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Abstract, The paper is concerned with dynamic control of robot arm with non negligible
joint elasticity. In this case nonlinear control techniques based on decoupling and
nonlinearity compensation via static state-feedback cannot be applied for the most
common robot structures. This is because the mathematical model associated with these
structures is such that the necessary and sufficient conditions for the existence of

the decoupling control laws fail to hold. Motivated by these facts, the problem of using
a dynamic state-feedback is considered. The main purpose of the paper is to show that
one can design a dynamic state-feedback compensator, which makes the external behavior
of the controlled robot identical to the one of a prescribed decoupled linear model. The
particular example considered is a planar robot arm with two elastic joints.
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INTRODUCTION

The problem of decoupling the dynamics of robot
arms via static state-feedback has received large
attention in the last years and is an appealing
approach for achieving a complete control of the
external behavior of an anthropomorphic manipulator.

For robots with rigid joints this control technique
has been labeled in a number of different ways in
the past (see e.g. Brady and others, 1982) and it
has been shown that the resulting control is robust
(Nicosia, Nicold and Lentini, 1981); moreover the
nonlinear decoupling has the nice property that it
completely linearizes the state dynamics (Tarn and
others, 1984).

For robots with elastic transmission between
actuators and arms, as belts or harmonic drives,
the effect of joint elasticities is such that the
decoupling technique cannot be applied for the most
common robot mechanical structures. This is because
the mathematical model associated with these struc-
tures is such that the necessary and sufficient
conditions for the existence of a decoupling law fail
to hold.There are special but rather unusual me-
chanical structures for which such conditions hold
(De Simone and Nicold, 1985); however, in these
cases, the computation of the relevant control laws
is quite cumbersome. In alternative, an approximate
decoupling may be obtained using a controller based
on singular perturbation theory as done by Ficola,
Marino and Nicosia (1983).

In this paper we show that exact decoupling can be
achieved for robot with elastic joints via the non-
linear model matching theory developed by Di Bene-
detto and Isidori (1984). In this case the resulting
control law is a dyvnamic state-feedback which makes the
external behavior of the controlled robot identical
to the one of a prescribed decoupled linear model.
Moreover,we show that the system graph representa-
tion of Kasinski and Levine (1983) gives a fruicful
insight into the model structure, thus allowing re-
duction of the dynamic order of the controller and
complete linearization of the state dynamics.

MATHEMATICAL MODEL OF ELASTIC ROBOTS
AND STATIC DECOUPLING TECHNIQUE

The mechanical structure of a robot is constituted

[s1}
(&1

by N+l bodies interconnected through N joints. The
body between two joints is called a link. The joints
are activated by motors with transmission gears or
belts; when the links and the transmissions are
assumed to be rigid the dynamical behavior is that
of a chain of N rigid bodies. In this case the
equation of motion in matrix form is

q = B Im()-e(@)-c(q,d)] $9)
where q 1s the N-vector of joint variables giving
the relative displacement between two adjacent
links, B(q) is the N x N inertial matrix, m(t) is
the N-vector of generalized forces delivered by
the motors, e(q) is the N-vector of conservative
forces and c(q,q) is the N-vector collecting
centrifugal and Coriolis forces.

When the transmissions are not rigid the N actuat-
ing bodies of the motors are elastically coupled
to the driven links; therefore the dynamical be-
havior is that of 2N rigid bodies with only N actuated
bodies and the others transmitting elasticity; this is
the case of interest here. The equation of motion
in matrix form is still eq. (1), but with the fol-
lowing peculiarities:

- the number of second order equations is 2¥;
- g is a 2N-vector in which q,; denotes the dis=

placement of link i w.r.t. link i-1 and q,, ;

denotes the displacement of the driving body of
joint i w.r.t. link i-1, for i = 1,...,N;

- B(gq) is the 2N x 2N inertial matrix of the 2N
rigid bodies;

- e(g) and c(q,q) are 2N-vectors and e(g) includes
the effects of elasticity;

- m(t) is a 2N-vector with the even components
equal to zero.

Starting from mechanical parameters, the model (1)
is given automatically by the DYMIR code both for
rigid and elastic robots (Cesareo, Nicold and Ni-
cosia, 1984). Eq. (1) may be rewritten in the
standard form

x = £(x) + g(x)u 2
y = h(x) @
with state x = |:xT xTJT = |qI &_T ;Te,x = Rn, input
p v . -

ue R™ and output yER®. In the elastic case n=4N,
m =L = N, The vector f and the m columns BpaveaBy
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of the matrix g are smooth vector fields defined on
an open subset of R"; the expressions for f and g
are given by:

X, 1
f(x) - | =1 ’ »
L-B(x) [c(xp,xv)+e(xp)] d

r 0

| =l... r|l1];
I B(xp) dxagi[o}l
1.

