Robotics 2
September 9, 2022

Exercise 1

Consider a planar 3R robot with equal links of length L > 0 that is commanded with joint velocities
g € R3. Each joint has the same available motion range

)
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The joint range function is defined in general as
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where N is the number of robot joints. The end-effector position p = f(q) € R? of this robot
is constrained to be at p = 0. Define a kinematic control law for ¢ that will always satisfy this
task constraint and the joint range limits, when starting from an initial feasible configuration g(0)
and while attempting to minimize the function H(q). Show that the robot converges to a unique
configuration g such that VH(g) # 0 but ¢ = 0. Provide the values of q, H(q) and VH(q).

Exercise 2

The large RP robot in Fig. 1, with coordinates g = (q1, ¢2) and dynamic parameters mas, de2, I; and
I, defined therein, moves on a horizontal plane. The robot is controlled by the generalized force
u = (7, F') [Nm, N] at the joints, while dissipative effects can be neglected. The robot end-effector
point P should execute a linear rest-to-rest trajectory from P; = (2,3) [m] to Py = (—2,0) [m] in
T = 2 [s], with bang-coast-bang symmetric acceleration profile and cruising speed V' = 3 [m/s].
The robot is initially at rest in g(0) = (0,2) [rad,m)].

Figure 1: A RP planar robot with the relevant parameters and variables.

Define a control law for u such that the following performance is obtained:

o the Cartesian trajectory error e = p,; — p goes to zero exponentially;

e the trajectory error components e; and e,, respectively along the tangent and the normal
directions to the path, have a decoupled dynamics, governed by the differential equations

ér+4é+4e =0, €n +8¢€, +16e, = 0.



Provide the explicit expression of all needed terms in the resulting control law, and in particular the
analytic expression of generalized force u(t) at the initial time ¢ = 0. Compute then its numerical
value ©(0) = (7(0), F(0)) when the dynamic parameters are

mo = 10 [kg], dcg =25 [Hl], Il = IQ =20 [kng]

Compute also the numerical value of the actual position p(t) of the end-effector at the half-time
t =T/2 =1 [s] of the robot motion.

Exercise 3

Consider the simple mechanical system with one degree of freedom in Fig. 2(a). The actuated mass
B > 0 moves on a frictionless horizontal plane and is driven by an input force F'. Its position is 6.
The mass is connected through a pulley and a rigid cable to a second mass M that is suspended
vertically under gravity.
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Figure 2: A mass B driven by an input force F' and connected to a second mass M: the cable is
rigid in (a) and flexible with stiffness K in (b).

e Derive the dynamic model of this system.

e Prove that the PID control law

F=Kp(0s-0) —KD9'+K1/(9d—9(T))dT,

with suitable choices of the gains Kp, Kp and K, will asymptotically stabilize the desired
equilibrium state (0, 60) = (64, 0) of the closed-loop system. Will also exponential stabilization
be achieved in this case?

e Consider the PD control law with iterative feedforward
F=Kp(0a—0)— Kpb +v;_1,
where the feedforward is updated at successive steady states (6, 0) = (6;,0),i=1,2,..., as
v; =vi—1+ Kp (04— 0;), (with vg = 0).

Prove that, with suitable gains Kp and Kp, this iterative learning control will globally,
asymptotically stabilize the desired state (6,8) = (64, 0) of the closed-loop system. In partic-
ular, show that the convergence of the sequence {6;} exactly to 8, occurs in a finite number
of iterations.

e Assuming now, as in Fig. 2(b), that the cable is elastic with finite stiffness K > 0, derive the
new dynamic model using the additional coordinate ¢ for the position of the mass M.

