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Abstract. The paper is concerned with dynamic control of robot arm with non negligible 
joint elasticity. In this case nonlinear control techniques based on decoupling and 
nonlinearity compensa ti on via static state- feedback cannot be applied for the mos t 
common robot structures . This is because the mathematical model associated with these 
structures is such that the necessary and sufficient conditions for the existence of 
the decoupling control laws fail to hold. Motivated by these facts. the problem of using 
a dynamic state-feedback is considered. The main purpose of the paper is to show that 
one can design a dynamic state - feedback compensator. which makes the external behavior 
of the con trolled r obo t identi cal to the one of a presc rib ed decoupled linear model . The 
particular example conside r ed is a planar robot arm with two elastic joints. 
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I NTRODUCTION 

The problem of decoupling the dynamics of robot 
arms via static state- feedback has received large 
atten t ion i n the last years and is an appealing 
approach for achieving a complete control of the 
ex t ernal behavi o r of an anthropomorphic manipul ator. 

For robots with ri gid joints this control technique 
has been l abeled in a number of different ways in 
the past (see e.g, Brady and others. 1982) and it 
has been shown that the resulting control is robust 
(Nicosia. Nico16 and Lentini. 1981); mo reover t he 
nonlinear decoupling has the nice property that it 
comple tely linearizes the state dynamics (Tarn and 
others . 1984). 

For r obo ts with elastic transmission between 
actua t o rs and arms. as belts or harmonic drives. 
the effect of joint elasticities is such that the 
decoupling te chnique cannot be applied for the most 
common r obo t mechanica l structures. This is because 
the mathematical model associated with these struc­
tures is such that the necessary and sufficient 
condi ti ons for the existence of a decoupling law fail 
to hold . There are special but r a ther unusual me­
chanical structures for which such condi ti ons hold 
(De Simone and ~ico16. 1985); however. in these 
cases. the computation of the relevant control laws 
is quite cumbersome. In alte rn ative . an approximate 
decoupling may be obtained using a con troller based 
on singular perturbation the ory as done by Ficola. 
Marino and ~icosia (1983). 

In this paper we show that exact decoupling can be 
achieved for rob o t with elastic joints via t he non­
linear model matching theory developed by Di Bene­
detto and Isidori (1984) . In t his case the resulting 
con trol la\, is a dynamic state - feedback "'hi ch makes the 
external behavior of the controlled r obo t identical 
to the one of a prescribed decoupled l i near model. 
~!oreover . we show th at the system graph representa­
ti on of Kasinski and Levine (1983) gives a fruitful 
insight into the model structure . th us allowing re­
duction of the dynamic order of the controlle r and 
complete linearization of the state dynamics. 

MATHE~!ATICAL ~!ODEL OF ELASTIC ROBOTS 
A.'\D STATIC DECOL'PU:\C IECH:\IQl!E 

The mechanical structure of a robot is constituted 
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by N+l bodies interconnected through N joints. The 
body between two joints is called a link. The joints 
are activated by motors with transmission gears or 
belts; when the links and the transmissions are 
assumed to be ri gid t he dynamical behavior is that 
of a chain of N rigid bodies . In this case the 
equation of motion in matrix form is 

q ~ B(q)-l[m(t)-e(q)-c(q.q)) (1 ) 

where q is the N- vector of joint variables giving 
the relative displacement between two adjacent 
links. B(q) is the N x N inertial matrix. m(t) is 
the N-vector of generalized forces delivered by 
the motors. e(q) is the N-vector of conservat ive 
forces and c(q.q) is the N-vector col le c ting 
cen trifugal and Coriolis forces. 

When the transmissions are not rigid the N actuat­
ing bodies of the motors are elas ti cally coupled 
to the driven links; therefore the dynamical be­
havior is that of 2); rigid bodies ,,·i th only:\ actuated 
bodies and the others trans mi tting elastici t y; this is 
the case of interes t here . The equation of motion 
in matrix form is still eq . (1). but with the fol ­
lowing pecu l iarities: 

- the number of second order equations is 2~; 

- q is a 2N- vector in which q2i denotes the dis-

placement of link i w.r . t. link i - I and q2i - l 

deno tes the displacement of t he driving body of 
joint i W.r.t . link i - I. for i ~ 1 ..... :\; 

- B(q) is the 2N x 2N inertial matrix of the 2~ 

ri gid bod ies; 
- e(q) and c(q .q) are 2~- vectors and e(q) includes 

t he effects of elasticity; 
- m( t ) is a 2~- vector with the even components 

e q ua 1 t o ze ro . 

Starting from mechanical parameters. the model (1) 
is given automatically by the DYMIR code both for 
ri gid and elastic robots (Cesa reo . ;;ico16 and :\i ­
cosia. 1984). Eq . (1) may be rewritten in the 
standard form 

y 
f(x) + g(x)u 
h(x) 

(2) 

with state x ~ [x~ x~JT ~ [qT qIJ\:; X ~ Rn. input 

uE; Rm and ou tput yE R2 . In the elas tic case n ~ 4:\. 
m ~ i ~ N. The vector f and the m columns gl '" . • gm 
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of the matrix g are smooth vector fields defined on 
an open subset o f Rn; the expressions for f and g 
are given by: 

f(x) = 

g(x) 

Ho re over, in ( 2) h is a smooth vector-valued func­
tion; in our case the output y may be defined as 
the vec t o r o f link displacements x2i = q2i 

(i = 1, ..• , N). The input u collects only the non­
zero components o f m( t). 

