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A B S T R A C T

This paper addresses the problem of executing multiple prioritized tasks for robot manipulators with compliant
behavior in the remaining null space. A novel controller–observer is proposed to ensure accurate accomplishment
of various tasks based on a predefined hierarchy using a new priority assignment approach. Force control, position
control and orientation control are considered. Moreover, a compliant behavior is imposed in the null space to
handle physical interaction without using joint torque measurements. Asymptotic stability of the task space error
and external torque estimation error during executing multiple tasks are shown. The performance of the proposed
approach is evaluated on a 7R light weight robot arm by several case studies.

1. Introduction

Robots are termed kinematically redundant when they possess more
degrees of freedom (DOF) than those necessary to achieve the desired
task. Redundant robots have numerous significant advantages in com-
parison with non-redundant ones. In addition to classical applications
of redundant DOF for singularity avoidance, performance optimization,
𝑒𝑡𝑐., the possibility to define additional tasks besides the main task can
also be provided. Both manipulators and humanoids robots can take this
advantage to accomplish more complex tasks, effectively.

Nowadays it is essential for robots to be capable of executing various
tasks in dynamic environments. Moreover, robots should ensure the
safety of themselves and other entities such as a human in unknown
and unpredictable places. These issues should be considered along with
the accuracy of manipulation. Precise accomplishment of the tasks is
critical to employ robots in delicate and vital tasks.

Task priority strategy has been developed for both first-order and
second-order differential kinematics. In the prioritized control ap-
proaches, it is usual to project the Jacobian of the lower priority
tasks to the null space of the higher priority tasks which ensures
exact prioritization (Flacco, De Luca, & Khatib, 2012; Mistry, Nakan-
ishi, & Schaal, 2007; Ott, Dietrich, & Albu-Schäffer, 2015; Park &
Khatib, 2005; Sadeghian, Villani, Keshmiri, & Siciliano, 2013; Siciliano
& Slotine, 1991). These methods are known as strict prioritization
approach. The alternative methods for priority assignment are non-
strict approaches. Non-strict priority allocation algorithms are usually
handled by employing weighting methods which a lower priority task is
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not enforced to execute in the null space of higher priority tasks (see for
example Bouyarmane & Kheddar, 2011 and Collette, Micaelli, Andriot,
& Lemerle, 2007). Hence, the method does not guarantee to follow the
imposed hierarchy, strictly. Recently, a method for smooth changing
from a non-strict case to a strict one is suggested in Liu, Tan, and Padois
(2016).

Velocity based task sequencing control with strict task priority is
widely employed in different scenarios such as controlling the position
of multiple points in Flacco and De Luca (2014) and visual servoing
in Sadeghian, Villani, Kamranian, and Karami (2015) and De Luca,
Ferri, Oriolo, and Giordano (2008). Task prioritization in acceleration
level is more complex but improves the accuracy of the task execution.
Prioritization method also affects the null space stability analysis.
Stability analysis of the null space is critical in the acceleration level. The
stability analysis of the internal motion during multi-priority accelera-
tion level control was first performed in Hsu, Mauser, and Sastry (1989).
The stability of this algorithm has been investigated in more details
in Nakanishi, Cory, Mistry, Peters, and Schaal (2008) and Sadeghian
et al. (2013). Torque level control is an alternative formulation which
has been exploited both for humanoids (Khatib & Chung, 2014; Sentis,
Park, & Khatib, 2010) and robotic arms (Ott et al., 2015).

Operational Space Formulation proposed in Khatib (1987) is the
most common approach used for controlling the robot in the task space.
Computing decoupled dynamics for the first task and designing the
controller according to this dynamic constitute the basis of this formu-
lation. In this way, handling multiple tasks is possible as it is performed
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Fig. 1. Accidental interaction with robot working in social environment.

in Sentis et al. (2010). Complete stability analysis of both acceleration
level and torque level approaches are performed in Sadeghian, Villani,
Keshmiri, and Siciliano (2014) by the authors of this paper. Recently,
a new formulation with specific null space velocity coordinates has
been defined in Ott et al. (2015). This formulation is not intuitive
but the resulted coordinates which are used for compliance control of
prioritized tasks simplify the stability analysis of the system.

Force control has significant applications in surgical robots (Corteso
& Dominici, 2017; Kesner & Howe, 2011; Navkar, Deng, Shah, Bekris,
& Tsekos, 2012; Zemiti, Morel, Ortmaier, & Bonnet, 2007), indus-
trial robots (Polverini et al., 2016; Winkler & Such, 2013) and hu-
manoids (Khatib & Chung, 2014; Nicolis, Zanchettin, & Rocco, 2016;
Sato et al., 2011). These applications include controlling interaction
force between the robot and unknown soft or hard environments. The
employed methods aim to extend the application of the robots for
effective execution of the complex tasks. However, in all the researches
force control is accomplished in the absence of accidental interactions
that makes the control problem more elaborating. In the absence of
tactile sensors on the robot body, observer is the most useful solution to
estimate accidental interactions. Besides force control task, position and
orientation control task in other directions should be usually considered
(see for example Sato et al., 2011 and Jung, Hsia, & Bonitz, 2004).
Orientation control is also a new field of interest especially in visual-
servoing tasks (Khatib, Khudir, & De Luca, 2017). To the best of our
knowledge, force and orientation control along with position control in
task space and complaint behavior in null space have not been studied
so far.

In this paper, the problem of handling external interactions with
robot body during executing prioritized tasks is investigated. An ex-
ample of the application scenario is depicted in Fig. 1, where robot
works in collaboration with a human. External interaction on the
robot must be considered in the control algorithm to perform the task
successfully. Previously in Sadeghian et al. (2014), a position control
task with null space compliance was considered. In this work, a novel
method for defining coordinates of the hierarchical tasks is exploited
(Section 3). The main purpose of this definition is to obtain an intuitive
and integrated approach to prioritize multiple tasks besides introducing
null space with minimal dimension. This is a critical issue to obtain the
desired compliance behavior in the null space (see details in Sadeghian
et al. (2013)).

The main contribution of this work is the proposing of a controller–
observer algorithm to control force, position and orientation along with
compliant behavior in the redundant degrees of freedom. Using external
torque estimation algorithm, the execution of the prioritized tasks with
minimum error is guaranteed during external interaction. Asymptotic
stability of the overall system is proved in Section 4. The performance
of the system which is evaluated experimentally on a 7DOF KUKA LWR
arm is reported in Section 5.

Table 1
Nomenclature.

Variable Description

𝒒 Robot joint configuration vector
𝑡 Time
𝑴(𝒒) Robot inertia matrix in joint space
𝑪(𝒒, 𝒒̇) Coriolis/centrifugal matrix in the joint space
𝒈(𝒒) Robot gravity vector in joint space
𝝉 Robot control torque in joint space
𝑱 (𝒒) Robot Jacobian matrix
𝑱𝑖(𝒒) 𝑖th task Jacobian matrix
𝑱𝑓 (𝒒) Physical contact Jacobian matrix
𝑱𝑖(𝒒) New Jacobian of the 𝑖th task
𝑱𝑎𝑢𝑔,𝑖(𝒒) Augmentation of the new Jacobian matrices from 1

to 𝑖
𝝉𝑒𝑥𝑡 External accidental torque
𝚲𝑖(𝒒) Inertia matrix in the 𝑖th task space
𝝁𝑖(𝒒, 𝒒̇) Coriolis/centrifugal vector in the 𝑖th task space
𝒑𝑖(𝒒) Gravity vector in the 𝑖th task space
𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖 Control command in 𝑖th task space
𝒇𝑓 Intentional contact force
𝒁𝑖(𝒒) Null space based matrix for the 𝑖th task
𝑷𝑖(𝒒) Null space projector of for 𝑖th task
𝒙 Operational space coordinates for the 𝑖th task
𝒙̄ New operational space coordination for the 𝑖th task
𝝂 Null space velocity coordinates
𝒑(𝑡) Linear momentum
𝒓(𝑡) Residual vector
𝑲𝑒𝑛𝑣 Environment stiffness
𝑪𝑒𝑛𝑣 Environment damping
𝑲𝑜𝑏𝑠 Observer gain
𝑲𝑖,𝑑 Derivative gain for the 𝑖th task space
𝑲𝑖,𝑝 Proportional gain for the 𝑖th task space
𝑲𝑖,𝑖 Integral gain for the 𝑖th task space
𝑹𝑒 Rotation matrix of the end effector
𝝎𝑗
𝑘 Angular velocity of link ‘‘𝑘’’ w.r.t frame ‘‘𝑗’’

𝜼𝑘 Scaler part of the quaternion representation of the
orientation of the link ‘‘𝑘’’

𝜺𝑗𝑘 Vector part of quaternion representation of the
orientation of the link ‘‘𝑘’’ w.r.t frame ‘‘𝑗’’

2. Preliminaries

Herein, some critical and fundamental issues regarding this work will
be reviewed. Since numerous parameters are defined and employed in
this work, a nomenclature of the parameters is introduced in Table 1.

