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Abstr

iy

I+ is known that control of & rigid rooot arm can
easily oe achieved via static state-feedback compensa-
tion of the nonlirearities. However, in many practical
situations, the elasticity in geer boxes is not negli-
gible. If thie is the case, the use of such & control
technigue 1s not : wle snymore because neither is
the system feedback eguivalent %o & conftrollail i
one, nor 1is input—cutput benavior can be decoupled
via static state-feedback.

The purpose of this paper is to show how dynamic
state—feedbacx gcmpensatlon i :

Irtroduction

The increasing interest for nonlinear conirol
theory in the robobvics literature is witnessed oy &
series of recent papers. ong the ot thers we qu Ouv e.g.
the works of Freund' , Tarr and others®, Sing:

Seny® , darino and Tiiceosig' . 4 standard uecnn-que pro-
posed for the control of rigid robove i1s the one based
on input-cutput deccupling and nonl inearity compense-
<ion via stebic state-feedback. For rcbots with elastic
transmission between a:tuauors and arrs, &s velis or
narmonic drives, t £ nnot te ap-
plied anyumore since tae assceoiated model is suchk that

the recessary ccrditions for the existence cf
v 4
sired feedback fail o hold
I ecert baper5 ne a,tAcrs suggested tne use

In &
of dynamic state-feedback and, applying the nonilinear

the de-

model matching theory® , solved the ncninteracting con-
trol probWew fcr the ca
ic ucn:

se of & two-lirk planar robot
2 dynemic comp enSator t;us: una
table

witn elast
was such
cooriinate
suggested
blex of g
feedback.
& natursl
3rcckett a.d égllJ

and independently oy

static state-feedd

m
O.

sufficient conditicns

cler nas teen found,

tals paper. Taese co f
for a thrme—li X rovos arm with ela c joints, whica

5 1
second part of the

[

Exact Linearization via Dynamic State-Teedpack

Consider & control system described by different-
ial equations c¢f the form:
x = 2(x) + glxlu \

with state x evolving on an open subset M of X', u€R™,

-
g

vy ER The vector ©, the m columns of the nmatrix g,
and the vector h are assumed throughaout the paper 1o be
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state-feedbackx compensatcr -~ v
ar open sutset X of BY. The vector s, the m columns of
the matrix b, the vector ¢ and the m columms of the
matrix d are assumed tc be anslytic on an open subsel

o
of i x &,

Tne purpcse of tals section is tc show Low To
design the compensator in such & way thab the closed-
loop sysiem resulting from ihe composition cf (1) ansa
{2) becomes locelly diffeomorpnic to a linear conirol-

lable system.
Ir doing so we will maxe use to a
some basic results from nonlinear differv
o fee

erge extent of
tiael geo-

zetric feedback control theory; some background meterial
in this 7ield is assuxed to be known’. In particulsr,
most of our results will rely upcn certain properties

of the so-cslled meximal controlled inveriant disiribu-
tion Algorithr®.

We recall that with any system of the ferm (1),cne
may associate & sequence of codistribution defined in
tae following way:

O (x) = span{dhl(x),...,dnl(x)}
o (x) =0 (x) + (.00, NG + (2)
3 T3 VTR -1 ' -

henceforth assume
ed in this Sflgorithm

tae point of interest x°.
4 in trne following terms.

r point for the
grboraocod of x°

for all k>0

is constant, for

d
Hote that if x° is a regular polnt fgr the Algo-
rithm (3), then *here exisis an integer k' < n such that
ﬁk* = Qk*+l snd tnis irplies the convergencs ci the

in a neignborncod of x°, in a finite number
. The ccdistribution (s« wi;l ve scometimes de-

ncted oy the simpler symcol Jx arnd its annihilator by
CH2245-9/85/0000-
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The Algorithm in gquestion will be used in the seguel in
order to compute the distribution A", to check some
suitable structural conditions—stated in terms of pro-—
perties of the codistributions () - and also in order
to compute the so-called structure at infinity' of the
system (1). We recall that the latter is defined in the
following terms. Set

o
rk=d1m—-——r . k>0

Qk NG

and

§, =r , 98

S , 1> 1.

. = r.-r.
i+l 171

=3
L

Then the system (1) is said to have &; (formal) zeros
at infinity of multiplicity 1.