An attractive approach to the co ntrol of nonlinear 
systems is the one based on decoupling state-feed­
ba ck laws. The soatic state-feedback decoupling 
problem is defined as follows; given a system in 
the for~ (2), find a feedback a (x) and a state de­
pendent change of coordinates Sex) in the input 
space such that the closed-loop system formed by 
the composition of (2) with 

u = a (x) + S(x)v 

has the i-th output dependent only on the i-th 
component of the new input. 

(3) 

The problem is now well understood (Isidori and 
co-workers, 1981; Sinha, 1977); the basic concepts 
of decoupling theory a re summarized in what f o llows. 
Gi ve n a vec t or fi e ld f on X and a s mo oth fun c tion h, 
re call that the Lie derivative of h in the direc­
ti on of the field f is the function 

The k-th order Lie 

while L~ h = h. 

}xh 
) f. 

n 
derivative is 

Definition 1. The charac t e ristic number P
j 

associa­

ted with the output y. is the largest integer such 
that fo r all k < p . J 

J 

L L}. = 0, ¥iE {l , ... ,m}. 
gi J 

In the nondegenerate case ( p
j 

~ 00 , ¥j) we have: 

:e j inioiQn 2 . The decoupling matrix A(x) asso c iated 
with the system (2), with m = £ , is the £ x £ 
matrix with smooth entri e s 

p . 
a

J
' i (x) = L LfJ h .. 

gi J 

Th e ma in r esult o f st a ti c st a t e-feedba ck decoupling 
th eo ry gi ven by Isidori and co-wo rkers ( 1981) is: 

::-;: "::",,,~ 1. A ne ce ss a ry and suffi cient condi tion f or 
t he e xistence o f (~ , 3) whi ch so lves the decoupling 
p robl e~ is tha t th e deco upli ng matrix A(x) is non­
singul a r. 

::( x) 

Th eo r em 1 appli e s, a possible decouplin g 
is gi ven by ( 3 ) with: 

-1 . (P l+l) (,> +1) 
= -A(x) co l ', Lf hl, ... ,L" h,} 

A(x) 
-1 

con-

( 4) 

It ha s been shown (Freund, 1982; ~ i cos i a , ~i colo 
:.llld Len t in i, 198l ; Ta r n and o th e r s , 1984 ) th a t for 
the ri gid robo t the co rresponding matrix A(x) is 
nonsingular so t ha t (4 ) provides a s olution t o the 
de co up ling problem. On th e contrary, in the elasti c 
cas e considered he r e t he matrix A(x) is in general 
singu l ar (De Si mon e and Si co l o , 1985), except f or 
pa rticular me chani cal struc tures. We will see l a t e r 
un t ha t th" c0ndi ti on o f Theo rem 1 fa i l s t o ho l d fo r 
a (:D n i i g ura ti on presen t in mos t ro b .. ] ts. As a 
(:0ns~que n (:e , s t a t ic s t a t e - feedbac k is no l on ge r 

sufficient in order to solve the decoupling pro­
blem when joint elasticity is taken into account . 

MODEL MATCHING 
VIA DYNAMIC STATE FEEDBACK 

In this section we summarize Some recent results 
concerned with the use of dynamic feedback com­
pensation in order to match a prescribed input­
output behavior and we find, as a byproduct, a 
sufficient condition for decoupling via dynamic 
feedback. 

A dynami c state-feedback is a control mode in which 
the inputs ul '" .,um are related to the state x of 

the process (2) and to other input variables 
Vi' ... ,v~ by means of equations of the form 

u 
a(x,E;) + b(x,E;)v 
c(x,E;) + d(x,E;)v. 

(5) 

These equations characterize a dynamical system -
the state- feedback compensator - whose state E; 

evolves on an open subset of RV. The V x 1 vector 
a(x,E;), the V x ~ matrix b(x,E;), the m x 1 vector 
c(x, E; ) and the mX lJ matrix d(x,E;) have entries 
which are smooth functions defined on an open sub ­
set of Rn x RV. 

The composition of (2) with (5) defines a new 
dynamical system with inputs vl, •.. ,vlJ' outputs 

Yl" . . ,y£ and state x = (x,E;) given by equations 

of the form 

with 

x [(x) + g(x)v 

hex) y 

[

f(X)+g(X)c(X,E;)] _ 
= ,g(x,E;) 

a(x,E;) 

h(x,E;) hex) 

(6) 

ig(X)d(X,E;)] 

L b(x,E;) , 

We shall see that dynamic compensation enables us 
to ma tch, if some conditions are verified, a pre­
scribed behavior between inputs and outputs in the 
composed (closed-loop) system (6). In particular, 
we will be able to obtain a response of the form 

yet) = Q(t,(xo,E;0» + f\M(t-1)V(1)d1 (7) 

o 

whe re WM(t) is the impulse- response of a fixed 

linear model 

Az + Bv 

y Cz 
(8) 

On the first term Q(t,(xo, E;0» of the right-hand­
side of ( 7), which corresponds to the zero-input 
response (and clearly depends - possibly in a non­
linear manner - on the initial state), we do no t 
impose at this point any particular constraint . 

