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Statics and force transformations
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environment

𝐹!

Generalized forces and torques

𝜏"

§ 𝜏 = forces/torques exerted by the motors at the robot joints

§ 𝐹 = equivalent (generalized) forces/torques exerted by the robot end-effector 

§ 𝐹! = forces/torques exerted by the environment at the end-effector 

§ principle of action and reaction:  𝐹! = −𝐹
reaction from environment is equal and opposite to the robot action on it
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𝐹•

“generalized” vectors: may contain
linear and/or angular components

𝜏#

𝜏$

𝜏%
𝜏&

e.g., a wrench 𝐹 = 𝑓
𝜇 ∈ ℝ!

with force 𝑓 ∈ ℝ"	and moment 𝜇 ∈ ℝ"	



Transformation of forces – Statics

§ what is the transformation between 𝐹 at robot end-effector and 𝜏 at joints? 

in static equilibrium conditions (i.e., no motion): 

§ what 𝐹 will be exerted on environment by a 𝜏 applied at the robot joints? 
§ what 𝜏 at the joints will balance a 𝐹! (= −𝐹) exerted by the environment? 

in a given configuration
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all equivalent formulations

environment

𝐹!

𝜏"
𝐹•

𝜏#

𝜏$

𝜏%
𝜏&



Virtual displacements and works

infinitesimal 𝑑𝑞 (= “virtual” 𝛿𝑞 here, i.e., satisfy
all possible constraints imposed on the system) 

displacements at an equilibrium

the virtual work is the work done by all forces/torques
acting on the system for a given virtual displacement 

𝑑𝑞(

§ without kinetic energy variation (zero acceleration)
§ without dissipative effects (zero velocity)
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𝑑𝑞) 𝑑𝑞* 𝑑𝑞+

𝑑𝑞,
𝑑𝑝
𝜔	𝑑𝑡

= 𝐽	𝑑𝑞

Hint: one of the advantages of working with (D-H) joint variables is that
they are already free of equality constraints (= generalized coordinates)

geometric 
Jacobian



Principle of virtual work

the sum of the virtual works done by all 
forces/torques acting on the system = 0

principle of
virtual work
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𝐹- = − 𝐹

𝜏(𝑑𝑞(

𝜏)𝑑𝑞)

𝜏*𝑑𝑞* 𝜏+𝑑𝑞+

𝜏,𝑑𝑞,

−𝐹. 𝑑𝑝
𝜔	𝑑𝑡

= −𝐹.𝐽	𝑑𝑞

𝜏.𝑑𝑞 − 𝐹. 𝑑𝑝
𝜔𝑑𝑡

= 𝜏.𝑑𝑞 − 𝐹.𝐽𝑑𝑞 = 0 ∀𝑑𝑞

𝜏 = 𝐽. 𝑞 𝐹



xA,0

yA,0

xB ,0

yB,0

robot A

robot B

Exercise on static balance
whiteboard …
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Two 2R planar robots, A  and B, having unitary link lengths are in 
their D-H configurations qA = (3𝜋/4,−𝜋/2), qB = (𝜋/2,−𝜋/2) [rad] 
w.r.t. their base frames, as in figure (no gravity!).

Robot A pushes against robot B with a force F ∈ ℝ! of norm F = 10 [N], 
as in figure. Compute the joint torques 𝝉" ∈ ℝ! and 𝝉# ∈ ℝ! (both in [Nm]) 
that keep the two robots in equilibrium. F

Q#7 in Robotics 1 exam,
12 January 2021
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Question #7 [all students]

Two planar 2R robots, named A and B and having both unitary link lengths, are in the static
equilibrium shown in Fig. 3. The two D-H configurations w.r.t. their base frames are, respectively,
q
A
= (3⇡/4,�⇡/2) [rad] and q

B
= (⇡/2,�⇡/2) [rad]. Robot A pushes against robot B as in the

figure, with a force F 2 R2 having norm kF k = 10 [N]. Compute the joint torques ⌧A 2 R2 and
⌧B 2 R2 (both in [Nm]) that keep the two robots in equilibrium.

Reply #7

Evaluate the 2 ⇥ 2 Jacobians of the two 2R robots, respectively at q
A
= (3⇡/4,�⇡/2) [rad] and

q
B
= (⇡/2,�⇡/2), each expressed in its own DH base frame:

JA(qA
) =

✓
� sin q1 � sin(q1 + q2) � sin(q1 + q2)

cos q1 + cos(q1 + q2) cos(q1 + q2)
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q=qA
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JB(qB
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� sin q1 � sin(q1 + q2) � sin(q1 + q2)

cos q1 + cos(q1 + q2) cos(q1 + q2)
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q=qB

=
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�1 0

1 1

◆
.