The dynamic model of a 𝑛-link robot with one physical contact point
with the environment can be written as,

𝑴(𝒒)𝒒̈ + 𝑪(𝒒, 𝒒̇)𝒒̇ + 𝒈(𝒒) = 𝝉 − 𝝉𝑒𝑥𝑡 − 𝑱 𝑇
𝑓 (𝒒)𝒇𝑓 , (1)

where 𝑴(𝒒) ∈ R𝑛×𝑛 is the robot inertia matrix as a function of the joint
configuration 𝒒 ∈ R𝑛×1, 𝑪(𝒒, 𝒒̇)𝒒̇ ∈ R𝑛×1 represents Coriolis/centrifugal
effects, and 𝒈(𝒒) ∈ R𝑛×1 is gravitational torques vector. Furthermore, 𝝉 ∈
R𝑛×1 is the robot control torques and 𝝉𝑒𝑥𝑡 ∈ R𝑛×1 is the external torques
resulting from external interactions with the environment. Moreover,
𝑱𝑓 (𝒒) ∈ R𝑛𝑓×𝑛 is the Jacobian matrix of the force control task where
𝑛𝑓 is the task dimension, and 𝒇𝑓 is (𝑛𝑓 × 1) intentional contact force
vector applied to the robot. In the case of multi-contact problem 𝑱 𝑇

𝑓 (𝒒)𝒇𝑓
should be replaced with proper term including all the contact forces.

Considering 𝑙 different tasks, the 𝑖th task coordinate vector 𝒙𝑖 ∈ R𝑛𝑖

is related to the joint space vector through the mapping 𝒙𝑖 = 𝒉𝑖(𝒒) for
1 ≤ 𝑖 ≤ 𝑙. Hence, the task space velocities 𝒙̇𝑖 are related to the joint
space velocities 𝒒̇ by

𝒙̇𝑖 = 𝑱𝑖(𝒒)𝒒̇, (2)

where 𝑱𝑖(𝒒) = 𝜕𝒉𝑖
𝜕𝒒 is the Jacobian matrix of the 𝑖th task. In the case

of position control tasks, following the operational space formulation
introduced in Khatib (1987), the 𝑖th task space dynamics can be written
as

𝚲𝑖(𝒒)𝒙̈𝑖 + 𝝁𝑖 + 𝒑𝑖(𝒒) = 𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖 − 𝒇𝑓 − 𝑱 #
𝑖
𝑇 (𝒒)𝝉𝑒𝑥𝑡, (3)
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where
𝚲𝑖(𝒒) = (𝑱𝑖(𝒒)𝑴−1(𝒒)𝑱 𝑇

𝑖 (𝒒))−1,

𝝁𝑖(𝒒, 𝒒̇) = 𝑱 #
𝑖
𝑇 (𝒒)𝑪(𝒒, 𝒒̇)𝒒̇ − 𝚲𝑖(𝒒)𝑱̇𝑖(𝒒)𝒒̇,

𝒑𝑖(𝒒) = 𝑱 #
𝑖
𝑇 (𝒒)𝒈(𝒒).

(4)

𝚲𝑖(𝒒) ∈ R𝑛𝑖×𝑛𝑖 , 𝝁𝑖(𝒒) ∈ R𝑛𝑖×𝑛𝑖 and 𝒑𝑖(𝒒) ∈ R𝑛𝑖×1 are the inertia
matrix, Coriolis/centrifugal vector and gravity vector in 𝑖th task space,
respectively. 𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖 is a (𝑛𝑖 × 1) vector represents the 𝑖th task control
command and 𝑱 #

𝑖 (𝒒) ∈ R𝑛×𝑛𝑖 denotes the inertia weighted generalized
inverse of the 𝑖th task Jacobian (Khatib, 1987). Control torques are
related to the task control command through 𝝉 = 𝛴𝑖=𝑙

𝑖=1𝑱𝑖
𝑇 (𝒒)𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖.

Using proper projected Jacobian along with the associated dynamically
consistent generalized inverse ensures decoupled inertia matrix (Khatib,
1995; Park & Khatib, 2005) as1

𝚲 = 𝑑𝑖𝑎𝑔(𝚲1,𝚲2,…𝚲𝑙). (5)

We are looking for a task prioritization scheme with the following
specifications;

• Lower priority tasks do not disturb the higher ones. In other words,
the 𝑗th task should not disturb the 𝑖th task where 𝑗 > 𝑖 ≥ 1.

• The dimension of the lowest level of hierarchy should be obtained
as 𝑛𝑙 = 𝑛 −

∑𝑙−1
𝑖=1 𝑛𝑖. Thus, the null space dynamics is introduced

with 𝑛𝑙 independent coordinates.

3. Problem formulation

In order to obtain a prioritized scheme with aforementioned charac-
teristics, a new set of coordinates is needed. The (𝑛𝑖 × 𝑛) matrix 𝑱𝑖(𝒒) is
proposed as

𝑱𝑖(𝒒) =
⎧

⎪

⎨

⎪

⎩

𝑱1 𝑖 = 1
𝑱𝑖𝒁𝑇

𝑖−1(𝒁𝑖−1𝑴𝒁𝑇
𝑖−1)

−1𝒁𝑖−1𝑴 𝑖 = 2,… , 𝑙 − 1
(𝒁𝑙−1𝑴𝒁𝑇

𝑙−1)
−1𝒁𝑙−1𝑴 𝑖 = 𝑙,

(6)

where 𝒁𝑖−1(𝒒) ∈ R𝑛−
∑𝑖−1

𝑗=1 𝑛𝑗×𝑛 spans the complete null space of all
previous tasks with minimal necessary dimension. Constructing 𝒁𝑖−1 is
not unique and special care must be taken for its computation. Singular
value decomposition can be utilized to obtain null space base Jacobian
𝒁𝑖−1. However, the analytical method discussed in Ott (2008) is used
to ensure matrix continuity. For this purpose, the augmented Jacobian
matrix is constructed as,

𝑱𝑎𝑢𝑔,𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑱1
𝑱2
⋮
𝑱𝑖

⎤

⎥

⎥

⎥

⎥

⎦

, (7)

and the null space base matrices for computation of the Jacobian of the
tasks 2,… , 𝑖 are obtained such that,

𝑱𝑎𝑢𝑔,𝑖𝒁𝑇
𝑖 = 𝟎. (8)

In (6), 𝒁𝑇
𝑖−1(𝒁𝑖−1𝑴𝒁𝑇

𝑖−1)
−1𝒁𝑖−1𝑴 is the projection operator to the space

where the rows of 𝒁𝑖−1 are its base vectors. Similar operator definition
can be found for example in Ott (2008). To the best of our knowledge,
until now it has not been employed for prioritization multiple tasks. By
calling this projector as 𝑻𝑖−1 ∈ R𝑛×𝑛, it is obvious that 𝑻𝑖−1 is idempotent
and also fulfills 𝑻𝑖−1𝒁𝑇

𝑖−1 = 𝒁𝑇
𝑖−1. The dimension of 𝑱𝑙 is (𝑛−∑𝑙−1

𝑖=1 𝑛𝑖 × 𝑛)
which is a significant feature to obtain the desired stable behavior in the
null space of the higher priority tasks (for more details Nakanishi et al.,
2008 and Sadeghian et al., 2013 are referred).

The kinematic relation between the joint and the task space velocities
are then given as

̇̄𝒙 = 𝑱𝑎𝑢𝑔,𝑙𝒒̇. (9)

1 Variables dependency in 𝒒 and 𝒒̇ are shown in the first usage of the variables
and are omitted elsewhere for the sake of brevity.

