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A = Cl* * L  

Tce Algorithm i n   q u e s t i o n  w i l l  be  used i n   t h e   s e q u e l   i n  
order  co  compute t h e   d i s t r i b u t i o n  A*, t o  check  sone 
su i t ab le   s t ruc tu ra l   cond i t ions - s t a t ed   i n   t e rms  o f  pro- 
p e r t i e s  of t h e   c o d i s t r i b u t i o n s  .CK - and   a l so   i n   o rde r  
t o  compute t h e   s o - c a l l e d   s t r u c t u r e   a t   i n f i n i t y ”   o f   t h e  
s y s t e n  (1). We r e c a l l   t k a t   t h e   l a t t e r  i s  d e f i n e d   i n   t h e  
following  terms.  Set 

and 
6 = r , 6i+l = ri-ri-, , i > 1. 1 0  - 

Then the  system (1) i s  s a i d   t o  have 6 i  ( formal)   zeros  
a t  i n f i n i t y   o f   m u l t i p l i c i t y  i. 

give an answer 50 t he   p rob len  of   exac t   l inear iza t ion  
v i a  dynamic s ta te   feedback .  Tne key tool i n   t h e  pro- 
c e d u r e   t n a t   f o l l o v s   i s  a nice  canonical  form  under 
feedback-equivalence’which e x i s t s   u n d e r   t h e   s p e c i f i c  
cond i t ions   s t a t ed   he rea f t e r .  lor the   sake   o f   no ta t iona l  
s i z p l i c i t y  we will r e s t r i c t  o u r  cons idera t ions   to   the  
pa r t i cu la r   ca se  o f  sys tems  wi th   th ree   inputs   and   th ree  
outputs  . 
Thewem 1. suppose 9, = n = 3 i n  (1). :doreover l e t   t h e  
follo-niing  assunctions ke s a t i s f i e d :  

?ne i n g r e d i e n t s   s m a r i z e d  so for enable us t o  

( k l )  A = 0 
* 

“:?en system (1) has exac t ly  2 = 3 ( f o m a l )   z e r o s   a t  
i n f i n i t j r ,  of n u l t i p l i c i t y  p l L i - 1 2 -  1; 3 and 

)11 + p2 + g 2  = n. 
d 

Moreover,  tilere  exists a f e e c b a c k   u = ~ ( x ) + B ( x ) w ,   w i t h  
c1 and B def ined   i n  a neighborhood  of xo, such that 

4 = ( f+gcl)(x)  + ( g 3 ) ( x ) w  
( L )  

* . .  
51; -1 1 i-11 

6 = w  
i-11 

ril = n2 
... 

.. 

... 
5yl = <  P1 

I l .  I 

.. I 

Tne proof of this   Theorex  nay be found  elsewhereI2 . 
Anyway, t i e   i n t e r e s t e d   r e a d e r   z a y   r e c o v e r   t i e  funda- 
mental   s teps  of t h i s   p roo f   f rom  the   app l i ca t ion   t o  t h e  
robot   equat ion-s   discussed  in   the  secoxd  half  of t ine 
paper. 

Tne possibility o f  hav ing   exac t   l i nea r i za t ion  via 
m a n i c  feedback i s  sho-m i n   t h e   f o l l o w i n g  Corollary, 
vnose proof i s  an easy  consequence  of  tne  existence  of 
the  cmor- icai   form ( 5 ) .  
C o m Z l a q .  Suppose 9, = m = 3. :.loreover, l e t   t h e  as- 
s u p t i o m   ( A l ) , ( k 2 )   b e   s a t i s f i e d .   C o n s i d e r   t h e   f o l -  
lowing  ajrcanic  extension of  s y s t e n  ( 4 )  
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z , .  = i. z,. = z , ,  
-1 ii ci d <  

.. . . .  

