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IORCFJPOSmON OONTROL 

HYBRID FORCE-POSITION CONTROL FOR ROBOTS IN 
CONTACT WITH OYNAMIC ENVIRONMENTS 
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,,..,l_to'11.+w""""1u .~a. u .. lwnW.IMJlòSl'G4JR- ·z.. S.,WA.1111°, Vi.r r..dw"""' Il. 
()()114 "-.INt/ 

AbillrMl, A Jt11«11rit<JliG11 o/ thc /a,6f'i<i fertt.prnilion ap~ /Ot' confrolliJ1g ro&ot.- ;,, <ofl• 

lacl .. 1111 •ni111t e-..,11if"onnu"11h " pteH11tal. Clo11icol h~ri<i <Oflfrol opplic1 onlv ..,.,,. tllc 

en•·•fl>""'"'' u 111ppo1<o1uk1li/J. ot tiJ!l9""' • l.i11n 11otic Nn1rNiiil "" Mt rob.n trtd·t/Jctlor, 
o.id l'f:l•t.t on t1•t orll'°!J'On•'>fv (I/ •dau.J.i•6lc cnd.· t/Jrxtl>t' tt-1«., •cl .,, ,,. ff.Jlltt·' t(I tcC1t lior1 /t1rtt1. 
IVtt.<n ~s1dc""I dytta••uc (l!tT~lll'ICl!l f, U!u orÙI0?>'10lilr d«.i lt.01 /aoU or:ir11ore, In onkr lo 
' '''"d tloc llyflttd 1lrt1f(9)' to n11c1 orht11 tbc cntT~'"''"'· 6t11dc1 pC111"11v t1'Jlpi:Mi11g t;nctiuslic 
,..,..,,,."'"'' llfl the ,..,,d.cffrrtor, tn'116d1 afr<> • <l111to<1tk bt.l\41!10•'. a '"ilaWc .lucripti"" o/ tllc 
ro6of.cn11lf'On<1teITT ;...,,Nrho.11 u i..,trOtluctd. ltt 1fti11clli1149, lhc M1frn o{ o lt~id C{)llltroirtr (dJl 

k mfficd ovl 10 lo i1ulcprn4r11 ll~ lt41Mfk qw.s1t.titiu i1t c.1•plffncntar11 1•Npo<u. A 1 "" inltrc11. 
ing re1ull. t - ofte-f1l<1tu't l,4ti<I 1tlac111u We-, 1intt citAtr /O#'Ct1 or po1ilf(l•u '"" 6t c1mtrollcd 
of0.119 properlr dc/i1tt:<l 4~-ic 4ira:tion1. lnutl ~l~f!d t,o pM11ni._, o/ 111omil'IOl lffli«t0f'•t6 "'"' 
filtt,i111 o/ uhiul u1t:o1urt110 to fit IÀtf!t •alh tM dl-OiloWc inttructi.ott modd ""' alJo 4i1cr1.Jltd. 

Kc,yW6rdt1. ll.o6o11; fot« (OJ1/r'11: lt~ricf c.1nl"'°'; <Ofllpl1'aint 1.11o-liqo1; 1.,l;.1po«; d.«C'ttpb1t9, 

lntroduc:tio11 

$c\'t131 control 11tr1.l<'gies 1nc l.wing inv«ti.g;1.t(d 
&O lO nMlkC indu$lria.Jly (el'."ibl<' ;lii Il~ lA,1b in 
111•hic:h tl1e robot D require<l lo l>etp 11tabk «KllMt 

and to cxch11.r1&c forces wilh tht' Cfl•'ironincnt. 
T•'O apJ'r()l.Clwls ha•·c r«ci•~ 11\0!' of tlH! intcrbl: 
im~lltJtt «H.1lrol (Hog1111. 19M, 19~ l\atth'>Oni 
cr al .. 1986) at1d bybrid conlroJ (R•ibert 1u1<l Crai&, 
19$1: Khatib, 198i; Y0&.11ibwa. 1$7: ~1cChunrod1 
and \Vang, 1968; Dt. Luc.ii t'f a.I., 19$8). 

In gcntrlll, in1peda.ncc «111lrol is suit3blc only ror 
thosc l.sks wl1cre rontM~ foccC8 n1us.t be t.:cpt s1n•ll. 
typicall)' t<> a•·oid ja1111uin& .110011& parts i11 asse1t1bly 
or in11Crl~11 ~r.i11 ion11. C«llMI ~t.,.ttn tl1ot robo~ 
cnd~lfcctor and tl1c et"l\'iron1ncn~ • \k$cribcd u a 
gc1ttraliied dyn11111ie in1pcdancc, i.t. by a COJnplelc 
.ct ()f 11ix li1le<'t or nonli11«r 11CCondorder diffcrcntial 
cqu3ttoM. ln&e1'6itivity lo unt)(petted inter•etioM 
with the environn'ltnt i$ obte.irie<l by co1nprorniai.n& 
bc1 ... ·tt11 eon1ae1 rorce e.11d pc.sition ateuraey. u&ing 
programn\llble MilfnM 11ad dampi11.g nUr.Ulcit&. An 
etitifl\llte or tbc dirc<..tiOll& ... blg \lhieh !>y&.ICll"lÌC 
pc:l6'ition crrors 0«urr is nttded i11 ordcr to corrcctly 
d'8ign thc stiffncu 11\Mrix. 

li""1ca.d. hybrid c0tlt1ol is intenda! for casa. wl1erc 
the robot l1a11 to vcert 11p«iflf'tf fcrco or arhitrt.r)' 

n.1 • .-ork ;. •uppouofd by 11.., eo. .. ~ Niù~ ddlr 
n:ittrd•"· v- no. 90.000IS1.PFG1 (~(110 ,.-,-Nu..Jo 
Rot.ocK•). 
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inlc-nsit)' &pin11t the wo rl:ple<c. U11in.g i11Jorrmtton 
\\boot the en\•iro111r.ent gcomelry, hybrid contro! has 
tbc lldditional fcaturc or accurlllt surfacc rollowin&. 
typical o( ta$b 11ueh a& euUing, dcburri.n,g, polif.h+ 
ingor g.rinding. $Qnle robtlllllct!S lo moddingerron 
is ac:hic•·cd by 1uopcr h11.111llin& (orce and displ11<eo 
11<ttnt 1ig11ah al lhc otnd·cfr«lor ie\-cl. At originl\lly 
conecivcd, hybrid contro! slrietly 11ppl9et onl)' when 
MSunlin& 1l1e e••~loft'l'ector in contaci wilh 11. stifl' cn· 
viro11mc-11 t, treated 1111 a kiriernn.tk constrl\Ìn\ on lhc 
robot 1notioi1. Ncgltt.tin.g rrictK>n forc<11, l\11 U8Crul 
orthogon11lity exi51.$ bctwwi l)d1nisfible 1notions Md 
gtntrali.icd cont~c.t fofecs . 