I f the process (2) and the compensator (5) were 
linear, then a well known necessary and sufficient 
condition for the existence of solutions to this 
problem would be the one based on the comparison 
o f the behavior of the transfer functions of the 
pr ocess and of the model as s ~ 00 (Malabre, 1982). 
~e recall that the behavior of a strictly proper 
transfer function W(s) for s ~ 00 is fully de­
s c ribed by the so- called Smith-Mc~llan factoriza­
ti on at the infinity (Dion and Commault, 1982) . 

~(s) = Q(s) A( s)P(s) 

in which Q(s) and pes) are biproper rational ma­
tri ces (i.e. proper rational matrices with an in­
verse which is also proper) and 
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/;( s) = diagtI 5 S' 
1 

I 1 O} 5 2, ... ,16 -sq' 
2 s q 

The sequence {c
1

, 3
2

, ... } lS said to characterize 

the structure at infinity of the given linear 
system. Sometimes, one considers a sequence 
{rO,r

l
, . .. f related to the former in this way 

(9) 

and whose computation is rather easy on a realiza­
tion (A , B,C) of the transfer function W(s). 

If the process to be compensated is nonlinear, one 
may still establish a sufficient condit i on for the 
existence of solutions to a model ma tching problem 
by means of a suitable extension of the notion of 
structure at infinity, see :-Jijmeijer and Schumacher 
(1985). This extension, which is based upon the 
consideration of the so-called maximal controlled 
invariant subspace Algorithm of Isidori and co­
workers (1981) and is described in full in Appendix 
1, associates with any nonlinear system of the form 
(2), i.e. with any triplet (f,g,h) , a string of 
integers ( rO,rl, ... f which shares much of the pro­
perties of the sequence defined by means of (9). 

A (sufficient) condition for the solvability of the 
problem of matching the external behavior of a pre­
scribed linear model can be found in the following 
way . With the given process (2), i.e. with the 
triplet (f,g,h), we associate its structure at the 
infinity {rO,rl' ... } . Moreover, from the triplet 
(f,g,h) and from the triplet (A,B,C) which charac­
terizes the model to be matched, we define an 
enlarge~ system as follows 

x = f(x) + g(x)u 

z = Az + Bv 

e = hex) - Cz. 

These equations may be written 1n more condensed 
form as 

xE = fE(xE) + gE(xE)uE 

e = hE(xE) 

letting 
E 

(x, z), E (u,v) x = u 

fE(x , z) 
;- f( x) I gE (x,z) I 
L.. Az J 

hE(x, z) = hex) - Cz . 

(l0) 

and I g(x) 
= 

L 0 

Wi th the triplet (fE,gE,hE) we associate the struc­
ture a t infinity, denoted \ r~,rI'" . }. 

The coincidence between the structure at infinity 
of the triplet (f,g , h) and that of the triplet 

E E E 
(f , g ,h ) is exac tly the condition we were loo~ing 

for. As a mat ter of fact, the following result has 
been shown t o hold. 

_<".: ,',, ": 2. Let (£,g,h) and (A ,B, C) be given. If 
E r
k 

= r
k 

(11) 

for all k > 0, then there exists a dynamic feedback 
co~pe nsato r unde r whi ch the input - output behavio r 
of (2) becomes of the form (7) with W~(t) =C exp(At)B, 

The p r oof of this Theorem, which is constructive, 
may be found in Di Benedetto and Isidori (1984). It 
~ay be worth obse rving that the compensator (5) 
thus determined incorporates the dynamics of the 
model t o be followed (i .e. '; = Ai;+Bv). In particu­
l ar , its dimension ._ is equal t o that of the linear 
mode l. 

The conditions provided by this Theorem may be used, 
in particular, in o rder t o check the possibility of 
matching the external behavior of a linear model 
with transfe r function 

(12) 

where 6 is a suitable integer. 

The external behavior of a linear system with 
transfer function (12) is clearly deaou;Zei. Thus, 
the dynamic state-feedback compensator which 
enab les us t o match this model is such as to impose 
a decoupled behavior between inputs and ou tputs. In 
the closed- loop system, each component of the out­
put is influenced only by the corresponding c .. m ­
ponent of the input, independently from the specific 
form of the zero-input response Q(t,(XO,~O». 

APPLICATION OF THE MODEL MATCHING 
THEORY TO THE ROBOT ARM 

In this section we describe the application of the 
previous theoretical results t o the problem of 
controlling a robot arm with elastic joints. In 
particular we will consider as an example the two­
link planar robot arm whose complete mathematical 
model is described in Appendix 2. 

By means of the Algorithm of Appendix 1 we will 
first compute the sequence ( rO,rl"" } and then 
see that it is possible t o ma tch a linear model 
with tr ansfer function of the form (12), with 
6 = k*+l. This is done by imposing the same struc­
ture at infinity of the or i ginal system on the 
system (10) which includes the model to be matched. 

We begin with the computation of the sequence 
{rO,rl"" } for the triplet (£,g,h) which describes 
the robot arm system. In the initial step we make 
use of the outpu t functions hl = x2 , h2 x4 ; we 
have 

SI 
o 

so that s dim SI = 2, and A 
o 0 0 

To start the O-th iteration we need to find r 
we just have to compute the rank of the matri~ 

i. e. 

O. 

