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Output feedback image-based visual
servoing control of an underactuated
unmanned aerial vehicle

Hamed Jabbari Asl1, Giuseppe Oriolo2 and Hossein Bolandi1

Abstract
In this article, image-based visual servoing control of an underactuated unmanned aerial vehicle is considered for the
three-dimensional translational motion. Taking into account the low quality of accelerometers’ data, the main objective
of this article is to only use information of rate gyroscopes and a camera, as the sensor suite, in order to design an
image-based visual servoing controller. Kinematics and dynamics of the unmanned aerial vehicle are expressed in terms
of visual information, which make it possible to design dynamic image-based visual servoing controllers without using lin-
ear velocity information obtained from accelerometers. Image features are selected through perspective image moments
of a flat target plane in which no geometric information is required, and therefore, the approach can be applied in
unknown environments. Two output feedback controllers that deal with uncertainties in dynamics of the system related
to the motion of the target and also unknown depth information of the image are proposed using a linear observer.
Stability analysis guarantees that the errors of the system remain uniformly ultimately bounded during a tracking mission
and converge to 0 when the target is stationary. Simulation results are presented to validate the designed controllers.
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Introduction

Increasing applications of unmanned aerial vehicles
(UAVs) have motivated researchers to improve their
capabilities through developing new control strategies
and integrating suitable sensors. Although there are
robust sensor systems in the market that provide signif-
icant information for the vehicle stabilization, cost and
weight are the two important factors that limit using
those sensors in the small-scale UAVs. The sensor sys-
tem for an UAV generally includes an inertial measure-
ment unit (IMU) and a Global Positioning System
(GPS). Commonly used IMU systems provide reliable
information for angular velocity and attitude of these
vehicles, but in contrast translational position and lin-
ear velocity information cannot be effectively estimated
by these systems. On the other hand, GPSs do not func-
tion properly when the application of interest involves
indoor environment.

Vision sensor is a reliable and low-cost system,
which can be fused with the IMU data to provide use-
ful translational velocity information and also can be
effectively used in localization of a vehicle with respect

to its environment. In the last decade, vision system
has received a great attention for aerial vehicles and
many applications have been reported for these robots
including estimation of ego-motion,1 pose estimation,2

simultaneous localization and mapping (SLAM),3

automatic landing,4 positioning,5 obstacle avoidance6

and so on. In some of these applications, vision infor-
mation is directly used in the design of controller.

Attention to control the flying robots using vision-
based methods rose from the late 1990s. Vision-based
control of robots mainly includes two major
approaches. One approach is position-based visual ser-
voing (PBVS) where control is on Cartesian space,
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based on three-dimensional (3D) information of work-
space reconstructed from two-dimensional (2D) image
data. Implementation of this approach on the aerial
vehicles has been reported in some works including
Altug et al.,7,8 and Garca Carrillo et al.9 Pose estima-
tion is the major challenge in PBVS approach. Most of
the developed algorithms for this purpose need prior
information from geometric model of the observed tar-
get. Improving accuracy of the estimation approaches
increases the computations and requires noiseless image
data; besides, most of the proposed approaches are sen-
sitive to initial conditions.10 The other approach is
image-based visual servoing (IBVS) in which control is
based on dynamics of image features in the image
plane. IBVS does not need 3D information reconstruc-
tion and so is simpler in computations with respect to
PBVS. This approach is also robust with respect to
camera calibration errors. However, IBVS method still
needs depth information of the observed image
features.

Implementation of IBVS approach for dynamic
underactuated UAV systems requires more challenge in
designing the controller. Passivity properties of spheri-
cal image moments are used in Hamel and Mahony5,11

and Guenard et al.12 to design full dynamic IBVS con-
trollers for cascade dynamics of a quadrotor helicopter.
However, the selected image features do not provide
satisfactory behavior of the robot in vertical axis, which
is addressed and slightly improved by rescaled spherical
image moments in Bourquardez et al.13 To overcome
this conditioning problem, we have proposed a method
in Jabbari Asl et al.,14 which utilizes perspective image
moments and the control is based on their dynamics in
an oriented image plane.

In all the mentioned works for IBVS, the design is
based on this assumption that correct measurement of
translational velocity of the vehicle is available.
Considering the stated problem to obtain this informa-
tion, optic flow of image features is used in Mahony
et al.15 as a cue of translational velocity and dynamics
of the system are expressed based on dynamics of sphe-
rical optic flow. However, the designed full dynamic
IBVS controller has the conditioning problem men-
tioned above. An observer-based method has been pre-
sented in Le Bras et al.16 where two nonlinear observers
are used to estimate translational velocity and attitude
of the system. This approach provides only a basin of
attraction for the system and needs to estimate attitude
of the vehicle from image information, which requires
prior geometrical information from model of the
observed target and visual tracking of image features.
Furthermore, these works are only developed for the
case that the target is stationary.

In this article, we present two observer-based
dynamic IBVS controllers for controlling the 3D trans-
lational motion of a quadrotor helicopter. Our control
laws utilize perspective image features reconstructed in
a suitably defined virtual image plane. These features
are used in the earlier work by Jabbari Asl et al.,17

which provide efficient trajectories in both image and
Cartesian space. Kinematics and dynamics of the sys-
tem are expressed in terms of the dynamics of the velo-
city of the image features, which make it possible to
design dynamic IBVS controllers without using linear
velocity information. The first controller is robust with
respect to uncertainties of the system including the
unknown motion of the target and the depth informa-
tion of the image. In the second controller, an adaptive
scheme is developed in order to compensate the
unknown depth uncertainty if the target is stationary.
A linear observer is used in order to estimate the velo-
city of the image features. Another advantage of our
approaches over previous ones is that the yaw angle of
the UAV is not required in them to design the visual
control laws. Stability analysis shows that the system
states are uniformly ultimately bounded (UUB) and
the errors converge to a small adjustable compact set
during a tracking mission and converge to 0 when the
target is stationary.

