10 = 280. The following tables report the
comparison of a simple multi-start approach against a multi-start that exploit the transformation.
The dimensions investigated are 2, 5 and 10 for both the piecewise linear transformation and non-
linear transformation and both the strategy of space expansion and space contraction. For each
algorithm three key performance indicator are analysed:
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Fig. 9 CEC13 problems. https://www.ntu.edu.sg/CEC2013/CEC2013.htm

– The mean value of the objective function over the 10 stochastic runs;
– The best value of the objective function over the 10 stochastic runs;
– The ability to find the global minimum value of the objective function.

The results are presented in terms of number of wins over the 28 function classes, it means that
each value in the tables reveals the number of times an algorithm wins against the other. If this
situation doesn’t occur it means that both algorithms has the same performance.

https://personal.ntu.edu.sg/EPNSugan/index_files/CEC2013/CEC2013.htm
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Table 3 Hyperrectangle expansion in 2D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

9 1 18

Best values Objective Function 1 0 27
Global minimum values found 1 0 24

Table 4 Hyperrectangle expansion in 5D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

24 1 3

Best values Objective Function 19 2 7
Global minimum values found 0 0 4

Table 5 Hyperrectangle expansion in 10D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

23 0 5

Best values Objective Function 14 0 14
Global minimum values found 0 0 4

Table 6 Hyperrectangle shrinking in 2D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

8 1 19

Best values Objective Function 1 0 27
Global minimum values found 1 0 24

Table 7 Hyperrectangle shrinking in 5D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

24 0 4

Best values Objective Function 10 1 17
Global minimum values found 1 0 7
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Table 8 Hyperrectangle shrinking in 10D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

23 0 5

Best values Objective Function 16 0 12
Global minimum values found 0 0 4

Table 9 Ellipsoidal expansion in 2D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

9 0 19

Best values Objective Function 4 0 24
Global minimum values found 1 0 24

Table 10 Ellipsoidal expansion in 5D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

24 0 4

Best values Objective Function 12 1 15
Global minimum values found 2 0 7

Table 11 Ellipsoidal expansion in 10D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

23 0 5

Best values Objective Function 15 0 13
Global minimum values found 0 0 4

Table 12 Ellipsoidal shrinking in 2D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

4 1 23

Best values Objective Function 1 0 27
Global minimum values found 1 0 24
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Table 13 Ellipsoidal shrinking in 5D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

24 0 4

Best values Objective Function 10 1 17
Global minimum values found 1 0 7

Table 14 Ellipsoidal shrinking in 10D. Number of wins.

Multi-Start
Transformation

Multi-Start
Simple

Both
algorithms

Mean values Objective Func-
tion

23 0 5

Best values Objective Function 14 0 14
Global minimum values found 0 0 4

7 Conclusions

The obtained numerical results show that the performance of the multi-start approach could be
improved by exploiting the transformations.
It is clear that the proposed transformations can be integrated with more complex algorithm
schemes, with a stronger ability in finding global solution than the one of the multi-start. The
study of more powerful global optimization algorithms and the integration with a space expansion-
contraction strategy will be the objective of future works.
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