The force vector FA applied by robot A to robot B is oriented as the second link of robot A.
When expressed in the base frame of robot A, it is

AFA = kF k ·
✓

cos(q1 + q2)

sin(q1 + q2)

◆����
q=qA

= 10

 p
2/2p
2/2

!
[N].

To obtain this Cartesian force at the end e↵ector, robot A should produce a joint torque given by

⌧A = JT

A
(q

A
)AFA =

✓
�10

0

◆
[Nm].

On the other hand, robot B should balance the force applied by robot A at its end e↵ector by
reacting with an equal and opposite force FB = �F , namely AFB = �AFA when these forces
are both expressed in the same base frame of robot A. However, when expressing the exchanged
force in the base frame of robot B, we can easily see that2

BFB = BRA
AFB =

✓
�1 0

0 �1

◆�
�AFA

�
= AFA = 10

 p
2/2p
2/2

!
[N].

2
Here, we use planar 2⇥ 2 rotation matrices, i.e., R 2 SO(2).
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On the other hand, robot B should balance the force applied by robot A at its end e↵ector by
reacting with an equal and opposite force FB = �F , namely AFB = �AFA when these forces
are both expressed in the same base frame of robot A. However, when expressing the exchanged
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Therefore, to obtain this Cartesian force at the end-e↵ector, robot B should produce a joint torque
given by

⌧B = JT

B
(q

B
)BFB =

 
0

5
p
2

!
=

✓
0

7.0711

◆
[Nm].

It is also worth reasoning on the two zeros that appear in ⌧A and ⌧B , in relation with the geometry
of this static interaction task. Such analysis is left to the reader. ⌅

Question #8 [all students]

With reference to Fig. 4, a planar 2R robot with link lengths l1 = 0.5 and l2 = 0.4 [m] should
intercept and follow a target that moves at constant speed v = 0.3 [m/sec] along a line passing
through the point P0 = (�0.8, 1.1) [m] and making an angle � = �20� with the axis x0. The robot
starts at rest from the configuration q

s
= (⇡, 0) [rad] (in DH terms) as soon as the target enters

the workspace. The rendez-vous occurs after T = 2 s, with the robot end e↵ector and the target
having the same final velocity. Plan a coordinated joint space trajectory for this task.

Reply #8

In this trajectory planning problem, we need first to define the boundary conditions for the rendez-
vous between the moving target and the robot end-e↵ector. The robot workspace has an external
(circular) boundary of radius R = l1 + l2 = 0.9 [m] (while the internal boundary has radius
Rmin = |l1 � l2| = 0.1 [m]). The target moves on a line that intercepts the external boundary in
two points P1 and P2, the first of which is of interest. These points are found by solving the system
of equations
(
(x� x0) sin� � (y � y0) cos� = 0 [line through P0 = (x0, y0) with angular coe�cient �]

x
2 + y

2 = R
2 [circle with center in the origin and radius R]

(3)

The solution is obtained using the two (real) roots x1 and x2 of the following second-order poly-
nomial equation3 derived from (3):

x
2 � 2(x0 sin� � y0 cos�) sin� x+ (x0 sin� � y0 cos�)

2 �R
2 cos2 � = 0.

With each of these roots, we compute also the y-coordinate of the intercepting points:

yi = y0 + (xi � x0) tan�, i = 1, 2.

From the given data, we get

P1 =

✓
x1

y1

◆
=

✓
�0.1930

0.8791

◆
, P2 =

✓
x2

y2

◆
=

✓
0.7129

0.5494

◆
[m].

Note that kP1k = kP2k = R = 0.9. Clearly, the target enters the workspace in P1 (and will exit
in P2). We shall set the initial time t = 0 of the robot motion at the instant of target entrance.
Moreover, at T = 2 s, the target will be in the planned rendez-vous point

Prv = P1 + vT

✓
cos�

sin�

◆
=

✓
0.3708

0.6739

◆
[m].