Thus, the r~n••iron1nen~ interaction is uau. 
~ly rnodelcd Ali beillg coinpklely d)·nJUnic: or com· 
p"lcly kinctn11.tic. In a recenl work, wc hll•'c propo. 
$Cl!f a ron,rol«>Jiented n.00-eJing apptOll(l1 lor robocs 
ki11cmalically <»n8'rainf'tf lll~d/or dynatnica11y <OU· 

pae.d wiih the cxtoet11al v.'Ofld (Dc! Lu<-a and ~fane•, 
1991a). In p.atticula.r. tbc tntchanica! nature ot a 
dyvan1ic enviro.i111letd can be 1aken fully into Il(• 
count, whi.le 111 -e two prc•·ÌOU8 intotractio.1cl/LIWCS11.rc 
h1cludcd M sl)«ial CMtl. A p111a.digrna.tic cxan1plc 
« this situat~n is the roboc.ic l&.<i:k o( turning a crAnl: 
whoiw! dynan1K:t i. IM>l fle&li&iblc. 

Thi& P"P<'' dekribcs llO'I· 10 use this rnodclin& 
t.e<hniquc ror lht dctign ol hybrMI contro! lt.ws in 
t lie presence or environrncnt dyna1nic,. 1'he b.-ie 
l• ue is that oit l~onaJlty botiwocn cnd ·effcctor 11)0> 
til>ru1 •nd cont•e~ for«• (~11180n. 198l) doet n« bold 
M)'niore 111td 11\-e ori.gin•I hybrid approacl1 <1111110' bC! 



~ - Ml(. 1ltt ·~ ol ac1 • .-......... 
ud lhit apa« ol ~t.kl rorcf'!I w1LI M ~ 
in tht, caw o( a gtliottal tolt<l4>('•r~·ironnw:o.1t io1trac­
tioll. Otdiogo11a.l1t)' catt U1otn tw 1a.tated bet•'et'n 
two certa.in rtductd •tjllfJMIC~ . i11 01w- of whiclio it 
will be postiblc to conttol 0111)' l*itllOll• y,•bilc in 
th~ othcr only for(ft, ~hMt'o~·cr, tl1ttc cx"·t furtlier 
dy111JtrUc clir«tiarl§, in wl1lch orthogonnlily bctv.-ctn 
rorcce: 3.nd o'°"ion' c1innot 1~ lllllitlt"d· 1\long thdt: 
dynamic dirtction1. t'ill1c r • forcot or a p<l6itioo can 
b<t c.h0Mr1 llllf output to IM cOfltrolkd by * h)·brid 
whcnioe. 

T1M ~' • CKpAu.ed .. foHo•:t- TIM> tey •~ 
J hJbòd coa.trol att brwl) tt'"•likd ao &o •.Pl~t 

Uie folbr.11.1 v•rali.t.M.oN '«t, ·- n..tdiq: 
'l!Pr + kw r~ 111 niM•l •11• • pQINitlly dr· 
umi< (1tvitorunrnlt 1& "'""""*"«"4 1'k pla.nni•g 
of nominai rotte ud poMtlOll lla.JtC('tOnct 1Hi11g: lhit 
propo8ed 1noditl \""&ttablitt, 11 tl1f'l1 prtw:11ted. Tbe: 
fill~ri11g pN>bl~n ll1M undcrl1N ari)' l11llfid cont tOI 
tchonc ù dittu~I 111 dctail 111 tl1f' cootcxl ol d)'• 
1u1.n1i-c ct1vir<)fuOe11lJJ, F11111ll)', h"'ft 11ltcrnnoh\~ dcco11• 
pling ~u•~I ll1ioe11.rhl11.g hybrid control l11w:. ILrc gi..,cn 
in ltlll'IS o( dceircd t'Ol~ll(l YIUÌ11.bk1 

Hybrid Coutrol Stflllj'g)' 

I• a.ny hybfid «N1trol tchtn'll' two buie atlePlf <~ ~ 
mopiud Thor fìm 011ot f'ONl•U of pro«Mtug •ltie 
Q.llcàan foc'tt ud poMllOll .. ltMllfft., IO tO i« lii.cm 

fil with tbt <.,ttlll M-:a&l.abir flflOdd ol tlw ulilk. Jo 
t.hD tpi:it • ..-n11«hiftCJI ~oth tlw modd Ne i.dft'­
p retcd M "nooe' lO b.- f'l1n1u1•'ed 6,..d on tbae 
•fìlltred' "~l'NC>M ~ mc•urn,...fl4•, t:rror Apals .-~ 
then computed wttli '~' to h1rtd c\.'OlutioM. 
"Mie S«Ortd J.lcp I~ tlle clot9~g:11 a( a <Ofll lollcr C'OUQ• 

k racting Yia rffdb&ek lht'tM' frrOrl, a11d t'\~lllu•ll)' 
kttping tb~111 to itro with a kcdforw11d action. 