The ingredients summarized so for enable us to
give an answer to the problem of exact linearization
via dynamic state feedback. The key tool in the pro-
cedure that follows is a nice canonical form under
feedback-equivalence which exists under the specific
conditions stated hereafter. For the sake of notaticnal
simplicity we will restrict our considerations to the
particular case of systems with three inputs and three
outputs.

Theorem 1. Suppose & = m = 3 in (1). Moreover let the
following assumptions be satisfied:

(a1) 2* =0
: T L
(a2) iz (agimk_l N ca_ (x), k21

Then system (1) has exactly 2 = 3 (formal) zeros at
infinity, of multiplicity By RIS Has and

Ul + Hp + HE = n.
Moreover, there exists a feedback u=oal(x)+8(x)w, with
o and B defined in a neighborhood of x°, such that

.

x = {f+gu)(x) + (gB)(x)w

—~
=
~—

v = h(x)
via the local diffeomorphisn

¢(X>=(Ely£29"'siu7anl,nga"'3nu23;la:2:"':Cus)

where
£ =il
17 Hr+ga)y,
_i-1
. =L h.
i (f+gu)‘J2
_ -i-1
ERRE S

and (jl,jg,j?) is & permutation of (1,2,3), becomes

E =&
Hpmho Ty
g, =W

N, o= n,

n, _, =0

LS
ﬁ. = n +Y (g 5""5 Sn "“Sn ’; ""’; )W

Hp o Rt Wyt K7L HptL
h_ =n +'Y (i 9"'36 41 se v vl ag 3"'95( )W
L g2 T+ CL Hys 'l H 1771 u L
g _ =N, +Y _ (E :"-sg TR _ ’C ,'-'sg - )W,
Hy 1 Hy "My 171 Yy 1 My 1’71 Hy 1771
N, =,

Hy &

S

;o =%

Hy 1 Hy

::~, =C +6 (E "“!i Sn ""Sn ’C ,"‘Sc )W

My THtoH L Wl W77l Hio L

‘E =C +6 (E 3"'SE Sn s"‘sn !C*""’Z )w
ul+l ul+2 ul+l 1 “l 1 pl+l 1 ul+l 1
'C - =(; +6 - (E a"'sg ,ﬂ s"'sn - :C s"'sl - )W
Mo 1 My My 171 Ul 1 Hy 1’71 o 1771

=Cv +6 <£ ,""g, Sn'S""n ’; ""’C )W
Hp THptl iy 7L Byt Wyl Bo't
+Eu2<i,-_: ’;J. :“;5 .3 'PJQ 3;;: :C.pg)wZ

-1 _w(g 9"‘9& 3Tl s o 5T 3G seeesl _
us 1 p3 us 1°1 ul 1 u2 1 u3 1771

+€U—‘l(gl"..’Eﬂl’nl’-..’nuz’cl’.."CUB“l)WE

3
ro=w,
ps 3
yjl Ql
y; =
ds 1
Vi =G (5)
3 O

The proof of this Theorem may be found elsewhere'® .
Anywsy, the interested reader may recover the funda-
mental steps of this proof from the application to the
robot equations discussed in the second half of the
paper.

Tane possibility of having exact linearization via
dynamic feedback is shown in the following Corollary,
whose proof is an easy conseguence of the existence of
the canonical form {(5).

Corcllary. Suppose & = m = 3. Moreover, let the as-—
sumptions (41),(42) be setisfied. Consider the fol-
lowing dynamic extension of systenm (4)
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Then the cozposition cf (4, and (&) yields a dynamical
system wnica is feedback-eguivelent ¢ & system of the
form
E.. =&,
1L gl:
= H _ 4 s \
E: G- T oss , 1= 1,2,3, (7)
—sHT - 15}-1;
3 3

e
1]
4
}

dencte the composition o ) \
tion vased on the caronicel ferm (35

e
1~
e

]

tc the form \7,.

4 series of remarks are row in order.

Remark L. The J+3(x)w,
the dynamic ex i e 143 (%)v
cnaracterizes z dyramic compensator of %he form {2)
which sclves the exact linearization problem. The struc-—
ture of tais ¢ nsat s snown in Fig. 1. Joite that

1
n o

pensatcr has dimsrsicn v =
system nas dimension nty =
cocriinetes appears as thr
integrators eszch.

