Robotics 2
Remote Midterm Test — April 14, 2021

Exercise #1

The 2R robot in Fig. 1 moves in a vertical plane. The two links have, respectively, kinematic
lengths [; and I, masses m; and ms, and barycentric inertias I; and Is (around the axis normal
to the motion plane). The position of the center of mass (CoM) of each link with respect to the

attached link frame is given by r.; = ( Teiw Teiy 0O )T, with r¢;» # —l; and r¢;  # 0, for i = 1, 2.

A) Determine the robot dynamic model, M (q)g+c(q, q)+g(q) = u, neglecting dissipative effects.

B) Provide a linear parametrization of the model, Y (g, q, ¢) a = u, in terms of a regressor matrix
Y € R?*? and a vector a € R of dynamic coefficients.

Exercise #2

Consider the planar 3R robot with links of unitary length in Fig. 2 and use the absolute coordinates
q = (q1,q2,q3) defined therein. The robot is commanded with the joint velocity ¢ € R3. Starting
from the configuration q(0) = (7/4,0,0), the robot should simultaneously move its end-effector
point P along a vertical line parallel to y, with a constant speed v > 0, while keeping the second
link horizontal. Determine the first encountered configuration g, at which these two tasks run into
an algorithmic singularity. In ¢ = q, and for v = 1 [m/s], compute the following three commands:

a) gpg using pseudoinversion of the extended Jacobian of the two tasks;
b) Gp s using damped least squares on the extended Jacobian, with damping parameter p? = 0.25;

¢) qrp using the task priority method, with the end-effector task having the highest priority.

Compare in the three cases the norm of the resulting joint velocity, the norm of the end-effector
velocity error ép € R?, and the absolute value of the second joint velocity error é,4, € R.

Exercise #3

The dynamic model of a PR robot moving on a horizontal plane is given in the lecture slides!.
The end-effector point P should trace in minimum time a circular path of radius R = [,

p(s) = <k+Rcos(s—a)

Rsin (s — a) ), s =10,2q] 0<a< <),

2
from rest to rest between P; and Py (see Fig. 3), under bounded input force/torque |u;| < U; mag,

i =1,2. Assuming that the second bound Us ;4. is the only limiting factor, provide the expression
of the needed input ug(t) € R? and of the minimum time 7. Sketch the time profiles of the inputs.

[180 minutes (3 hours); open books]

1Block 03_LagrangianDynamics_1.pdf, slide #25.
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Figure 1: A planar 2R robot having the link CoMs in generic positions.
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Figure 2: A planar 3R robot, with absolute coordinates g and equal links of length L =1 m.
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Figure 3: The assigned motion task for a planar PR robot.



Solution
April 14, 2021

Exercise #1

The special feature of this planar 2R arm is the generic location of the CoM of the links, not
necessarily placed on the kinematic link axis. A Lagrangian approach is followed for dynamic
modeling. We can work either with vectors in 3D or in 2D, considering the planar nature of the
problem?. In the first case, we may also use the recursive algorithm with moving frames (the result
is indeed the same).

Kinetic energy. For the first link, we have

1 1 1 . 1.
T, = §m1\|vc1”2 + 5@7?11 wip = 5 mq ((ll + Tcl,x)Q + r317y> q% + 5 Iqu,

where the coefficient in parentheses multiplying m; is the squared distance of the CoM of link 1
from the axis of joint 1. For the second link, we have

1 1 1 1 . .
T = 577l2||’vc2||2 + §ng2 wo = §m2|\’vc2||2 + 512 (g1 + QQ)Q-

The velocity of the CoM of link 2 can be computed in two alternative ways. We can start from
the absolute position of the CoM in 2D,

lic _ lo + 7w _ c -5
Op., = ( o ) + °Ro(q1,q2) ( 2 > ) ) "Ro(q1,q2) = ( - - ) ;

l1s1 Te2y S12 C12
leading to
—1181> (—(12+T2 ) S12 — T2 C12>
0 0. . c2,x c2,y . .
V2 = Pea = q1 + a1+ q2)-
¢ o2 ( Ly (lo+reaz) 12 — Tea,y S12 ( )

Or we can work with velocities in 3D and rely on moving frames; in this case, using

0 Cy —S82 0
1(4.)2 = 2(4.)2 = 0 , 1R2(q2) = S92 C2 0 ,
q1 + Go 0 0 1

we compute

0
209 = RS (g2) (Y1 + 'wa x 'r1a) = 'Ry (g2) | Lidn | + RS (q2) wa x 'Ry (q2) 712
0
0

lisa g1 Iy l1s2q1
=2v1 4+ 2we x %rp=| hieagn |+ 0 x| 0 | =| heagr+1a(qi+42) |,
0 g1+ go 0 0
and then
0 Te2,a lisagr —rea,y (41 + G2)
2 _ 2 2 2. _ 2 _ . L
Veg = "W+ “Wo X ‘T = “va + 0 X | reay | =1 liccdi + (o +re2z) (d1+ Go)
g1 + Go 0 0

2We use the compact trigonometric notation throughout this exercise, e.g., c12 = cos(q1 + q2).



