Autonomous and Mobile Robotics
Solution of Final Class Test, 2012/2013

Solution of Problem 1
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Refer to the figure for the definition of the relevant variables. The configuration vector of the mobile

manipulator is ¢ = (z y 6 ¢)”. The corresponding kinematic model is
x vcosf
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with obvious meaning for v, w, u. The coordinates of the end-effector are
Zee = x+dcosb+lcos(0+q)
Yee = y+dsin€+Ilsin(d+ q)

To design a trajectory tracking controller for this output, differentiate it w.r.t. time and use the kinematic
model equation:

Zee = wcosh—dwsing —1sin(f0+ q)(w + u)
Yee = wvsind+dwcosd+1lcos(d+ q)(w+u
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which may be conveniently rewritten as

Fee \ [ cosf —dsinf —Isin(6+q) —Isin(0+ q) v B v
( Yee > a ( sinf dcosf+1lcos(0+q) lcos(6+q) ‘: =T(0.9) Z (1)

Matrix T'(0, q) has always full row rank. In fact, its rank does not change if we replace the second column
with the difference of the second and the third column, obtaining

L 00 <cos€ —d sinf —lsin(9+q))
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and this matrix has always rank 2 if d # 0 (compute the minor corresponding to the first two columns). We
may therefore define the following input transformation
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where T7(0,q) = TT(TTT)~" is the pseudoinverse of T'(f, q). Using this in (1) we get

Tee t w1 w1y
. =T6,9)T'(0, =
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The input-output channels (from the new inputs wy, wy to the outputs Zee, Yee, respectively) are now simple
integrators. We can then guarantee global exponential convergence of the output to the desired trajectory

by letting
wy = @p, + k1 (Tr, — Tee)
w2 = y:e + kQ (y:e - yee)

with k1, ko positive gains. The actual control law to be implemented is readily obtained by substituting the

latter expressions for wy, w9 in (2).
Finally, equation (1) shows that the end-effector position is not a flat output. In fact, once &%, y’, are

specified by the assigned trajectory, there exist an infinity of velocity inputs that realize them:
v* i
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where z is an arbitrary 3-vector.

Solution of Problem 2

room )
center K

— A

Consider the initial arrangement shown in figure. Clearly, the only way for the unicycle to avoid collision
with the wall is to turn left (or right) as much as possible, by choosing w = @ (w = —&) for as many
consecutive intervals as needed. This obviously corresponds to the robot moving along an arc of circle of
radius R = v/@. The desired clearance is therefore r + R = r 4+ 0 /@.

To reduce the clearance, one may either decrease v or increase w. To eliminate it, extend the primitive

set by including v = 0 (this will allow rotation on the spot) or v = —% (this will allow backward motions).



Solution of Problem 3
Define the extended state vector to be estimated as x = (z1 y1 @2 y2 21 1), where (z;,y;) are the cartesian
coordinates of robot 7 (i = 1,2) and (2, y;) are the cartesian coordinates of the landmark. The discrete-time

model describing the motion of the extended robots+landmark system is

1 0 0 0 U1,k
0 1 0 0 Ugl,k U2,k

B 00 1 0 [[ wpw U3,k
Xk+1 = Xk T 00 0 1 Ugp2 ke * U4,k
0 0 00 Uy2,k 0

0000 0

where (Ugp1 5 Uyik U2k uy27k)T collects the robots’ velocity inputs and v; j is a white gaussian noise with
zero mean and covariance V;; (i = 1,...,4). Note how the landmark being fixed reflects on the last two
rows of the above equation. This is clearly a linear model of the form

Xpr1 = AXy, + Bug +vg

where A = I, the 6x6 identity matrix, uy is the input vector, and vy is the process noise vector, whose
covariance is

Vik 0 0 0 0 0
0 Vaxr O 0 0 0
v._| 0 0 Vax O 0 0
1o 0 0 Vixg 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Coming to the measurement model, we have three measurements coming from the two robot sensors:

hi(xk) W1k V(@i = 22)® + (yie — y2a)? Wi,k
he = | ha(xr) |+ | wor | = V@k—zk)®+ e —ww)® |+ | wor
hs(xr) w3,k \/(xz,k - Ilﬂz,k)2 + (yQ,k - yz,k)2 W3,k
where w;, k is a white gaussian noise with zero mean and covariance W, (i =1,...,3). Note that, although

each robot provides its own measurement of the relative distance to the other robot, there is only one
corresponding entry in h; duplicating it would introduce a dependence between the measurements, ultimately
leading to a rank-deficient matrix Hp1q (see below). In practice, the filter will use only one of the two
measurements, or their average.

We are now ready to derive the EKF equations. Note that, since the process dynamics is linear, there is
no need to linearize it. As for the linearization of the output equations, we have

on
ax X:XkJrl\k
- Ohs
kE+1 = Iy R
Ix X=Xk+1)k
on,
Ix X:Xk+1\k
where
o _ (5101—%2 YLoY T2 241 0)
ox 6(x) 5(x) 6(x) 5(x)
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and

5(x) = V(z1—x2)%+ (Y1 — y2)?
mx) = V(e —z)?+ (1 —w)?
nx) = Vi(ra—2)2+ (y2 — y1)>

The EKF equations are finally obtained as follows.

1. State and covariance prediction:

Xit1k = X+ Buy
Piyg = Pr+Vy
2. Correction:
Xkt1 = Xeyip T Brpvin
Priw = Progp— ReriHi 1 Py

where the innovation is
Vi1 = b1 — B(Xpq1x)

and the Kalman gain matrix is computed as
_ T T -1
Ryi1=PropH o (Hep1 P H g + W)
where W11 = diag{W1 k+1, ..., Wa 41}

In these equations, P obviously denotes the covariance of the estimate, which will be initialized at a
certain value reflecting the uncertainty on the initial estimate .