Moreover, in (2) h is a smooth vector-valued func-
tion; in our case the output y may be defined as
the vector of link displacements Xpp =y

(i =1,...,N). The input u collects only the non-
zero components of m(t).

glx) =

An attractive approach to the control of nonlinear
systems is the one based on decoupling state-feed-
back laws. The svazic state-feedback decoupling
problem is defined as follows; given a system in
the form (2), find a feedback w(x) and a state de-
pendent change of coordinates B(x) in the input
space such that the closed-loop system formed by
the composition of (2) with

u = oa(x) + B(x)v (3)

has the i-th output dependent only on the i-th
component of the new input.

The problem is now well understood (Isidori and
co-workers, 1981; Sinha, 1977); the basic concepts

of decoupling theory are summarized in what follows.

Given a vector field f on X and a smooth function h,
recall that the Lie derivative of h in the direc-
tion of the field f is the function
_ 4 oh oh
th = Qg;” i g;—)f.
v " k k-1
The k-th order Lie derivative is th =Lf(Lf h)
while L2 h = h.
Definition 1. The characteristic number Dj associa-—
ted with the output y. is the largest integer such
that for all k < pj

L Lkh.=0, viE€{l,...,m}.
g; £
L

In the nondegenerate case (pj # o, ¥j) we have:

lefinizion 2. The decoupling matrix A(x) associated
with the system (2), with m = &, is the £ x L
matrix with smooth entries
&

(x) =L L_"h..

g, £ ]
The main result of static state-feedback decoupling
theory given by Isidori and co-workers (198l) is:

a..
J1

: A necessary and sufficient condition for
the existence of (2,2) which solves the decoupling

problem is that the decoupling matrix A(x) is non-

singular.

When Theorem 1 applies, a possible decoupling con-
trol is given by (3) with:
. -1 1 (31"‘1) (s=-+1)
a(x) = -A(x) col:l | ) h,}
f 1 L i
: =4 (4)
2(x) = A(x)

It has been shown (Freund, 1982; XNicosia, Nicold
and Lentini,1981; Tarn and others, 1984) that for
the rigid robot the corresponding matrix A(x) is
nonsingular so that (4) provides a solution to the
decoupling problem. On the contrary, in the elastic
case considered here the matrix A(x) is in general
singular (De Simone and Nicold, 1985), except for
particular mechanical structures. We will see later
on that the condition of Theorem 1 fails to hold for
a configuration present in most robuts. As a
consequence, static state-feedback is no longer

sufficient in order to solve the decoupling pro-
blem when joint elasticity is taken into account.

MODEL MATCHING
VIA DYNAMIC STATE FEEDBACK

In this section we summarize some recent results
concerned with the use of dynamic feedback com
pensation in order to match a prescribed input-
output behavior and we find, as a byproduct, a
sufficient condition for decoupling via dynamic
feedback.

A dynamic state-feedback is a control mode in which
the inputs Upseee,u are related to the state x of

the process (2) and to other input variables
Vi,...,V by means of equations of the form
1 H

£ = a(x,8) +b(x,8)v

u = c(x,E) +d(x,E)v.
These equations characterize a dynamical system —
the state-feedback compensator - whose state £

(5)

evolves on an open subset of Ru. The v =1 wvector
a(x,£), the vxu matrix b(x,£), the mx 1 vector
¢(x,E) and the mx y matrix d(x,£) have entries
which are smooth functions defined on an open sub-
set of R x RV,

The composition of (2) with (5) defines a new
dynamical system with inputs vl,...,vp, outputs
Yiseea¥y and state x = (x,£) given by equations
of the form

=R * 2@V

. (6)
¥ = h(X)
with
R E(x)+g(x)e(x,8)] _ g(x)d(x,E)
£(x,8) = ,8(x,8) =
a(x,£) b(x,8) |’

f(x,E) = h(x)

We shall see that dynamic compensation enables us
to match, if some conditions are verified, a pre-
scribed behavior between inputs and outputs in the
composed (closed-loop) system (6). In particular,
we will be able to obtain a response of the form

t
y(t) = (e, (x°,E%)) +J WH(tvt)v(t)dt (7
[s]
where w“(t) is the impulse-response of a fixed
linear model
z =Az + B
z z v (8)
y =Cz
On the first term Q(t,(xo,io)) of the right-hand-
side of (7), which corresponds to the zero-input
response (and clearly depends - possibly in a non-

linear manner - on the initial state), we do not
impose at this point any particular constraint.