111 both &tcpt, • 11ult.1!1hle 1111cl accura te 1nodtl o( 
lhe i.nlt rac:tion tMJc i11tludìng geonictri(, ltinc-­
m.aiic and dy11a1nl(. aepc<l.ti 'rtatly 1in1pli!W6 &bt 
problcm. A genttlll hybfi·d co11tr(ll uthitecturc L" 
.tiow.- m r ,, 1 

\\"h.ik ·- clif't4ttJ t\'OhtltOCI o( ,, .. ~bb (~· 
~iDg t!w- U.k • ... .,.. pbinwd tO 10 bc tGft!P•C· 
ible • it• ,.._, naodtl. 11w .... lf'CI po..icta.. wdocita 
ud bus att ~r «111""'-"'' .. pr actfre. dw t.o 
aron Md appto11u1n.t101tt .. moddu1c '""real~ 
up, Jù.ibcrt ... d C'r•-a (11181} fln;:t p~ I.O fil. 
tcr 1be mt.MUtt>d qM•""''" by Nn'l>ly ™'Ckc:ling '~ 
locit)' componc110· ato11.1 f<M'« co1MroUrd dircc:tio•, 
and vke\~rM. TI1ìt 09ie-ratlon wM pctfonued b)' 
0/1 tdcction uu.lrlcd 1'11c 'core' of tl1i1 app1oaid1, 
11nd t l1e n o( lll\)' Other hybrid t.llAltg)', i~ th11.t 110 
11.tte1n11t will be u u.dc IO in1p1ore1ly rt'Mt to uuea· 
_.Het that do 11<14. rnat(ll 111 ft11,ct11re with tbt ta&lt 
model. On t~ other hAJHI, a well•dttigttcd h)'brid 
contrdkr will '°'rf'tl (for« Of po.Jhon) nron onl1 
..loftg: 'upeck<d' d1tt<.llOl'A N• thai no idmli!a­
boa ÌS ie•altt .. t"mpWd lf "WMMIU att ~ lO 

"' 

•••4y tlw rTal Cft"lto91Mnll. tht &.w;t MOdtl ..... )d 
be Mla.pt.td dvun.g f'X«lllK'ln. 

Task Sp:ciftC8000 

Planniory O 

Environmnu 

Coordì.tl:ai.c 
T.,...r 

Fil!Def' 

~·,,. I ll)'brid oontrol 11-rchite-c:ture 

Afier lhc Rl1(11nx ~nd tllt' erra r dclinitio11, AllY 
to11ttOI l11w (011ld ~ irnplenw.ntcd which g11a1M• 
tttf 1-teMly tl•U pet(OfnW1<e. ll~ver, .c.•crnct 
1h.tt •"~d dyn11.1ruc ctOMo<OUpling be--t.wttn \tlot1ty 
MCI fot<e lootNI .,.,. prf'fnml. Al 1hu leve"I, ch~r 
nit tec:••"l- h.a\'t' btta propmitd: local JOl"l lir't'tl 
co.1roa (~' Md Cnia:. 1981). decouplmg and 
ltnitwu191 c.Mrol (t\kaub. 1987• Ot Luca f'I .J. 
1981) • .W191 moclt C'Ollllrot (Ot ..... ti .J .. lllN), 
adaipt"~ eontrol (SbtiM- ud Li. lW). 

In the ..rquitl 11 wJI bt "-·n bow a fllt.crin' p,. 
tt'dutc! t•n tifi dn1M!d 1Jbo u1 the catoe ol a 1 .. k 
n.OOtl 1l1•t 1ncludc11 expl1citl)' the inte•Mhon w1tl1 
d)'nt.1nk f"ll~ÌIOf1 11lll11ta... A(cOfdingl)', a gt.11trali1ed 
decou1>lìng 11nd lhH>11ri-iing (Ontrol t.tthnique will be 
uM'd to ir11110t<t dt'11ircd Coree Md poeition u~to­
riel. 

Tb~ ltobot·Envil"OllUK::nt Motk:I 

Tiit ~h .. apptOMlll prop<lllt'd la (Dt Wc-a Md 
M...._ lt'Jla), &u11.wt b tht deip ol b)t.td co.­
trol a...,, • ...... ,. Mm~ kre. 

'T1M" co.ifia.int.._, o( a "Cid robot. arm att •• 

t.5ed lt)' t~ JO'Cll \-at.ahb ''-"<='°' qE H" A world 
rd'ct~ ''"'"'" 'S 111 fu;cd at tbc robot bue . . .. ak • 
fran1it "S 1t attMhitd I.O tbt au111,ip, Ltt r bt tbt IW> 
atio1t \~tor ottllf' oripn of,.Swith MP«l to°S. A 
nunin1al H'lllUt"t1l11tioo il MeCi for tht 0tie11tl'hOll of 
"$ wiU1 m 11«1 to4'S, e.g. Eulcr •ngkso •(•.I.\\'), 
Poeltk>t1 iuul orkntation t•n be <»giu1i1C<I i11 "t1ir1gl"' 
~dirncn•ion~ po.;e vcctor 1> e (r.o). A& a <onw­
q•~n<r, end-eft'tttor dirttt and dilferrntil'I • inrnui. 
k• .,~ dt'ftneJ ft0n1 thc roboc •fdt by 

• p . ll(q), •· Bk(<i) • J ( J • 
P~-a:q-ct= • qq (l) 



Tk IUpukript o 1Heute1 .. n<MW uPff*l'Cd .. °S' 
t'OOfdl•&tel. Tk sr:Mt-a!sied im!loe.fk<\Of 'Wdixlty 
• ... • (•r. ~J. con1P<*'d oflme.u a.DCI t.n.pl.., ~nw. 
i1 rclit.kd to •p by .nc•n• of tbe tr•11t(Ofn"tion 

Ai. ttW1t. 

• v e J (q)Q, J(q) = G(k(<o))J, (q), (3) 

where J (q) it the 1t11.nd11td tObo4 JMobl1111. f:nd· 
d'ec\Or oriau.•tioM a.te •uJIPC*d \Ok llOMill&ll-W '°' 1lw .._.."'<il - (<!« G(l (q)) ~I~ 

0.lettDt l)'Pft ol «lllt..U.. ate aJlowecl bdWtte 
tbc~ cnd-tffec\Or •nd tbt cri~·ironninlt, In lii)' 

<Me, lhe rad-tfl'ect« poee can l>c c.11prN&ed f1on1 
1he cnvi101tn1ot11t •We In le:tn• ol • pAranv-1.er vtc­
lor • E R". Hcn. • llOft>t~undant t111Yitt111meat iit 
COMidc-ted.. i~. t S 4- S1oce tbc d.o.cc o( tate vet-&or 