Rerzrx 2. It 1s well Zxnown
neninveracsting contrel piczl dset
back) 1s soclvable, 1f A

to & lirear conirocllable s

the same feedback whicha yi
systex &iffeomcrrpznic tc &

Ir A* # 0, the sbove feedback yields input-output 1li-
egrity tut a possibly noxnlinear uncbserveble part*is
ft. In the present case we keep he assumpiion A" =0
ee (A1) but we replace tne condition needed for
olvatility of itne roninterscting contrel problen by
the weaker assumption (£2). We still get full linearity

e state-space level and noninteraction but using
now & dynamic, reth static, state-feedback.

3

Remark 3. Jote that in the canonical form (5) the drifi
vector field is linear ard gll the nonlinearity is con-
centrated in the vector fields which mulsiply the
e e tri 1 t latter and the
e from the loca
0 ne structural

egture of the

i integrators

condition

is not always the case for nronlinear
is explains why the composition of (4)

dyramic extension (6), naving still A =0,and

*!

+ w

teing such that tae noninteracting contrcl provlem is
solveble, is feedvack—equivelent o a linear (and de-
coupled) system.

Remark 4. In the appliceticns one might be interested

in a further, ncw linear, Zfeedback from the state ve-

riaples gi“’ in order to place all the n+v eigenvalues
o

Remark 5. IL two or three of the Indexes L3 are egual,
the cancrical form (5) particularizes in an cbvious
wey. I1f, for ingstence, Hy = Mg not cnly the dynamics
: tne 1. 's is fully lineer.
4

It may be worth nobting tae relation between the Li's
anc the so-called cheracieristic nurbers pi's {the
P4
least Integer such thetl _:L¢ n. #Cj. Assuming
cl < Ps < 93 cne nes p. = u;-L, p2‘§ pg—l, 03_5 US—L,
squelities being true 1T ard only if the noninter—
acting control problem is sclvable via ststic state-
feedback.
= rearization of rm witn Zlastic Joints
th
ko)
3 ig ki
- 14
arrm
ur rob
oe be odle
int trarsiztional
jo motors with tran-
) nxs and the tran-—
sm e dynamical be-
ol d vodies. In ihis
case the Lagrenglan ads tc squeticns of
motlion in the form:
i M N N

Blela + cla,g) + elq) = nly) (9)
where @ 1z the HJ-vector of joint varisbles giving the
relative displacement between two adjacent links,B(g)

E S
is the XL nonsingular irertial matri

2

& C

x, (%) is the
forces deliver

i

1

Z-vector of generalized T d by the noctcrs,

7 A . - L. - .
e(c) is the li-vector of conservative forces znd c(q,q)
ig the K-vector collecting cenirifugel and Coriolils

forces.

When the transmissiocns are not rigid the I actuat-
ing bodies of the motors sre slastically coupled to
the driven links. Therefore, the dynamicel benavior is
that of 21 rigid vodles, I of which sre directly ac—
Tuated while the other ¥ include elasiicity; *hils is
the case of interest here. The equations of notion are
still given by (9), but with the following peculisri-
ties:



- the number of second order egquations is 2N;
- q is a 2N-vecter in which‘qzi denotes the displacement

of link i w.r.t. link i-1 and Uosq denotes the dis-

placement of thae driving body of joint i w.r.t. link
i-1, for i = 1,...,N;

- B(q) is the 2Nx2NW inertial nonsinguler matrix of the
20 rigid bodiesy

- e(q) and c(a,d) are 2H-vectors and e(q) includes the
effects of elasticity;

- m(t) is a 2N-vector with the even components equal to
zero.

Starting from mechanical parameters, the model (9)
is given automatically by the DYMIR code both for rigid
and elastic robots®; (9) may be rewritten in the stand—
ard form

x = £(x) + glx)u
(10)
¥y = nlx)

- -7 T
T.T T.T N n .
e v C 2
_Xp XVJ [q o} ] R™, input

4 € B® and output y € Rl. In the elastic case n = LI;
moreover, the input U collects only the nonzero com-
ponents of m(t) while the output y may be defined as

the vector of link displacements Ay = Qo (i=l,...,H).

Thus, 1 = & = N. The expressions for T and g are given
oy:

>

with state x A

£(x) = - B ,
—B(xp) [el{x_,x ) + e(XP)]
- (11)
~ 0
g(x) = _ - .
LB&P)lﬁay[éJ}

The equations of a PUMA-like three-link robot arm with
elastic joints (see Tig. 2) are reported in Appendix 1.