If the process (2) and the compensator (3) were
linear, then a well known necessary and sufficient
condition for the existence of solutions to this
problem would be the one based on the comparison
of the behavior of the transfer functions of the
process and of the model as s + = (Malabre, 1982).
We recall that the behavior of a strictly proper
transfer function W(s) for s + = is fully de-
scribed by the so-called Smith-McMillan factoriza-
tion at the infinity (Dion and Commault, 1982).

wW(s) = Q(s)A(s)P(s)

in which Q(s) and P(s) are biproper rational ma-
trices (i.e. proper rational matrices with an in-
verse which is also proper) and
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M) =diagil, =, I, —,...,I. —, O}
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The sequence iél,ﬁ,,...} is said to characterize

the structure at infinity of the given linear
system. Sometimes, one considers a sequence
1r0,rl,...j related to the former in this way
i>1 (9)

To 9 v TiTOa T T4y

(3

and whose computation is rather easy on a realiza-
tion (A,B,C) of the transfer function W(s).

If the process to be compensated is nonlinear, one
may still establish a sufficient condition for the
existence of solutions to a model matching problem
by means of a suitable extension of the notion of
structure at infinity, see Nijmeijer and Schumacher
(1985). This extension, which is based upon the
consideration of the so-called maximal controlled
invariant subspace Algorithm of Isidori and co-
workers (1981) and is described in full in Appendix
1, associates with any nonlinear system of the form
(2), i.e. with any triplet (f,g,h), a string of
integers {ro,rl,...} which shares much of the pro-
perties of the sequence defined by means of (9).

A (sufficient) condition for the solvability of the
problem of matching the external behavior of a pre-
scribed linear model can be found in the following
way. With the given process (2), i.e. with the
triplet (f,g,h), we associate its structure at the
infinity {rg,ry,...}. Moreover, from the triplet
(f,g,h) and from the triplet (A,B,C) which charac-
terizes the model to be matched, we define an
enlargzd system as follows

= f(x) + g(x)u
z = Az + Bv

e = h(x) - Cz.

B

These equations may be written in more condensed
form as

3 = BBy + gB(aByf

(10)
e = hE¢E)
: E _ E _
letting x = (x,z), u = (u,v) and
CEx) 7] [e(x) 07
F(x,2) =| | . ey | J
L Az | Lo B

hE(x,z) = h{x) - Cz.

With the triplet (fE,gE,hh) we associate the struc-
ture at infinity, denoted irg,r%,...}.

The coincidence between the structure at infinity
of the triplet (f,g,h) and that of the triplet

(fL.gE,hE) is exactly the condition we were looking
for, As a matter of fact, the following result has
been shown to hold.

Thecwem 2, Let (f,g,h) and (A,B,C) be given. If

£ _

o= (11)
for all k > 0, then there exists a dynamic feedback
compensator under which the input-output behavior

of (2) becomes of the form (7) with H%(t)=C exp(AL)B.

The proof of this Theorem, which is constructive,
mav be found in Di Benedetto and Isidori (1984). It
may be worth observing that the compensator (3)
thus determined incorporates the dvnamics of the
model to be followed (i.e. £ = AZ+Bv). In particu-
lar, its dimension . is equal to that of the linear
model.

The conditions provided by this Theorem may be used,
in particular, in order to check the possibility of
matching the external behavior of a linear model
with transfer function

ot
=1

Wy () = [diag[li 5_15}' oJ (12)

where § is a suitable integer.

The external behavior of a linear system with
transfer function (12) is clearly decowried. Thus,
the dynamic state-feedback compensator which

enables us to match this model is such as to impose
a decoupled behavior between inputs and outputs.In
the closed-loop system, each component of the out-
put is influenced only by the corresponding com—
ponent of the input, independently from the specific
form of the zero-input response Q(t,(x%,59)).

APPLICATION OF THE MODEL MATCHING
THEORY TO THE ROBOT ARM

In this section we describe the application of the
previous theoretical results to the problem of
controlling a robot arm with elastic joints. In
particular we will consider as an example the two-
link planar robot arm whose complete mathematical
model is described in Appendix 2.