. ... u.niq.e, •• °""' to dttnrmM • OOllvtnioml 
~-.:1ot:Lti-'ivoo - .,,1 p.--d .. """-•• A fint 
.et ol vMi&bb •o E R' il nceded to df:9('nbe envi· 
fOfllntnl d)'na1nica, whc11 ptC5Cnl , and will AJ)peAt in 
tht auociated tq1o1ation1 ol motio11, An Mtditional 
1ttol p1;1ttly kiAC.INltlt qriabl8 '"' E lt, .I: :=e r-fl, 
mq M ~ 1o0111«if1 u.•~1 dw f'lllCl~liec\Or 
p<»e •p. Defbu111• •(• K.•o), 1t Sollowl thai 

wh1k, usiag ('2) Md (.f), 

" 81'(o) I p=-o;-· (4) 

.. = T(•)i. T(ol = G(1'10))8~). ($) 

·r1~ pa.11unetri1atloll or t1td·cffect0t pl'llie lransJtcr• 
dlrectly i.o tdnMlllMbk ~'CIO<iti", allowing '° ~p .. 
r•W> «111lribul101111 di.e to t jl!KmalK and t.0 4yo.anut 
4itpttt. ol frtt4oM d thc ftl'irceimntt Accordillgly, 
T{• ) it. putitlOllW'd • ft'K(•) To(• )I 11't ~,;,.. 
..... ,, ;.. ... p~ w t... • ...cb1.b•l ,,...-..,. T i.afwa)• 
(ull rank, at Jc ... 1 ,., tbe regioo of i111erftt. 'TI1e éll· 

<l111nged l'Ot"«t lHltv.'t'Cn end 0c-ff'tct0f and workpi«e 
ue c:olk<ted in • &-dimea&ioaal '-ect« F o4 forca 

a.Ml ~ -· Md about tlM (OOfd•!Mloe &Xlf!S 
of 'S' Sinibr•1 '° ($), al to11Uct fortt9- Q.11 M 
p.uunctrired,.. •p. V(sµ . S.oc.r -ork unDOt be 
pcrfonncd on k1Mm•1tc: dc-,g.rca o( fr«dom, Y mu1t 
bo •uth th"t y TTN' a O. Ddng V (1,111 rank jutt u 
T , #0 l E l(C•-•>. At cacb s, thc •1Mi<c ol adrni.ib~ 
(Olltact (orcet. _.,.•[V(•)I. (.;1lll be dtton~poeed iintO 
two paiu. nit .. t.p.tt ol 1l&hC rtactioa btet, 
,,...[V .. (s)l, il «6-9 ti)' T'TV a • O ud luia ~ 
mm1ioti 6-t. Tiie co1npkmcnt, ,,..ty ,.(1)). • a 
d-dln.ctUiona.1 •ptie:e ot acti'~ r0tceot, i.e. th<* ~ 
•rion1lblc (or c.nt t&Y cxchangc betwten 1he roboc. •.11d 
lhe c-nviron1oent, t1nd l1 au<h tbal TJ; V A it alwayt 
'*"i.n.gula.r. \\'e dc«n.e u dytt.aLt'W d'ff't«iom si tbt 

cotUct ta-ic wlMc~ a.te ia lbit .,.a fil thc ~ 
ol T o or V A . I• t)'tll-. 

... 
0 ... = T(•)• . To(•)•o + TH(•)iK. (&.) 

°F = Y(1)A a V .-(•)A,.+ Y ~(1)A11, (6b) 

Tt•••) = 1Toc•••• T«c•x•>l· 
Vl••<f--l)) • (Y A (f11<11 y lfCf11(f- •1ìl 1 

(7) 
TTYR = 0,11tf·•)• y TTK s 01•-•>••· 
T~VA : 4w4 Mm1~bu m.tru:: 

Cxunpks ol &fltlli<alloo ol tbt a.bcwt modieli.n.& are 
wo·bd oul in (l>e l,u~a and ~1Anf'9, 1991a) 

f0Uowi11& ll1e L•grAngia.n a,11uoa.d1, tl1e robo\­
cn,Jrcameal dyoamic nioclcl ca" be writlen i.n tlM: 
9Ralf.oirmM 

O(q)q + n(q, q} - u - JT('1f F . (S•) 

D1_1(•1>)Jo + ne(•o.io) ~ Ti(•)°F. (8b) 

11lc 1rmmetrk and poeili~ dtcfiniu i.nirnla. nvtri­
ca O{q) ud J)•(•o) ttkr to 1~ robot aad tbc 
~,VOllftllNll, MCI t..ave 4ilnt- ••• aod 4x4 
\'f:'oltor u ()Oil«l.I thcjoinl i.np•t for<«11/torquc:s. i1ie 
«1tpling bcl111ttn MhcK and f:'llV1J0111nct1I dynan9e1 
it gi,~n by tbc w1.,t1aint on tl1e end·effiector pose, 
wrltc-n in al,gcbtMc •nd dilfcrtntial (Ot"nl u 

'<•l =reo) . {t ) 

t)q1a1ioM (9) ca11 bf' utieod in 0tdtr lo eliminate the 
ex1~iieil •ppearancc of the rorct '"«tOt' °F in (8). 
' l'h1t e~ be M:l1lc\'ed in two ditfer('l!I wa)'I, depend~ 
i111 oa the bndlin' or dyn.arni<. ditectiont. In th.e 
llnt <Mt, .l,. att t )lplicikd .. cllt«tly df:'peedi•1 
• lite robot ,. ,., .._ while d,...,,., -.cccliera&.,_ 
.,-e teat • a C01111CqltCIKe.. In thcl ~. u allc-c:i. 
dtrecitly lhe acccttra1ion1 io. whkh ~Mite in tutn 
acti'-e (or«t 1M11A1nttriied by the ''«'°' lA. 'Mie 
resJltin& &lt.trnativc dyR&mic re&.tioa1bipe, a.re (tee 
Appt"..dix) 

.... 
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Q(q,o) u:] = m(q,q,o, i) + JO-•u, {IOo) 

io= - Di 1" • + ns.1TJ;Y AlA. ( IOb) 

Q(q,•) n:] = 1n(q,.; ... 1) + Jo-• • • (Ilo) 

.i,.= (T~Y .. )-101: + (TJ;Y A)- ' Os i o (llb) 



Both 1nalrKft Q Md Q dfpe•d on robot ancf t•~ 
~t in,•t•a tnAlfKtt, O a..d Oa, •nd j.aeobQM, 

J and T , wtut. tht \..Ctoft, 1u • •Ml lii. dell"nd abo 
on th.tir t i1tll" d.-u ,·.111h'M1 