Fig. 2. Graphical interpretation of hypothetical prioritized tasks in the joint space. 𝑇𝑖
shows the 𝑖th task and 𝑇𝑙 (shaded) is the null space of all major tasks. While solid lines
display the boundary of each task which is accessible in hierarchical scheme, dashed lines
describe the omitted part of the task with respect to the priority allocation.

Denoting that by using (6), 𝑱𝑎𝑢𝑔,𝑙 is (𝑛 × 𝑛) nonsingular matrix for full
rank and independent 𝑱𝑖. ̇̄𝒙 and 𝒒̇ are (𝑛×1) task and joint space velocity
vectors. For given task velocity, the general solution for (9) can be
written as

𝒒̇ = 𝑱−1
𝑎𝑢𝑔,𝑙

̇̄𝒙, (10)

where ̇̄𝒙 =
[ ̇̄𝒙1, ̇̄𝒙2,… , ̇̄𝒙𝑙−1, 𝝂

]𝑇 . 𝝂 is (𝑛𝑙 × 1) null space velocity vector
which is in general non-integrable (De Luca & Oriolo, 1997).

Dynamically consistent generalized inverse 𝑱 #
𝑖 is defined as

𝑱 #
𝑖 =

{

𝑴−1𝑱𝑖
𝑇 (𝑱𝑖𝑴−1𝑱𝑖

𝑇 )−1 𝑖 = 1,… , 𝑙 − 1,
𝒁𝑇

𝑙−1 𝑖 = 𝑙.
(11)

and by exploiting (7) and (8) along with (6) we have
{

𝑱1𝒁𝑇
1 = 0, 𝑖 = 1,

𝑱𝑗𝒁𝑇
𝑗−1(𝒁𝑗−1𝑴𝒁𝑇

𝑗−1)
−1𝒁𝑗−1𝑴𝒁𝑇

𝑖 = 0, 𝑖 = 2,… , 𝑙, (12)

for 𝑗 ≤ 𝑖. Recent relations can be exploited to ensure the fulfillment of

𝑱𝑎𝑢𝑔,𝑖−1𝑱 #
𝑖 = 𝟎, (13)

and

𝑱𝑗𝑴−1𝑱 𝑇
𝑖 = 𝟎 for any 𝑖 and 𝑗. (14)

Eq. (13) guarantees the order of priority as shown in Fig. 2. Restriction
of the lower priority tasks when they conflict with the higher prior-
ity tasks is demonstrated by using solid and dashed lines in Fig. 2.
Moreover (14) ensures dynamical consistency and block diagonal inertia
matrix (Ott et al., 2015). By observing (14), one can show

𝑱−1
𝑎𝑢𝑔,𝑙 =

[

𝑱 #
1 𝑱 #

2 … 𝑱 #
𝑙

]

, (15)

employing similar approach followed in Oh, Chung, and Youm (1998)
and Sadeghian et al. (2013).

Eq. (10) can be extended to the second order kinematic solution as

𝒒̈ = 𝑱−1
𝑎𝑢𝑔,𝑙( ̈̄𝒙 − 𝑱̇𝑎𝑢𝑔,𝑙𝒒̇), (16)

where

̈̄𝒙 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

̈̄𝒙1
̈̄𝒙2
⋮
̈̄𝒙𝑙−1
𝝂̇

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (17)

Consequently, using (6) and (11) the 𝑖th level decoupled dynamic is
realized as

𝚲̄𝑖(𝒒) ̈̄𝒙𝑖 + 𝝁̄𝑖(𝒒, 𝒒̇) + 𝒑̄𝑖(𝒒) = 𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖 − 𝑱 #
𝑖
𝑇 (𝒒)𝝉𝑒𝑥𝑡, (18)

where 𝚲̄𝑖(𝒒), 𝝁̄𝑖(𝒒) and 𝒑̄𝑖(𝒒) are computed by replacing 𝑱𝑖 and 𝑱 #
𝑖 with

𝑱𝑖 and 𝐉̄#𝑖 in (4) and (3), respectively. Moreover, 𝝉 = 𝛴𝑖=𝑙
𝑖=1𝑱𝑖

𝑇 (𝒒)𝒇𝑐𝑜𝑛𝑡𝑟𝑜𝑙,𝑖.
It is noteworthy that for the force control task, −𝒇𝑓 which is the force
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vector applied to the force control task space should be added to the
right side of (18).

Thanks to the Jacobian definition in (6), 𝑛𝑙 = 𝑛 −
∑𝑙−1

𝑖=1 𝑛𝑖, and 𝑙
decoupled task space dynamics (similar to (18)) can be obtained which
facilitate the control of several tasks, simultaneously. Moreover, the
null space dynamics is in clear form and it is possible to handle the
physical interactions besides accomplishing the tasks. In other words, a
compliance behavior can be obtained during physical interaction in the
null space. It is noteworthy that according to the comparison between
different methods for defining orientation error reported in Caccavale,
Natale, Siciliano, and Villani (1998), the unit quaternion formulation is
employed for orientation tasks in the present work.

Denoting the command acceleration in the 𝑖th task space with 𝒙̈𝑐,𝑖
and in the null space by 𝝂̇𝑐 , the control torques can be computed through

𝝉 =
𝑙−1
∑

𝑖=1
𝑱 𝑇
𝑖 (𝚲̄𝑖(𝒙̈𝑐,𝑖 − ̇̄𝑱𝑖𝒒̇)) + 𝑱 𝑇

𝑙 (𝚲̄𝑙(𝝂̇𝑐 − ̇̄𝑱𝑙𝒒̇))

+ 𝑱 𝑇
𝑓 𝒇𝑓 + 𝑪𝒒̇ + 𝒈.

(19)

Considering (11), (18) and (19), one can simplifies the task space closed-
loop dynamics as

𝚲̄𝑖[ ̈̄𝒙 − 𝒙̈𝑐 + 𝑱𝑖𝑴−1𝝉𝑒𝑥𝑡] = 𝟎, (20)

which clearly shows the significant effect of the external physical
interaction torque on the robot performance. The major issues in the
following section are:

• Proposing controller–observer for accurate, efficient and safe
force, position and orientation control along with compliance in
the null space.

• Discussing the stability of the manipulator by employing new
force, position and orientation control commands besides the
method proposed in Sadeghian et al. (2013) for position control
in any arbitrary task combination.

4. Controller design and stability

In this section, we propose a new controller–observer algorithm
based on the generalized momentum observer. In our previous work
(Sadeghian et al., 2014), the generalized momentum observer, originally
proposed in De Luca and Mattone (2005), has been exploited effectively
to control the interaction during task space control. In that work, we
mainly considered the regulation of the task space position around
a desired position. Here a novel method for controlling force and
orientation tasks is proposed. Meanwhile, the stability analysis covers
multiple force, orientation and position control or any combination of
them besides compliance in the null space. The Jacobian definition in
(6) and the analysis in the previous section enable us to achieve this
goal, properly.

4.1. Controller design

By using the dynamics (1), 𝑛-dimensional residual vector 𝒓 is defined
as

𝒓(𝑡) = 𝑲𝑜𝑏𝑠[𝒑(𝑡) − ∫

𝑡

0
(𝝉 + 𝑪𝑇 𝒒̇ − 𝒈 − 𝑱 𝑇

𝑓 𝒇𝑓 + 𝒓(𝜎))𝑑𝜎], (21)

where 𝒑(𝑡) = 𝑴𝒒̇, 𝒑(0) = 𝟎, 𝒓(0) = 𝟎 and 𝑲𝑜𝑏𝑠 ∈ R𝑛×𝑛 is a positive definite
matrix. It can be shown that the residual vector dynamics is

𝒓̇ = −𝑲𝑜𝑏𝑠𝑟 −𝑲𝑜𝑏𝑠𝝉𝑒𝑥𝑡. (22)

Hence, by choosing proper gain 𝑲𝑜𝑏𝑠, the accidental physical interac-
tions with the robot body can be estimated through (21). Note that the
intentional interaction with the robot body for force control task (𝒇𝑓 ) is
not included in the realized estimation.