By means of the Algorithm of Appendix 1 we will
first compute the sequence {ro,rl,...} and then
see that it is possible to match a linear model
with transfer function of the form (12), with

§ = k*+1. This is done by imposing the same struc—
ture at infinity of the original system on the
system (10) which includes the model to be matched.

We begin with the computation of the sequence
[ro,rl,...} for the triplet (f,g,h) which describes
the robot arm system. In the initial step we make
use of the output functions h1 = Xy, h2 = %, we
have
01000000
i = spi{dh, ,dn,} = sp{ }
2 L 00010000

so that s_ = dim @ =2, and A = [hl,hZ]T.

To start the O-th iteration we need to find r, i.e.
we just have to compute the rank of the matrix

dhl
A= dloog = i 8 8 |l = gu= B e 0.
2 4
Since r, = 0, the equations (Al) in Appendix 1 are
trivial, To construct {j we have to take functions
from the set A ={L,h,,L h.; i=1,2; j=1,2} such
o £73%7e; ]

that their differentials are linear independent
with respect to each other and to the set of dif-

ferentials which span io' Since we have thl = Ky

thz = g, Lgh = 0,we obtain directly
Q000010 0}
2 L @ spidi h,,dL h,:=01 @ sp{ v

& o Bl e 0000000 1/

and hence s, = dim .".l =

4.
A = [hy,hy,L b Loho]T.
1 FEE L2
In the l-st iteration, rj is given by the rank of
the matrix

Thus, we set

00 0 0'|'r

-r, =1,
00 ggy Bgr

Al = d*l'g = L
At this point consider the 4 by 4 permutation
matrix Py with Py;= [0 0 1 0] which is such that
P11A] selects r] linearly independent rows from Aj.
In this case rj = 1 and the third row of A; is

‘ = 43 «fm 2 T
chosen. Define further By = 1:1.-1 f [xbhaféfs] and

solve for an m—vector x and an m X m invertible
matrix 2 (m = 2) the equations
T I o

12
P oAl |==-P,.B Ayt ) t=K= [0 1]

5 DA i X L R b .
e -
L% ] ! P08

Th

-

where for K we can choose any matrix of real num

bers of rank equal to £ We obtain:
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3 = 0y 3 =Ee/Bgpi3y) " 1i3ys = Lggpn3)5 =2y =0
from which we can construct a static feedback law
u = a(x) + 3(x)w (13)
that gives the new vector fields i= f+ga, gi = Lgi)i
(see Appendix 2). Xext,
functions from the set

=LAl R, L (Loh); & = 1,25 § = 1,2}
§ileh;y) £; )i 3

select a maximal number of

1
with linearly independent differentials,
that th = L?h, we have

Neting

v

2. . - ~ Lyh.= Ly Loh. =
Lf hl =0, Lf h2 = fS’ Lélthl Lélthz a;
L, L = b Ly = g
so that the only candidate is L}th since Es, de-

co ; 3}8 5
] ] sp:dL? hZ; =% @ spl0 * 833 *0 % 00!

pends on x; only. We obtain in fact

where (&}SfaxB) = Kzfxzﬁz # 0 assures the linear

independency of the new row w.r.t. the previous
ones (% denotes non relevant terms). So Sy =dim!12-
=5 and A, = [hl,hz,L}hl,L}fhz,L}.th]T.
For the 2-nd iteration
r ST
. B2 B2  *d
Again we need to find (o,3) as a solution of a
matrix equation similar to the one considered in
the previous step. However, as long as ryp = 1 we
obtain the same (a,B) i.e. the same f,g and so we
will bypass this part of the computations; thus,
the new searching set is:

g 2 2 2
Ay = {Lp(Ly hz).L‘gl(L} hz),LEZ(mf hz)}.

ropy = 1

We have
) T 2N _ .
LglL} hz —O.LEZL? hz—afafaxsw 2 (hBIAz)xBSLn Xy
¥ e e Ty

Lf h2 —(dfsfsxz)x6+(3?828x3)x?+(df313xﬁJx3

and then , 3¥

® spidlyh,” ® spi0 * 0 % 0 *

o

*

=1
7‘2
s0 that s,=dimd, =6, A.=(h, h,,Lvh, ik 1nt

3 Meig = 0y Ag=lhy Rg s Lighy s Ly - oo Ly o1

,'.3 = .'.2

)
»
(9]

The 3-rd step of the algorithm starts computing
"000000" 7

Ay = digeg = _0O0%*x%x_ 37 L,

Furthermore
L L) B (R Ly (Lohy)
i1 £0F T2 FNgrang WRRTate
where L- I_‘3
B, £
g1 ¥g o§1y, while