U11ually, d M! cor11pon"t•l11 o(• 11..1wl .\ h 11.'~ a phy .. 
i<'.a.I mtaning in tet11" or kngtl111 or t.ngle:i and, re­
$ptcti\·,ty, in lf"Unt or fot<tll 01 torques. In piu• 
ticuJu , in tl1t C'"t of llOH•d) 1'1/UtlK Cll\'i ronencn ts, 
; " and ..\,ir m11iy dirffl ly tqlft'llt'nt tangtntUd ,"'(')oc. 

ity ud ftOfnltJ forcf" wnl1 tf!!it«I e.o thc C'OftSt1ai1n. 
Tbcrd0tt, tM para.n""'tn tf)M'.t or • a.n.d .\ an be 
rirwf'd •a gtWtalu.AJllOll ol lift I Ml·~ <Oll«'pl, 
on~ imuodtt<lf!d .. h)htlld <IOlltfOI ~ .,_ 
•UelU to Lllt.r thtw VM.,.y,.. M co.ll'Olkd o.t,.t 
lor •>'Item (8) 

TrajN<t ory P lft1u1i:ti.g 

r or hybrid tuks, t hf" l r~tory pl11r111oe.r 111ttilln a 
desittd 1in)t' cvol11t1on both for tht tn~l·~lfec«» po­
sition and (or thc COOIMI rOftt tJsin.g tl1c 11xaÌ1• 
\\bit n)()C}el or tht tllJll.. , l tll}C'ctOfi('I 11lC pl~nned IO 
lO 11a1i6-ry thf" 1MOci11.1t·d 11lgt'bu1ic and diffcrtntia.I 
<lOR$trainu. h1 1..a111r'9lru. 1 lit tMk &P«irM:Mio9 is 
to11,ukndy uati-.lat...S 11110 • Oaj('(lOry ror ti~ r • · 
rameltrt • Nld l , u11IW't thllll ror tht robot va.ii.lo~. 

~ a p11rt'I) tu1on™'ht <MW1'0•u•-I, arbrtr&nl)' 
dlotlc:• litnf' h•torw. . ..... (1) -4 l...,.1._.(1) 9,~ 
c.'Om;pllliblc t&rlotu l*fl.,_ aod btt Ira~ 

• p(1) = re ...... ,,,,,. 
° F .,.,(I)~ V ,11(1" .,.,(t)),\1t,.,(1). 

(12) 

In 1ht JH"'111ce of "llV1ton111tnl cl~ n.iuni<t. ti11-ie 
t , 'Ofuliont ca11 b,. -...1g1H'd 111lltr11111i,•cly ror 1hc 
9f't (so. •A.' • .\r.) or fo1 (.\,.,.\n,11...-), Choodi11g 
(14.,( t), .\,,,.,,, (t)) 11. ~11.-c1Rce.1io11 of thc tnd· 
t ff«lOr poi;itto.1 antl ot1ly ol tl11lic t('llCtion r0ft($ -

«.'*3 e. .\ .. _.,(t), tktlut'il •ctC1nling lo ( I Jb) ••ith 
defirtd \'al~ l*w4 "' 1lw- 11.ghl h1uMI ttrnit. C:0... 
' 'tndy, uttg:fling ' ""-'"(I), 4,(1)) au:tomaiiully 
yicldt a 1imc «'''OhtUOll 110 ,..,(1) th~ inlc:g.-.. 
tiOll o( (I•). uu-c hrtd ..-,. • tbt npc. MM 
_.ud Aaf11-a !mm 1lw •••al .... ._. eoodic.iiMf 
•o(O).i o(I) 

iJiae Clpe:fAllO"ll. Mrtltti •l •a\1q: lhif' COM­

plete ttl ql *'"M toM.ct/'n'iiro.11rw. .. 1 quanli• 
het (•o . .t.t .. • A.4o• • lA..t ... .\,..,,,), are i:Kll ttqui:.rcd 
In t h.e cont rol i...w ' I hc IMI>: 1ittd1t 011ly t.O be 
P&.l'\\fr.etriu d io on" or 1IH' t""'O ·~· 1111d 11!.c C()l'lt rol 
•Yt t-cm """ili be contt'lllf'CI only wilh thc tr;,d:i11g ol 
llie spccified 1>1H\\11 M"l("ll 

M t•• 11u l'('! f illering 

As:wJftt' fitti 1l1a1, al a gl\'f• IUl'lt' 1a5tanl, lhe f" .. d. 
d'ett.OC uid ttl'llOftflW'fll tot1f1gu:rahont ~ tee-• 
1hroi.g:" thc \'f'(l.Of • h • ttq••ffif 1.0 6M a<t.•aJ 
~ ,.,_ (t....~) '°' pw. Mt-...U . ... 
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Md ° F ..,, 111tdt:r tbt full ra11t hypo1bni. b m.aln«* 

T ••Ml Y 1• (ti). Tbc M1h6cfipt m t1l••ds (o. YM'­
-.bl~ C0111putf'(I /rom nl('M11~. ·rh• M cq11i~ltnt 
CC) llOh<C 'hc 11f'Obl,fl1 or illl'Crting t hc linea1 COnl act 
cont-1r11i11t. (6) 111 tl1e i~kal e.MC of a Potrrc(t 1nal<I•· 
in$ lx:t'«itt11t l1e 11- lel and thc real environn1e11t 1 tl1e 
Olt'llllUrf'll VC!ofiliC& Cv.,. ;u1d (OfOCll OF,.. will hc, ror 
tMl1 •, rrt.pt"Cli,·tty i11 J1"1t(T J Md in ,,,."IY), Md 
tl1to 1161111ion ol tht' ÌH\'tf'lion Jlfoblnn • ili be uniq~. 
i1M' 1>rf"ot:tltt ol • ll'liNllat<h with t be model, a11d 
in Vttttal ol n~urtnllCQt crrort., • • U!Mtad ror .. 
IN•UM•I t'UO!f tdwhOlll IO 

(IS.) 