Observing (20), it is obvious that any accidental contact with the
robot body may produce deviation from the assigned task. Proper

command acceleration can handle undesired motions and reduce the
task errors. For accurate task execution, the command accelerations for
force, position and orientation control are proposed as

𝒙̈𝑐𝑓 = 𝑲𝑓,𝑝𝒇 +𝑲𝑓,𝑖 ∫ 𝒇𝑑𝜎 −𝑲𝑓,𝑑 ̇̄𝒙𝑓 − 𝚲̄−1
𝑓 𝑱 #𝑇

𝑓 𝒓, (23)

𝒙̈𝑐𝑝 = −𝑲𝑝,𝑑 ̇̄𝒙 +𝑲𝑝,𝑝𝒙̃ − 𝚲̄−1
𝑝 𝑱 #𝑇

𝑝 𝒓, (24)

𝒙̈𝑐𝑜 = −𝑲𝑜,𝑑 𝝎̄𝑒 +𝑲𝑜,𝑝𝜺𝑑𝑒 − 𝚲̄−1
𝑜 𝑱 #𝑇

𝑜 𝒓. (25)

Here, 𝒇 = 𝒇𝑑 − 𝒇𝑓 is the force control error and ̇̄𝒙𝑓 is the velocity
vector in the force control direction. 𝑲𝑓,𝑖 ∈ R𝑛𝑓×𝑛𝑓 , 𝑲𝑓,𝑝 ∈ R𝑛𝑓×𝑛𝑓 and
𝑲𝑓,𝑑 ∈ R𝑛𝑓×𝑛𝑓 are positive definite gains in the force control space.
For position control tasks, 𝒙 is the task space variable and 𝒙̃ = 𝒙𝑑 − 𝒙.
In (25), 𝝎̄𝑒 and 𝜺𝑑𝑒 are the end effector angular velocity vector and the
vector part of the quaternion parameters extracted from mutual rotation
matrix 𝑹𝑒

𝑑 i. Moreover, 𝑲𝑝,𝑝 ∈ R𝑛𝑝×𝑛𝑝 , 𝑲𝑝,𝑑 ∈ R𝑛𝑝×𝑛𝑝 , 𝑲𝑜,𝑝 ∈ R𝑛𝑜×𝑛𝑜 and
𝑲𝑜,𝑑 ∈ R𝑛𝑜×𝑛𝑜 are positive definite matrices considered as position and
orientation control gains and 𝑛𝑝 and 𝑛𝑜 are the corresponding task space
dimensions.

Thanks to the robot redundancy, compliant behavior can be imposed
in the null space of the major tasks with the null space command
acceleration,

𝝂̇𝑐 = −𝚲̄−1
𝑙 ((𝝁̄𝑙 + 𝑩𝑙)𝝂 −𝒁𝑙−1𝑲𝑙,𝑝𝒒), (26)

where 𝒒 = 𝒒𝑑 − 𝒒, and 𝒒𝑑 ∈ R𝑛×1 as a desired joint space configuration
and 𝑩𝑙 ∈ R𝑛𝑙×𝑛𝑙 is a positive definite matrix. These command accelera-
tions are further used in (19) to construct manipulator control torque.

Proposition 1. Assume that the external torque (𝝉𝑒𝑥𝑡) is constant (or slowly
time varying). The control command (19) besides the command accelerations
(23)–(26) and the residual vector (21) guarantee that the task space and
torque estimation errors go to zero asymptotically. Moreover, a desired
compliant behavior is imposed in the null space of the tasks.

4.2. Stability analysis

In this section, the stability analysis of the proposed controller–
observer is performed. First, some preliminary theorems and lemmas
are given. Afterward, in Section 4.2.2 the above proposition is clarified
and proved. Independent main tasks are considered in the stability. Task
dependency are discussed separately at the end of the subsection.

4.2.1. Preliminary theorems

Theorem 2 (Iggidr, Kalitine, & Outbib, 1996). Consider the system 𝒛̇ = ℎ(𝒛)
with 𝒛 = 0 as equilibrium point. If a function 𝑉 (𝒛) ∈ 𝐶1(𝛺,R) on the
neighborhood 𝛺 of the origin exists such that,

• 𝑉 (𝒛) ≥ 0 for all 𝒛 ∈ 𝛺 and 𝑉 (0) = 0;
• 𝑉̇ (𝒛) ≤ 0 for all 𝒛 ∈ 𝛺;
• The system is asymptotically stable in the largest positively invariant

set  contained in {𝒛 ∈ 𝛺|𝑉̇ (𝒛) = 0};

the origin is then asymptotically stable.

Lemma 3 (Khalil & Grizzle, 1996). Consider the dynamical system 𝒛̇ =
𝑓 (𝒛, 𝑡) + 𝑑(𝒛, 𝑡) where 𝑓 (𝒛, 𝑡) is the nominal system and 𝑑(𝒛, 𝑡) is the
perturbation term. Let 𝒛 = 0 be an exponentially stable equilibrium point
for the nominal system (𝒛̇ = 𝑓 (𝒛, 𝑡)) and 𝑉 (𝒛, 𝑡) be a Lyapunov function for
the nominal system such that

𝐶1‖𝒛‖2 ≤ 𝑉 (𝒛, 𝑡) ≤ 𝐶2‖𝒛‖2, (27)

𝜕𝑉
𝜕𝑡

+ 𝜕𝑉
𝜕𝒛

𝑓 (𝒛) ≤ −𝐶3‖𝒛‖2, (28)

‖

𝜕𝑉
𝜕𝒛

‖ ≤ 𝐶4‖𝒛‖, (29)
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and the perturbation term 𝑑(𝒛, 𝑡) satisfies

‖𝑑(𝒛, 𝑡)‖ ≤ 𝜸‖𝒛‖. (30)

Considering,

𝑉̇ (𝒛) = 𝜕𝑉
𝜕𝑡

+ 𝜕𝑉
𝜕𝒛

𝑓 (𝒛) + 𝜕𝑉
𝜕𝒛

𝑑(𝒛, 𝑡)

≤ −𝐶3‖𝒛‖2 +
𝜕𝑉
𝜕𝒛

‖𝑑(𝒛, 𝑡)‖

≤ −𝐶3‖𝒛‖2 + 𝐶4𝛾‖𝒛‖2

≤ −(𝐶3 − 𝛾𝐶4)‖𝒛‖2,

(31)

the system is exponentially stable if 𝛾 is small enough to satisfy the bound

𝛾 ≤
𝐶3
𝐶4

. (32)

4.2.2. Stability proof
The stability proof is based on Conditional Stability Theorem (Theo-

rem 2). Without loss of generality, let’s consider the force control as
the first priority task and position control and orientation control as the
second and third priority tasks, respectively. The remaining degrees of
freedom is also assumed to be exploited in the null space by (26).

Proof of Proposition 1. By replacing (23)–(19) in the robot dynamics
(18), the closed loop dynamics for the main tasks as well as the null
space dynamics are obtained as,

− ̈̄𝒙𝑓 −𝑲𝑓,𝑑 ̇̄𝒙𝑓 +𝑲𝑓,𝑝𝒇 +𝑲𝑓,𝑖 ∫

𝑡

0
𝒇𝑑𝜎 = 𝚲̄−1

𝑓 𝑱 #𝑇
𝑓 𝒓̃, (33)

− ̈̄𝒙 −𝑲𝑝,𝑑 ̇̄𝒙 +𝑲𝑝,𝑝𝒙̃ = 𝚲̄−1
𝑝 𝑱 #𝑇

𝑝 𝒓̃, (34)

− ̇̄𝝎𝑒 −𝑲𝑜,𝑑 𝝎̄𝑒 +𝑲𝑜,𝑝𝜺𝑑𝑒 = 𝚲̄−1
𝑜 𝑱 #𝑇

𝑜 𝒓̃, (35)

− 𝚲̄𝑙𝝂̇ − (𝝁̄𝑙 + 𝑩𝑙)𝝂 +𝒁𝑙−1𝑲𝑙,𝑝𝒒 = 𝒁𝑙−1𝝉𝑒𝑥𝑡. (36)

Additionally, considering the estimation error as 𝒓̃ = 𝒓 + 𝝉𝑒𝑥𝑡, (22) can
be rewritten as,

̇̃𝒓 +𝑲𝑜𝑏𝑠𝒓̃ = 𝝉̇𝑒𝑥𝑡. (37)

Consequently, the closed loop dynamics of the system is constructed by
(9), (33)–(37) as well as the propagation dynamics, Siciliano, Sciavicco,
and Villani (2010)

𝜂̇𝑑𝑒 = −1
2
𝜺𝑒𝑇𝑑𝑒 𝝎̃

𝑒
𝑑𝑒, (38)

𝜺̇𝑒𝑑𝑒 =
1
2
𝐸(𝜂𝑑𝑒, 𝜀𝑒𝑇𝑑𝑒 )𝝎̃

𝑒
𝑑𝑒, (39)

where 𝜺𝑑𝑒 = 𝑹𝑒𝜺𝑒𝑑𝑒, and 𝝎̃𝑒
𝑑𝑒 = 𝝎𝑒

𝑑 − 𝝎̄𝑒
𝑒, considering the desired angular

velocity 𝝎𝑒
𝑑 to be zero. According to the assigned priorities for the

stability proof and the definition given in (7), 𝑱𝑓 = 𝑱1, 𝑱𝑝 = 𝑱2 and
𝑱𝑜 = 𝑱3.