Since ro = 0, the equa ti ons (Ai) in Appendix 1 are 
trivial. To construct Sl l we have to take functions 
from the set A = {Lfh"L h,; i = 1,2; j = 1 ,2 } such 

o J gi J 

that their differentials are linear independent 
with respect to each other and to the set of dif­
fe rentials which span ~o' Since we have Lfh l = x6 , 

Lfh2 x8 ' Lgh O,we obtain directly 

"1 

and hen ce sl = dim '-:1 = 4. Thus, we set 

;"1 = [hl,h2,Lfhl,Lfh2]T 

In the l-st iteration, rl is given by the r ank of 
the matrix 

. ,- 0 0 0 0 l T -+ 
A 1 = d ''' log = I 0 0 r 1 = l. 

L.. g62 g82..J 
At this point consider the 4 by 4 permutation 
ma trix Pl with Pll= [00 1 0] which is such that 
PllAl selects rl linearly independent r ows from Al' 
In this case rl = 1 and the third row of Al is 
chosen. Define further Bl = dAlof=[x6x8f6fS]T and 

solve for an m- vector ~ and an 
matrix 3 (m = 2) the equations 

~ ~l ~ r "'11 
P11Al ' 1=-P llB l , P11Al i _ 

L J 2 J ~ ~21 

m x m invertible 

where for K we can choose any matrix of rea l numr 
bers of rank equal t o r

l
, We obtain: 
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J. l 0 , J.2= - f6/g62 , 311 = 1, 322 =1/g62, 512 = ': 21 = 0 

from which we can cons tr uct a sta ti c feedback law 

u = J.(x) + 3 (x)w 
' " 

that g i ves th e ne\.: ve ctor fields f = i +g _!<, g i 

(see Appendix 2) . ~ext, se l ect a ~a xi~al nu~er of 
functions f r om the se t 

:'1 =:Vi(Lfh j ), Li,(Lfh j ); i = 1,2; j = 1 , 2; 
1 

with linearly independent diffe r en ti a l s. :\ v tin g 
that L .,h L(h, we have 

r 
, 2 ? "v 

Lf hl 0, Lyh2 = f S ' L'. L"vh = L'v L'fh 2 
0 , 

gl f 1 gl 
0" 

Lo L}hl = 1, L'v Vh = gS2 g2 g2 f 2 
'v 

so tha t the only cand idate is L}2h2 since gS2 de-

pends on x4 on l y. We ob tain in fact 

~ ' d 2h , ~ 
"2 = " 1 @ Sp', L} 2; = : '1 @ * 0 * 0 O} 

i ndependency of th e new row w.r.t. th e previous 
ones (* denotes non relevan t t erms) . So s2 = dim f: 2 = 

= 5 and A2 = [hl,h2,L1hl ,L1 h 2 ,L}2h21 T. 

For th e 2- nd iteration 

000 
o g62 gS2 * j 

1. 

Aga i n we need t o f ind (Q , S) as a solution of a 
matrix equat i on similar t o the one conside red in 
th e previous step. However , as long ",as", rk = 1 we 
obtain th e same (Q, B) i . e. the same f ,g and so we 
will bypass this part of t he comput a t ions ; th us , 
the new searching set is: 

A2 {L}(L}2h2 ),L'" (L12h 2),L'" (L}2h2)}. 
gl g2 

We have 

Uv L}2h2 = O,Uv L}2h2 =d1S/dX6= - 2 (A3/A2)x6sin x4 gl g2 

U/h 2 = ( a{S/ dx2)x6+o1S/ dX3)x7 +( d}S/dx4)xS 

and then 3{ 
,~ , 3 , ." S * 
"3 = "2 @ sp cdU¥ h2; = " 2 (!l sp l O * 0 * 0 * oX

3 
so that s3 = dim " 3 = 6, A3=[hl,h 2 ' Uj'hl , L1 h2'" . L1 3h21T. 

The 3-rd step of the a l gori t hm star ts computing 

rOOOOOO~T 
A3 = d ~ 3 · g = 0 0 * * * * + r3 = 1. 

Furthermo re 

"3 =L't(L/h 2) , L'v W/h2) , L'v (L/h 2) : 
gl g2 

where L'· L' \ = 0 L'v L' \ is a func ti on o f x ' 
g l t 2 ' g2 f 2 ' 2 ' "4 ' 

x6 ,xS only, while 

L(~hl ( ; }S/3 x3) ( 7+:(x2,x3,x4,x6,x7' xS) ' 

~o tice t ha t ( ot 7;; xl ) = Kl / ~lJRZ2 , # 0 ;, thus, \.:e ,;i1(a in 

, , ~ , ,d S 0(7 
'4 " 3@sp',dLihl'''3@sP',( -, - -.-h** 0 *** ' 

oX
3 

o X
l 

, - , ' [ 4 1 T and s~ = dl r:1 .. ~ = I , '~ = h l h 2L-l ,r L(h 1 .. · L't h2 ' 

In the 4-th step , 

d .. , • g = 
~ 

OOOOOOO - T 
00 * * * * * + r~ = 1 . 