P | : ; -
h2 =0, ngLf h2 is a function of Xoy ¥y,

e mea¥ rse V€ g
Lf h2 (_Lsf.x3).? -(xz,xs,xa,xé,x?,xa).
Notice that (}f?f&xl)= lelequ #0; thus, we :chtain
:fs =E

< . e - ; 7 .
L $5p.dL£ hz_—.j&sp.(—:‘x e IEE N

3

wrr . _ ; -4 T
and s, =dim =T, :_,‘=[h1h2‘{.fhl,l.fh2...Lf h.‘i] i
In the 4-th step,
0000000°
00 % *& *x % *%

T
+r, = 1.
4
In ...,constructed similarly to the previous steps,
5 =

the only function which depends on x. is L})h,;
3 3 £ =2
this has the form

.3 <E 0 ! g
Lf h3=t:f81:x3J't::?f:xl)x5+.[xl,xz,xj,x;,xb,x?,xs)

and we have that

3}‘8 af
@ spik* **(TT)** * 1},
i e

Thus, sg = dim 55 = 8 = dim x and hence the Algo-

- PO N
) L] sp.de hl.—_

4

rithm stops at k* = 5. Last we have to compute the
rank of the matrix g

5t 3t
000000 0 (g, — =17

. [ 51 3x, 9x
r\s = d.‘.s'g=l 3 1 |
I.P Q g6258:¥ * * |

which gives r, 4, = 2.

k*
Notice that, for the particular example considered,
we have found that the set of functions whose dif-
ferentials span ;k*‘ is obtained by taking the Lie

derivatives of the system vutputs only with respect
to the vector field f; these functions may be used
to define a new set of local coordinates in terms
of which the system is described by much simpler
expressions.

To conclude this section, we consider the problem
of finding what kind of linear and decoupled model
it is possible to match., Let the linear model be
expressed in the parametrized form (8), with the
condition that chkbi =0, ¥k if 1 # j, i.e. having
a decoupled structure of input—output channels. The
model matching problem is solvable if the enlarged
system(robot arm plus model, see (10)) has the same
structure at the infinity as the original system
(the robot arm alone).
The procedure is then the following: apply the Al-
gorithm to (fE,gE,hE) and compute the matrices AE
of the enlarged system; then, imposing the equality
: *

between rE (rank of AE) and T for k = linvssk 5
derive conditions on the triplet (A,B,C). The com
putation of Lie derivatives is greatly simplified
being the model to be matched a linear one and will
be omitted here. After k* = 5 steps of the Algo-
rithm, we find that the constraint

Ca¥B = 0 for k =0,1,...,4
is such as to make the condition (1l) satisfied for
all k > 0.

This means that the input-output behavior of the
considered robot arm can be made equal via dynamic
feedback to that of a decoupled linear system con-—
stituted by two chains of six integrators each. In
this case (12) becomes Wy(s) =diag{l/s”,1/s°;. Then,
a dynamic controller can be constructed just fol-
lowing the arguments of the proof of Theorem 2. The
obtained controller will be of order a‘(k*+1) =12,
with a dynamics inherited from the one of the
matched model. However, the explicit derivation of
this controller will be avoided here.

ANALYSIS OF THE MODEL STRUCTIURE
VIA SYSTEM GRAPH

In order to explore the decoupling problem and the
possibility of reducing the dynamic order of the
contreller we recall the notion of graph repre-
sentation of a svstem, introduced by Siljak (1977).

The svstem graph of nonlinear system (2) is a
weighted oriented graph G(N,L), where N is the set
of nodes representing the input, state and output
variables and L is the set of weighted arcs re-
presenting the influences among variables.

More precisely, the weight of an arc (ui,x') is

given by o where g 1s the k=th element of 8:3
the weight of an arc (xk,xh) is given by :fh/’xk
where f, is the h-th element of f; the weight of

h
an arc (xh,yj) is given by :hj/:xh, where hj is the
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j-th element of h. L is constituted by the nonzero-
weighted arcs only. The system graph of the two-

link planar robot with elastie joints is shown in
Fig. l(arcs in heavy= minimal zraph defined below).

Let d(u.,y.) be the minimal number of arcs of G
forming an-oriented path from u; to yj and let

dj = min d(ui,yj); define lenzth of a path the

number of its arcs. The minimal graph G,  is the

1
subgraph of G constituted by all input-output paths
of length dj ending in y., for each j=1,..,.,..