The environment stiffness (𝑲𝑒𝑛𝑣) and damping (𝑪𝑒𝑛𝑣) are assumed
to be unknown positive quantities. Thus, the applied force on the
environment and the desired force are given as follows,

𝒇𝑓 = 𝑲𝑒𝑛𝑣(𝒙𝑓 − 𝒙𝑖𝑛𝑖𝑡𝑖𝑎𝑙) + 𝑪𝑒𝑛𝑣𝒙̇𝑓 , (40)

𝒇𝑑 = 𝑲𝑒𝑛𝑣(𝒙𝑑 − 𝒙𝑖𝑛𝑖𝑡𝑖𝑎𝑙). (41)

It should be noted that the desired position 𝒙𝑑 is unknown. However,
for each desired force it has a specific value. One can replace 𝒇 in (33)
with 𝑲𝑒𝑛𝑣𝒙̃𝑓 −𝑪𝑒𝑛𝑣𝒙̇𝑓 , where 𝒙̃𝑓 = 𝒙𝑑 −𝒙𝑓 . Since, for independent tasks
𝒙̄𝑖 = 𝒙𝑖, 𝒙𝑓 can be replaced with 𝒙̄𝑓 in 𝒙̃𝑓 as well as 𝒙 with 𝒙̄ in 𝒙̃.

The state space vector of the closed loop system is 𝒛 = ( ̇̄𝒙, 𝒙̃, ̇̄𝒙𝑓 , 𝒙̃𝑓 ,
∫ 𝑡
0 𝒙̃𝑓𝑑𝜎, 𝝎̄𝑒, 𝜺𝑑𝑒, 𝜂𝑑𝑒, 𝝂, 𝒒). At the first step, the stability of the force task

in addition to the observer estimation error dynamics are investigated.
Eqs. (33) and (37) can be considered as perturbed linear system,

𝒛̇ = 𝑨𝒛 + 𝑑(𝒛, 𝑡), (42)

when the external force is assumed to be constant (or slowly time
varying). One should consider that this assumption is held during force
control since 𝑓𝑓 is independent from 𝝉𝑒𝑥𝑡 (see (1), (3), (21)). In (42), the
perturbation term for nonsingular manipulator configuration is bounded
as

‖𝚲̄−1
𝑓 𝑱 #𝑇

𝑓 𝒓̃‖ ≤ 𝜸‖𝒛‖. (43)

Therefore, 𝑑(𝒛, 𝑡) in (42) satisfies (30). By properly choosing the control
gains in (23), a negative definite matrix 𝑨 can be obtained in (30).
Hence, the quadratic function

𝑉1(𝒛) =
1
2
[(∫

𝑡

0
𝒙̃𝑓𝑑𝜎)𝑇 𝒙̃𝑇𝑓 ̇̄𝒙𝑇𝑓 𝒓̃𝑇 ]𝑷

⎡

⎢

⎢

⎢

⎢

⎢

⎣

∫

𝑡

0
𝒙̃𝑓𝑑𝜎

𝒙̃𝑓
̇̄𝒙𝑓
𝒓̃

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (44)

is exploited in this step where 𝑷 is a positive definite matrix that fulfills
𝑷𝑨 + 𝑨𝑇𝑷 = −𝑰 (Khalil & Grizzle, 1996). The time derivative of (44)
along the solutions of (33) and (37) yields

𝑉̇1(𝒛) =
𝜕𝑉
𝜕𝒛

𝑓 (𝒛) + 𝜕𝑉
𝜕𝒛

𝑔(𝑡, 𝒛)

= − ̇̄𝒙𝑇𝑓 ̇̄𝒙𝑓 − 𝒙̃𝑇𝑓 𝒙̃𝑓 − (∫

𝑡

0
𝒙̃𝑓𝑑𝜎)𝑇 (∫

𝑡

0
𝒙̃𝑓𝑑𝜎) − 𝒓̃𝑇 𝒓̃

− 𝚲̄−1
𝑓 𝑱 #𝑇

𝑓 (∫

𝑡

0
𝒙̃𝑓𝑑𝜎, ̇̄𝒙𝑓 , 𝒙̃𝑓 ).

(45)

where the second line in (45) shows exponential stability of the nominal
system and the third line is related to the perturbation term. Since the
nominal system in (42) is exponentially stable and (43) holds, by observ-
ing Lemma 3 we realize that (44) and (45) fulfills the first two conditions
of Theorem 2. For the last condition, asymptotic stability of the system
conditionally to set 𝛴1 = {𝒛|𝑉̇1(𝒛) = 0} = { ̇̄𝒙, 𝒙̃, 𝝎̄𝑒, 𝜺𝑑𝑒, 𝜼𝑑𝑒, 𝒒, 𝝂, ̇̄𝒙𝑓 =
𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ = 𝟎} must be shown (see Fig. 3). By selecting
proper gain matrices in (24) and employing 𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 equation similar
to the previous step, one can realize the function

𝑉2(𝒛) =
1
2
𝒙̃𝑇 (𝑲𝑝,𝑑𝑲𝑝,𝑝

−1 +𝑲𝑝,𝑑
−1𝑲𝑝,𝑝 +𝑲𝑝,𝑑

−1)𝒙̃

+ 1
2
̇̄𝒙𝑇 (𝑰 +𝑲𝑝,𝑝

−1)𝑲−1
𝑝,𝑑

̇̄𝒙 + ̇̄𝒙𝑇𝑲𝑝,𝑝
−1𝒙̃,

(46)

which is positive semi-definite within 𝛴1. The time derivative of (46)
using (34) is simplified as

𝑉̇2(𝒛) = − ̇̄𝒙𝑇 ̇̄𝒙 − 𝒙̃𝑇 𝒙̃. (47)

Since (47) is negative semi-definite, to show the asymptotic stabil-
ity of this subset (𝛴1) using Theorem 2, we should investigate the
asymptotic stability in the subset 𝛴2 = {( ̇̄𝒙, 𝒙̃, 𝝎̄𝑒, 𝜺𝑑𝑒, 𝜼𝑑𝑒, 𝒒, 𝝂, ̇̄𝒙𝑓 =
𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ = 𝟎)|𝑉̇2(𝒛) = 0}. Exploiting 𝐿𝑦𝑎𝑝𝑢𝑛𝑜𝑣 function
candidate,

𝑉3(𝒛) = 𝑲𝑜,𝑝((𝜂𝑑𝑒 − 1)2 + 𝜺𝑇𝑑𝑒𝜺𝑑𝑒) +
1
2
𝝎̄𝑇
𝑒 𝝎̄𝑒, (48)

and by (38)–(39) we realize,

𝑉̇3(𝑧) = 2𝑲𝑜,𝑝((𝜂𝑑𝑒 − 1)𝜂̇𝑑𝑒 + 𝜺𝑇𝑑𝑒𝜺̇𝑑𝑒) + ̇̄𝝎𝑇
𝑒 𝝎̄𝑒

= −𝑲𝑜,𝑑 𝝎̄𝑇
𝑒 𝝎̄𝑒.