The rest of the article is organized as follows. Section
‘‘Equations of motion of the robot’’ presents kinematics
and dynamics models of the quadrotor helicopter. In
section ‘‘Image dynamics,’’ image features are intro-
duced and their dynamics in the new image plane are
presented. The proposed observer-based IBVS control-
lers, designed for the translational motion of the robot,
are given in section ‘‘Observer-based IBVS using image
features as outputs.’’ Simulation results are presented in
section ‘‘Simulation results.’’ Finally, conclusions are
given in section ‘‘Conclusion.’’

Equations of motion of the robot

In this section, we describe the kinematics and
dynamics models of the quadrotor helicopter
(Figure 1). The models are similar to those introduced
in the literature, for example, Tayebi and McGilvray.18

Two coordinate frames are considered for describing
the equations of the motion of the quadrotor equipped
with a down-looking camera, which define the motion
of the camera. They include an inertial frame
I= fOi,Xi,Yi,Zig and a body-fixed frame
B= fOb,Xb,Yb,Zbg, which is attached to the center of

Figure 1. Quadrotor helicopter.
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mass of the robot. The center of the frame B is located
in position z=(x, y, z) with respect to the inertial
frame and its attitude is given by the orthogonal rota-
tion matrix R : B ! I depending on the three Euler
angles f, u and c denoting the roll, the pitch and the
yaw, respectively.

Considering V 2 <3 and V= ½O1O2O3�
T

as linear
and angular velocities of the robot in the body-fixed
frame, respectively, we say that the kinematics of the
quadrotor as a 6-degree-of-freedom (DOF) rigid body
are as follows

_z=RV

_R=Rsk(V)

The notation sk(V) is the skew-symmetric matrix such
that for any vector b 2 <3, sk(V)b=V 3 b where 3

denotes the vector cross product. The relation between
time derivatives of the Euler angles and the angular
velocities is given by

_f
_u
_c

2
4

3
5=

1 sin f tan u cosf tan u

0 cos f � sin f

0 sin f= cos u cos f= cos u

2
4

3
5 O1

O2

O3

2
4

3
5 ð1Þ

The dynamics of a general 6-DOF rigid body, with
the mass of m and the constant symmetric inertial
matrix J 2 <33 3 around the center of mass, can be
expressed in the frame B using Newton–Euler’s equa-
tions as follows

_V= �V 3V+F ð2Þ
J _V= �V 3 JV+ t ð3Þ

where F 2 <3 (scaled by m) and t 2 <3 are the force
and the torque vectors in the frame B, respectively,
which determine specific dynamics of the system. The
inertial matrix is diagonal, J=diag(Jxx, Jyy, Jzz), when
Ob is coincident with the body principal axis of inertia.
The quadrotor actuators generate a single actuation
trust input, U1, and full actuation of the torque
t= ½U2 U3 U4 �

T

; this demonstrates underactuated
dynamics of the system. The force input F in equation
(2) is as follows

F= � 1

m
U1E3 + gRTe3 ð4Þ

where E3 = e3 = ½ 0 0 1 �
T

are the unit vectors in the
body-fixed frame and the inertial frame, respectively.
Note that the term RTe3 and, hence, the translational
dynamics do not depend on the yaw angle. Therefore,
the yaw dynamics can be controlled independently from
the translational dynamics.

For visual servoing of quadrotor, the full dynamics
of the system have sometimes been taken into account
in designing the controller.11,14 However, another
approach is the separation of the control problem into
inner-loop and outer-loop control. The inner-loop,
which uses inputs from rate gyroscopes acquired at
high data rate, regulates the torque inputs to track a

desired orientation. This desired orientation is defined
by the outer loop through an IBVS scheme. Time-scale
separation and high-gain arguments can be used to
ensure the stability of the whole system.19 Here, we will
only consider control of the translational dynamics and
assume that a suitable high-gain inner-loop controller
provides the desired torque for the system’s attitude.

Image dynamics

Commonly used image formations for visual servoing
are perspective and spherical projection. It is shown in
Bourquardez et al.13 that perspective image moments
do not guarantee global stability of the system for
IBVS control of a quadrotor. On the other hand,
although spherical image moments, because of passiv-
ity properties of their dynamics, satisfy stability condi-
tions for IBVS, they do not provide suitable behavior
in Cartesian coordinates trajectories of the robot.
Besides, in order to preserve the passivity properties for
the dynamics of the image error, it is necessary to use
full rotational information of the camera.5,11,12 In order
to deal with the mentioned problems, we have pro-
posed a method in Jabbari Asl et al.,14 which uses
appropriately defined perspective image moments that
are reprojected on an oriented image plane, called vir-
tual image plane, using only roll and pitch angles of the
robot. Properties of the dynamics of the selected image
features in the new image plane make it possible to
design full dynamic image-based controller for the
underactuated UAV while preserving a good behavior
of the robot in Cartesian space. In this article, the same
imaging method is used for IBVS control of the quad-
rotor considering the velocity of image features.

In the remainder of this section, we first present the
dynamics of a point in the virtual image plane and then
define image features that are used in section
‘‘Observer-based IBVS using image features as out-
puts’’ to design the visual servo controllers.