Since kPrvk = 0.7692 < R, the rendez-vouz will occur well inside the robot workspace. This
Cartesian point specifies, via kinematic inversion, the goal configuration that the robot should
reach at time t = T . From the usual inverse kinematics of the 2R robot, coded in Matlab as
follows

3
Indeed, this second-order equation may have either two real roots or two complex conjugate roots. In the latter

case, no intercepting points exist. When P0 is inside the circle (kP0k < R), there are always two real roots.
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solution
i) evaluate the task Jacobians of the two robots (𝑞̇" → 𝑣" and 𝑞̇# → 𝑣#)

ii) express the exchanged force in the proper frame(s) … iii) … and compute the torque for each robot
by the virtual work principle

𝜏"$

𝜏#!

𝜏"!

𝜏#$

planar rotation matrix ∈ 𝑆𝑂(2)



Duality between velocity and force

velocity 𝑞̇
in joint space

generalized velocity 𝑣
(e-e twist v

𝜔 )
in task (Cartesian) space 

𝐽(𝑞)

generalized force 𝐹 (e-e wrench 𝑓
𝜇 )

in task (Cartesian) space
force/torque 𝜏
at the joints

𝐽!(𝑞)

same singular configurations of
velocity map and force map 𝜌 𝐽 = 𝜌(𝐽!)
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note: beware of orthogonality! ⇒ only between twists and wrenches 



Robot Jacobian
decomposition in linear subspaces and duality

0 0

space of 
joint velocities

space of
task (Cartesian)

velocities

ℛ 𝐽𝒩(𝐽)

𝑱

space of 
joint torques

space of
task (Cartesian)

forces

0
ℛ 𝐽. 𝒩 𝐽.

𝑱𝑻

0

ℛ 𝐽 ⊕𝒩 𝐽. = ℝ/ℛ 𝐽. ⊕𝒩 𝐽 = ℝ,

(at a given configuration 𝑞)

dual spacesdu
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s
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Dual subspaces of velocity and force
summary of definitions

Robotics 1 9



Velocity and force singularities
list of possible cases

𝜌 = rank 𝐽 = rank 𝐽! 	£	min(𝑚, 𝑛)

1. 𝜌 = 𝑚

2. 𝜌 < 𝑚	

1. det 𝐽 ≠ 0

2. det 𝐽 = 0	

1. 𝜌 = 𝑛

2. 𝜌 < 𝑛	

𝑚

𝑛

𝜌
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Singularity analysis
planar 2R arm with
link lengths 𝑙& and 𝑙$

det 𝐽(𝑞) = 𝑙&𝑙$𝑠$

singularity at 𝑞" = 0 (arm stretched)

ℛ 𝐽 = α
−𝑠&
𝑐& 𝒩(𝐽1) = 𝛽

𝑐&
𝑠&

ℛ 𝐽1 = 𝛾 𝑙& + 𝑙$
𝑙$

𝒩 𝐽 = 𝛿
𝑙$

− 𝑙& + 𝑙$

ℛ(𝐽) and 𝒩 𝐽1 	as above 

𝒩(𝐽1)

ℛ(𝐽)

singularity at 𝑞" = 𝜋 (arm folded)
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𝐽 𝑞 = − 𝑙&𝑠& + 𝑙$𝑠&$ −𝑙$𝑠&$
𝑙&𝑐& + 𝑙$𝑐&$ 𝑙$𝑐&$

𝐽 = − 𝑙& + 𝑙$ 𝑠& −𝑙$𝑠&
𝑙& + 𝑙$ 𝑐& 𝑙$𝑐&

𝐽 = 𝑙$ − 𝑙& 𝑠& 𝑙$𝑠&
− 𝑙$ − 𝑙& 𝑐& −𝑙$𝑐&

(for 𝑙! = 𝑙": 𝛾
0
1 )ℛ 𝐽1 = 𝛾 𝑙$ − 𝑙&

𝑙$
𝒩 𝐽 = 𝛿

𝑙$
− 𝑙$ − 𝑙&

(for 𝑙! = 𝑙": 𝛿
1
0 )

Cartesian forces 𝐹! applied at the end-effector of the 2R arm along 
the stretched or folded direction need NO joint torques 𝜏 for balance

𝐹#belongs to
⟹ thus 𝜏 = 𝐽!𝐹" = 0



Force manipulability
n in a given configuration, evaluate how effective is the 

transformation between joint torques and end-effector forces
n “how easily” can the end-effector apply generalized forces (or balance 

applied ones) in the various directions of the task space
n in singular configurations, there are directions in the task space where 

external forces are balanced without the need of any joint torque
n we consider all end-effector forces that can be applied (or 

balanced) by choosing joint torque vectors of unit norm

task force
manipulability ellipsoid

same directions of the principal 
axes of the velocity ellipsoid, but 
with semi-axes of inverse lengths
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𝜏!𝜏 = 1 𝐹!𝐽	𝐽!𝐹 = 1