Gﬁ gives a complete information on the dynamic
structure with respect to the decoupling property.
Call weight of a path the product of the weights

of the arcs forming the path. The entries aji of

the decoupling matrix are given by the sum of the

weights of the paths joining u; te yj in GM (Ka-

sinski and Levine, 1983). In Fig. 1 the minimal
graph reveals that the decoupling matrix has only
one nonzero column, being thus singular.

Consider now, in terms of system graph, the effects
of adding chains of integrators to the inputs of
the system. Connect one integrator to input u; i.e.
u; = N vi-Hodifications occur in the graph
only at arcs ending in state nodes directly con-
nected with u; . More precisely, in the new system

graph the weight of an arc(xk,xh). with X, con=

nected to uss becomes thf5xkfiéghif5xk. New arcs
it 3f.fax = dg, . /3 ’

are created if afh/axk 0 but 3g./3x, # 0. As a

matter of fact, the addition of an integrator mo-
difies consistently the structure of the graph.
Further additions of integrators to the input uy
leave the graph unchanged.

Figure 1 shows that the singularity of the de-
coupling matrix for the two-link arm is due to
the fact that both minimal paths start from input
U We may try to extend the system graph with

properly connected integrators so as to build a
nonsingular decoupling matrix A(X); therefore, to
bring into play input up we increase the length of

the paths starting from the second input. Adding
two cascaded integrators to input u,, the de-

coupling matrix becomes full but is still singular
due to the weights on the minimal paths., Moreover,
the cascaded addition of further integrators does
not change this situation because it doues not
change the weights of the minimal paths.

At this point one possibility in order to modify
the graph structure is to apply first a feedback
transformation, which use the results of the pre-
vious section,and then to work on the obtained
graph with the above dynamic extension.

DECOUPLING DYNAMIC CONTROLLER

We saw that during each step of the Algorithm a
particular static feedback is computed. Whenever
the system is statically deccupable, the feedback
obtained at the last step is a decoupling one. In
our case (see (13)) we found:
B 1 0
=a(x)+z(x)w = T We o Ll=)
“TiglBea. L0 Mgl
The application of this feedback law te the robot
obviously does not achieve a decoupled structure.
However, in the system

x= [f()+alx) ax) I+lalx) 3(x) 1w=}'tx)+§t xhw

y=hix)
so obtained (see Appendix 2) the first output is

(13)

decoupled from input w as shown by the system

l’
craph (selid ares only) in Fig. 2. As a =Datter
of fact, the north-west entry of the decoupling
matrix will always be zero; therefore, it is
straightforward to see that four integrators added
to the second input give a nonsingular decoupling
matrix.

In fact the following dynamic extension

¥i T (16)

\'-'2 = ;l‘
applied to system (13) leads to the new system
§= 1R + 2@V
y = h(X) = h(x

where the extended state ¥ is defined as
T

(17)

X = [xlx:...xsgl...iq]

and the vector fields ?.gi are given respectively
by:

=g & g W T i T
I(Xj=[h§x6x?x3f5’l(E?+g?2;1)(f8+882°1)72’3 5 0]
b o T
o 'gl(x)T, I00005510...OOI
H(‘)= - -\.TI‘I ]
LS 0o o T R

In Fig. 2 the dashed arcs represent the added in-
tegrators and the crossbarred arcs are those whose
weights are modified by the dynamic extension. The
decoupling matrix A(X) for system (17) is:

A= LgL—?h = o Loy
] p 2 |
| & _fiif:fi B |
LooL axg exg a2 |

We can compute now the decoupling feedback for the

extended system:
V=B o+ 3@ (18)

Applying (4) and using the explicit expressions of
the terms involved (see Appendix 2) we obtain:

z)

_ _ _ T -D(A,cos x, + AL) Daqj
HE I E R A <

i 1 0 ]

[ 6 _—
where D = N]XEJRZIJRZEIKIKQ. Since LE hl =0, we
have turther
_ = 2y :-'I.?bhl‘-l I_-D;\.)L?Gh.,_‘

2(m) = =A(x) ! 6 IE - i
LLlzths o L 0 i

6
where L? h, has a rather long and complex expres-
sion, composed by trigonemetric polynomials. Use
of symbolic and algebraic manipulation systems such
as MACSYMA or REDUCE is indicated for the easy de-
rivation and simplification of this term.
The obtained contreller is a dynamical svstem of
the form (3) with inputs VisVys QULPULS U, U, and