(49)

Obviously, 𝑉3(𝑧) and 𝑉̇3(𝑧) satisfy conditional stability prerequisites
along the system trajectories. As a result, the last subset is realized as
𝛴𝑙−1 = 𝛴3 = {𝒒, 𝝂, 𝜺𝑑𝑒, 𝜂𝑑𝑒, ̇̄𝒙 = 𝟎, 𝒙̃ = 𝟎, ̇̄𝒙𝑓 = 𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ =
𝟎, 𝝎̄𝑒 = 𝟎}. In this set, for the case of non zero accidental external torque
(𝝉𝑒𝑥𝑡) and 𝒙(𝒒𝑑 ) ≠ 𝒙𝑑 , the asymptotic stability can be proven as follows.
The equilibrium point for the system in this case is {𝒒 = 𝒒∗, 𝝂 = 𝟎, ̇̄𝒙 =
𝟎, 𝒙̃ = 𝟎, ̇̄𝒙𝑓 = 𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ = 𝟎, 𝝎̃ = 𝟎, 𝜺𝑑𝑒 = 𝟎, 𝜂𝑑𝑒 = 1} where
𝒒∗ is a solution of

𝒁𝑙−1(𝑲𝑙,𝑝𝒒 − 𝝉𝑒𝑥𝑡) = 𝟎, (50)
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Fig. 3. Nested sets used for stability proof in the state space. 𝛴0 is the complete and
unrestricted state space 𝒛. By employing the conditional stability theorem for the 𝑖th step,
a new subset 𝛴𝑖 is created where the stability of the next step is studied inside this subset.

and is compatible with the previous tasks. The result locally minimizes
the function ‖𝑲𝑙,𝑝𝒒 − 𝝉𝑒𝑥𝑡‖2 w.r.t 𝒙𝑖(𝒒) = 𝒙𝑖,𝑑 . More details about
computing 𝒒∗ can be found in Chang (1987) and Sadeghian et al. (2014).
The proof of asymptotic stability of the equilibrium point of the system
is based on the function

𝑉𝑙 = 𝑲𝑜,𝑝((𝜂𝑑𝑒 − 1)2 + 𝜺𝑇𝑑𝑒𝜺𝑑𝑒) +
1
2
𝝂𝑇 𝚲̄𝑙𝝂 + 1

2
𝒒∗𝑇 𝑲𝑙,𝑝𝒒∗, (51)

where 𝒒∗ = 𝒒∗−𝒒. Within the set 𝚺𝑙−1, the joint space velocity is 𝒒̇ = 𝑱𝑙𝝂
and the time derivative of 𝑉𝑙 can be computed as,

𝑉̇𝑙 = − 𝝂𝑇 (𝝁̄𝑙 + 𝑩𝑙)𝝂 + 𝝂𝑇𝒁𝑙−1𝑲𝑙,𝑝𝒒 − 𝝂𝑇𝒁𝑙−1𝝉𝑒𝑥𝑡
− 𝝂𝑇𝒁𝑙−1𝑲𝑙,𝑝𝒒∗ + 2𝑲𝑜,𝑝((𝜂𝑑𝑒 − 1)𝜂̇𝑑𝑒 + 𝜺𝑇𝑑𝑒𝜺̇𝑑𝑒)

= − 𝝂𝑇 (𝝁̄𝑙 + 𝑩𝑙)𝝂.

(52)

Note that in the current set 𝝎̄𝑒 is zero, implying that 𝜂̇ and 𝜺̇𝑑𝑒 are
null. Considering La Salle’s invariance principal, the state of the system
converges to the largest invariant set with 𝝂 = 𝟎 in 𝛴𝑙−1. By observing
the system closed loop equations beside (50), the invariant set is realized
as {𝒒 = 𝒒∗, 𝝂 = 𝟎, ̇̄𝒙 = 𝟎, 𝒙̃ = 𝟎, ̇̄𝒙𝑓 = 𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ = 𝟎, 𝝎̃ =
𝟎, 𝜺𝑑𝑒 = 𝟎, 𝜂𝑑𝑒 = 1}. It is noteworthy that there is another equilibrium
point for the system as {𝒒 = 𝒒∗, 𝝂 = 𝟎, ̇̄𝒙 = 𝟎, 𝒙̃ = 𝟎, ̇̄𝒙𝑓 = 𝟎, 𝒙̃𝑓 =
𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ = 𝟎,𝝎𝑒 = 𝟎, 𝜺𝑑𝑒 = 𝟎, 𝜂𝑑𝑒 = −1} which is unstable. This
can be shown by taking a small perturbation around this equilibrium
point. Let 𝜂𝑑𝑒 = −1 + 𝜎 and 𝜎 > 0 and consider that unit quaternion
parameters are constrained as

𝜂2 + 𝜺𝑇 𝜺 = 1. (53)

Perturbed 𝑉𝑙 simplifies to 𝑉𝑙𝜎 = 4𝑲𝑜,𝑝 − 2𝜎𝑲𝑜,𝑝 while 𝑉𝑙 for the
equilibrium point is 𝑉𝑙,𝑒𝑞 = 4𝑲𝑜,𝑝. By (52), 𝑉𝑙 is decreasing and will never
return to 𝑉𝑙,𝑒𝑞 from 𝑉𝑙,𝜎 . Thus, we can infer that this equilibrium point
is unstable (similar analysis can be found in Caccavale et al. (1998)).

When 𝝉𝑒𝑥𝑡 = 𝟎, the asymptotic stability is preserved while the system
converges to new equilibrium point for 𝒒 and the equilibrium set is
{𝒒 = 𝒒𝑑 , 𝝂 = 𝟎, ̇̄𝒙 = 𝟎, 𝒙̃ = 𝟎, ̇̄𝒙𝑓 = 𝟎, 𝒙̃𝑓 = 𝟎, ∫ 𝑡

0 𝒙̃𝑓𝑑𝜎 = 𝟎, 𝒓̃ =
𝟎,𝝎𝑒 = 𝟎, 𝜺𝑑𝑒 = 𝟎, 𝜂𝑑𝑒 = 1}. Therefore, by virtue of Theorem 2, 𝛴3 is
asymptotically stable. Subsequently, the third condition of this theorem
in the subsets 𝛴2 and 𝛴1 is satisfied and thus the asymptotic convergence
to the equilibrium point of the system is achieved.

Remark 1. An alternative scheme to show the system stability is
to replace 𝑉1 with two positive semi-definite functions 𝑉𝑜𝑏𝑠 and 𝑉𝑓 .
Consider that,

𝑉𝑜𝑏𝑠 =
1
2
𝒓̃𝑇 𝒓̃, (54)

and its time derivative along the system trajectory as

𝑉̇𝑜𝑏𝑠 = − ̇̃𝒓𝑇𝑲𝑜𝑏𝑠 ̇̃𝒓, (55)

at the first step. Hence, the stability analysis of the system should be dis-
cussed in the subset 𝛴𝑜𝑏𝑠 = {𝒛|𝑉̇𝑜𝑏𝑠(𝒛) = 0} = { ̇̄𝒙, 𝒙̃, 𝝎̄𝑒, 𝜺𝑑𝑒, 𝜼𝑑𝑒, 𝒒, 𝝂, ̇̄𝒙𝑓 ,
𝒙̃𝑓 , ∫

𝑡
0 𝒙̃𝑓𝑑𝜎, 𝒓̃ = 𝟎}. One can propose proper 𝑉𝑓 to show the stability of

the force control task by using Lyapunov equation. To this end, matrix 𝑷
in 𝑷𝑨+𝑨𝑇𝑷 = −𝑰 should be computed according to 𝑨 which is realized
from (33) in the subset 𝛴𝑜𝑏𝑠. This way, the Lemma 3 is not employed
anymore. The rest of the stability analysis is the same as before.

Fig. 4. Case I: The experimental setup during manipulation.

Remark 2. If multiple similar tasks are considered for manipulation,
similar structure of 𝑉2, 𝑉3 and 𝑉𝑓 can be employed for the tasks in the
realized subsets. On the other hand, the stability analysis of the hybrid
tasks is possible through the summation of the corresponding Lyapunov
functions.

Remark 3. According to (20), if the considered tasks are dependent, the
lower priority task is realized as much as possible in the sense of least-
squares. In other words, the norm of ‖ ̈̄𝒙− 𝒙̈𝑐 + 𝑱𝑖𝑀−1𝝉𝑒𝑥𝑡‖ is minimized
subject to the higher priority tasks. Since the observer performance is
independent of the allocated priorities, the effect of 𝝉𝑒𝑥𝑡 is certainly
compensated.