[210 minutes; open books]



Solution
September 9, 2022

Exercise 1

The end-effector position p € R? of the considered planar 3R robot is

D €1+ ci12 + c123
() -+ (5
Py 81+ 512 + 5123
with the usual shorthand notation for trigonometric functions, e.g., ¢i123 = cos(¢1 + g2 + ¢g3). The
associated 2 x 3 Jacobian matrix in p = J(q)q is given by

—(s1 4+ 512+ S123) —(S12 + 5123) —8123> _ <_py —py +Lsi —py+ L(s1+ 812)>
c1 + ci2 + cio3 c12 + c123 123 Pe Pe—Lcr  pe—L(ci+ci2)

sa=t

where the last equivalent expression will be convenient for what follows. Further, from the given
joint limits, it is ¢; = 0, for ¢ = 1,2, 3, and the specific joint range function of this robot is
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with gradient
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To minimize this function without moving the end-effector (p = 0), the joint velocity should be
chosen as

q=—a(I-7*(@)J(q)) VaH(q) = —a P(q),H(q). &)

where J# is the pseudoinverse of matrix J, P is the projection matrix in its null space, and
a > 0 is a suitable scalar step. When starting from an initial feasible configuration g(0) such that
p(0) = f(q(0)) = 0, the command (1) will keep satisfying the task constraint on the position of
the robot end-effector. However, one should also check that the configuration g remains always
within the hard limits of the joint ranges.

The problem is largely simplified by the requirement that the end-effector should be kept in par-
ticular at the origin. This implies that the three links of the robot will always form an equilateral
triangle (with sides L), whose orientation is parametrized by the first joint angle ¢;. Thus, only
one of the two classes of configurations are feasible:

dright = <Q17 27T/37 27T/3) or Qieyt = <Q15 _277/3’ _271-/3)

Consider then the right-arm class (the following treatment is analogous for the left-arm case).
With p, = p, =0 and g2(= ¢3) = 27/3, the Jacobian becomes after trigonometric simplifications

T(q1) = 0 Lsing Lsin (g1 + 7/3)
W=\ 0 —Lcosqy —Lcos(qu +7/3) )"



Any configuration in the g,,,,, class is clearly regular: in fact, det(J(q1)J " (q1)) = 0.75L* # 0.
Then, the pseudoinverse J# (q;) can be computed as

0 0

-1 2V3 :
THa) = I7(@) (J@)I"(@) =37 | cos(a+7/3) sin(a+7/3) |,
CoSs q1 sin ¢q
and the projection matrix P becomes the constant matrix
1 00
P=1-J%q)J(q@=]|0 0 0
0 0 0

This result should not come unexpected: no non-zero velocity of joints 2 or 3 will be admissible if
the end-effector should keep the position p = 0. Conversely, any velocity of joint 1 does move the
end-effector and in fact is left unchanged when multiplied by the projector P.

Therefore, starting from q(0) = (¢1(0),27/3,27/3), with ¢1(0) € [-A, +A], eq. (1) becomes

a q1

j=—-aP(q)VeH(q) = ——=
Accordingly, if ¢;1(0) > 0 then ¢; < 0 and, vice versa, if ¢;(0) < 0 then ¢; > 0. This guarantees
that the robot motion will execute correctly the Cartesian task, while remaining always within the
joint limits. The motion will stop when ¢; reaches zero. Thus, the final reached configuration is
in any case

0
a=| 2/3 |,
27/3
with ) )
B 1 2 2T
(q) 21 A2 ((3> + <3) ) = 0.0658,
and
) 0 0
VH(q) = oA 2r/3 | = | 0.0314 | #£0.
2m/3 0.0314

Exercise 2

The problem is solved by a feedback linearization control law that imposes a prescribed linear and
decoupled dynamics to the trajectory errors in the task space. The task space for this planar robot
is a two-dimensional Cartesian space for the end-effector, which is rotated so as to align its axes
with the tangent and normal directions to the desired linear path.

We define first the desired task trajectory for the robot end-effector. The path is a segment from
P; = (2,3) to Py = (—2,0), having length L = | Py — P;|| = 5 [m] and being expressed in terms of
its arc length o as

p(J)PiJrPf_Pio(g)(g:g)a, o c[0,1] = [0,5].

L



One can associate to the path (see Fig. 3) a rotated right-handed planar frame X = (¢,n), having
axis t tangent to the path and axis n normal to it. The orientation of this frame is given by the
2 x 2 matrix

3 4
) ,  with a = atan2 {— —5} = —2.4981 [rad] = —143.13°,

cosa —sina

siha  cosa 5’

—-0.8 0.6
R(a) = <—0.6 —0.8> ' @)
The task frame X i will be used to conveniently express the dynamically decoupled error compo-
nents e;(t) and e, (t) along the trajectory.

