Robotics 2
Midterm Test — April 30, 2025

Exercise 1

Figure 1: The 5R planar robot with three desired task velocities 71, 72 and 73.

Consider a 5R planar robot with links of unitary length in a generic configuration q, where ¢;, i = 1,...,5,
are absolute angles with respect to the o axis, as shown in Fig. 1. The robot is controlled by the absolute
joint velocity ¢ € R®. Three velocity tasks #; € R?, i = 1,2, 3, are assigned with priority, respectively, the
first for the end-effector, the second for the tip of link 3, and the third for the tip of link 2.

1) Write down the computations to be performed in order to determine the joint velocity command ¢,p
according to the Task Priority (TP) method.

11) Compute the numerical value of grp for the following data:
qg=(0,7/3,—m/4,7/2,—m/3) [rad] 1 =(2,3) ©2=1(2,—-0.5) 73=(-1,0) [m/s].
Are the tasks exactly realized? If not, compute the norm of the velocity error for each of them.

i1i) With the same data as in ), compute the joint velocity command ¢, according to the Task Aug-
mentation (TA) method, i.e., without any priority. Determine the norm of the velocity error for each
task that is not exactly realized. Discuss the obtained TA results in comparison with the TP method.

iv) Keeping the same task velocities 71 and 72 as in 4i), determine, if at all possible, a task velocity 73 € R?
such that the joint velocity command ¢, obtained with the TA method realizes exactly all three tasks.

v) For the solution in #i), find the corresponding Denavit-Hartenberg (relative) joint velocity @7p.

Exercise 2

q

Figure 2: A PPR spatial robot with its D—H frames and relevant kinematic and dynamic parameters.

Figure 2 shows a 3-dof robot moving under gravity in the 3D space, with the associated Denavit—-Hartenberg
(D-H) frames. The first two joints are prismatic and the third is revolute. The most relevant kinematic
and dynamic parameters are also shown. The center of mass of each link is assumed to be on the link
kinematic axis (z; for link 7). No special assumption holds for the barycentric inertia matrix I.s of link 3.



1) Derive all terms of the dynamic model in the Lagrangian form
M(q)q+clq.q) +9(q) =T

i) Find two different factorization matrices Si(q,q), i = 1,2, such that Si(q,q) ¢ = c(q, q); show that
matrix M — 28 is skew-symmetric when S = S, whereas it is not when S = Ss.

i17) Determine a minimal linear parametrization of the model useful for system identification

Y(q.q.9)a=r,
providing the symbolic expression of the (unknown) dynamic coefficients @ € RP and of the 3 x p
regressor matrix Y. Assume that the acceleration of gravity go = 9.81 m/s? is known.

iv) Give the expression of the torque T4(t) = (7a1(t), 7a2(t)), Ta3(t)) needed to execute the desired motion
q,(t) = (0,sin (2wt) ,wt), for all ¢ > 0. Which should be the initial state (g(0,g(0)) of the robot so
that this joint trajectory is perfectly executed from ¢t = 0 on? Discuss the physics of the results.

Exercise 3
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Figure 3: A 3R robot with D—H frames and table of parameters, and the dynamic assumptions.

For a 3R elbow-type robot, all the kinematic and dynamic information is given in Fig. 3. Derive the robot
kinetic energy T'(q,q) using the recursive algorithm with moving frames. At a given robot state (q, q),
consider then the dynamic optimization problem

mngu—nmn»HT—Mmm>

L M@+ =
- J(@)q +J(q)q = #a,

where J(q) is the 2 x 3 Jacobian associated to the task r = (pz,py) = f(q), i.e., two of the three
coordinates of the robot end-effector position p. Provide the symbolic expression of the joint acceleration
g that solves this problem. Evaluate numerically this solution when ¢ = (37/2,7/4,0) rad], ¢ = 0, and
#q4 = (=1,—1) [m/s?] and with the data
L;=05 dei=05L; [m] m; =2 kg fori=1,2,3,
Iyt = &= ma Lwi = 2=mi  Iyyi=L.i= 4 m; (0.05+L7) [kgm?] for i = 2,3.