Remark 4. Because of using pseudoinverse in the solution, singularity
may arise when the manipulator moves from a nonsingular configura-
tion to a singular configuration. Damped Least-Squares (DLS) method is
usually employed to treat this condition. Using DLS for the second-order
kinematic control is discussed in Caccavale, Chiaverini, and Siciliano
(1997). However, occurring this case is not common in the regulation
tasks which are considered here.

5. Experimental evaluation

The proposed approach is verified experimentally on a 7DOF KUKA
LWR robot arm. Various robot control approaches are investigated
through this manipulator (Ajoudani, Tsagarakis, & Bicchi, 2011; Jin
& Li, 2018; Mashayekhi, Behbahani, Ficuciello, & Siciliano, 2018).
Moreover, a six axis Force/Torque sensor (ATI Mini-45) is mounted at
the end-effector of the robot to measure the forces applied on the tip
(Fig. 4).

Each scenario comprises two prioritized tasks in addition to the
compliance behavior at the third level. Control algorithms are executed
through fast research interface library (FRI) on a remote PC. Three
experimental scenarios are devised. Corresponding command acceler-
ations are used in (19) to obtain the desired behavior for the tasks
along with the null space compliance. Some implementation details and
exploited numerical methods are discussed in Appendix A.The videos
related to the experiments reported in this section can be found as
supplementary materials in online resource (Appendix B).

5.1. Case I

In this case, hybrid force–position control is considered as the first
priority task and the position control is set as the second priority task.
This combination of the tasks is useful for both humanoid robots and ma-
nipulators during complex manipulations. Humanoids can preserve their
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Fig. 5. Case I: First task force error (Top) and position error (Middle). Second task
position error (Bottom). ‘‘I’’ corresponds to the initial interval where robot moves toward
the platform. ‘‘A’’, ‘‘B’’, ‘‘C’’ and ‘‘D’’ show the intervals where human applies external
interaction on the robot body.

stability by proper force control on their foots (and even another point of
contacts) while executing other tasks using their redundancy (examples
can be found in Khatib and Chung (2014) and Sentis et al. (2010)).
Minimally Invasive Robotic Surgery (MIRS) (Sadeghian, Zokaei, & Jazi,
2018) is another example where the robot needs to apply accurate
force by the end point of surgical tools while passing through a small
incision.

In the current experiment, the initial robot configuration is 𝒒𝑑 =
{0, 𝜋∕6, 0, −𝜋∕2, 0, 𝜋∕3, 0} and the desired task is to apply 𝑓𝑧 = −5 𝑁
force with the end effector tip to a specific point of platform located at
𝒙𝑑1 = [−0.5378 0]. The second task is to preserve the end of the 5th arm
initial position in the 𝑋𝑌 plane during manipulation. Eqs. (23), (24) and
(26) are used to obtain the desired behavior while external forces are
applied to the robot body by a human. In order to protect the robot and
force sensor from unexpected happenings, soft panels are used as the
environment (Fig. 4).

The performance of the controller is illustrated in Fig. 5. Five
intervals are shown in the figures related to this case (Figs. 5 and 6).
‘‘I’’ is the interval which robot moves toward the platform for applying
force. During intervals ‘‘A’’, ‘‘B’’, ‘‘C’’ and ‘‘D’’, external forces are applied
to the various points of the robot body by a human (see Fig. 4). However,
during applying force by the tip of the end effector, undesired external
forces exist in 𝑋 and 𝑌 directions too (see Fig. 6). The magnitude of the
external interaction estimated by both the robot internal torque sensor
and by using (21) are shown in Fig. 6. The difference between these two
vectors is related to the 𝑍 direction force at the tip of the end-effector.
Note that in (21), the intentional torques are omitted from the residual
vector.

Fig. 6. Case I: External torques applied to the robot body computed by (21) (Top) and
by internal torque sensors (Middle). The force magnitude at the end effector in 𝑋 and 𝑌
directions (𝑓𝑥 and 𝑓𝑦) evaluated by the force sensor (Bottom).

Fig. 5 shows that the force magnitude converges to the desired
value rapidly when it reaches the platform. Considering the interaction
intervals shown in Fig. 5, it can be seen that the force and position errors
are negligible during the external interaction.

For the sake of studying the effect of using the observer in our
control scheme, this scenario is repeated with the same gains for the task
space and null space acceleration command while the external torque
compensation is omitted in (23) and (24). The results are shown in
Figs. 7 and 8. Without using the observer, the force convergence rate
decreases significantly when the end effector interacts with the platform
(Fig. 7). We tried to apply external forces almost to the same points of the
robot in both cases. As it can be seen from Figs. 7 and 6, the maximum
amount of the external torques are almost the same.

Without using the observer, the force magnitude variations in the
interaction intervals (‘‘A’’, ‘‘B’’ and ‘‘C’’ in Fig. 7) are significantly
higher than the case with controller–observer (Fig. 5). Furthermore,
convergence rate to the desired value is too slow in comparison with
the proposed approach. Position control errors in both first and second
priority tasks increase by omitting the observer and it is non-null not
only during the interaction phase but also after that (Fig. 6). It is
noteworthy that the error increases much more for the second priority
task in comparison to the first priority task.

5.2. Case II

Preserving the desired orientation is a critical issue, especially in
robotic surgery and visual servoing. Consider the case where a surgery
tool mounted at the end-effector passes through an incision point in
an MIRS scenario. Meanwhile, it should preserve specified orientation
for example to ensure the safety of neighbor organs, apply force in the
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Fig. 7. Case I: Experimental results without using observer: First task force error (Top),
External torque applied to the robot body (Bottom).

Fig. 8. Case I: Experimental results without using observer: First task position error (Top),
Second task position error (Bottom).

specific direction or provide a special view in the endoscopic camera
which is mounted at the robot end effector (Fig. 9). The current case
studies the approach functionality in such scenarios.

In this set of experiments, the performance of the schemes for
orientation control is studied by considering the end-effector orientation
and the end of the 5th arm 𝑋𝑌 position as the first task (Fig. 10). The
second task is the end effector position in 𝑍 direction. Robot initial
configuration is 𝒒𝑖 = {0, 𝜋∕6, 0,−𝜋∕2, 𝜋∕6, −𝜋∕3, 0} and it is commanded
to show an impedance behavior when any external forces are applied to
its body. The control command is computed by substituting (24)–(26)
in (19).

The results are shown in Figs. 11 and 12. According to Section 4.2.2,
𝜂𝑑𝑒 and 𝜖𝑑𝑒 should converge to 1 and 𝟎, respectively. As it can be seen
in Fig. 11, the deviation of the orientation parameters from the desired
values is negligible during the interaction phases (‘‘A’’, ‘‘B’’, ‘‘C’’ and
‘‘D’’). Position tasks errors are significantly small and converge to zero
when the external interaction is constant (see Fig. 12).

Fig. 9. Sample scenario for orientation control; a surgery tool mounted at the end-effector
passes through an incision point in a MIRS scenario.

Fig. 10. Case II: Snapshots of the experimental setup during manipulation.

5.3. Case III

In the last case study, the corresponding 𝑋𝑌𝑍 position of the end
effector, 𝑋𝑌 position of the end of the 5th arm and constant joint space
configuration 𝑞𝑑 = {0, 𝜋∕6, 0, −𝜋∕2, 0, 𝜋∕3, 0} are considered as the tasks
in the hierarchy. Figs. 13 and 14 show the same performance of the
controller when the tasks are the same in the first and second priorities.
Robot reaction in the task space to the external interactions is similar
to the previous cases and the error converges to zero right after the
interaction with the robot body. The last interaction interval, in this
case, consists of two consecutive external interactions in two different
positions and directions.

5.4. Discussion

Experimental results show that by using the proposed controller–
observers along with the priority allocation method, system stability
is guaranteed and the manipulation performance is enhanced remark-
ably. The method performance in various hybrid force–position control
(Case I), hybrid position–orientation control (Case II) is considerable. In
Case I, the results demonstrate that the controller–observer efficiency is
not limited to the interaction phase and enhances the manipulation ac-
curacy all over the experiment. Moreover, employing uncertain inertia
and Coriolis/centrifugal matrices or even neglecting Coriolis/centrifugal
force do not make the method performance unacceptable. This issue
is proven by multiple experiments carried out in similar cases by
the authors and is in accordance with the report in Sadeghian et al.
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Fig. 11. Case II: Quaternion parameters (Top), External torques applied to the robot body
(Bottom).