Ria) = (¢ n) = (

and thus

—&
Py

Figure 3: The desired linear path, with the definition of the task frame ¥ p = (t,n) whose constant
orientation is given by matrix R(«). The initial position of the robot end-effector p(0) is also shown,
with the Cartesian initial error (0) € R? and the (rotated) initial position error components e;(0)
and e, (0).

The timing law 0 = 04(t) on the reference path is a rest-to-rest motion with a symmetric bang-
coast-bang acceleration profile. For such a profile, the maximum acceleration A along the path is
computed from the total motion time 7', the path length L, and the cruise speed V as

LA+ V? V2 9

A =9 [m/s?,

T=—"2v = TTV_-L 23-5

whereas the acceleration and deceleration phases last each Ts = V/A = 0.333 [s]. The assumed
existence of a cruising velocity at V' = 3 [m/s] is confirmed by the obtained value Ty < T/2 = 1.
Thus, the initial acceleration of the timing law is 54(0) = A = 9 [m/s?]. Accordingly, the initial
desired end-effector velocity and acceleration in the base frame are

pa0) =0 50 =TT w00 = (1) sl

while the same quantities expressed in the rotated task frame are indeed

“Bal0) =0, Thu(0) = B a(0) = () b/



Next, define the initial position and velocity error of the robot end-effector with respect to the
desired trajectory. The direct kinematics of the RP robot is

p=r@= (200, 3)

g2 Sl gy

The robot is initially at rest in g(0) = (0,2). Thus,

pO) = fa0) = (§ ) Il a0 =0 = p0)=o.
and so
e(0) = py(0 ( 0 ) = ( : ) . é(0) = py(0) — p(0) = 0.

In the rotated frame X i, we have
Re(0) = RT(a) e(0) = ( :fl((%)) ) - ( By ) . Be(0) = R™(a) (0) = 0.

Consider now the robot dynamics. Since the RP robot moves on the horizontal plane, its dynamic
model has g(q) = 0:
M(q)g+c(q,q) =u

Applying the feedback linearizing control
u=M(q)ag+c(q.q),  with aq=J"'(q) (R(a)a-J(@)q), (4)
leads to the Cartesian acceleration of the end-effector in the task frame
p=Rl@a = Tp=RY(a)p=a

Choosing then

= "py+ "Kp ("py — Ri’) +8%Kp (de —fip) (5)
with
k 0 k 0
R _ Pt R _ Dt
Kp—( 0 kp7n> and KD—< 0 kD7n>’
yields for the dynamics of the task trajectory error Fe = fp, — fip

Re + BKpRe+ BKplte = 0,
or, componentwise,
ér+kpiér+kpres =0, én +kpnén+kpne,=0. (6)
Accordingly, by choosing the scalar control gains
kpt =4, kp: =4, kpn = 16, kpn =38, (7)

we obtain the prescribed dynamic behavior for the transient errors along the tangent and normal
directions to the desired trajectory.



Putting together (4) and (5), the final control law is thus

u=M(qg) (I (@)R(0) ("B + "Kple+ "K ple) — T @) (@)d) +el@.q) ()

Beside (2) and (3), the other kinematic terms needed in the control law (8) are the Jacobian matrix
and its inverse

J(q):af(q):<—quin(J1 cosQ1> = JYq) = 1( sin ¢ —cosqi ),

dq gacosqr  sinq T2 \ —qazcosqi —gasing

and the time derivative of the Jacobian

J(q) = —q1g2cosqy — g2sing;  —¢psing
—1g28ingy + gacosqr Gicosqr )

From these, it follows also

.2 . . . . .

N —q1 q2¢08q1 — 21G2 sinqq 1 v e L 2q140
Jqq:( . . . ) = —-J (q)J(q)g=— ; .

(@) —¢i g2 sinq1 + 2 ¢1Ga cos ¢ (9)7(9) q2 it 6

Moreover, the dynamic terms used in (8) are the inertia matrix M (q) and the Coriolis and cen-
trifugal terms ¢(q, ¢). These are obtained as usual from the following steps.