[240 minutes (4 hours); open books]



Solution
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Exercise 1

The Jacobian matrices of the three tasks are

Jl(q) _ ( —S1 —S82 —S83 —S4 —S5 >

C1 C2 Cc3 Cyq Cs
—s1 —s2 —s3 0 0
J =
2((1) ( C1 C2 C3 0 0 )

—S1 —S2 O 0 0
J -
3(@) ( 6 e 00 o)’
with s; = sing; and ¢; = cos¢;. When evaluated at ¢ = (0, 7/3, —7/4,7/2, —m/3), the first Jacobian is

J (0 —0.8660 0.7071 -1 0.8660)
1= )

1 0.5 0.7071 0 0.5

while J2 and J3 follow accordingly. None of the Jacobian matrices loses rank.

The Task Priority (TP) method computes in this case

Ppo =Is545 and ¢, =0

Py = (J1Pao)" [=J7]

q, = qq + P1o (1 _quo) [: J?&"%l]
Piy =Pag—PiyJiPao[=I—J7J1)]
Py = (J2Pan)* [= (Jo(I - JF1))7]

QQ = ‘?1 + P (7;2 - J2(h)
Pypy = Pa1— P21 JoaPa,
Py = (J3Pap)*

drp = 4y + P32 (3 — J345) ,

where the terms in [square brackets] represent some possible simplified/alternative expressions. Note that
in this recursive computation there are only three operations of pseudoinversion (of 2x5 matrices). Inserting
the desired velocities of the three tasks, we obtain

1.3913 —0.3477 —1.3170
0.3191 —1.5756 —0.8660

q, = 1.2912 = g,=| 08987 =  gpp= 1.7678 [rad/s]. (1)
—0.4348 6.0622 6.0622
1.0722 7.0000 7.0000

It is easy to verify that the first two tasks are executed perfectly, whereas the third one has some error:

61:’i‘1—J1(']TP:0 62:1"2—.]2(']17;:0 H63||=||+3—J3QTP||:2.4749m/S,

. . 0.75 -1 .
T3, TP = J3 qrp = ( —1.75 ) # < 0 ) =Ts. (2)

This was not unexpected, since the robot has n = 5 commands, while the dimension of the augmented
taskism=mi+mo+m3=2+2+2=06.

being



For the Task Augmentation (TA) method, we have

—0.9472
J1 1 0.1443
Ja= J2 ra=| 72 = qu=Jhra=(JhTA) " Thia= 1.7678 [rad/s],
J3 3 3.6716
5.2500

where the explicit form of the pseudoinverse can be used since the 6 x 5 matrix J 4 has rank 5. In this
case, the error is zero only on the first task:

er =1 —J1qp =0 ezl = ||F2 — T2 @pall = 1.2374  |les|| = |73 — Js @pull = 1.2374 [m/s].
Moreover, for the augmented task one has
leall = 174 — Ja @pall = 1.7500 m/s.

The norm of the error e4 obtained with the TA method is smaller than the norm of the error ez of the
third task alone, as obtained with the TP method. This is because the pseudoinverse solution in the TA
method minimizes the error norm of the entire augmented task, at the price of distributing it over multiple
subtasks; on the other hand, the TP method is designed for zeroing the error on higher priority tasks, at
the price of having larger errors (in norm) on tasks with lower priority. For the same reason, the norms of
es and es are equal in the TA method, since pseudoinversion tends to equally distribute the error, when
present, among the components.

Before proceeding, it is instructive to check also the situation in which the third task is completely discarded
from the TA method. In such case, we would have

J, —0.3477
Jaz = ( 7, ) —1.5756

, = Qpas=Jh,ta2=Jho(JaaJho) TPaz=| 08987 [rad/s],
Pas = (7.’1 ) 6.0622

T2 7.0000

obtaining perfect execution of the two considered tasks
e1=71—-J1dru,=0 e =72 —J2qpy, =0,
while a larger error norm results for the discarded task,

lles]| = HT"3 —J3 ('ITA,QH = 2.6230 [m/s],

. . 1.3645 ~1 .
Taraz = J3dran = ( ~1.1355 ) 7 ( 0 ) T (3)

The correct execution of the first two tasks is a consequence of the fact that the 4 x 5 Jacobian J 4,2 has
(full) rank 4. Note that the joint velocity solution g1, , coincides with the intermediate solution g, of
the TP method, which considers at that stage only the first two tasks. In fact, when a combined task is
realizable, the priority order has no relevance. However, the error norm on the third task is larger with
g7 than with the final g;p, simply because this task is here completely excluded from the picture, as
opposed to the TP case.

being

Having shown that the TA method is capable of realizing exactly the first two tasks, when only these two
are being considered, the solution to item iv) is easily found using the computations already done either
with the complete TP method or with the TA method applied to two tasks only.