As a result
2 2 _ 2.2 2 2 . . \2 _ .. .
[Pvea||” = 1 47 + ((la + re2)” + 70y ) (d1 4 G2)° + 20 (I + Te2,0) €2 — Te2,y52) 61 (1 + Ga) -

Indeed, it is H2U02H2 = HO'UCQHQ. But computations (and simplifications) are easier when using the
moving frames. The total kinetic energy is thus

1
T=T+15 = § (Il +mq ((ll + rcl,z>2 + 7“(2:17y> + mgl% + Is +mo ((l2 + 7“02’3;)2 + ng,y)
. 1 .
+2m211 ((12 + Tc2,z) Coy — 'I’CgﬁySQ))q% + 5 (-[2 + ma ((Z2 + rc2,z)2 + TgQ,y)) qg
+ (12 + mo ((12 +re2a)’ + szyy) +maly ((l2 + 7e2.2) c2 — TcQ,y82)> q1G2

1. .
=3 qd"M(q)q.

Inertia matrix. One can organize the robot inertia matrix M (q) in a compact way, by introducing
the following dynamic coefficients:

ar = It ma((b+ree)’ +rd,) +mald + Bt ma((la +req) +78,)
ag = mali(la +7re2,5)

as = —malireay

as = I + ma((l2 + resa) + Te2y)

As a result,
Mia) - ( )

This compact form is useful for the following derivation of the velocity terms in the dynamic model.
Note that the asymmetric location of the CoM of link 2 w.r.t. the link axis @2 (i.e., re2,y 7 0) has
introduced the extra dynamic coefficient a3 and modified the two coefficients a; and a4. On the
other hand, asymmetry in the CoM of link 1 (i.e., r¢1,, # 0) modifies only a;.

a1 + 2a9c0 + 2a389 a4 + asco + asss
G4 + Q2C2 + a382 a4

Coriolis and centrifugal terms. Denoting by M; the ith column of the inertia matrix M (q), we
compute the components of the Coriolis/centrifugal vector ¢(g, ¢) using the Christoffel symbols:

N . 1 (oM, oM\ oM _
ci(q,q) = q" Ci(q)q, Ci(q):2< +< > - ) i=1,2.

dq oq 9q;

We obtain

1 0 —2(1282 + 2&302 0 0
Ci(q) =5 + -0

2 0 —agse + azcs —2a982 + 2a3co  —as Sy + azco

B < 0 —azs2 + azca ) N c1(q,q) = (azca — a252) (241 + 42) 42
—ag82 +agca  —agsy + azc = —maly (rea,yc2 + (l2 + 7re2,0)52) (261 + G2) G2

and

0 —Qa92Sy + asca 0 0 2&362 — 2@282 azCo — A28
C2(q) + -
0 0 —ag82 + a3Cy 0 a3Cy — 289 0

_ 1
2
_ ( —(azca —azsz) 0 ) N c2(q,q) = — (agca — azs2) 43
0 0 = maly (Tc2)y02 + (12 + TCQ)Q;)SQ) q%



Thus, the final expression of the quadratic velocity terms in the model is
G5 + 24142 )
—qi

(3)

c(q,q) = (asca — az82) (

Potential energy and gravity term. From the expression of the potential energy of a generic
link 4 in the serial chain,

Ui = —m; gp 70,ci
we obtain for the first link
*
Uy =—my ( 0 —go O ) (lh+7re1z)s1 +Teiycr | = mlgo((h +7Te1e)S1+ Tcl,ycl)a
*
and for the second link
*
Uy=-mz (0 —go 0)[lisi+ (la+7rc2a)s12+ reaycrz | = mago(lisi+(la + rez) s1247c2,yC12).
*

From U = U; + Us, we have
g(q) B (W)T_ ( 9o ((ml (ll + Tcl,x) + m2l1) C1 — M1T¢1,yS1 + M2 (12 -+ Tcgym) cig — m2r627y312) )
dq mago((lz + Tea.e) C12 — Te2,y512) .