In ,, ' ,cons truc ted similarly t o the previ ous steps, 
~ 

the only functi on which depends on x_ is L~Sh , ; 
this has the fo ro ) ! -

LtSh2 = (0'tS /3 x3) ' (3 i7 /' xl)x5+,(xl,x2,x3,x~,x6,x7'xS) 
and we have that 

Thus , Ss dim : S 

rithm stops at k* 
rank of t he matri x 

S = di m x and hence the Algo-

5 . Last we have to compu te the 

3'j'S 31 7 T 

ax;~)l 
* J 

,0 0 0 0 0 0 0 (gSl 
A5 = d'\ S- g= 1 

,-0 0 g62 gS2 * * * 
which gives rk* = 2 . 

~otice that, for the particular example cons ide red, 
we have found t ha t the set of functions whose dif­
ferentials span : k*' is ob t ai ned by t aking the Lie 

der i vat i ves of the sys tem outputs only wi th respect 
to the vector fie ld f; these funct i ons may be used 
t o define a new se t of local coordinates in terms 
of "hich th e system is described by much simpler 
express i ons. 

To conclude this section, we consider the problem 
of finding what kind of l i near and decoupled model 
it is possible t o match. Let the l inear model be 
expressed in the parametrized form (S) , with the 

condition that C,Akb , = 0, Vk if i # j, i. e. hav ing 
J 1 

a decoupled structure of input- ou t pu t channels. The 
mode l matching problem is solvable if the enlarged 
system(robot arm plus model , see (10» has the same 
structure a t the infinity as the ori ginal system 
(the robot arm alone) . 

The procedure i s t hen the following: apply the Al­

gorithm t o (fE , gE ,h E) and compute the matrices ~ 
o f the enlarged system; then, imposing the equa lity 

E E * between r k (rank of Ak) and r k for k = 1, . . . ,k , 

derive conditions on the triplet (A,B,C). The com­
puta tion of Lie derivatives is grea t ly simplified 
being the model to be matched a linear one and will 
be omitted here. After k* = 5 steps of the Al go­
rithm, we find that the cons traint 

CAkB = 0 f or k = 0,1, ... ,4 

is such as t o make the condi ti on ( 11) satisfied for 
all k > O. 

This means that the input-output behavi or of the 
considere d rob ot arm can be made equal via dynamic 
f eedb a ck t o that o f a decoupled linear system con­
stituted by t wo chains of six i ntegrato rs each. I n 
this case (12 ) be comes \'~l(s) = diag{1/ s6, 1/s6 j . Then, 
a dynami c contro ller can be constructed just fol ­
lowing th e a r gur:1e n ts of the pr oof of The orem 2 . The 
obtaine d controller "ill be of order ;> (k *+l) = 12, 
with a dynami cs inherited from the one of the 
matched mo del , Howe ve r , the explicit deriva t ion of 
this con trol l er will be avoided here . 

A~ALYSIS OF THE :10DEL STRCCTCRE 
\ '1,\ SYSTE~l GRAPH 

In order t o e xpl o r e the de co upling problem and the 
possibility of redu cing the dynamic order of the 
cont r o ller we re call the no tion of graph repre­
sentati on of a syste"" introduced by Sitjak (1977) . 

The system graph o f nonlinear system ( 2) is a 
wei ghted oriented graph G(~ , L) , where ~ i s t he set 
of nodes representing the input, state and ou t pu t 
va riabl es and L is the se t o f weighted arcs r e­
presenting the in f luences amo ng variables. 

~lo re pr ecise l y, the ,,;ei ght o f an arc (ui '~ ) is 

given by gki h'here gki is the k-th element of gi; 

the "'ei ght o f an arc ( ~ '''h ) is given by ; fh /3 ,,\ 

wh.ere fh is the h- th eleme nt o f f; the "eight of 

an arc ( "h'Yj ) is given by ; h/ 3"h ' whe r e h j is the 
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j - th element of h. L is constituted by the nonzero­
weighted arcs only. The system graph of the two ­
link planar robot with elastic joints is sho~~ in 
Fig. Harcs in heavy= min imal ;; raph defined below). 

Let d(u .• y.) be the minimal number of arcs of G 
forming'anJoriented path from u. t o y. and let 

1 J 
d

j 
= min d(u

i
•y

j
); define Itn,; th of a pa th the 

number of its arcs. The minimal graph G~l is the 

subgraph of G cons tituted by all input- uu tput paths 
of lenb th d j ending in yj' for each j = 1 ..... , . . 

G~l gives a comple te information on th e dynamic 

structure with respect t o the decoupling property. 
Call weight of a path the product of th e weigh ts 
of the arcs forming the path. The entries a

ji 
of 

the decoupl ing ma t rix are gi ven by the s urn of the 
weights of the paths joining ui t o Yj in G~ (Ka-

sinski and L~vinE= , 1983). In Fig> 1 tht2 !lli ni::J~.d. 

g raph r~vt!Jls that thl:..! decl~uplin~ ::lJ trix h.:.l.s ... )\1L~· 

vue nOI1Zero coiurr'J1 . being thus singular . 

Consider now. in terms of system graph . the effects 
of adding chains of integ rators t u th e inputs of 
the system. Connect one integrator t o input u

i 
i. e. 

ui = ; , t = vi·Modifications occu r in th e graph 

only at arcs ending in state nodes directly con­
nected with u

i
. ~ore precisely. in the new system 

graph the weight of an arc(xk'~)' with x
h 

con­

nected to ui ' becomes 3fh/oxk+~6ghi /d~ . ~ew arcs 

are created if 3fh/d~ = 0 but 3ghi /3x
k 

1 O. As a 

matter of fact. the addition of an integ rator mo­
difies consistently the structure of the graph. 
Further additions of integrators t o the input u

i 
leave the g raph unchanged. 