Projection of image points in a new
image plane

Suppose that Ip(t) are the coordinates of a moving
point P relative to the inertial frame, I . Also, consider
the frame C= fOc,Xc,Yc,Zcg, which is called camera
frame and is attached to the center of projection of a
moving camera, where its Xc- and Yc-axes are parallel
with the horizontal and vertical axes of the image
plane, respectively, and its Zc-axis is perpendicular to
the image plane, passing through the focal center of
the lens. The origin of this frame, Oc, is located at a
distance l (the focal length) behind the image plane.
Now, we consider a new coordinate frame,
V= fOv,Xv,Yv,Zvg, and an image plane named vir-
tual frame and virtual image plane, respectively.
Position and orientation of the virtual image plane with
respect to V is the same as the image plane with respect
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to C (Figure 2). The virtual frame moves with the cam-
era frame, but it does not inherit its dynamics around
Xc- and Yc-axes (i.e. the XvYv plane is always parallel
to XiYi plane). Thus, coordinates of the point P relative
to the virtual frame at time t will be

Vp(t)=RT
c(t)

Ip�Ov(t)
� �

where Rc(t) is the rotation matrix around Zi at time t.
Then, the time derivative of Vp(t)= Vx Vy Vz

� �T
will be

d

dt
Vp(t)=

d

dt
Rc

� �T
Ip�Ov

� �
� RT

c
_Ov +RT

c
I _p

= �sk( _ce3)
Vp� v+D1

ð5Þ

For simplicity, time dependency is not shown for the
variables. In equation (5), vector v(t)= ½Vvx Vvy

Vvz �T
is the linear velocity of the camera frame expressed in
the virtual frame and D1(t)= ½dx dy dz �T is the velo-
city of the moving point in the virtual frame.

Ruu, the rotation matrix, respectively, around Xi and
Yi, can be used to reproject the image coordinates (u, n)
in the image plane to the virtual image plane as follows

Vu
Vn
l

2
4

3
5=bRuu

u
n
l

2
4
3
5,b=

l

½ 0 0 1 �Ruu

u
n
l

2
4
3
5

0
@

1
A

ð6Þ

By using equation (5) and well-known perspective
projection equations, which are defined as
Vu= l(Vx)=(Vz) and Vn= l(Vy)=(Vz), relation of the
velocity of the image coordinates of a moving point in

the virtual plane with the velocity of the camera frame
in a matrix form will be14

V _u
V _n

� 	
=

� l
Vz

0
Vu
Vz

0 � l
Vz

Vn
Vz

2
64

3
75

Vvx � dx
Vvy � dy
Vvz � dz

2
4

3
5+

Vn
�Vu

� 	
_c ð7Þ

Image features and their dynamics

In this section, we first define visual features and then
derive their dynamics in the virtual image plane, which
is used in our IBVS approaches.

For the image-based control of a quadrotor, it is
common to have a planar object as target.5,12,13,20 With
this condition for the image target, image moments mij

of the target with N image points are defined as
follows21

mij =
XN
k=1

uikn
j
k ð8Þ

while the centered moments are given by

mij =
XN
k=1

uk � ug
� �i

nk � ng
� �j ð9Þ

where ug =m10=m00 and ng =m01=m00. Now we select
our image features for the translational motion control
of the robot as follows17

qx = qz
Vug
l

, qy = qz
Vng
l

, qz =

ffiffiffiffiffi
a�

a

r
ð10Þ

where a� is the desired value of a, which is defined as
a=m20 +m02. Using equation (7) and knowing
Vz

ffiffiffi
a
p

= z�
ffiffiffiffiffi
a�
p

, where z� is the desired normal distance
of the camera from the target, dynamics of the features
in the new image plane will be17

_q= �sk _ce3
� � qx

qy
qDz

2
4

3
5� 1

z�
v+

1

z�
D1 ð11Þ

where q= ½ qx qy qz �
T

is the vector of image features
defined in equation (10) and observed in the virtual
image plane and qDz can be an arbitrary value that is
defined properly to produce image space error in sec-
tion ‘‘Observer-based IBVS using image features as
outputs.’’ Note that, in some applications, when the
geometric model of the target is not available and only
a desired image of it exists for the IBVS task, the para-
meter z� will be an unknown term in equation (11). It
should also be noted that the distance of Ov with
respect to the virtual image plane is not necessary to be
equal to l. Therefore, l in equations (6), (7) and (10)
can be an arbitrary value. Having the same l for both
defined image planes will provide a similar demonstra-
tion in the result, and hence a suitable comparison can
be made.

Figure 2. Camera and virtual coordinate frames and image
planes.
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Observer-based IBVS using image
features as outputs

In this section, we present two output feedback IBVS
schemes for the 3D translational motion control of
quadrotor helicopters. In the first approach, the con-
troller does not explicitly employ angular velocity as its
input and is adapted for the case in which the target is
moving. Hence, the approach is developed so that it is
robust with respect to (1) the unknown depth value z�

and (2) motion of the target. In the second approach,
in which angular velocity data are used, an adaptive
scheme is designed in order to compensate the depth
uncertainty if the target is stationary. In both
approaches, the objective is to move the camera, which
is attached to the quadrotor, to match the observed
image features with the predefined desired image fea-
tures obtained from the target. The target is considered
to have 3D translational motion and yaw rotation. For
example, the target can be a wheeled mobile robot
moving on a flat ground or a quadrotor flying with
small variations in the roll and pitch angles. These
kinds of target motion satisfy our assumption to have a
planar image target. It is also possible to control the
yaw rotation of the robot through visual information
as done in Jabbari Asl et al.,14 but here we assume that
the yaw rotation is controlled by IMU data in order to
have a stable velocity.