It is well known's'# thet the rigid rovet can be
decoupled and linearized vie statlc state-fesdback,
whereas this is no longer the case whenever joint
elasticity is not negligible®. In view of this we con-
sider now the problem of achieving linearity via
dynamic state-feedback. To this end the first thing to
do is to perform the maximal invariant distribution
Algorithm on the equations of the robot under conside~
ration. All computations may be found with full details
in Appendix 2.

As a result of these computations we find that
assumptions (Al) and (42) of Theorem 1 are satisfied.
Moreover, since

rO=O, rl=l, r2=l, r3=2, ru=2, r5=rk* =3
we have
61=O, 62=l, 63=O, 6\4=l, 65 =0, 66 =1
end thus Yy =2, U, = 4, My = 6. In addition we see
that the set of functions
_.1-1 5 _
El = (f+gu)n2 1= 1,2,
_ .1-1 .o
nl = “(f+ga)hl i=1,.. ,L,
1-1
g, = h i=1,...,6

i T Blerga)®s

qualifies a new set of local coordinates in the state
space. The function a(x) is given by:

¢l(x)flo(x) 3f8(x)
( glO,E(X) + o (2))/ gy o)
alx) = o (12)
“fp(x) ey 5(x)
L _

where all terms involved may be found in either Ap-
pendices. The choice of this a{x) together with a B(x)
given by:

- -1
LgL(f+goL)h2 0 g10,3(")"
_ _ 3
3{x)= Lgh(f+ga)hl g7l ax 0 ¢l(x) (13)
5
LgL(f+ga)h3 %), ¢5(x)

in gystem {(4) yields, in the local coordinates Ei,ni,ci,

the canonical form (5). The dynamic extension (€) con-
sidered in the Corollary of Theorem 1 consists here of
the addition of u3—ul = L integrators on the input Wy

ané of u3 My = 2 integrators on the input Wy i.e.

Z = Z

11 T Pipe Zip T oB13s P13 T iy L T ML
Zpy = Zops Zpp T W (1k)
Wl = le, W2 = 221, W3 = W3

The robot model {10) subject to a feedback u=alx)+R(x)w,
with o and B specified by (12) and (13), together with
the dynamic extension (14) is now & system which can be
deccupled and fully linearized oy a static state-feed-
back of the form w = a(X) + 3(X)v. In the notation of
the previous section (recall that (8) indicates the
composition of {4) and (6)) the functions o and B are
now given by

ol
o

a3 = BE - 8RR .

B(x) = ‘:L %

g

The resulting closed-loop system is locally diffeomor-
phic to trhree chains of Hy = 6 integrators each.

Conclusions

In this paper we have shown how, under suiteble
agssumptions, dynamic state-feedback can be used in order
tc make a given nonlinear system diffeomorphic to a
linear controllsble {and decoupled) one. The assumptions
in questlon are indeed weaker than the ones which gua-
rantee the achievement of the same result via static
state-feedback. In particular, the assumption of non-
singularity of the so-called decoupling matrix has been
replaced by the structural assumption (A2) which charac-
terizes a specific property of the sequence of codistri-
tution generated by means of the maximal controlled in-
variant distribution Algorithm. Intultively speaking,
the structural assumption (A2) simply means that, from
the point of view of its formal structure at infinity,
the system under consideration essentially behaves like
a linear one.

The technique of dynamic extension used here in
order to achieve decoupling is sinmilar to tae one pro-
posed by Descusse and Mcog' . The replacement of their
conditions with the stronger assumptions (Al),(42) pro~
vides the required state-space full linearization. Re-
lated resulis based on Hirschorn's inversion elgorithm
are due to Singh'®.
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{E.c o=x6+2H8)21/uwl

(1, cosx6+{ 3

511,3 g
(

g12’3 H cosx6+2d )/2wl

o= (Fx.-x% ) w2
s (ulx2 xl)KlGl/al

o (0w V4F sinf 5 : ‘ 1
fq ={x XS[ (Hlsln\2xL)+h25¢n\2xh+ax6)+H351n(2x4+x6j

fas . - . .
+X12‘RQSln(2xL+2X6)+ﬂ3°OSKASln<XA+X6))]

_ (1 - 3 7
Kl‘LlX2 xl)}/hlw2

T = (e -2, )K 0y /N

g 274

£o=6 {1

10765 3[(1 cosxg+2Hg) ( X8 (#,8in(2x, +2x,)