Velocity and force manipulability
dual comparison of actuation vs. control

Robotics 1 13

planar 2R arm with unitary links
note: 

velocity and force
ellipsoids have

been drawn using 
a different scale
for a better view

Cartesian actuation task (joint-to-task high transformation ratio): 
preferred velocity (or force) directions are those where the ellipsoid stretches

Cartesian control task (low transformation ratio = high resolution): 
preferred velocity (or force) directions are those where the ellipsoid shrinks

area ∝ 𝑑𝑒𝑡 𝐽	𝐽! = 𝜎# 𝐽 . 𝜎$ 𝐽 area ∝ 𝑑𝑒𝑡 𝐽	𝐽! %# = #
&!(()

. #
&"(()



𝑞̇&,456
𝑞̇$,456

−𝑞̇$,456

−𝑞̇&,456

Ellipsoids and polytopes
manipulability versus task limits due to bounds

Robotics 1 14

n manipulability: instantaneous capability of moving the end-effector 
(or of resisting to task forces) in different directions

n task limits: maximum velocity (or static balanced force) achievable 
in different task directions in the presence of joint velocity bounds

𝑞̇&

𝑞̇$

𝒒̇ ! =
	 𝒒̇+,- !

velocity ellipsoid and polytope at 𝒒
for a 2R robot with joint velocity bounds

𝒒̇*

𝒒̇+𝒒̇,

𝒒̇- 𝒗 = 𝑱(𝒒)𝒒̇ 𝒗* = 𝑱(𝒒)𝒒̇*

𝒗,
(= −𝒗*)

𝒗+

𝒗- 	(= −𝒗+)

𝑣6

𝑣:
𝒗. 𝑱 𝒒 	𝑱.(𝒒) /$𝒗

= 𝒒̇+,- !

feasible
task velocities

−𝑞̇#,456 	≤ 𝑞̇# ≤ 𝑞̇#,456

limited
joint velocities

§ a polytope is the convex hull of a set of 𝑝 points in a (𝑛-dimensional) Euclidean space 
§ linear maps transform polytopes into polytopes

see also Robotics 1
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Velocity and force transformations
n same reasoning made for relating end-effector to joint forces/torques (virtual work 

principle + static equilibrium) used also for transforming forces and torques applied 
at different places of a rigid body and/or expressed in different reference frames

Robotics 1 15

transformation among twists (generalized velocities)

for skew-symmetric matrices, it is:  −𝑆1 𝑟 = 𝑆(𝑟)

𝐴𝑣H
𝐴𝜔 =

𝐴𝑅I −𝐴𝑅I𝑆(𝐵𝑟IH)
0 𝐴𝑅I

𝐵𝑣I
𝐵𝜔 = 𝐽IH

𝐵𝑣I
𝐵𝜔

transformation among wrenches (generalized forces)

𝐵𝑓I
𝐵𝜇 = 𝐽IH.

𝐴𝑓H
𝐴𝜇 =

𝐵𝑅H 0
−𝑆.(𝐵𝑟IH)𝐵𝑅H 𝐵𝑅H

𝐴𝑓H
𝐴𝜇𝑆 𝐵𝑟IH 𝐵𝑅H



Example: 6D force/torque sensor

𝑅𝐹𝐵

𝑅𝐹𝐴

𝑓

𝜇

frame of measure
for the forces/torques or wrenches

(attached to the wrist sensor)

frame of interest for evaluating
forces/torques (or wrenches)

in a task with
environment contact

𝐽"#$
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𝐽"#

𝐵𝑓6
𝐵𝜇 =

𝐵𝑅7 0
	𝑆(𝐵𝑟67)𝐵𝑅7 𝐵𝑅7

𝐴𝑓7
𝐴𝜇



Example: Gear reduction at joints

motor

transmission element 
with motion reduction ratio 𝑛8: 1

link

𝑢/𝜃̇/ 𝑢𝜃̇

𝜃̇# = 𝑛$𝜃̇
𝑢 = 𝑛$𝑢#
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one of the simplest applications
of the principle of virtual work:
𝑃: = 𝑢:𝜃̇: = 𝑢	𝜃̇ = 𝑃

here, 𝐽 = 𝐽; = <
=$

(a scalar!)
[from motor to link]

torque at
motor side

torque at
link side