Before designing the controllers, it is assumed that
the camera frame, C, is coincident with the quadrotor
body-fixed frame, B. If this condition does not hold,
only a constant transformation between the two frames
is needed. To design the controllers, first we need to
define an error vector in the image space. In order to
simplify the design procedure in the sequel, we consider
the case in which our desired image features are as
follows

qd = qdx qdy qdz

h iT
= 0 0 qdz
� �T

ð12Þ

It is common in visual servoing of quadrotor to have
the observed target in the center of the image plane.
This task for our selected image features, equation (10),
will lead to qdx = qdy =0. As done by Jabbari Asl
et al.,14 it is also possible to consider another projection
operator instead of equation (6) so that the desired fea-
tures in the virtual image plane become equal to equa-
tion (12) for any desired features in the image plane.
Now we define the image error for the translational
motion control of the robot as follows

d= q� 0 0 qdz
� �T ð13Þ

Using equation (11) and assigning qDz = qz � qdz , the
derivative of the image error vector will be

_d= �sk _ce3
� �

d� 1

z�
v+

1

z�
D1 ð14Þ

In order to write the full translational dynamics of
the image features in the virtual plane, we use the trans-
lational dynamics of the robot, equation (2), expressed
in the virtual frame. Then, we have

_v= �sk _ce3
� �

v� f ð15Þ

where f is defined as follows

f= �RuuF

In order to design a controller for the dynamics pre-
sented by equations (14) and (15), a measurement of
the velocity v is required. Since our objective is to
design the IBVS controller without using linear velocity
of the robot obtained from accelerometers, we will use
the time derivative of the image features as the velocity
information. This information, _q hence _d, can be com-
puted by directly measuring the optic flow of each tar-
get point in the image sequence and also using the time
derivatives of equations (8) and (9). There are quite a
good number of researches on the methods of the
robust computation of optic flow.22,23 However, in this
article, we use a linear observer to estimate this infor-
mation where the error of the estimation is considered
in the stability analysis.

Now, we wish to rewrite the dynamics of the system
based on available visual measurements. Therefore, by
differentiating equation (14) and by substituting equa-
tion (15) in it, the dynamics of the system can be pre-
sented based on the dynamics of the visual features as
follows

€d+M1
_d+M2d+

1

z�
sk _ce3
� �

D1 +
1

z�
_D1 =

1

z�
f ð16Þ

where we have

M1 =2sk _ce3
� �

M2 = sk €ce3
� �

+ sk _ce3
� �

sk _ce3
� �

In many applications, the information related to the
motion of the target, D1 and _D1, is unknown, unless
there is a connection between the target and the robot,
where the target is equipped with appropriate measure-
ment units. Hence, in this article, these terms are con-
sidered as unknown bounded values. As discussed in
the previous section, another uncertainty in equation
(16) is z�, which is the vertical distance of the target
from the robot in a desired position. Our proposed
IBVS schemes are designed so as to deal with these
uncertainties.

To design the controllers, we define a new set of state
variables as follows

j= d� d̂ ð17Þ
s= _d+ d1 ð18Þ
r= _j+ j1 ð19Þ

where d1 =hd, j1 =hj, h is a positive constant and d̂
denotes the estimate of d. Also, the following linear
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observer is used to estimate the velocity of the
features24

_̂
d= do + ldj
_do =hlpj

(
ð20Þ

where ld is a positive constant. It should be noted that
although the states s and r are not obtained by mea-
surement, we have s� r=

_̂
d+hd̂ from equations (17)

to (19), which can be measured from visual data, and
equation (20). Now, using equations (16)–(20), the
dynamics of the states s and r can be written as

_s=
1

z�
f�M1s+hs+M1d1 �M2

d1

h
� hd1

� 1

z�
sk _ce3
� �

D1 �
1

z�
_D1

ð21Þ

_r=
1

z�
f� ldr+hr�M1s+M1d1 �M2

d1

h
� hj1

� 1

z�
sk _ce3
� �

D1 �
1

z�
_D1 ð22Þ

The time derivative of the yaw can be computed
using equation (1) and outputs of an IMU system.
Since this value is available with a high frequency, it is
possible to numerically differentiate it in order to mea-
sure the acceleration of the yaw. However, in some
cases, when the IMU system includes low-cost and
low-weight gyroscopes, the rate information is augmen-
ted with noise and the differentiation does not provide
reliable data for the control process. Hence, we will
design two different image-based controllers for the
translational motion of the quadrotor for the cases in
which the acceleration of the yaw is available with a
high accuracy or it does not include proper information
for a control task.

First controller for IBVS control of the
translational motion

In this section, we propose an IBVS controller for the
translational motion of the robot, which uses the out-
put feedback technique and assumes known bounds for
the derivatives of the yaw angle of the robot. We also
provide a controller for the yaw rotation in order to sat-
isfy these bounds.

Now we state the following theorem:

Theorem 1. Consider the system defined by equation
(16) with its input as f, the states and the observer of
which are defined through equations (17)–(20). Assume
that M1k k4m1, M2k k4m2, D1k k4D1, _D1

�� ��4D2

and z�min and z�max to be bounds on the minimum and
maximum values of z�. The following IBVS controller
is proposed

f= krr� krs+ u1 ð23Þ

where u1 is defined as follows

u1 =
�DM

ŝ+ r̂
ŝ+ r̂k k , if ŝ+ r̂k k. e

� DM

e ŝ+ r̂ð Þ, if ŝ+ r̂k k4 e

(
ð24Þ

in which e is a positive constant, DM =m1D1 +D2 and
ŝ+ r̂=

_̂
d+hd̂. Also, the controller and observer para-

meters kr, h and ld are selected in such a way that the
parameters defined in the following become positive

Ap1 =
kr
2z�
� m1 �

m2

h
� h

2

Bp1 =
kr
2z�
� m1 �

m2

2h
� 3h

2

Cp1 = ld �
3kr
2z�
� m1 �

m2

2h
� 3h

2

ð25Þ

Then the system states d, j, s and r are UUB.
Moreover, the ultimate bound can be arbitrarily made
small.