•p"' a Yl,,. a ( Y,. (131>) 

To 1hit f'•ul. 11.11 e r ror 110tn1 hu 1.0 k dellned 
bui thi8 in\'Oh'tt lllOlnt ca1uion in view o( t !Wl 11<N1· 
hoo1og;:n('l(Ml8 11a1urt or t he (Oftlponelll5 "g.e11ert.I· 
U:""I vtl0<i1y 1tnd force ' 'tc«>r•. lndecd, onte a nonn 
b~ brn1 cl10!!oe11, " wt>ll·dtlìned n)(t rit il int1oduced '°' ron11M11ir1g "4f't11('111$ or • gi\'tn &tt. C.O..tidcr Ml 
tnor \fftor a• (_.,,.,,., • .,,) a11d thc foUowin.c n0tm 
dtli••llOll 

• , "'- f>''' 11<-1 ·· cr .... 1 + • ..... , . (14) 

111• eot~ 1.o cllooAq.,. • mnric kUOt 1t.. 
,..Cl'\Y 4"fM1w 4~ rnai.rU: 

w •• [ 13. :11 ~·J ] (1$) 0 3.11 3 n ~ .• , 

SuKf' tl1t tf' n no canonkaJ wi)' ~o comp111e AP$U• 

t..1 q 11ant1t1e1 witl1 uan~l 111 ion11.I orwa, tlM!: factOf n 
in ( I~) ft(!r~•la 1he big1~1 •conflder.ai' a1111.d1ed 
•o t)1r 1111gul11r 1111\tching 1(1.iiii,•e I.O 1bt tra.111Ja1klna.I 
°''"'· ~IOft11n l"'•na.I, cl100fiing • W > O• nldric 
l f"ll"(lf '°" vr'4w11y, OIM' e.vi dcfinf' 11. 11çal•r rrodll(t 
Md • tlOt lii ,._, 

e e ~. TW o t u:t~e T e < •1 • • , > = • • •1. ., = y w y 

(16) 
Il ~ th.M. 1-0 wdo011 ''«'°" a« ort~ 
.t•vI\Y •v, •O Nolt ••at • 'nt11ral' Ofl .. 
n.ahty • ••'fllllM(&lly dt'fi.ecd only bnwttti wlouty 
aild lortf' \tctofl, b<t111g lbc fortt .tpacc duM lo lhe 
''t'loctl) ll!>"Ct', 6.lft(t' 1t tllpt~ the COflttpl or 111111 
Jl(IW~r ll11.1e •1111pl"'d by" foroe along • &h"'t'11 dire<• 
lio11. f'of C01111Ì!lt~nc)' wi\11 thc choKe (16), the ii .. 
d uct'cl weig)iiir1g 1n111rix for fortft is \ V"''. 

\Viih dM"lil" co1uciJe111ttol1s , the t•-o .olulio1" lo 
( Il) 111111hrnti111 lhr Nl!MKÌllled wei.g.hted Clrot' 11or1ll1 
Ne obta11..-d u11it11 1*Cudoi.1u·cr,;ion M 

.. • T' 0v .. e (TT\\' T )-1TTw •v,., 

~ v••F,.-= (YTw- 1v)-1vTw ·••y .. 
(17) 



h IMA be atratitd 1Nt (17) puamt1111~ a.t;r 
lho.t tompoomuof 0v,. -4 9F,. that Nf', r~· 
hwty. ln ,,..(To T ,.-) 11.i.d 11t ,,..1v" V"), iir 
... 1.r lhc:. <OllllpoMOU ll111t 1l'("tf' tnodf'kod 1'1ea.· 
Mlft!d <0tnpoMn1.s •big '0t1hogon•I' d11f'tlt0111 are 
flh.tred °'*'· ~lodtl adlttlf'IKe to U~ real wotld 
t1u1 be ~ti1nated fro1n tl1t pecudoiu\'('18Mlf• lfllill.11111 
u••m -Timll/Jr•.11 ••d U'F," - V '·"11/U•Pmll· 

,,,, a.bcA·e pt1Kedure is a 1i eJtltl'l•ioo orthe O/l -
ltc-IÌOll 1n11.lrica appnNeh ullCd ni e.ari)' h.;brMl (IOft• 

trol itehtnn, aad has bftn 11Jrf'ady 11f1pl1~I in AiM­

dy•a.mic: <'*f (\\'to, 15189: 0-f(y, 1goo) la ~"!(­
.tu, Da.I)' (1990) q~t~ Uw llCMt-WOM'l.A.Kf'"' 

1lrrii• l~rillg 1echjq• • r t tt•~•- Md e«a-
t• H~, il c:ui ltit alriow• tlrriiat ... -... ... 1 te:.a... 
PtochKWC-- beMIOCW'td wrth "'°""' ... "" .. , ... , 
lftMnC" t.f'tlllOl'S, anb a <oMgur•hO. ~ 
.orm '' c:i.o.c.. (AtiMt .. tolarf'K'Ott1 rr al , 1990) 
Noce 1h111 1bt 111·cighting matnx W pi.a) .. no ro~ il 
• ..,.,. E ,,.•fTl (and, du•ll)'. ,r 0r"' E 1pt•fV)), 

Tt1e 11robleu1 ot i1l'-'f'tting co1"4t11i111 (4) i11 lern111 cl 
I Ò llMll'fl Ìn\'òl\~1 ~ing r ( 11 ) in gc11t rAI IL 11onlinear 
f1111ction. In order to ot11:iin d1oe 1~1111.rnrttr 11 froin 
t~ nM!Mllt'N POR 0,,.., . Olte hl'."' to "°'\~ llt tll(h 

tilne imt•nl 
( 18) 

Ttl• d•t ioa irf to be- utJ "' •U t lw Pff"llOlll foto. 
•i....i• ,.,ht:ialar u upnw.a.,. (11) T..,. likfl· 
.. , Pf'OWtm CU be fornwt.&ft .. a .... lMN' "'""' 

~ optimtt.t• pn>Mnn .. 

m!• l°Pm - r(t))T A rv. -rio)), (19) 

witb A > 0, for wl1ich • 1111111r11( 1>tO«'dU~ l1M to 
lHi dev~. 1'his pJoblt1n it t)'JIK!llly *''f'<I 111 an 
htta.live way, 11pd•ting Il,,. rf(llll liii' 1>1111111",,.,(', \'lllue 
con11)11led &I t i~ previo11& tiulC i11111111l, 1111d .-1ar1iog 
with •n i11i tiiJ feM.ib&e ,,,.1,tt. 1\d l1oc 11111111liRecl * 
11.111011 lllgotithrns (li.li ~llO be c&f'11~~1 r.or parti<uln.r 
tc1Yiron1111t1ll ki1i.e11W1-ti.< rtiri.c11u es 