Figure 1 shows th a t the singul ari ty of the de­
coupling matrix for the two- link a r m is due to 
the fact that both min i mal paths start from input 
u

2
. We may try t o extend the system g r aph with 

properly connected integrators_so as t o build a 
nonsingular decoupling matrix A(x); therefo r e. to 
bring into play input u

l 
we increase the length of 

the paths starting from the second input. Adding 
two cascaded inte g rators t o input u2• the de-

coupling matrix be comes full but is sti ll singular 
due t o the weights on the minimal paths. ~Ioreuver, 

the cascaded addition of further integrato rs does 
not change this situation because it dues not 
change the wei ghts of the minimal pa t hs . 

At this point one possibility in order t o modify 
the g r aph structure is t o apply first a feedback 
transfornatioll , which use th ~ results of ttle pre­
vious section , and then to wo rk on the Obt3ill~d 
gr aph with the abov~ dynaoic ext~nsioll . 

DECOlPU:\G D,:\,\:nC CO:\IROLLER 

~e sa~ that during ~3ch step of the Al go rith:: 3 

particular static feedback is C0~put2d . ~h~n~ver 

the system is stati ca: ly deccupable , tIle feedb3~k 
obtained at the last step is a deco uplin g 0ne. In 
our case (s~c (13» ~e found : 

o 
+ 

_ - f6/ 66-' _ 0 

o 
, '.,'. ll~) 

1; ';6~ _ 

The applicat i on of this feedbac~ la~ t o th~ r obo t 
obviously doe s no t achieve a dec0upled structure . 
However, in the syste~ 

x = [f(x)+ g( x) .i(x)J+[g(x)~(x) JI< = i(x)+ g( x)\, 

Y = hex) 
(IS) 

so ob t ained (see ~ppendix 2) the first output is 

~c - .: " 

decoupled f ro m input w
l

• as shown by the system 

~ r.1ph (s01id arcs only) i!1 rib . ~ . As a :-:13tter 
of fact, the north- west entry of the decoup ling 
matrix ",ill a lways be zero; therefore , it is 
straightforward t o see that four integrators added 
t o the second input g ive a nonsingular decoupling 
mat rix. 

In fact the follol<ing dynamic extension 

'" 1 
v 

1 (16) 
w = : = v., 0 "1 • " 1 "";12 ' "2 ~3 ' ~3 "" 4' ~-'+ 

applied to system (15) leads t o the new system 

f(5<) + g(x);:; 
( 17) 

y hex) hex) 

and th e vector f ields f , gi are given respe c tively 
by: 

f(x)=[xSx6x7xSf5~1(~7+~72~1)(~S+~S2~1):2~3~-'+ OJ
T 

- - -T - T 
; gl (x) , 

g(;:) I - - T I 
'- g2(X ) ~ 

o 0 0 g5 l 0 ... 0 0 -i T 

I 
o 1 J 

In Fig. 2 the dashed arcs represent the added in­
tegrators and the crossba rred arcs a re those whose 
weights a r e modif i ed by the dynamic extension . The 
decoupling ma trix A(x) for system (17) is: 

L-L~ h 
g f 

o 
I 

I 3
e

t 7 d'l" S '\, ! 
! g)-l -, - -,- gso I 
L o Xl oX

3 
- J 

~e can compu t e now the decoupling feedback for th e 
extended system: 

(lS) 

Applying (-'+) and usin g th e explic it expressions of 
the terms involved (see Appendix 2) we obtain: 

,- - D(A3cos "4 + A2 ) DA2 
3(x) = A(x) - I = I 

L 

6 
where D = :\1~2JRZlJRZ2/KlK2' Since Lf hI 

have turther 

~ L.,6 h -
_A(x) - l . i t 1 ' 

, 6 ' o 

o 

0, we 

L Lf h2-' 

",here L~6h, has a rather lon~ and complex expres -t _ 

SiUll , c('rnposed by trigonor:1e tric polynomia ls. Cse 
of symbo lic and algebraic man i pula ti on systems such 
as ~1ACSY~!,\ or REDlC[ is indicated for the easy de ­
rivati on and si~plific3tion 0f tilis term. 

Tile obtain2d controller is 3 dynamical syste~ of 
the forD (5) with inputs v

l
,v 2, outputs u

1
,u2 nnd 

:' - di:c.ensional state ~ = (~1~'~3~) ' described by 
~quati0n of the f0r~ -

-3 

(19) 

\'1 

u I ~l(x . ~) + ~ll ( X)Vl + -l~ _ 

u, +--~ 

b62( x ) " 1 
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The order o f the contro ller has been reduced from 
twelve t o f our by the j oint appli cation o f static 
p r e- fee dback ( 14) , dynamic e xtensi on (16 ) and 
s t a ti c deco uplin g fe edback ( 18) f r om the extende d 
s t a te. The proposed dynami c co ntro ller exhibits a 
f urth e r ni ce pr ope rty. Static feedba ck decouplin g 
c r ea t e s a cl osed- l oop system whi ch has an un ob­
se r vable part with a possibly nonlinear dynamics 