Proof. Since the convergence of the states d1 and j1 to 0
is equal to the convergence of the states d and j1, we
use the following Lyapunov function in order to show
the stability properties of the system

L1 =
1

2hz�
krd

T
1 d1 +

1

2
sTs+

1

2hz�
krj

Tj+
1

2
rTr ð26Þ

Using equations (18), (19), (21) and (22), the time
derivative of equation (26) will be

_L1 =
kr
z�

dT
1 s� d1ð Þ

+ sT
1

z�
f�M1s+hs+M1d1 �M2

d1

h
� hd1 �

1

z�
D

� �

+
kr
z�

jT1 r� j1ð Þ

+ rT
1

z�
f� ldr+hr�M1s+M1d1 �M2

d1

h
� hj1 �

1

z�
D

� �

ð27Þ

where D= sk( _ce3)D1 + _D1. Substituting the controller
equation (23) in equation (27) and knowing that M1 is
a skew-symmetric matrix, which has the property of
xTM1x=0 8 x 2 <3, we will have

_L1 = � kr
z�

dT
1 dT

1 �
kr
z�
� h

� �
sTs� kr

z�
jT
1 j1

� ld � h� kr
z�

� �
rTr+

kr
z�

dT
1 s

+ sTM1d1 � sTM2
d1

h
� hsTd1

+
kr
z�

jT
1 r� rTM1s+ rTM1d1 � rTM2

d1

h

� hrTj1 +
1

z�
sT + rT
� �

u1 �Dð Þ ð28Þ

440 Proc IMechE Part I: J Systems and Control Engineering 228(7)

 by guest on July 22, 2014pii.sagepub.comDownloaded from 

http://pii.sagepub.com/


Using the bounds defined for the norms of the
matrices M1 and M2, equation (28) can be bounded as
follows

_L1 4 � kr
z�

d1k k2 �
kr
z�
� h

� �
sk k2 � kr

z�
j1k k

2

� ld � h� kr
z�

� �
rk k2 + kr

z�
d1k k sk k

+m1 d1k k sk k+ m2

h
d1k k sk k+h d1k k sk k

+
kr
z�

j1k k rk k+m1 sk k rk k+m1 d1k k rk k

+
m2

h
d1k k rk k+h j1k k rk k+ 1

z�
sT + rT
� �

u1 �Dð Þ

ð29Þ

Then, knowing the fact that 8x1, x2 2 <n and k. 0,
k x1k k x2k k4 (k=2) x1k k2 + (k=2) x2k k2, we can write
equation (29) as follows

_L1 4 �Ap1 d1k k2 � Bp1 sk k2 � kr
2z�
� h

2

� �
j1k k

2

� Cp1 rk k2 + 1

z�
sT + rT
� �

u1 �Dð Þ ð30Þ

Now, by defining x= ½ dT
1 sT jT1 rT �T, equation

(26) satisfies

h1 xk k2 4L1 4 h2 xk k2

where h1 = minf1=2, kr=2hz�g and h2 = maxf1=2,
kr=2hz�g. It is known that for the Lyapunov function
L1, if _L1(t)4 0 for t5 t0, then the norm of x is
bounded by

xk k4

ffiffiffiffiffi
h2
h1

s
x t0ð Þk k

On the other hand, we know that sk k+ rk k4 2 xk k
and u1k k4DM, then we can write equation (30) as
follows

_L1 4 �b1 xk k2 +b2 xk k ð31Þ

where b1 = minfAp1,Bp1,Cp1g and b2 =4DM=z
�.

From equation (31), it is clear that _L1 will be negative
for xk k5b2=b1 and then, provided that
x(0)k k4b2=b1, the norm of x will be bounded as
follows

xk k4

ffiffiffiffiffi
h2
h1

s
b2

b1

ð32Þ

where this bound can be arbitrarily made small by
adjusting the controller and observer gains.

According to equation (25), the minimum and maxi-
mum values of z� are required in the theorem in order
to select the controller and observer gains in such a way
that the parameters in equation (25) become positive.

Remark 1. If the input u1 is removed from the control-
ler equation (23), the stability analysis is still valid and
the only change is that in this case, we will have
b2 =2DM=z

�. However, u1 acts like a robustifying term
that tries to avoid using large gains in order to deal
with the uncertainty. The effect of this term is studied
in section ‘‘Simulation results,’’ which shows an
improvement in performance, as a smaller bound for
the final values of the errors.

Remark 2. The parameters h, kr and ld can be used to
adjust the convergence rate and the ultimate bound of
the closed-loop system. Examining equation (32) and
the elements of the vector x shows that the larger value
of h, the more the convergence rate and the less the ulti-
mate bound of the vector of the states of the system
including d, j, s and r will be. On the other hand, the
gains kd and ld should be selected large enough to pro-
vide a positive value for the parameters defined in equa-
tion (25). The large values of these gains increase b1

and this in turn leads to a larger value of convergence
rate and a smaller size of ultimate bound. However, it
should be noted that the control parameters cannot be
selected arbitrarily large in practice since existence of
noise in the measurement data will produce unsatisfac-
tory behavior.