Fig. 12. Case II: First task position error (Top), Second task position error (Bottom).

(2014) for one position regulation task. All the model inaccuracies are
computed in 𝝉𝑒𝑥𝑡 which is compensated in the control law.

During the experiments, external forces are applied to the different
points on the robot body. The robot configuration changes compliantly
when the interaction position is a bit far from the task accomplishment
location (such as the one shown on the right side of Fig. 4). Interaction
occurred in the intervals ‘‘A’’ and ‘‘D’’ in all the experiments are
reporting this type of interactions. Considering joint space trajectory
in Fig. 14, robot configuration is adopted compliantly to the exter-
nal force in the null space of the higher priority tasks. Meanwhile,
applying similar external force in the exact location of the defined
tasks (during interaction intervals ‘‘B’’ and ‘‘C’’) does not change the
robot configuration and causes a bigger external torque on the robot
body which the proposed controller method is robust to that. Similar

Fig. 13. Case III: First task position error (Top), Second task position error (Bottom).

Fig. 14. Case III: External torques applied to the robot body (Top), Joint space trajectory
(Bottom).

behavior was seen for robot joint space trajectory as the last task in other
cases. Hence, we can conclude that all the intentions of the method for
facilitating accurate and friendly accomplishment of various complex
tasks at different priority level are met in the experiments.

It is noteworthy to consider that the control torque and the ex-
changed force during the physical interaction may increase significantly
if the amount of the external force exceeds an acceptable limit which
depends on the robot structure, tasks, 𝑒𝑡𝑐.. A solution for this problem is
to suspend the main manipulation tasks to show a compliance behavior
through all degrees of freedom. In this situation, by replacing 𝒁𝑟−1 with
(𝑛 × 𝑛) identity matrix in (26) and other equations along with omitting
other tasks from (19), joint space impedance control can be obtained.

6. Conclusion

In this work, a novel controller–observer was proposed to accomplish
various tasks at different priority levels. To this end, a new priority as-
signment scheme was investigated for priority allocation. The controller
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guarantees accurate execution of multiple tasks besides compliant be-
havior in the null space during the interaction on the robot body. The
proposed observer estimates the external interaction torques without
using torque sensor and redundant degrees of freedom are exploited
to realize a compliant behavior during the interaction. By using the
proposed method, the disturbance effect in the main tasks is reduced
significantly and in the case of no accidental interaction, the main task
performance is enhanced considerably. Consequently, the robot can
be utilized safely for accurate manipulation in human environments.
Stability analysis of the system including force, position and orientation
tasks control at different priority levels is given. The stability analysis
scheme is in general form and covers various combinations of the
tasks. Finally, the analytical analysis are confirmed by implementing
the method in different cases on a 7DOF robot arm.
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Appendix A

For solving (21) and computing 𝒓(𝑡) during empirical implementation
with sampling time 𝛿𝑡, trapezoidal rule is employed. Trapezoidal rule is
a closed integration formula. In this method

∫

𝑎

0
𝑓 (𝜎)𝑑𝜎 ≈

𝑓 (0) + 2𝛴𝑖=𝑛−1
𝑖=1 𝑓 (𝜎𝑖) + 𝑓 (𝑎)

2
𝛿𝜎, (A.1)

where 𝛿𝜎 = 𝑎−0
𝑛 . By increasing 𝑛, 𝛿𝜎 approaches zero and this approxi-

mation is almost accurate (Chapra, 2004). Considering

∫

𝑡

0
(𝝉 + 𝑪𝑇 𝒒̇ − 𝒈 − 𝑱 𝑇

𝑓 𝒇𝑓 + 𝒓(𝜎))𝑑𝜎 =

((𝝉(𝑡) + 𝑪(𝑡)𝑇 𝒒̇(𝑡) − 𝒈(𝑡) − 𝑱 (𝑡)𝑇𝑓 𝒇𝑓 (𝑡) + 𝒓(𝑡)) + 2𝛴𝑖=𝑛−1
𝑖=1 (𝝉(𝑡 − 𝑖𝛿𝑡)

+ 𝑪(𝑡 − 𝑖𝛿𝑡)𝑇 𝒒̇(𝑡 − 𝑖𝛿𝑡) − 𝒈(𝑡 − 𝑖𝛿𝑡) − 𝑱 𝑇
𝑓 (𝑡 − 𝑖𝛿𝑡)𝒇𝑓 (𝑡 − 𝑖𝛿𝑡) + 𝒓(𝑡 − 𝑖𝛿𝑡))

+ (𝝉(0) + 𝑪(0)𝑇 𝒒̇(0) − 𝒈(0) − 𝑱 (0)𝑇𝑓 𝒇𝑓 (0) + 𝒓(0)))𝛿𝑡∕2

(A.2)

in (21), 𝒓(𝑡) can be realized as

𝒓(𝑡) =𝑲𝑜𝑏𝑠

(

𝒑(𝑡) −
(

(𝝉(𝑡) + 𝑪(𝑡)𝑇 𝒒̇(𝑡) − 𝒈(𝑡) − 𝑱 (𝑡)𝑇𝑓 𝒇𝑓 (𝑡))

+ 2𝛴𝑖=𝑛−1
𝑖=1 (𝝉(𝑡 − 𝑖𝛿𝑡) + 𝑪(𝑡 − 𝑖𝛿𝑡)𝑇 𝒒̇(𝑡 − 𝑖𝛿𝑡) − 𝒈(𝑡 − 𝑖𝛿𝑡)

− 𝑱 𝑇
𝑓 (𝑡 − 𝑖𝛿𝑡)𝒇𝑓 (𝑡 − 𝑖𝛿𝑡) + 𝒓(𝑡 − 𝑖𝛿𝑡)) + (𝝉(0) + 𝑪(0)𝑇 𝒒̇(0) − 𝒈(0)

− 𝑱 (0)𝑇𝑓 𝒇𝑓 (0) + 𝒓(0))
)

𝛿𝑡
)

∕(2 +𝑲𝑜𝑏𝑠𝛿𝑡).

(A.3)

It is noteworthy to mention that the 𝒓(𝑡) given by this equation is
accurate according to the small time step of the system. By employing
(A.3) one can obtain
𝒓(𝑡) − 𝒓(𝑡 − 𝛿𝑡)

𝛿𝑡
= (

𝑲𝑜𝑏𝑠
𝛿𝑡

)
(

𝒑(𝑡) − 𝒑(𝑡 − 𝛿𝑡) −
(

(𝝉(𝑡) + 𝑪(𝑡)𝑇 𝒒̇(𝑡) − 𝒈(𝑡)

− 𝑱 (𝑡)𝑇𝑓 𝒇𝑓 (𝑡)) + (𝝉(𝑡 − 𝛿𝑡) + 𝑪(𝑡 − 𝛿𝑡)𝑇 𝒒̇(𝑡 − 𝛿𝑡) − 𝒈(𝑡 − 𝛿𝑡)

− 𝑱 𝑇
𝑓 (𝑡 − 𝛿𝑡)𝒇𝑓 (𝑡 − 𝛿𝑡) + 2𝒓(𝑡 − 𝛿𝑡))

)

𝛿𝑡
)

∕(2 +𝑲𝑜𝑏𝑠𝛿𝑡).

(A.4)

When 𝛿𝑡 ⟶ 0,

lim
𝛿𝑡⟶0

𝒓(𝑡) − 𝒓(𝑡 − 𝛿𝑡)
𝛿𝑡

= 𝒓̇

= 𝑲𝑜𝑏𝑠(𝒑̇(𝑡) − (𝝉(𝑡) + 𝑪(𝑡)𝑇 𝒒̇(𝑡) − 𝒈(𝑡) − 𝑱 (𝑡)𝑇𝑓 𝒇𝑓 (𝑡) + 𝒓(𝑡))).
(A.5)

and by considering (1), 𝒑̇ = 𝑴̇𝒒̇ +𝑴𝒒̈, and 𝑴̇ = 𝑪 + 𝑪𝑇 , ends to (22).

Appendix B. Supplementary data

Supplementary material related to this article can be found online at
https://doi.org/10.1016/j.conengprac.2019.01.003.
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