De<oupling and Linffl'i1.iu1 C<i"t rol 

A _..,,~ tubnc1 control law • pl'f'tit•ttd Mtt. 
1t..t.11-c ••si-t-oulpul llft("a.rwti .. - dKoupl._. 
Sd. 6'.&k-~t oonttol ·- ( #1 '"'dnt•~ '°' lf'll(h <hoitt °' conttOlkd ~11141'• · ... •lllfllioc:1dy 
dtfl11«'d i• (10) and (11). In gtntt&I. 1t 11 tf'M01u1bk 
lO tot'll f'OI fotce alo11.g dy11iuni<' duttlioftt (1 lf'. to lllkt 
l,. .. OlllJHll) W'beOC'\'tt tlltlC' are rlMllC ttllChOn 
tt11n1 in t11e e11viron11lCnl dy11111nl<11 01t1t<1wi#, it 
"'">'be ntO« con\-enie.111od1~ 1he 1•0.ition 110 11.~ 
011111111. \\'0tkh1& wltl1 lii.e ou1p11t .Cl (.\,.,.\~, 1,.- ), 
lt l'oltow• from (10) tba.l tht i11put 

- 111} (20) 

111 

whett A· it •)' ~ •'TrM" cl A ( 8"0.C. .. cl 
Oddl. 19il), traMlorma thf' <lowd·loot>~km into 

(21) 

" o·' U" 'T"V ' IO= - 1; llS + H I) A"'A,-.•/• 

tha.l il ck<oupled •nd i11p11\.o0Ulpul linta.ril«I i.Il 
l.enns of tbe oe• Ìlll)Ul Ml (.\A •• , . 1,.,.,,.•KJ•/)· 

Altunati'f'dy, 111Pl)'iin' 

(22) 

[~: l ; [~:;:: l · 
6K ""°''' 

,\A = (TJ)Y ,.)· 1un + (T};Y .t)- 10 eao,,./ 
(23) 

•bofe ot1t1"1U: 1u r now dtto11plord iwd tinc"rized 
w.r.t. lbe aiel ol 111pul!I ("0••/ •1,...,,, a",,•/)· In 
tlw: above dt<ouptui.c. l"w' • • ._ and i = i,..• 
Uiillt'd .,,. filltti-C lfw mrfWIU l'f'I ai tob« ~ad-dfotlOt 
poe;itW. aac1 '"doc"r n.t •aioblitr'~ 4,..... 
icJ llPPf'&l'iilg .a (21) ((IUK!dM •tlh tlft,t ftl'riroo­
meat dyllUIMcl. ~ .. tbta ttq!Mttd '° Ile atahk 
(~,g. pWl&i''e). A 111n1l.u ttqUll~mtnl ÌIJ Ml Pft*ttlt 
in (23). altbou.gtl 1t •'""'Il)' ~rablt lO kttp l,. 
al (euibl~ "''di. 

Thc ret'.tttn« \·•I~ to ~ rl11.g.ged inlo (20) 
1U1d (2'2) can lH: vncr11..tcd on li•~ 1111~111 hde i11 a,,.,.. 
rfely ~ $t;i.nd111d 1cctu1 Ì(llM'll, Utin' e.g.. tl1c non1ìniil 
r~lroi....-ard letfl'9-, pio• Il 1uorort ionlll·derivath·e 
eontrol for poe.ltio" 1)11flunttert and a. proportion&.I 
Law for fOrct patAll'M!t.f'n, lit11d• IO 

.. K,,./ = ;K .... + K,..(•K ..... - •K,,..) 

+ Ki • (ik.4"• - iK_,..). 

111.111 =.\"Al•+ Kr•(l",.., - l..,_), 

t.agetber ••lh 

lA.•t/ = l" .tu + KrA(lA 4., - .\A.-) 

b ('2l). u 1d togethcr 1111th 

11,,,,.1 = ii0 ,.,,. + K1·n(110,.i .. - 11n ... 1) 

t K,,,,(;n,tl•• - i,,,..,) 

(2') 

(26) 

b (23). Th~ ra11l"ng <011ltd Mhtme &!Iowa to 
ah.ape the d7n1ut1.c bth11vl0f •l lht- COflUc.l in anr 
~red W&J', bul •b Hnpk-nwMaho• m;11ittt1 an at• 

(•fut k.owkdy °' ,..., •••m&Cta Md dyll&mica 



	
  

o( bolh the robo~ and lhe cnvi10111ne-ut. This 100-

ti~l,dc the se111ch (or simpltt contro! '''"·s t tu1t stili 
provide 1W> S«"Adf ..Sl•loC crror, kccpin.g li111ited ltM· 
si-cnt erroc-t on 1>Q1ition ~ne.I ree-cc. St•bility of tbt$e 
. 11tr1.~gie.I hN to be '1l<YKn also whcn the robot ii; in 
Wfll.-"<-l wltti a dyn"1JllC cn\•lronmcn~ (Dt Luca a.nd 
r.tl\tMS, ll)!tlb). 
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oui (1990). O. the invari41l« or th'" h7brid poe;i. 
bot1/lotte conuol. J. of lnulligcl'll IJ R•tk $p• 
'"'"'·voi. 3, .. o. 3, Jlfl. 2.13- ZS.O. 

0o11Ulo ... T.I, . aad P.L. Od~I ( 1971). Vcn,f(lf1':cd /jj. 
1.°t'".C fllotn«• · JC>ll• \\'ilcy. 

Ot L11ça, A •• C. M1..ne., and f', Ni«ilb ( 1933). A t~k 
JOpatt dc<oapling appr~h to ~brid control of m._ 
•ir•11 l~i.on. fl•d lf'AC $ vmJ•· O•" Il°'"' Con.rl'OI ($Y. 
fl0C0'6$), K11di.r11hc. O. rP· 1$7- lt'?. 

l>e L.ea, A., C. l.l.ants, and G. Uli..-i (19'9). Rob .. t 
laybrid dy.aink ('OntTol o( fObo-t llTPU. tl'lh C.Oft/. Oft 

Dffi1iol'I ortd Col'lt~ol. Tamp11, fL. p.p. 1'4 l -'U4S.. 