. . ,  

jr, = 
c: 5il 
L 
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- t h e  number of  second orcier equations i s  2N; 
- q i s  a 21i-vector i n  which q . denotes   the  dispiacenent  

of l i n k  i w . r . t .  l i n k  i-1 and q denotes  the  dis-  

placement  of t i e  driving  body  of  joint  i w . r . t .  link 
i-1, f o r  i = 1,. . . ,X; 

- B ( q )  is  t h e  2W2N iner t ia l   nons ingular  matrix o f   t ne  
2 J   r i g i d   b o d i e s ;  

- e ( q )  and c ( q , i )  are 2IFvectors  and e ( % )  inc ludes   the  
e f f e c t s   o f   e l a s t i c i t y ;  

- m ( t )  i s  a 2I:-vector with t h e  even  components  equal t o  
zero. 

S t a r t i n g  from  mechanical  parameters , t h e  model ( 9 )  
i s  g iven   au tona t ica l ly  by t i e  3YICIR code   bo th   for   r ig id  
an6 e l a s t i c  robots16 ; (9) may b e   r e w r i t t e n   i n   t h e   s t a n d -  
ard  form 

21 

2i-1 

k = f ( x )  + g ( x ) u  

y = h ( x )  
(10) 

u E Rm and  output y E R . I n   t h e   e l a s t i c   c a s e  n = LIT; 
moreover ,   the   input  u col lects   only  the  nonzero com- 
ponents  of m ( t )  while 'she output  y may be def ined as 
the   vec tor   o f   l ink   d i sp lacemencs  x2i = (i=l,.. . '11). 

Thos , n = R = N. Tne express ions   for  f and g are   given 

2 

92 i 

D y  : 
i i 

i i 

0 1 

L 

_. m e  equations  of a PJKA-like tnree- i ink  robot arm with 
e l a s t i c   j o i n t s  ( see  F ig .   2 )  are r e p o r t e d   i n  Appendix 1. 

decoupled  and  l inear ized  via   s ta t ic   scate-feed-back,  
whereas t h i s  i s  no longe r   t he   ca se  whenever j o i n t  
e l a s t i c i t y  i s  no t   neg l ig ib l e4 .   In  view  of   this  we con- 
s i d e r  now the   p roblem  of   ach iev ing   l inear i ty  via 
Qnmic   s t a t e - f eedback .  To t h i s  e n d   t h e   f i r s t   t n i n g   t o  
cio i s  t o   p e r f o m   t h e  rraximal i n v a r i v l t   d i s t r i b u t i o n  
Algorithm on the  equations  of  the  robot  under  conside- 
r a t i o n .  All computations  nay be found  with f u l l   c i e t a i l s  
i n  Appendix 2. 

4.s a resul t   of   these  conputat ions we finci t h a t  
a s s m p t i o n s  (M) anci (A2) of  Tkeoren 1 a r e   s a t i s f i e d .  
!.:oreover , s i n c e  

it i s  w e l l   B n o ~ n ' ~ ' ~ ~  t h a t  t h e   r i g i d  ro-Dot can be 

xe have 
6 = o ,  6 =1, 6 = o ,  6, =;, 6 = 0, d 6  = 1 1 2 3 4 5 

and t h u s  pl = 2, p2 = 4, p- = 6. Ir addi t ion  we see 

t h a t   t h e   s e t   o f   f b n c t i o n s  
3 

q o a l i f i e s  a new s e t  of local c o o r d i n a t e s   i n   t h e   s t a t e  
space. The func t ion   &(x)  i s  given  by: 

u ( x )  = 

-1 

where all terms  involved may b e   f o m d   i n   e i t h e r  Ap- 
pendices. The choice  of  this a (x )  toge ther   wi th  a B(x) 
given by: 

r 1-1 1- 1-1 

In  systerr. ( 4 )  y i e l d s ,   i n   t h e  local coordinates  c i , n .  ,< 
the  canonical  form ( 5 ) .  The dynanic  extension ( 6 )  con- 
s l d e r e d   i n   t h e  Corollary of Theorem 1 cons is t s   here   o f  
t he   add i t ion  of  p 3-pl = 4 i n t e g r a t o r s  on t h e   i n p J t  w 
and of p3-p2 = 2 i n t e g r a t o r s  on the   i npu t  w2 i . e .  