In fact, if the desired velocity of the third task were 73 rp in (2) rather than 73, then all three tasks would
be realizable, For such a modified augmented task, it is

2
. 3
71 9
Pam = | T2 J = g5 | €RMa)
ra.TP 0.75
—-1.75
and thus
—1.3170
—0.8660
dram, =I5 Pam, = | 17678 | [rad/s] = eam, =TAm, —J Al m, =0.
6.0622
7.0000

The same solution is obtained when using the TP method for this modified problem (drp ., = 414 m,>
and e; = ez = e3,m; = 0); again, when all considered tasks are compatible, their priority is irrelevant.

Similarly, if the desired velocity of the third task were 73 74,2 in (3) rather than 73, then again all three
tasks would be realizable,

2
. 3
T1 9
Fame=| F2 | =|  _ . |€ERWJa)
T3, TA2 1.3645
—~1.1355
and thus
—0.3477
—~1.5756
Aram, = I Pam, = | 0.8987 | [rad/s] = €amy =TAmy — JAdram, =0
6.0622
7.0000

Indeed, and as before, the same solution is obtained when using the TP method for this other modified
problem ((]Tp’m2 = d1a,m,s and €1 = ez = €3, = 0).

As for item v), for the planar case the coordinate transformation from relative (D-H) angles to absolute
angles (w.r.t. the ¢ axis) and viceversa is

qz':ZQj fori=1,...,n = 01 =q 0;=q—qi_1 fori=2,...,n.
j=1

Being this mapping linear, it can be represented in matrix form as ¢ = T@ and @ = T 'q. The same
holds also for the velocity transformation. In the case of n = 5 joints, we have

100 0 0 1 0 0 0 0
1 10 0 0 -1 1 0 0 0
T=] 111 0 0 T = 0 -1 1 0 0
11110 0 0 -1 1 0
11 1 1 1 0 0 0 -1 1



Thus, from (1) we obtain
—1.3170
0.4510
Orp =T 'qpp = | 26338 [rad/s].
4.2944
0.9378

Exercise 2

This exercise can be completed without using any symbolic toolbox or recursive computation method,
taking advantage of the simple kinematic structure of the PPR robot. The kinetic energies of the first two
links are given by

1 . 1 . .
T1:§m1qf T2=§m2 (47 +d3) -
For the third link, denoting by d.3 > 0 the distance of its CoM from the joint axis 3, we have
L) —dcssings —dc3 o8 g3 g3 0
OPCS = q2 = OvC3 = Opc3 = q2 3“"3 = 0 )
q1 — L2 —dc3cosgs ¢1 + dc3 sings g3 q3
and then
T—l 0 2 13 73, 3 1 2 .2 2 .2 . .. 1 2
5= §m3|| ves|” + 5 ws T ws = 5 mg (41 + @5 + d2s G5 + 2 des sings gids) + 5 =235
Therefore,
1 m1 +ma +m3 0 madc3 sin g3
T:T1+T2+T3=§qTM(q)q = M(q) = 0 ma + ms3 0
mgdcg sin qs 0 IzzS + m3d33

The velocity terms are computed from the Christoffel matrices as

) N 2Ty . ) 71 8’"’1,1 8miT_8M .
ci(g,q) =a Ci(q)q Ci(q) = 5 < 9 +( 8q> aqi> i=1,...,n,

where m;(q) is the i-th column of the inertia matrix M (q). We have

0 0 0
Ci(g)=| 0 0 0 = c1(q, §) = mades cos gs g3,
0 0 madcscosqs

while C2(q) = C3(q) = O, which imply also c2(q, q) = c3(q,q) = 0. Thus,

msdc3 COS g3 q'?,
c(q,q) = 0
0

Two possible factorizations S1(q, q) ¢ of ¢(q, q) satisfying the skew-symmetric property of M — 28, are

0 0 madescosqsqs 0 —g3 g2+ made3cosqgsgs
S{ (q7 q) = 0 0 0 and Si’(qa q) = 43 0 _ql
0 0 0 —42  q1 0



The first matrix is obtained directly from the Christoffel matrices, with the first row being ¢” C1(q) and
the remaining two rows being zero (since C2(q) = Cs(q) = O). The second matrix is obtained by adding
to the first one a skew-symmetric matrix S(q) built from ¢ x ¢ = S(¢) ¢ = 0. Being