De Luca, A. and C. M1..ne. ( 1991a). Oa tll.e •odding or 
fObou in COlllllCt witllo 11 dy .. amic cnvi10n~111 . S llt 

/,..1. Con/. on Ad~uo«d Rohotic• (ICA R'91}. Pillia, J. 
De L11ca. A. •••I C. ~fan" (1991b) . S111hk hybrid 10bot 

COllUOI l.awt i11 1he prt"ten(JC o ( dya•lllic e•viTOll· 
rnt• l.a. In J>ft l>.11111 i0<11. 

Dufry, J. (1990). T h"' fall.acy of 111ocl ie111 li.1bTid conuol 
theoiy d1:• I is butd oe ' otth0:gonal complcmcnls' 

o4 lwist a•d w"nd; •P•«t,, J. (I/ R"'1lk Sr>tfm,. 
.-ol. 7. no.1. pp. 139· 14<1. 

Hogu. N. (193$). linpW.an« ciontrol: A• .apptoaClo IO 
ma.nipulalio•: P111t I - Tlo~y; Pari 11 - lmpknloC'.nl._ 

t to.; Pa.rt 111- Applic111i0<n•. 1''"""'· AS>Jt J. "' Do,r 
namk So;"'""· Jl«U•rt•c11t, ond CCW1trol . voi. 101 • 
... 3, pp. 1-'?4. 

ll0:gu, N. (1988). On thie titability or m•ni~la14r• ~'· 

Sormia.g COtilACl t~kt. IEE:f: J. o/ R"6otic1 a i.cl .4111· 
tomoli'o ... voi. 4. llC.. 6, rr· 67!- 686. 

K11~eT001t.i , lt. T.D. SlatTidan, and P.K. Ilo.pi (198'). 
RobuJI compii.ani molion 1'.or 111•nipullltorJ. J•.art 
I: 1'hc fu-.d•mcntal concc11IJ of cornpliuil molioe. 

lt:t:E: J. o/ IW6otic' """ '°'"'"'11<Jfl0111, voi. RA.1. 
... 1. pp. 3l-t1. 

Kh•tib. O. (1981). A 111•ificd approach lo mc>lio• •nd 
(or« co.1101 of robol manipula10~ 11.c OP"l&lioaal 

•PUC fOfmulaliOA. lt:Et J . "' RO>tiolk' 01td Aut01111•· 
tiOft . \'OI. JtA.3. pp. 43-$3. 

McClamrodi, N.11. •nd O. \Va.-g ( l&U). ftt<l.Nd: ,,.., 
bili1alion •nd udi11.g i• roiuhai.ncd robol.f.. IE:tt 
Tm•u . "" tl•l(lm(Jl•e Co->•l,rJl. voi. AC.3~. no. $. 
pp. 419- 4'?6. 

M-.-. M.'r . ( l~SI) . Complianu and foTee eci• ITol fOf 
eompultf cont rolkid ma11ipo1la1.0~ ltt't r ..... 11, , " " 
Siitt~ ..... Jlo., , o"d Oykrnc roe1, ~ol. S~IC.11, no. 6, 
pp. 418-4ll!. 

1Wbc11, M.11. •nd J.J. Ctaig (1981). H7brid po.i. 
lio•/loroe (I011Uol of ma•ip•la\Oft. Tro11.1 • .4$.llS 
J. o/ Dvno•n•< Svll(l'111, M<o1urtm(ll1f. ond C(lftfrol, 
voi, IOl!. •O. 3. pp. 116-133 . 

Sloli•c. J.J.E. ud \\'.Li ( 1931). Adap1ivec mao.ipuJ._ 
lor <Ollltol: pa.rarntttr eci••~rgc•« alld l""k·fll"CC 
t trat.qica. 198'1 Am<ri('On C""'rol CQll} .• M8ac•~ 
lit. MN, pp. 12MJ$. 

\\'ca , J. (193'). POii i io. and for« conlTol ol 1obot 11rm•. 
4111IEEE1 .. 1. Sf111p. 01t /nJdftgenl Controt, Alb•n7, 
NY. pp. 2$1- 254. 

Yothikawa, 1·. (19$1). Oyftamic hybrid poriti1•/forcc 

eot1Uol of robot muip.latou - DrtKriplio•ol hand 
cotUtTaint1 11nd cakvlatioo. of joinl dri..-ing rorce. 
ll!tF. J. o/ R~~ o-"d .4to101not1011. voi. RA·3, 
IH). $, pp.. J.86-J,2. 

Appeadix 

Oilferentillte (9) «> obte.in 

J(q)q + j (q,q)q = 

T K(•)iK + tK(•,i)iK + To(•)io + i'o(•,i)io. 
(AI) 

Solving (8) for acce"ltra.tions (dropping t.efl'n d'Jlf'ft· 
dtti<oC) 

q = o-1u - 0-1 J°1'0F- o- 1n , 

io r Oé1TJ;°F - Oi 1n1;, 

and •ubf.titutin.g: Ìl'I (A I) , yieldt 

(A2) 

TKi11· +i'KiiK + To0i 1T];°F - To0B1ns 

+ i'oiio :: Jo- 1u - J0'"' 1 JT°F - Jo- 10 + .fc'l· 
(A3) 

lntrodue.ing the for« J)lllt&mettization (6b) in (A3) 
gi\'(':$ (10.), •ilh 

and m11.uix Q defin«l N 

(<ToDè 'T1;+ Jn·1JT)v"' J0- 1J1YH T" J. 
(A>) 

''"bere TJ)Y /t =O wM u~L Solving (rotn ($;\) 

"'"' = (Tiv .. )- 1ns +(T'&v .. )- 1D.t>io. (A6) 

al\d rtph1ci11..g: in ( IOa), lt.ads 10 (I I.a) with 

iii= ji1-i'KiK -toio - Jo- 1n 

- JD- 1JT-v .. (TÒY A) '"' 1n c, 

a1..J Q dcflu~ aa 

(A7) 

(To+J0•1JTY,.(T~Y ,.)-18g JB· 1JTYH T" J. 
(A8) 

h ( IUI ~ shown that bolh Q 1U1d Q are 11on,i11.gullU 
if T a.i1d JTY /t are full ranl:. 
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