The gravity vector in the dynamic model is rewritten more compactly as

ata) = ( (4)

asC1 + ags1 + arcCiz + agsi2
a7C12 + agsi2 )
by introducing the additional dynamic coefficients
as = go(mi1 (I1 + re1e) + maly)
g = —M1goTecl,y (5)
a7 = mago (la + re2,2)
ag = —Mma29goTc2,y-

In the gravity term, the asymmetric location of the CoM of each link introduces a single extra
dynamic coefficient, namely ag for the first link and ag for the second. Instead, the two other
gravity coefficients of a 2R robot with symmetric CoMs are not modified.

Linear parametrization. The complete dynamic model of the considered 2R robot,
M(q)q+c(q.q) +9(q) = u, (6)

is obtained by using (2), (3), and (4). We have already introduced the inertia-related dynamic
coefficients in (1) and the gravity-related ones in (5). The linear factorization of the model (6),

M(q)4+c(q,q9) +9(q) =Y (q,9,9) a, (7)

is immediately obtained in terms of the coefficient vector a € R®. The regressor matrix in (7) is

G1 ¢2 (241 +G2) 52 (241 + dz2) Go €1 81 Ci2 812
Y(a,4,d) = —oed2 (it dz)  He@te) T . ®)
0 21 + $2G3 $2d1 — €23 Ggi+g 0 0 ci12 s12



We finally note that, assuming both the link length /; and the gravity acceleration gg to be known,
the number of independent dynamic coeflicients reduces from p = 8 to p = 6. In facts, two pairs
of dynamic coefficients collapse:

az =mali (l2 +7e2,2) =l ay ,
= Q9 = M2 (ZQ + 7’6271) R
a7 =mago (la + rea,e) = go af

/
az = —My ll Te2,y = l1 as ,

, = Q3= —M2Tc2y.
ag = —M2gore2,y = Jgo a3

The first merging is present also in the 2R robot with symmetric CoMs. The second is related to
the asymmetric case only.

Exercise #2

Taking into account the use of absolute coordinates (link angles w.r.t. the @ axis) for this planar
robot with n = 3 and unitary link lengths, the kinematics of the first task (of dimension m; = 2)
involving the position p of the end-effector point P is

nep= (1)< (Sn TR ) ), o)

sin g + sin gs + sin qs
with associated Jacobian

of1(q) _ (—sinql —sing; —sings ) (10)

J = -
1(a) cos q1 COS g2 COS g3

dq

From (9), the end-effector position in the initial configuration g(0) = (7/4,0,0) is

24 Y2 .
mmzhmm=<;2>=($gn'

The desired behavior is to move the point P from p(0) along a vertical line parallel to y, with a
constant speed v > 0. Thus

md(t):p(o)+<ft) N i'ld:pd:((1)>v.

The second task (of dimension mg = 1) is to keep the second link always horizontal (as in the
initial configuration g(0)). It is described by

df2(q)
dq

re=q2=folq) = Jy= :(0 1 O)7 r2a(t) =0 = 724 =¢aq=0. (11)
The two tasks are simultaneously executed using the extended Jacobian Jg(q) (a square matrix
of size m = my + mg = 3 = n) and the extended task velocity defined by

—sing; —singy —sings .
. T1d 3
= CoS q1 COS @2 COS g3 , TEd= € R°. (12)

J1(q)
q) 0 1 0

Je(q) = ( J»



Therefore, out of singularities, the joint velocity will be commanded in an unique way by

0
qg=Jg (@) pa=J5"(q) | v |. (13)
0

In the initial configuration g(0), the extended Jacobian Jg(g(0)) has full rank. From (13), we
obtain ¢(0) = (0,0,1) [rad/s], with only the third link rotating counterclockwise. It is rather
intuitive that, when the robot moves its end effector upwards vertically and keeps its second link
horizontal (g2 = 0), the first link will rotate clockwise (decreasing its orientation from m/4) and
the third link counterclockwise (increasing its absolute orientation from 0). This motion will
continue until a singular configuration g, is first encountered for the extended Jacobian in (12).
To determine q,, we impose at the same time

det Jp(q,) = sin(qs3 — ¢s1) =0

and that the end effector is still on the initial vertical path (with the second link horizontal), or

V2

P(gs)lg.2=0 = COS st + €08 Gs2|q.p=0 + CO8 g5z = cOS sy + 1+ cos g5z = 2+ <~ = pa(q(0)).
These two equations are solved as
2 2 2
gs3 =qs1 = 2cosqs =1+ g = ¢s1 = arccos ( +4\[> = 0.5480 [rad].