Since the robot is underactuated, the input f is
unable to assign the desired dynamics directly.
However, when desired f is available, it is always possi-
ble to extract the trust, U1, and desired attitude,25

namely, the roll and pitch angles, which are already
assumed to be controlled with a high-gain inner-loop
controller.

Now, we present a controller for the dynamics of
the yaw rotation, which can help to satisfy the bounds
defined in Theorem 1. Supposing small angles for the
roll and the pitch, from equation (1), a good approxi-
mation for the time derivative of the yaw can be
obtained as _c ’O3. Then, one can write the dynamics
of _c as follows

€c= _O3 +D2

where D2 can be assumed a known bound that includes
the dynamics of the neglected terms in the above
approximation. In order to design a controller for the
velocity of the yaw, we define the following error signal

e _c =
_c� _cd ð33Þ

Using equation (3) and by assuming a constant
desired velocity for the yaw, the time derivative of e _c

will be

_e _c =
€c=

Jxx � Jyy

Jzz
O1O2 +

U4

Jzz
+D2 ð34Þ

Now, consider the following controller

U4 = Jyy � Jxx
� �

O1O2 � k _cJzze _c ð35Þ
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where k _c is a positive constant. By substituting equa-
tion (35) in equation (34), we will have

_e _c = �k _cJzze _c +D2 ð36Þ

Then, by solving equation (36) and using equation (33),
the time evolution of _c will be

_c(t)= _cd + e _c(0)e
�k _cJzzt +

D2

k _cJzz
1� e�k _cJzzt
� �

which can be bounded as follows

_c(t)4 _cd + emax

where emax= je _c(0)j+ jD2j=(k _cJzz). Then, the control-
ler equation (35) for the velocity of the yaw sets a
bound for the maximum value of _c, which can be used
to compute m1.

On the other hand, since €c= _e _c, from equation (36),
we will have

€c= �k _cJzze _c +D2

which can be bounded as

€c4 k _cJzzemax+D2

This indicates that the controller equation (35) also
provides a maximum value for €c, which can satisfy the
required bound m2. Note that the controller gain k _c can
be used to adjust maximum values of _c and €c.

Remark 3. Since the controller equation (23) does not
employ angular velocities to compute the force input f
for controlling the translational motion, it has advan-
tage over the approach developed in Mahony et al.15

where translational optic flow is used as the velocity
information. The translational optic flow can be com-
puted from optic flow of the image after correcting the
angular optic flow, which requires angular velocity
information. Therefore, in the case that the outputs of
the rate gyroscopes are corrupted by noise, the output
signals generated by the controller will contain a signif-
icant amount of noise, which may destabilize the sys-
tem. It should be noted that in this case, the angles are
still reliable since they are filtered outputs of the gyro-
scopes through the integration.

Second controller for IBVS control of the
translational motion

Now, we present the second IBVS controller that uses
the velocity and the acceleration of the yaw rotation in
controlling the translational motion of the quadrotor.
Using these information, it is possible to release the
assumed bound on the yaw acceleration and also the
control gains will require less restrictive conditions.
Here, we consider the case that the target is stationary;
hence, we will have D1 = _D1 =0. Now, the following
theorem is stated.

Theorem 2. Consider the system defined by equation
(16) with the states d, j, s and r and its input as f.
Under the assumption that M1k k4m1, and z�min and
z�max are bounds on the minimum and maximum values
of z�, the following IBVS controller is proposed

f= krr� krs� hẑ�M1d+ ẑ�M2d ð37Þ

in which the control and observer gains kr, h and ld are
selected so that satisfy the following conditions

kr . z�max 3h+m1ð Þ

ld .
3kr
2z�min

+
3h

2
+

m1

2

ð38Þ

and also ẑ� is an estimated value of z�, which is updated
with the following adaptation law

_̂z�= g sT + rT
� �

M1d1 �M2
d1

h

� �
ð39Þ

where g is a positive constant. Then, the system states
are UUB and converge asymptotically to 0.

Proof. We consider the following Lyapunov function

L2 =
kr

2hz�
dT
1 d1 +

1

2
sTs+

kr
2hz�

jT
1 j1

+
1

2
rTr+

1

2gz�
~z�~z�

ð40Þ

where ~z�= z� � ẑ�. The time derivative of equation (40)
will be

_L2 =
kr
z�

dT
1 s� d1ð Þ

+ sT
1

z�
f�M1s+hs+M1d1 �M2

d1

h
� hd1

� �

+
kr
z�

jT
1 r� j1ð Þ

+ rT
1

z�
f� ldr+hr�M1s+M1d1 �M2

d1

h
� hj1

� �

� ~z�

gz�
_̂z
� ð41Þ

After substituting equation (37) in equation (41), it can
be bounded as follows

_L2 4 � kr
z�

d1k k2 �
kr
z�
� h

� �
sk k2 � kr

z�
j1k k

2

� ld � h� kr
z�

� �
rk k2 + kr

z�
d1k k sk k+h d1k k sk k

+
kr
z�

j1k k rk k+m1 sk k rk k+h j1k k rk k

+
~z�

z�
sT + rT
� �

M1d1 �M2
d1

h

� �
� 1

g
_̂z
�

� 	
ð42Þ

Substituting equation (39) in equation (42), consid-
ering the specified conditions for the control gains in
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equation (38) and using the same property, which is
implemented to obtain equation (30), we can reach

_L2 4 �Ap2 d1k k2 � Bp2 sk k2 � Ap2 j1k k
2 � Cp2 rk k2

where

Ap2 =
kr
2z�
� h

2

Bp2 =
kr
2z�
� m1

2
� 3h

2

Cp2 = ld �
3kr
2z�
� m1

2
� 3h

2

Then, we obtain the following inequality

_L2 4 � b3 xk k2 4 0 ð43Þ

where b3 = minfAp2,Bp2,Cp2g. Equation (43) implies
that d, j, s, r and ~z� are bounded and then we have

lim
t!‘

b3

ðt
t0

xTxdt 4L2 t0ð Þ � L2(‘)\ ‘

From equations (18), (19), (21) and (22), _d, _j, _s and _r
are also bounded. Therefore, x is uniformly continuous,
which, by applying Barbalat’s lemma, indicates that d,
j, s and r converge to 0 asymptotically.