2 s [

+=dimensional state ; = ( ), described by

equativn of the form

=p=245;

:;1 S

3T 33

¥ oA (19)
S = Y

Ul L hlkx,g) + :lltxjvi + ;1J“~

3 5bltx) 8g5 ) =1

- 4 - 6 = - -
with 4= -DAJQL} h:) » ST -D\.ABc.us N * A_,) ,;1:—9.-\3.
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The order of the controller has been reduced from
twelve to four by the joint application of static
pre-feedback (14), dynamic extension (16) and
static decoupling feedback (18) from the extended
state. The proposed dynamic controller exhibits a
further nice property. Static feedback decoupling
creates a closed-loop system which has an unob-
servable part with a possibly nonlinear dynamics
X
of dimension ﬁ* =qn- E (5,
j=1
co-workers (1981 ); the remaining part of the system
is equivalent to a linear controllable and ob-
servable subsystem. In our case we have 51 n52 =35,

+ 1), see Isidori and

i.e. two chains of six integrators, n = dim % = 12
and hence n* =0, so that the decoupling law is also
a linearizing one for the extended system. Thus,the
composition of the control law (19) with the robot
arm equations (2) yield a dynamical system whose
external behavior is decoupled and which is dif-
feomorphic to a linear and controllable system. As
a matter of fact, in the coordinates

zl=h1,z =L 3—Lf2h Q-Lfahl,zb =L- 5‘h

4
T M%7LF v
z.=h,,z,=L= h =L= h z. =L= 3h 4
7 %y 20297 20 %107 F 21075 B2yl 5

the closed-loop system is described by the equations
i B ¢y 7

| z + vV,y= Jz

L A, B, c,

with the triple (A B‘,C ), i = 1,2, in Brunovski
canonical form.

Zo=

We conclude that in the examined elastic robot we
obtain, as a byproduct of the decoupling, the full
state linearization. This allows to assign all the
dynamic behavior by standard techniques.

CONCLUSIONS

In this paper we have shown how nonlinear model
matching theory can be applied for the dynamic de-
coupling control of industrial robots with joint
elasticity. The existence of a decoupling control-
ler is guaranteed for the planar two-link robot
with elastic joints. The model matching approach
leads to a twelve-urder dynamic controller; the
resulting closed-loop system matches the input-
output behavior of a prescribed decoupled linear
system but includes an unobservable part with a
possibly nonlinear dynamics. However, the analysis
of the robot model structure allows both to reduce
the order of the controller down to four and to
fully linearize the closed-loop state dynamics.

We note also that similar results may be obtained
bv means of an algorithm for dynamic state—feedback
decoupling recently proposed by Descusse and Moog
11983).
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APPENDIX 1

In this Appendix we describe the Algorithm for the
computation of the structure at the infinity of a
nonlinear system (Krener, 1983). We recall that if
“:+ R? - R is a smooth function, its differential dx
is the 1 * n row vector with j-th component given
by ..I.xj.

From the components hjy,...,h; of the map h one con-
struct first of all the (x-dependent) subspace (of
row vectors)

(x) = gpan -dh Lx),...,dhllxi:

Suppose ..,(x) has dimension sy < & in a neighbor-
hood of a putnt %9, Then there exists an Sp M1
colum vector .5, whose entries “glseees’ Oso are

entries of h, with the properties that the dif-
ferentials dEOL....,d?Oso are linearly independent

o
at all x in a neighborhood of x°. The algorithm
consists of a finite number of iterations, each one
defined as follows.

Iteration (k). Comsider the sy ~ 7 matrix Ap(x)
whose (i,])- eatry is d= kl(\)h (x). Suppose that in
a neignborhood of x° the rank of Ag(x) 1s constant
and equal to ry. Then it is possibie to find ry
rows of Ap(x) which, for all x in a_neighborhood of

x0, are linearly independent. Let PT -[PTL: PI 1

lg)



Dynamic Control of Robot Arm 61

be an S X 5 permutation matrix, such that the T,

b : :
rows of klx\k(x) are linearly independent. Let Ek(m

be an sk-vector whose i-th element is dlki(x)f(x).

As a consequence of the assumptions on Pkl‘ the
equations
P (x)a(x) = -P, B (x)
klAk ki k (A1)
P RIB(x) = K

(where K is a matrix of real numbers, of rank rk)

may be solved for a and B, an mvector and an m*m
invertible matrix whose entries are real-valued
smooth fgnctions defined in a neighborhood of x9.
Set ¥ = g™ f+gn and Ei = (gB)i, 1<i<m

Consider the set of functions

l\kﬂ [?\=L§’lkj: K
and the two (x-aependen:) subspaces (of row vectors)

Qk(x) = span{dlkl(x),...,dkksk(x)}
: AEALS
Set Qk+1(x) = Qk(x)+9£(x).