The singular configuration and the associated end-effector position are thus (see Fig. 4)

0.5480 .
0.5480 .
Y% |
) p(a) = (2 +2Z,1.0420)
= 0 =(2+2,%) g, = (0.548, 0, 0.548)
pO)=2455
To

Figure 4: The 3R robot in its initial configuration g(0) and in the singular configuration g,.

The extended Jacobian is evaluated as

-0.5210 0 -0.5210
0.8536 1 0.8536

Ji(g,) ) _
0 1 0

JE(q,) = ( T

Since

rank J1(g,) =2 =my, rankJs =1=maq, but rank Jp(q,) =2 <3 =m=mj + mao,



the configuration g, is a true algorithmic singularity. Moreover, the extended task cannot be
realized in this configuration, since

0

ra=| v | €R{JEr(q,)}, Yo # 0.
0

We evaluate then the three requested joint velocity commands, setting in particular v = 1 [m/s].
Using the pseudoinverse method, we have

—0.4098 0.3357 —0.3357 /0 0.3357
qps=J¥(q)Fa=| 03498 02135 07865 [[1 |=] 02135 |. (14)
—0.4098 0.3357 —0.3357 / \ 0 0.3357

Using instead the damped least squares method, with damping parameter p? = 0.25, we obtain

B ~0.3251 0.2959 —0.2367) [0 0.2959
aprs = IE(a.) (BT + Tp(a)I%(@,)) 7a=| 02467 02199 06241 || 1| = | 02199
~0.3251 0.2959 —0.2367 ) \ 0 0.2959

(15)

Note that the two velocities gpg and ¢pr ¢ are quite similar. In particular, in both commands
the first and the third joint move with the same speed (different in the two methods). Finally, to
apply the task priority method when the end-effector task is given the highest priority, we need to
compute3

arp = J7 (@) a1 + (J2P1(q,)” (7az — J2T¥ (¢.)7a1). (16)

where, being J1(q,) a full rank matrix, the pseudoinverse of the first task Jacobian is evaluated as

- —0.9597 0
Jta) =IT(@) (F1(a)IT(a) = | 16383 1 |,
—0.9597 0

and the associated projector in the null space N{J(g,)} becomes

05 0 —-05
Pl(qs) =I- J#(qs)‘]l(qs) = 0 0 0
—-0.5 0 0.5
It is easy then to see the vanishing of the term
0
J2Pi(g,)=(0 0 0) = (J2P1(qs))#: 0 |=0. (17)
0

As a result, the task priority method (16) collapses here into the simple use of the pseudoinverse
of the first task Jacobian
0
arp=J7 (@) ia=| 1 |. (18)
0

3Here, we set 7732 = 0. However, one should not care too much about the terms inside the last parenthesis in (16):
these will be premultiplied anyway by zero —see eq. (17).



Only the second link rotates, fully violating the second task but perfectly realizing the first one.
The task executions obtained with the three methods (14), (15), and (18) are

—0.3498
ips=Jp(q)dps = | 0.7865
0.2135
—0.3084 0
'iqDLS:JE(qs)QDLS = 0.7251 <~ "."E,d: 1
0.2199 0
0
rrp =JE(q,)drp = | 1
1

For comparison, the norms of the joint velocity @,,,cin0q Obtained with the three methods, together
with the norms of the end-effector velocity error ép = p;— J1(q)q,etn0a (task 1), and the absolute
value of the velocity error of the second joint ég, = g2 metnod (task 2) are reported in Table 1.

Table 1: Comparison of results with the three methods.

method || [[Guetnoall rad/s] | lép|l m/s] | [éq,| [rad/s]
PS 0.5205 0.4098 0.2135
DLS 0.4728 0.4131 0.2199
TP 1 0 1

Exercise #3
The dynamic model of the PR robot in Fig. 3 is
(m1 + ma) i — madea sin gz Go — madea oS 2 43 = ua, (19)
—madea singo G + (Lea,z2 + mad?) Go = uo. (20)

The geometry of the desired Cartesian motion task is very peculiar to this robot: an arc of a circle
with center C' on the joint axis 2 and radius R equal to the length Iy of the second link. This
requires simply no motion for the first joint, namely

14 = k  (this value is irrelevant), G1a = G1q = 0.
Accordingly, the inverse dynamics obtained from (19-20) yields