+u cosx, sin{x, +x ))+x H.sinx,)
i L6 1073 5

+24 = JH_sir
218‘X12‘£X10+X12)H3811X6

2, . . - .
—X8(h151n(ZXL)+H251n(2xu+2x6)+5351nk2xL+x6)ﬂ

+2N2[N3(H ccsx6+2H8}(N wﬁ+K3(N3x6—x5))

3 373
~2HBK3(RBX6—XEH
—urgﬂ [J H:cosx +u2w +K (L2Xv xh)]}/uN hg

fll=—{G5N2N§[(H3cosx6+2H8)(xg(stin(th+2x6)
+H3cosxhsin(xu+x6))+X§OH3sinx6)
+238(x12(2xlo+xl2)H35inx6
—xg(Hlsin(qu)+stin(2xh+2x6)

+H3sin(2xh+x6>))]

e
GS-BKB[A Ko cosxA+N2w +Kﬁ(;£xu x3ﬂ

; o LK (T e VY
+1h[2u533( 3¢ osx5+cH8 (‘3m3+K3\L3x6 Xg))
_ _ (1 )
K (NQX6 %o )(4}8\ 3c08 X6+H7)
~(Ecosx+2Hg) }2)1 }/ux iy

= I ZR - 2y o 40
le—Ggi—NZNB[z(H co=x6+H7 G2 )(XS(“ZSln(EXu+‘X6)

2
+H cosxub¢q(x +x6,)+x,o s;nxéj

3
+(H3cosx6+2H8)(x12(2x10+x12)3351nx6

-

_XS(HlSin(‘xu)+H25in(ZXL+2X6)

+H3sin(2xh+x6)))]
+2N§(53cosx6+2H8)[N235 o8 HI W+ (o) =, )]
—2N2[2N3(H3cosx6+57—G5)(NQwQ+K3(N xé—xs))

-ﬁ (m Taxgxs )(Habosx£+2{8, }/Lugigwl.

1r the expr6551ons above we defined for compactiness the
terms:

w (x j =H +H cosgx
17y 9 10 6

- 2 - 2 ‘. } .
wg(xu,x6)—nlcos xL+h2cos (Xu+x6)+d3COSXACOS(XL+K6)+du
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w, (x .

3(%g) 7

The constants %, ...H and G,,G.,G
1 10 127375

data which include length, mass, lnertia tensor and

center of mass for each link, mass and inertis tensor

for each rotor; furthermore at joint i,N; is the re-

= H_ cosx, +d
3 &

depend on the robot

duction ratio of its elastic
constant

We collect in this Appendix also the relevant
terms which are computed during the application of thae
maximel controlled invariant distribution Algorithm to
the rovot arm under consideration (see Appendix 2 and
formulas (12) end (13) in tane texi):

the gear box and Ki is

b - -
&11,37811,3/ 810,57 [ 1Huy /EgG]

n .
é12’3‘812=3/€lo’3—"[l+<H3/2H8)COSX6]

=-»{[Xa(Hgsin(2xu+2x6)+chosxusin(xu+x6))

+XiOHBSinX6]/2H8+[N w +K3( X% )]/N3H8}

oy n
£ = - ={1 (
Lp7f 7T g8 5=

2. .
2,57 XlO+XL2> isslnx6)

2, P S . ~
X8‘Hlsln\CXL)+h3SlnXhCOS(Xu+‘6))]/‘

- 2. . . . \
+n3cosx6[xa(ﬂzsln(2xu+2x6)+ﬂ3cosxu51n(xb+x6))

~

2. . - VR s
+xloi351nx6+cw3]/hh8+(;+ﬂ3cosx6/2h8)(N3x6—x5)K3/N3
—(L2xu x )K2/N2—Hscosxu}/G5
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. . T T T .
giving s, = 6 and A o= {n Len ] _[x2 Xy Rg %o % X:LE}.