The adaptation law (equation (39)) contains _d, which
is assumed to be unmeasurable. Integrating equation
(39), the following equivalent version of equation (39)
can be obtained, which does not depend on _d26

ẑ�= ẑ�(0)+ g

ðt
0

sT + rT
� �

M1d1 �M2
d1

h

� �
dt

= ẑ�(0)+2g

ðd(t)
d(0)

M1d1 �M2
d1

h

� �T

dd

+ g

ðt
0

dT
1 + jT

1 �
_̂
d
T

� �
M1d1 �M2

d1

h

� �
dt

The same discussion presented in Remark 2 is also
valid for this approach as the tuning rules for the con-
trol parameters in order to provide a satisfactory con-
vergence rate for the system. Block diagram of the
proposed IBVS scheme is shown in Figure 3.

Remark 4. During an IBVS task, a persistent excitation
condition may not be satisfied for the adaptation law
(equation (39)), and therefore, the convergence of the
parameter ẑ� to its true value may not be guaranteed.
However, the control scheme does not require the con-
vergence of the estimated parameter to the true value.

Simulation results

In this section, we present MATLAB simulations to
evaluate the performance of the proposed observer-
based visual servo controllers. In the simulations, the
camera frame rate is set at 50 Hz and sampling time for
the rest of the system is 10 ms. The robot is assumed to
start in a hover position with the desired target in the
camera’s field of view. Visual information includes
coordinates of four points corresponding to four ver-
texes of a rectangle, which are used to calculate the
image features defined in equation (10). Vertexes of the
rectangle with respect to the inertial frame are located
at (0:25, 0:2, 0)m, (0:25, � 0:2, 0)m, (�0:25, 0:2, 0)m
and (�0:25, �0:2, 0)m. These points are projected
through perspective projection on a digital image plane
with focal length divided by pixel size (identical in both
horizontal and vertical directions) equal to 213 and the
principal point located at (80, 60).

The dynamic parameters of the robot are selected as
m=2kg, g=9:81ms�2 and J=diag(0:0081, 0:0081,
0:0142) kgm2 rad�2. Also, z�min and z�max are assumed to
be 1 and 10 m, respectively. The inverse dynamics of
the quadrotor27 are used to compute the desired atti-
tude of the robot in order to provide the force inputs
for the translational motion designed in equations (23)
and (37). High-gain proportional–derivative controllers

Figure 3. Block diagram of the second IBVS scheme for the translational motion control.
IBVS: image-based visual servoing.
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are implemented to control the desired roll and pitch
angles of the robot.

Results of the first method

The first simulation demonstrates the performance of
the controller given by equation (23). In this simula-
tion, the robot’s initial position is at (0, �0:3, �8)m
with respect to the inertial frame and the desired image
features are obtained at (0, 0, �5)m. The observed tar-
get is assumed to move on flat ground, following a cir-
cle of radius 1 m with a velocity of p=15 rad s�1. In
order to simulate the low quality of the rate gyroscopes,
white noise with covariance of 10�4 is added to the
angular velocity information. The controller and obser-
ver gains are set as kr=8, h=0:2 and ld =20. In
equation (24), DM and e are selected to be 3 and 0.1,
respectively. The desired yaw velocity is also set as 0,
which is controlled by equation (35) with kc =3J�1zz . In
order to simulate the effect of uncertainties in the iner-
tia matrix, Jxx and Jyy in equation (35) are set as 0:0091
and 0:0071 kgm2=rad2, respectively.

Figure 4 shows the trajectories of the image points
in the virtual image plane. The norms of the error sig-
nals are illustrated in Figure 5. Trajectories of the
translational motion of the robot in Cartesian coordi-
nates and in a 3D illustration are shown in Figures 6
and 7, respectively. Also, Figure 8 shows the time evo-
lution of the derivatives of the yaw. The results of this
simulation demonstrate satisfactory tracking of the tar-
get and the error signals, and also the system states are
bounded in the tracking mission and converge to the
small compact sets.

In order to show the effect of the input term u1 in
the performance of the system, the simulation is tested
again, while this term has been removed from equation
(23). For this simulation, the trajectories of the image
points are demonstrated in Figure 9. Comparing

Figure 4. Simulation 1: target point trajectories in the virtual
image plane.

Figure 5. Simulation 1: time evolution of the norms of the
error vectors.

Figure 6. Simulation 1: time evolution of the quadrotor
Cartesian coordinates.

Figure 7. Simulation 1: trajectory of the motion of the robot
and the target in a 3D environment.
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Figures 4 and 9 reveals the improvement achieved
when using u1.