1 i' 

1 

The robot  model (10) s u b j e c t   t o  a feedback u=a(x)+B(x)w,  
with 01 end 13 s p e c i f i e d  by ( 1 2 )  and  (13) , toge ther   wi th  
t h e  6ynm.ic extension (14) i s  now a systerr,  which  can  be 
deccupled  an3 I"al2~ ljnear ized-by a s t a t i c  s t - t  G e-feed- 
back of t h e  form w = a ( : )  + $ ( x ) v .  In   t he   no ta t ion   o f  
t h e   p r e v i o u s   s e c t i o n   ( r e c a l l   t h a t  (8) i n d i c a t e s   F i e  
conposl t ion of  ( b )  an6 ( 6 ) )  t he   func t ions  u and 3 are 
now given by 

-A 

1 

The remlt ing  c losed-loop  system i s  local ly   diffeomor-  
phic t o  t k e e  chains  of p3 = 6 in tegra tors   each .  

Conclusions 

In   t h i s   pape r  we have shown  how, under  SuitZ-bh 
assumptions, dynm..lc state-feedback can be  used i n   o r d e r  
t o  make a g iven   nonl inear   sys ten   d i f feoxorphic   to  a 
l ineer   control la5sle  (and decoupled)  one. The assumptions 
in  question  are  indeed  xeaker  than  the  ones  which gua- 
rantee  the  achievenent   of   the  s a m  r e s u l t   v i a   s t a t i c  
s t a t e - f eedback .   In   pa r t i cu la r ,   t he   a s smpt ion  of non- 
s l n g u l a r i t y  of t h e  so-called decoJpling  rratrix  has  been 
replaced by the   s t ruc tu ra l   a s sunp t ion  (A2) wnich  charac- 
',erizes a specif ic   property  of   the   sequence of c o d i s t r i -  
'ciltion  genera5ed by means of the  naximal   control led  in-  
v a r i a n t   d i s t r i b u t i o n  PJgoritLLr,. In tu i t ive ly   speaking ,  
zi-e s t r u c t m a l  assurnption (A2) sinply  neans  that ,   f rom 
t h e   p o i n t  of  view of  i t s  f o r x a i   s t r u c t - u e   a t   i n f i n i t y ,  
the   sys ten   under   cons idera t ion   esser t ia l iy   behaves   l ike  
a l izear  one. 

order to achieve  decoupling i s  s i r l < l a r   t o  t he  one  pro- 
posed by Descusse  and  bog". Tine replacement   of   tkeir  
condi t ions   wi th   the   s t ronger   assmpt ions  (Al),(M) pro- 
v ides   the   requi red   s ta te -space  full l i c e a r i z a t i o n .  Re- 
l a t ed   r e su l t s   based  on Hirschorn 's   inversion  a lgori thm 
a r e  cue t o  Sing?.". 

The techniqoe of dynanic  extension  used  here  in 
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W,(X/) = 3 2 c o s x ~ + ~  
. , c  d 0 7' 

The constants  X1...HIO and G1,G3,Z5  depend  on  tne  robot 

data xn ich  incluiie length, zass, inertia  tensor  and 
center of zass f o r  each lick, zass and  inertia  tensor 
'or each  rotor;  furthermore at joint i,iii is  the  re- 

duction  ratio of ',he gear  box and 5. is its  elastic 
constart. 

Ve  collect  in  tnis  Appendix  also  the  relevant 
terns wkich are coqiputea dzing %he application of the 
maximi controlled  invariant  distribution  Algorithm  to 
the  robo t  x d e r  consideration  (see AFpecdix 2 and 
forr;llas (12) 2nd (13) in t l e  text): 

~. 

- 
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giving si = 6 and A, = [ h' L 1 = [ x  x x x x f 2 b 6 8 10  x12 1 
Ynis way of " t ranslat icg"  deperbencies  ??on t h e   f i r s t  
group  of s t a f e s   ( x  ) t o  the  second or.e (x 1 r e f l e c t s  

the   Xe-conian   s t ruc ture  Of the  cozsidered  system. 