This way of "translating" dependencies from the first
group of states (xp) to the second one (xv) reflects

the Newtonian structure of the considered system.
In the 1-g8t iteration, the matrix

r 0 0 o ¢
= . = 6]
L= ve Oss 8 0

£10,3 ng,E_I

nas rark r. = 1; thus, we have to compute a feedback

1
peir {a,B) from equstion (15). Chcosing P, such that

= 1 B, = . =
Pll [C00C10], since . dkl f
= [x8 X5 %1 f8 flO le] we have as a soluticn:
G =0, =0, oy = flo/glo 3
Bip = Bop =1y Byy = Liggg 5, Bi: =0 (L7 ).
This gives:
' v ’l_‘./ T

f~-f+50.--[x7 g x9 X5 ¥y ¥y ;f7 f8 f9 o] fll le]

- T
N & 00 0 0 o 1
g=g8 = Q<’><6 o 0 Bas ¢ 0 0

- 0 o o " "
i O 00 1ogy g g12,3J

The complete expression of the new terns involved is
reported %n Lppendix 1, notice only that the new vector
fields T,g; have much simpler forms than the original
ones. Furthermore since th = L%h, the set Al where

we have %tc lock for functions with linear independent
differentials is the following:

Y=l - . A
Al = {I¥ ass LgiL%nj; i, = 1,2,3}.
We get
Ly Lyn = Ly L¥h =0,
gl— 024-
Y 7
v Ivn = Iy
g Tt " (o1 512,3] d
3
2 ny
I v =
& [fg 0 £,

v ¥ N
From 512’3 =gl2,3(XLX6/ we nave szt this step that
2 L
2 v (Ql N ) CQ (assumption (A2) for k = 2} holds
i=1 %3
Thus,
Q. =0 4t 1102, }
= 447 art N
fy =6y & spkdd%zﬁ_d_f .
{8r/o% 0% 0 O # 0 % 0 %0 %

=Ql % sp
Is! & ; * O % 0O
0 00 % 35 ,/8x, %0 %0 co

where * denotes non relevant terms and Bfg/axl=Kl/le2#
N

= - - s A fort) . Tete R
# 0, 8f12/8x5 KS/NEH8 # 0 (& constant). Note that Wy
ig always nonzero veing the second disgonal element of
the inertia matrix B(xp) of the robot, which is positive
definite for zll e go 5, = 8 everywnere and

2 I

A Lyh Lyh,] . Moreover, the character-
2 71773
istic numbers fcr the second and third outputs are

p, =1 wnile p. > 1.

= [hT L’f\(hT
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8] 0 0 c 0
o 0 0 0 0
*

s Ty = 1.

o 10,3 %12,3 *

Kk remains constant we do not need to re-

compute a feedback pair (o,3).
set A2 are the following:

As long as r

The functions in %he

)
e o
Iy, = o+
gL% n,=[{0 O (Sfa/axlo €5 3° 8/axlz)]
2 b
EL% By= [0 © (BIIZ/BXLO)]
e = U
%oy XY(Bfa/Bx,} wl(x)
3 n
oy b i
Af‘hs xll(s-lz/axs) + yz(x)

2 2 .
where MNBD%nl’ LE?J%hB’ ¢1 and y, are all independert
Ironm X3X7X9Xll'

Again we heve

;

Iy N
{ Ie:

21 &R NG R
and
Q Q { L% ‘% }
;i = ",
Q, = 9, & spldlyn, aljh,}

[y % 0% * # 3g/8x%, % O x 0 *
=Q, & sp)

2 y N |

L *%C%0 % 0 % 0 % aflg/ax5 *j
giving s, = 10 everywhere and Az =
ST n? e Rn, dn, el
=ln "'f* L,Ig/ ll an ufnl fn3 .

We can see that 0, = 23 the rank of the decoupling
matrix® A(x) - which is = feedback invariant ~ is
thus:

ek l
Irvivn, 0 0 *
-
rank Alx) = renk LéL?hg =rank | 0 O % | =1
IIvh 0 0 *
L g3 _

and we conclude that, as expected, the system is not
decoupavle by static state-feedbszc It is alsc worth
mentioning that this system does not satisfy the ne-
cessary and sufficient conditions® for the existence
of a static state-feedback lzw wnich mekes the input-
dependent part of the response of the closed loop
system lineer in the input and independent from the
iritial state, as snhown by Marinoc and Ficosis®.

Coming back to the 3-rd iteration of the Algorithm
we have:
o] 0 o]

0 0
o lo o 0 0
¥ *

(@)

i
O 80,3 8123

and r, = 2, Choose the permutation matrix P, so that
-

P,, picks up rows 5 and 9 IZrom A,. Then —P31B3 =

=[-fy, ¢2(x)]l and a feedback pair (&,%)

olving the matrix equation (15) which
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o
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