0 0 madcs cosqs Gs
M(q) = 0 0 0 ;
msades cosqsgs 0 0

the two factorizations lead to the skew-symmetric matrices

0 0 —made3 cosgsgs
M — 28} = 0 0 0
madcz cosqzgs 0 0
and
0 243 72(12 — m3d63 COS g3 (j3
M — 28! = —243 0 21
2q2 + masdc3 COS q3qs  —2q¢1 0

On the other hand, two possible factorizations S2(q, q) g of vector ¢(q, ¢) such that the matrix M —2S,
is not skew-symmetric are

0 0 mades cosgs gs 0 —gs g2+ madescosgsqs
So(q,q)= | —d2 @ 0 and S5(q,q)=| 0 0 0 7
0 0 0 0 0 0

leading respectively to

0 0 —ma3dcs COS g3 §3
M — 28} = 2G —24 0
madcs COS g3 §3 0 0
and
0 2@3 72(}2 — mgdc3 COS g3 q3
M —28% = 0 0 0
msdezcosqs gz 0 0

The potential energies of the links are given by

Ui = migoqa + Uro
Uz = magoq1 + Uao
Us = mago (q1 — des cos gz) + Uso.

Therefore,

oU T (m1+m2+ms3)go
U=U,+Us+Us = g(q)z(—) = 0
0q .
madcago sin g3

As a result, defining the following p = 4 dynamic coefficients

a; = mi+mo+ms
az = ma +ms
a3z = mades

2
as = I..3+ madgs,



the dynamic model can be written as

M(q)g+c(q.q) +9(q) =Y(q,q,g)a=T

where
d1+go 0 gssings—+¢3cosgs O a1
Y = 0 G2 0 0 a = az
. . . a3
0 0 (G1+go)sings  §s a
Finally, given the desired joint trajectory
0 0 0
q,(t) = | sin(2wt) = q,(t) = | 2wcos(2wt) = g,(t) = | —4w?sin(2wt) for t > 0,
wt w 0
the expression of the inverse dynamics torque is
Ta1(t) (m1 4+ ma2 +ms3) go + mades w? cos (wt)
Ta(t) = | 71a2(t) | = —4 (ma + m3) w? sin (2wt) for t > 0. (4)
Taz(t) madesgo sin (wt)

In order to be matched with the desired trajectory at time ¢ = 0, the initial robot state should be

0
q(0) = q4(0) =0 q(0) = q,00) = | 2w

Starting from this state and using the torque command (4), the desired joint trajectory q,(t) is perfectly
executed for all ¢ > 0 (at least, in nominal conditions).

Note that the initial torque is different from zero only for the first component 741 (0); this is composed by
the constant term (m1 + ma + m3) go needed to balance gravity in any position, and by a term msd.s3 w?
contrasting the centrifugal force due to the rotation of link 3 at the constant speed ¢3 = w that would
otherwise move joint 1. The periodic motion of joint 2 is fully decoupled from that of the other two
degrees of freedom of the robot; in fact, the second dynamic equation, (ma + ms) G2 = 72, is independent
of the other two (and ¢2(t) does not enter in the first and third equations of motion). Finally, the inverse
dynamics torque on joint 3 is only due to the need of compensating the time-varying (periodic) gravity
load, in order to keep the uniform rotation of link 3; because dissipative effects are neglected, if gravity
were not present, no torque would be needed at this joint to sustain its constant angular speed ¢ = w.

Exercise 3

From the D-H table of parameters and from the location of the link CoMs in Fig. 3, we extract the
information needed by the recursive algorithm for computing the robot kinetic energy in moving frames:

cosqi 0 singi 0
Ri(q1) = singg 0 —cosqi Oo1 = 0
0 1 0 L
cosqz —singa 0 L2 cos g2
'R, (q2) = singz cosqz O 11“172 = Lo sin gz
0 0 1 0
cosqs —sings O L3 cosqs
’R3(q3) = [ sings cosqs 0O 2py3 = | Lssings |,
0 0 1 0

The steps of the recursive algorithm for revolute joints only (like for our 3R robot) are as follows.



step 0 (initialization): ®wo = 0, vy = 0; zo = (0,0, 1).

step 1 (link 1):