~* ~ x. ~ 
o f di mension n = n - I ( p . + I), see Isidori and 

j=l J 

co-wo rk er s (1981) ; the remainin g part of the syste m 
i s equi va lent t o a linear contro llable and ob­
se r vab le subsystem. In our case we have 01 = 52 = 5 , 

i. e . two chains of six integrators, n = di m x = 12 
and hence il* = 0 , s o tha t the deco upling law is al s o 
a linea rizing one fo r the ex t e nded system. Thus,the 
compos iti on of the contro l l aw ( 19) with the r obo t 
a rm equa ti ons ( 2) y i el d a dynami cal system whos e 
ex t e rnal behavi o r is de coupled and whi ch is dif­
feomo r phi c t o a linea r and controllable system . As 
a matter o f f a c t, in the coo rdina tes 

2 3 4 5 
zl=h l ,z2=Lf h l ,z3=Lf h l , z4=Lf hl,z5=Lf h l , z6=L- hi' 

234 5 
z7 =h 2 ,z8=Lf h2, z9=Lf h 2 ,zl0=Lf h 2,zl1=Li h2 ,zl2=Lf ~ 

th e c l osed- l oo p s ystem is des c ribed by the equa tions 

~ Al 
z = I 

L 

, y 

with the tripl e (Ai,Bi, Ci ), i = 1,2, in Brunovski 
canon i ca l fo rm. 

We conc lud e th a t in the examined elastic rob o t we 
ob t a in, as a byproduc t o f the decoupling , th e full 
s tate linearization . This all ows t o assign all th e 
dynamic behavi or by standard te chniques . 

CONCLUSIONS 

I n this pa per we have shown how non linear mode l 
ma t chin g theory can be appli e d fo r the dynamic de­
co upling control of industri a l r obo ts with j oi n t 
e l as ti city . The e xi s t ence of a deco upling control ­
l er is gua r anteed f or the pl ana r two-link r obo t 
with e lasti c jo ints. The model ma tching approach 
lea ds t o a twelve- urde r dynami c contro ller; th e 
r es u l t ing c l os ed-loo p sy s t em ma t ches the input­
out put behavi or of a pr e s c r i be d de coupled l inea r 
sys t em but incl udes an unobservabl e pa rt with a 
poss ibl y non linear dynami cs. However , the ana lysi s 
o f th e robo t mode l struc tur e a ll ows bo th to r educe 
the o rd e r of t he control l e r down t o fo ur and t o 
fu l ly l i nea riz e the cl os ed-loop s tate dy nami cs . 

~e no t e als o th a t simi la r r esu l t s may be obt a ined 
by means of an al gori thm f o r dynami c st a t e- feedb a ck 
deeoup 1 i ng r eeen t ly pr opose d by Des cus s e and ~lo og 

\198 5) . 
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APPD:DIX 1 

I n this Appe ndix we descr i be t he Algorithm fo r the 
comp uta tion of th e struc t ure a t the i nf i nity o f a 
non linea r system (K r e ne r, 1985) . ~e r ecal l tha t i f 
._ . Rn ... R is a s moo th func tion , i t s di ffe r en t ial d;, 
i s t he 1 x n r ow ve c t o r wi th j-th componen t given 
by '·'/;x

j
. 

Fro m t he co mp onents h I ,'" , h ~ o f the map h on2 con­
s tr uc t f irst o f all th e ( x- de penden t ) subspa ce (o f 
r ow vec t o r s) 

: o ( x) = span ~ dh l ( x) , ... , dh ; \ x) : 

Suppo s e '-'o( x) has di me ns ion so ":: -;. in a nei ghbo r­
hood of a point xO. Then th e r e exi s t s an So ' 1 
co lumn vec t o r --'0 ) ..... 'h ose e ntri es .... Ol , · ··, -"os o a r t! 

en tri es of h, with th e p ro pe rt ies t ha t the di f­
fe r en t ial s d-·-Ol , ... , d"'Oso are line a r l y independen t 

a t all x in a ne i ghbo rh ood of xo . The algor i thm 
cu ns i s t s o f a f i n ite nU2ber of itera ti ons , eaLh 0ne 
defined as f o llo~ s . 

I t eration (k) . Consider t he s k h ~ ~a tr i K Ak (x) 
whose ( i , j) - en try is d ;ki (x)~j ( K ) . Supp ose that in 
a : 1~i;il h ~ r t100d o f xO t he ran~ o i Aklx) is C0ns t an t 
and equal t o rk' Then i t i s possib l e t o f i nd rk 
r ows of Ak ( x) whi ch , fo r all x in a neighb0 r hood o f 
xO , a r e l inea r ly i ndepen den t. Le t P~ = [PJ1 ; P[ 2 1 
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be an sk x sk permutation matrix, such that the r k 
r ows of Pkl~( x) are linearly independent. Let Bk(~ 

be an sk- vector whose i-th e lement is dAki (x)f(x) . 