Suppose Qk+1(x) has constant dimension sk+1(-isk)

1<j<s,0<1ic<m

Qi(x) = span{dAi(x)

. 3 o
in a neighborhood of x . Let Xk+1‘1,....Ak+1’sk+l

be entries of Ak and/or elements of ﬂk such that

the differentials dA «ydh are li-

k+1,sk+1

nearly independent at all x in a neighborhood of x°.
Define the s, -vector Xk+1 whose i-th entry is the
function Ak+1,i
At each stage of the algorithm two integers are
considered

k1,10
. This concludes the k-th iteration.

S, = dim Qk(x), 6, = rank Ak{x).

Since s, < s ., <n, a dimensionality argument
shows that there exists an integer k* such that
S, T Sk, T =¥ for all k :_k*. The sequence
{ro,rl,...} provides the so—called structure at the
infinity associated with the triplet (f,g,h).

APPENDIX 2
We report here the dynamic model of a two-link
robot arm with joint elasticity, whose possible

configurations lie in a vertical plane:

2
X = f(x) +_z gi{x)ui , ¥y =h(x) = [x2 xﬁ]I

with i=
_ T

f(x) = [Ks xg X5 Xg fo £ £ fsl

fg,0'] [0ooog, o 00 i

51 !

g(x) = = |

LE(x) ] 0000 0 g, 8y; Bgp
where
&, = ¢

B2 = Aalvy 5
87, = (AJcos™x, —A A, *AD) /JRZ .

1
Bgy = Twalwy X
£, = (Npx,x))6,K /N] ;
£, = t[K (Nyx,mx) )N  Agcos x; + X wa]Nod,

+[K%A2(Nzx4—x3)'(K2(X xg—x3)+N2J3)x2~2]xL
- . N i YN %2y
[xg“2+32x3(2x6+x8)]th%A351n X, 7N N5
f? = :lx6‘2+ﬁ2x8(2x6+x8)]NINEAJJRZESi" %4

-IKl(Slxz-x1)+NIA5cos x2+51w3]N2A2JR22

B [Kz(Agcoszxah&g-Alﬁz) (xy=Npx)
(K (xq7N,%, ) =Nw )Ny JRZ ) IN, /N N5 JRZ,
£y »-{lxgitds; +Al-JM2—2A2)+x8(2x6+x8J~2]A3§;lX§sinx4
-[Kl(xlxzvxl)+xlﬁscos %, +Nl*3]N%~2
—[(Kz(x3—N2x4)—N2u3)X2(2'.42+A1-JR22-2A:)
3"“2"5.)“’2]"'1”:"155*1'

We defined for compactness the following terms:

~K2(x

2 2
w = Ascos™x, + ﬁZ(JRZ2 + A2 - AI)

3
Wy = A3c05 %, + Az
Wy = Aacos(x2 + xﬁj.

At joint 1, Ni is the reduction rativ of
the gear box, Ki is the elastic constant, JRZi is

Ay avills

the inertia of the rotor. The constants A 5

1*
and CI include all the data of the robot (mass and
inertia of links and rotors, length of links and
their mass center).

Finally we collect here the expressions of the

vector fields f,g; computed with the Algorithm:
B ~ % .7

F(0 = £ +g(0a(x) = [xg % %, xg £5 0 £, £g]

”DGOgslooo"iT

E(x) = g(0)B(x) = %

Bga o

o c

000 o 1'35‘?2

r

where
N 2 2
877 = 87/8g; = [(A3/A))cos™x, +4,-4,1/JRZ,
v
Bgy = Bgy/Bgy = ~(1+(A3/A))cos x,)
7= $7Eglyp = (oA K X =N Ko, %32 fA,N, N, IRZ,
+{A35inx4[x%m2+ﬁ2x8(xa+2x6)]
i,y [wyKyx, ]
Y . *AZ[u3+A5cosx2+le2]JIAEJRZ
a=fgfeggy = —lagN, xpsing, #Nu,
We note explicitly that 6 =0 and that fB is a

2
o (M2, =2 1/N 8.

function of x5,x3,%, and x, only; this is reflec—
ted in the system graph of Fig. 2.
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