0
‘w1 =R (q1) (Owo +dq1z0) = | @
0
0 0
1U1 = OR?(ql) (Ovo + 0w1 X 01"071) = 1w1 X 17‘0,1 = Q1 X Ly =0
0 0
0 0
o ="vr +lwix'ra=| @ X —L1 +dec =0
0 0
1 2 1 1 1 .
T =~ mlHl'UclH + = IW’{ lIcllwl =3 lw? 1Ic11L4-’1 =3 Iyyl qf.
2 2 2 2
step 2 (link 2);
0 S2 ql
*wy ="'R; (g2) (lwl +dz0) ="Ri() | @ | =| ¢
G2 G2
S2.q1 Lo 0
Zvg = 1R§(QQ) (1171 + tws X 17‘1,2) = 2wy x 27'1,2 = c2 g1 X 0 = Lo g2
G2 0 —Lacaa
0 S2.G1 —L2 +de2 0
202 = "vg + 2wo X PP = L2 g2 +| @1 X 0 = de2 o
—Laca g1 g2 0 —dcac2 41

((851na2 + 3 1yy2) 47 + Io22 G3)

N | —

T = %m2”2’vc2H2 + %ng 2 2oy = %m2d32 (qg L q%) .

step 3 (link 3);

S2 1 523 q1
ws =R (g3) Cwa + dsz0) ="R3(g3) | 2 =| csaq
G2 + g3 G2 + g3

3vs = ’R3 (¢3) (2'02 +2w3 x 27"2,3) =R} (¢3)%v2 +3ws x *ra3

Lass go 523 q1 L3 Lass go
= Lacs g2 + c23 1 X 0 = Lacs g2 + L3 (g2 + 43)
—Laca 1 g2 + g3 0 — (L202 + Lzca3) 1
Lass go 523 q1 —L3 +dcs
Sves =303 +3ws x reg = Locsge + L3 (g2 +43) | + €23 q1 X 0
— (Laca2 + Lzcas) ¢ G2 + g3 0
Lass go

= Lacs go + des (¢2 + ¢3)
— (L2ca 4 descas) ¢
1 : 2 1= .
I3 = B m3H30c3H +3 wi I3’ ws
1 . . . . .
=3 ms3 ((dc3623 + chz)zqf + L%S%q% + (des(g2 + ¢3) + L263QQ)2)

1 . . .
+ 5 ((Ixa:35§3 + ]yy3C§3) q% + 1.3 (q2 + q3)2)



As a result, from
1, .
T=Ti+T+Ts= q"M(q)q

we extract the inertia matrix of the 3R robot as

a1 + aach + azs3 4+ ascds + assis + 2a6cacas 0 0
M(q) = 0 a7 + 2a6c3  as +ascz |,
0 ag + ascCs3 as
where
ap = Iyyl

as = Iyyz + m2d§2 + m3L§

az = 1112

ay = Iyyg -+ m3d23

as = Iza:3

a¢ = madc3La

ar = Lo +madi + L..3 + madZs + msL3
as = I..3 +madzs

is a set (not necessarily minimal — this was by no means requested!) of dynamic coefficients used here
just for compactness.

At this stage, no further dynamic computation is needed for solving the second part of the problem. The
requested task is described by
. ( Da ) _( e (L2c2 + Lacas)
Py s1 (Laca + Lscas)
with associated 2 x 3 Jacobian

( —s1 (Laca + Lacas) —c1 (Las2 + Lssas) —ciLlssas >

J =
(a) c1(Laca + Lacas)  —s1(L2s2 + L3sas) —s1Lssas

Since from the dynamic model one has 7 — n(q, ¢) = M(q)q, the proposed optimization problem can be
reformulated at a given state (g, q) in terms of the unknown q € R? as

min 54" M¥@)q st J(@)§=ia-J(a)q,
which is in the standard form of an LQ problem (without null space term). Its explicit solution is given by

i = T (a) (Fa T (@)d) = M~q) I"(a) (T(@) M*(@) T (@) (4~ I (0)d) (5)

under the assumption that the Jacobian has full rank (= 2). The locally optimal acceleration is thus given
by the squared inertia-weighted pseudoinverse of the task Jacobian.

Replacing now the numerical data of the problem, we obtain for the two relevant matrices in the solution (5)
at ¢ = (37/2,7/4,0) [rad]:

0.7750 0 0 07071 0 0
M = 0 1.3500 0.4250 J = ' .
0 0.7071 0.3536
0 0.4250 0.1750

The Jacobian is of rank 2. Since the current joint velocity is ¢ = 0, we do not need the time derivative of
the Jacobian (the term J(q)q is zero). The solution for #4 = (=1, —1) [m/s?] is then

—1.4142
g=| 24965 [rad/s].
—7.8214

k 3k ok ok ok
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