T T- 

P v 

I n  t n e  1-st i t e r a t i o n ,  the   mat r ix  

i- 0 IT 

The coclppleze expression G: t h e  new te rms   inwlveb  i s  
repor teg  i n  Appendix 1; not ice  on ly  t n a t   t h e  new vector  
f i e l d s   I y g i  have mch  s impler  forms t h a n   t i e   o r i g i n a l  

ones. Furthermore  since Lrh = LQh, the  se5 Al %here 

we kave ;G Lock for funct ions  with  l inear   independent  
d i f r e r e n t i a l s  i s  the  foi lowing:  

f 

II, = { ~ f h ~ ,  L% L%L.;  i,; = 1 ,2 ,31 .  
gi f j 

We get: 

where * denotes non r e l evan t   t e rns  arc 2: /ax =K /;i 
# 0, afLe/ax5 = K , / I J ? H ~  # 0 ( a  c o n s t x t j .  iJote t h a t  ue 
i s  always  nonzero  being  the second diagonai  element of 
t h e   i r e r t i a   r . e t r i x  Z!x ) of   the   robot ,  wkich i s  p o s i t i v e  

P 
d e f i n i t e  for ell x s = 6 everydhere  and 

X, = [ h' Ly h L 2  hi L 2  h3 ]'I'.  Koreover,  t 'ne  character- 
2- 

2. 8 i i l%+ 
4 2  

n 2 P . 2  
1 1  

i s t l c  cw.-jers fcr ;he second 2nd t h i r d   o u t p u t s   a r e  
p2  = p3  = 1 whiie pi 1. 

In t h e  2-nd i t e m t i o n ,  

k s  l o n g  as rk remains :onstant we do not need to re -  

conpute a feedback  pair  (a,?). The funct ions i n  ;he 
s e t  A2 m e   t h e   f o l l o x i n g :  

f r c n  x x x x 
Again we have 

3 7 9 11' 
3 

and 

,- ;.de c m   s e e   t h a t  p- = 2 ;  t h e  rank 05 the   decoupl ing 
1 

xatrix" k ( x )  - ;;hicii i s  a fee6je:k ir.variant - i s  
;h-X : 

an5 ve c o n d u c e   t h a t ,  as expected,  tke  systerr  i s  n o t  
deco.lpa-ole by s t a t i c   s t a t e - f eedback .  it i s  a lso  wort3 
een t io r ing   t ha t   t 3 i s   sys t e r .   does   no t   s a t i s fy   t he  ne- 
c e s s a r y   a r i   s - i f f i c i e n i   c o n d i t i o n s z 3  for t he   ex i s t ence  
o f  a s t a t i c   s t a t e - f e e d b a c k  lew wi:ici. mzkes tne   i npu t -  
dependent  par;  of  the  response  of  tne  closed loop  
system l i n e a r   i n   t i e  ir.put  and  lndependent  from t h e  
i r . i t i a 1   s t a t e ,  as S ~ O W I  b y  :darinc  and ~ i c o s i a ~  . 
we have : 

Comir,g back t o   t h e  3-ri iteration of  t h e  AlgoritYm 

0 9  o o o (g7iaf8/axl) o 
A3 = dX, - - 

3 I c o  3 0 0 0 IT 
l 3  '10,3 * @,(x) * 

and r3  = 2, Choose t h e  p e r m c a t i o n   x a t r i x  F, 80 $hat  

P-. picks  l i ~  ro-cs 5 and 9 f r o n  li. Then -P E = 
i 

31 3'  31 3 
= -p 31*d~3-f = @,(x)l' and a feedback  pair  ( a , $ )  "u" 

i s   o b t a i n e d  solving tne rr-atrix  equation (1:) which 
gives  : 
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o v e r a l l   d y n a m i c   c o m p c n ~ a l o r  

1679 

Authorized licensed use limited to: IEEE Transactions on Robotics Editors. Downloaded on March 26, 2009 at 20:24 from IEEE Xplore.  Restrictions apply.