As a consequence of the assumptions on Pkl , the 
equa ti ons 

(A l) 
Pkl~(x) S( x) K 

(where K is a matrix of real numbers, of rank r
k

) 

may be solved for a and S, an m-vector and an m x m 
invertible matrix whose en tries are real-valued 
smoo th functions defined in a nei ghborhood of xO. 
Set} = g = f+ga and~. = (gS)., 1 < i < m. 

o 1 1 - -

Cons i de r the set of functi ons 

Ilk = {A = L'V Ak ·: 1 < j < sk' 0 < i < m} 
g. J - -

and the two (x-aependent) subspaces (of r ow vectors) 

Qk(x) span{dAkl(x), ... ,dAksk(x) } 

flk(x) span {dA( x): A Ellk} 

Set "k+l (x) = "k (x)+~(x). 

Suppose "k+l (x) has constant di mension sk+ l (-=: sk) 

in a neighborhood of xO. Let Ak+l 1"" , Ak+l , ,sk+l 

be entries of Ak and/or elements of ~ such that 

the differen tial s dAk 1 1"" ,dAk 1 are li-
+ , + ,sk+l 

nearly independent a t all x in a nei ghborhood of xO. 
Def ine the sk+l-vector Ak+l whose i-th entry is th e 

func tion Ak+l,i' 

At each stage of 
cons idered 

This concludes the k-th itera tion . 

the algor ithm t wo integers are 

r k = rank ~(x) . 

Since sk ~ sk+l < n, a dimensionality argument 

shows that there exists an integer k* such tha t 
sk = sk* , r k = rk* for all k -=: k* . The sequence 

{rO,r l , ... } provides the so- ca ll ed structure at th e 

infinity assoc i a ted with th e triple t (f , g,h). 

APPENDIX 2 

\-le report here the dynami c model of a two-link 
r obo t arm with joint elas ticity, whose possible 
configurations lie in a vert ica l plane: 

2 T 
~ = f(x) + I g . (x)u. , y = h (x) = [x

2 
x4 ] 

i=l 1 1 
with 

f(x) = [xS x6 x7 Xs f 5 f 6 f 7 fS] 
T 

_ r gl (XlJ _ ro 
0 

0 0 gS l 0 0 0 r 
g (x) - ! T - I 

0 0 
I 

i... g2(x) ,..0 0 0 g62 g72 gS2...J 
where 

Cl 

A,/CJ l -2 2 2 
(A3cos x4- A A2+A2) /J RZ~ ' 1 

- -"';2/":; 1 

(~lx2- xl)C1Kl /~~ 
~ [Kl ( ~ l x2- xl ) +Nl AScos x2 + ~l w3 ]~ ;A2 
+[ K2A2(~2x4- x3) - (K2(~2x4- x3)+~2CJ 3)~2~21~1 

- [ x~"'2 +A 2 Xs (2x6 +xs) ] N 1 N~A3 s in x4; / ~ 1 "JCJ l 

( [x~'"' 2 +A2 Xs (2x6 +xs) ] N 1 N~A3JRZ2S ~n x4 
- [Kl (N l x2- xl)+~lAsCOS x2 +Nl w3 ]NiA2JRZ2 

u, 

-[ K2(A~COS2X4+A~-A1A2)(x3-N2x4) 
. ? 

+ (K2(x3-N2x4) -N2oo 3)N2W2JRZ2]~1; /X1X~- lJRZ? 

{ [x~ (~ - 2 + Al - JRZ 2 - 2A2) +XS (2x6 +xs) .0.12] A3''l ~~s inx4 

-[ Kl (Nlx2- xl) +N1AsCOS x2 + Nl~3 ] N~w2 
-[ (K2(x3- N2x4) - N2w3)N2(2w2 +Al-JRZ2- 2AZ) 

-K2(x3-N2x4)w2 ] Nl}/"lN~w l . 
We defined for compac tness the following t erms : 

w 
2 

2 2 
A3 cOS x4 
A3cOS x4 
A4cos(x2 

+ A
2

(JRZ2 
+ A2 

+ x4 ) · 

At join t i, ~i is the reducti un rati u of 

the gear box, Ki is t he elastic cons t an t, JRZ , is 

th e inertia of the rotor. The constants Al , A2,· . ,AS 
and Cl inc l ude all the data of t he robot (mass and 

inertia of links and ro t ors, leng th of links and 
the ir mass center). 

Fina lly we collect here th e expressions of the 
vecto r fields 1 ,g i comput ed with the Al go rithm: 
'V 'V 'V T 
f(x) = f(x)+g(x)a(x) = [x

s x6 x7 Xs fs 0 f7 fS] 

g(x) = g(x) S(x) = [: 
0 0 0 0 0 0 

oT 
gs l I 

'V 
gS2 J 0 0 0 0 1 g72 

where 
'V 2 2 
g72 = g72/ g62 = [(A/A2)cos x4 +A2- A1] /JRZ 2 'V 
gS 2 = gS/g62 = - (1+(A/A2)cos x4 ) 

17 = f 7- f 6g 72 = (N2A2Klxl-N 1K 2w 2x3)/A2~lN2JRZ2 
+ ( A3sinx4[x~w2+A2x8(xS+2x6)] 
+00 2 [w3 +K 2 x4] 

- A2 [oo 3+Ascosx2 +Kl x2 ] }/A2JRZ2 

1S = f S - f 6g S2 = - [ A3N2x~s inx4 +N 2OO 3 +K2 (N 2x4 - x3) ] /~2A2 . 
We note expli ci tly that 16 = 0 and that 1S i s a 

function of x2,x3 , x4 and x6 only; this is refl ec­
ted in the system graph of Fig . 2 . 
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