Uy = —Mades SN gag Gog — Mades COS G2d 4oy, (21)
g = I gog, (22)

where we set for compactness I = I3 ., + m2d§2 > 0. Therefore, in order to trace the arc of the
circle from rest to rest (¢(0) = ¢(T") = 0) in minimum time, equation (22) implies that a bang-bang
torque £ Us jmaq will be applied at the second (revolute) joint, with switching at the middle time
t = T/2 of the motion. The force u14 in (21) at the prismatic joint is needed to keep the first link
at rest. The assumption that the bound Us ;44 is the only limiting factor when reducing as much
as possible the motion time implies that the input force |u14(t)| will never exceed Uy pqa-



The motion profile g24(t) of the second joint is then easily defined. Setting Az maz = Uz maz/T

as the maximum acceleration of the second joint, and taking into account that g24(0) = —a and
G24(0) = 0, by successive integration and boundary condition satisfaction we get
(j (t) A2,7naa;7 te [07 %]
2d(t) =
*AQ,maza te [%a T]
. AQ,maac t: te [O, %}
G2a(t) = T (23)
Az max (T — 1), te[L,T]
—a+ %A2,max tQa te [O’ %}
q2a(t) = T\2 1 2 T
—a+ A2,ma;v (5) ) AQ,maw (T - t) ’ te [EvT] .

Figure 5: Time-optimal acceleration, velocity, and position profiles for the second joint.

The motion time T is determined by imposing that the area of the (triangular and symmetric)
velocity profile ¢og(t) in [0, 7] is equal to the required joint displacement Ags = 2. Thus
T T 8a

—- 2 = T = .
2 2 @ AQ,maz

T
QQd (T/2) . 5 - AQ,maa: (24)

Figure 5 shows representative kinematic profiles of the second joint motion*. As for the first input,
we have from egs. (21) and (23)

u1a(t) = —mades sin gaq(t) Goa(t) — mades cos gaq(t) §34(t)
= Uid,acceleration (t) + U1d,centripetal (t) (25)
= —made2 A2 maw (Sing2a(t) + €08 g2q(t) A2 mas t2)
where the last identity holds for the first half of the motion, i.e., for ¢ € [0, %] The behavior in

the second half of the motion, for ¢ € [%, T}, is perfectly specular.

The analysis of the two contributions to u14(t) in (25) is simple —see also Fig. 6. The acceleration
term is always non-negative, with a sinusoidal profile that has its maximum at ¢t = 0 and ¢t = T,
where

uld,acceleration(o) = Uld,acceleration (T) = m2dc2 AQ,’!)’L(L(L‘ - sin «, (26)
while 14 geceleration(T/2) = 0. Vice versa, the centripetal term is never positive, it is zero at ¢t = 0
and t = T, and takes its maximum (negative) value at ¢ = T'/2, when ¢o24(7/2) = 0, with

T 2
U1ld,centripetal (T/2) = _m2d62 A%ymaz <2> = m2d02 AQ,maz . 20[, (27)

4To generate these plots, the data reported in (29-30) have been used.
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where (24) has been used. It is easy to see that the maximum value in (27) always dominates (26).
Therefore,

|u1d(t)| < Ul,max; vt € [07 T] — tIeI%SDT{‘] |u1d(t)| = 2amadc AQ,max < Ul,mcwc~
For this inequality to be verified with the assumed time-optimal solution for joint 2 (i.e., for the
assumption in the text to hold true), the bounds on the two inputs should satisfy

U mazx 2 dC
A2 max — Z2maz = w U2 max S Ul max - (28)
’ I I El ’
While it is straightforward to sketch the input profiles of w14 (approximately) and usq (exactly,
being this a bang-bang torque), we conclude instead with a numerical evaluation using MATLAB.
Setting for the arc of the circle the value a = 7/6 = 30° and using the robot data

my =mg =2kg], lo=0.5, de=0.25[m], I=0.1667 kg m?], (29)
with bounds
Ut,maz = 14 [N], Ua,maz = 4 [Nm] = As mar = 24 [rad/s?], (30)

the minimum motion time is found by (24) as T'= 0.4178 [s]. Note that the input bounds in (30)
satisfy inequality (28), being u14(7/2) = —12.587 [N]. The associated profile of the force input
on the prismatic joint is shown in Fig. 6, together with those of its two contributions. The two
time-optimal inputs profiles and their assigned bounds are reported in Fig. 7.

0 005 01 015 02 025 03 035 04 045
time [s]

Figure 6: Input force u14(t), with its acceleration (dotted-dashed) and centripetal (dashed) terms.

input force on joint 1 input torque on joint 2

[Nm]

o 0.05 0.1 0.15 02 0.25 03 0.35 04 0 0.05 0.1 0.15 02 025 03 0.35 04
time [s] time [s]

Figure 7: Time-optimal input profiles along the assigned path and their maximum bounds.
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