Results of the second method

In the second simulation, we evaluate the performance
of the second controller given by equation (37). The
robot initial position is considered to be at
(�0:4, �0:1, �7)m while the desired features are
obtained at (0, 0, �5)m where the target is assumed to
be stationary. The controller and observer gains kr, h

and ld are selected to be just like the previous simula-
tion and the adaptation gain g is set as 2. Also, the ini-
tial value for the update law equation (39) is set as
ẑ�(0)=10m. In this simulation, the yaw rotation of
the robot is controlled using visual information
through the method presented in Jabbari Asl et al.14

Figure 10 demonstrates the trajectories of the image
points in the virtual image plane. Figure 11 shows the
norms of the error vectors for the translational motion.
Trajectories of the translational motion of the robot in
Cartesian coordinates are presented in Figure 12. Also,
the time evolution of ẑ� is shown in Figure 13. As
expected, satisfactory trajectories have been achieved in
both Cartesian coordinates and the virtual image plane
and also the system errors converge to 0.

A comparative study

In order to demonstrate the effectiveness of the pro-
posed IBVS controllers with respect to previous meth-
ods, the results obtained from our first scheme are here
compared with the results of an approach where the
linear velocity information is assumed to be available
through an IMU system. Since the main contribution
of the errors in the linear velocities is the bias in the
IMU readings,28 a ramp function with the slope of
0:01m s�1 (as a result of a constant bias in the acceler-
ometers’ data) is added to the linear velocity informa-
tion. On the other hand, we have added some terms in

Figure 8. Simulation 1: time evolution of the derivatives of the
yaw. Figure 9. Simulation 1: target point trajectories in the virtual

image plane when the input term u1 has been removed from
equation (23).

Figure 10. Simulation 2: target point trajectories in the virtual
image plane.

Figure 11. Simulation 2: time evolution of the norms of the
error vectors.
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the simulation in order to provide more realistic condi-
tions for our tests. These terms include a noise with
covariance of 0.5 in the visual data, a time delay of
0.03 s in transmitting the visual data and also include
unstructured forces and moments in the dynamics of
the system, which are modeled by sinusoidal signals
with different phases for each channel and amplitudes
equal to 0.1 N and 0.02 N m, respectively.

For our comparative study, the classic IBVS
approach, presented in Ceren and Altug,29 is used to
control the 3D translational motion and the yaw rota-
tion of the quadrotor to track a target following a tra-
jectory the same as the first simulation. The control
gain for this approach is selected to provide the best
performance after several simulations. In simulating
our approach, the yaw rotation is controlled by the
method presented in Jabbari Asl et al.,14 and the con-
trol gains are selected to be the same as the first simula-
tion. The trajectories of the target and the robot in the
XiYi plane for the classic approach and our proposed
approach are illustrated in Figures 14 and 15, respec-
tively. The results demonstrate that a small amount of
bias in the accelerometers’ data degrades the perfor-
mance of the classic approach while our approach per-
forms well in spite of considerable amount of noise and
disturbance in the system.

Conclusion

In this article, two observer-based IBVS controller
schemes have been developed for the translational
motion of the quadrotor helicopter. Since the common
IMU systems used in robotics applications do not pro-
vide appropriate quality of linear velocity, the main
objective was to use the velocity of image features as
the linear velocity cue. This quantity is estimated from
visual features through a linear observer. The image

Figure 12. Simulation 2: time evolution of the quadrotor
Cartesian coordinates.

Figure 13. Simulation 2: time evolution of ẑ�.

Figure 14. Simulation 3: XiYi plane trajectories of the target
and the UAV after three rounds for a classic IBVS approach with
bias error in accelerometers.
UAV: unmanned aerial vehicle; IBVS: image-based visual servoing.

Figure 15. Simulation 3: XiYi plane trajectories of the target
and the UAV after three rounds for the approach presented in
this work.
UAV: unmanned aerial vehicle.
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features are selected from perspective image moments,
which are reprojected on an oriented image plane where
this reprojection compensates the underactuated struc-
ture of the UAV. To design the controllers, dynamic
model of the system is expressed in terms of the velocity
of the image features, which make it possible to design
dynamic IBVS controllers for this vehicle without using
linear velocity information obtained from acceler-
ometers. The proposed controllers are robust with
respect to the uncertainties in the dynamics of the sys-
tem related to depth information of the image and also
motion of the target when it is moving. Stability analy-
sis shows that the states of the system remain UUB and
the errors converge to a small compact set during a
tracking mission and also converge to 0 when the target
is stationary. Simulation results show a satisfactory
response of the presented visual servo approaches in
both image space and Cartesian space of the robot even
in the presence of considerable amount of noise and
disturbance in the system.

In the design procedure, only the translational
dynamics of the vehicle is considered and it is assumed
that the rotational dynamics are controlled by high-
gain controllers. However, further analysis such as
time-scale separation method can also be applied in
order to prove the stability of the whole system.

Our future work is devoted to design an output feed-
back IBVS controller by applying passivity properties
of the image dynamics and using translational optic
flow information of the image features. We also intend
to verify the effectiveness of the proposed control algo-
rithms in practice on a real quadrotor.
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Appendix 1

Notation

B body-fixed frame
C camera fixed frame
f input force of the rigid body in V frame

F input force of the rigid body in B frame
I inertial frame
ld observer gain
L1,L2 Lyapunov functions
m mass of quadrotor
mij image moments
Vp coordinates of point P in V frame
Ip coordinates of point P in I frame
qx, qy, qz image features
R rotation matrix
u, n coordinates of a point in image plane
Vu, Vn coordinates of a point in virtual image

plane
U1 thrust input
v linear velocity of rigid body in V frame
V linear velocity of rigid body in B frame
V virtual frame
z� desired normal distance of the camera

from the target

g adaptation gain
D1 velocity of a moving point in the virtual

frame
d image space error
h, kr control gains
l focal length of camera
mij centered image moments
V angular velocity of the rigid body in B

frame
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