Kinetic energy

T=T+Ty
ith

w1 1 .2 1 .2 1 2

T = 5[1 q71, T = 5-[2 qi + §m2Hv52” )
where

L d C1 . [(a (st q2

vC2pCZdt<(q2dC2)(31 >) q2(81>+(q2dc2)q1( 1 —R(Ql) (q2_d02)q'1 )
and so

1 . 1 . :
T — 3 (I + L) ¢ + 32 (q% + (g2 — dea)” Q%)

Inertia matrix

Ty M@ - M= (me) maa)) = (DRl 0

Coriolis and centrifugal terms

T . ) . T
cla.4) = (ZTZEZ;Z> | ith Ci(g) = 1 (377;;(11) . <a a;(q)> ) aM@) s

Since



we have

clq,q) = ( 2ma (g2 — de2) G142 )
’ —ma (g2 — de2) 63 )

Moreover, the analytic expression of the generalized force u(t) at the initial time ¢ = 0 is obtained
by particularizing (8) at the initial robot state (g, ¢) = (g(0),0) and with the initial task position
error f'e(0) and task velocity error #&(0) = 0. We have

u(0) = M(q(0))J " (q(0)) R(a) ("p4(0) + K p'e(0)) . (9)

With the given dynamic data, the numerical value of the initial control (9) is

o= (70) = (522

Finally, the numerical value of the position p(t) of the end-effector at the half-time ¢t = T//2 =1 of
the motion is obtained as p(T/2) = p,(T/2) —e(T/2), from the knowledge of the desired trajectory
p,(t) and using the position error e(t) resulting from the feedback linearization control law (8)
—thus, analytically and without the need of a numerical simulation of the robot dynamics!

For the desired trajectory position, one has

pal)) = P+ P = ()

namely, the midpoint on the linear path. On the other hand, the closed-form solutions of the linear
differential equations in (6) for the initial values e;(0) = 1.8, e, (0) = 2.4, é;(0) = é,(0) = 0, and
for the specific numerical gains in (7) are!

er(t) = —1.8 (1 + 2t) exp(—2t), en(t) = —2.4 (1 + 4t) exp(—4t). (10)
Thus

e(1) = Rio) "e(n) = Rle) (i o0 ) = (708 00 ( oaies ) = (0ars )
and therefore p(1) = py(1) — e(1) = ( —8;12?; ) [m)].

Figure 4 shows the evolution in time of the relevant variables concerning the robot end-effector:
on the left, the tracking errors e;(t) and e, (¢) along the tangential and normal directions to the
path; at the center, the components e, (t) and e, (t) of the tracking error in the base frame; on the
right, the coordinates p,(t) and p,(t) of the actual position of the end-effector. One can see that
the chosen PD gains of the linear part of the control design are not sufficient large to fully recover
the tracking error before the end of the trajectory. Indeed, these residual errors will approach
exponentially zero after T =5 [s], when the desired reference motion has ended and the trajectory
tracking problem has become a regulation problem.

IThe two differential equations (6) are written in the Laplace domain as
(52 +4s+4) e(s) = (s+ 2)2e(s) =0, (52 +4s+16) en(s) = (s + 4)2 e, (s) =0,

i.e., they have two real and coincident roots, respectively in —2 and —4. Accordingly, the time solutions for arbitrary
initial conditions are

et(t) = et (0) exp(—2t) + (€¢(0) + 2e¢(0)) t exp(—2¢), en(t) = en(0) exp(—4t) + (én(0) + 4e, (0)) t exp(—4t).
The results in (10) follow for the considered case with é;(0) = é,(0) = 0.
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Figure 4: Time evolution of the tracking errors e;(t) and e, (t) in the task frame [left] and of the
tracking errors e, (t) and e, (t) in the base frame [center]; coordinates p,(t) and p,(t) of the actual
end-effector position [right].

Extra comments to the solution of Exercise 2

The evolutions of the Cartesian errors and positions, respectively in the center and right plots
of Fig. 4, deserve a special comment. While the initial errors e;(0) and e, (0) are both non-zero,
the position component p,(0) is matched with its desired value pg,(0) and the initial Cartesian
position error limited to the y-direction. However, the reaction to trajectory errors is designed to
be decoupled in the ¢ and n (task) directions, not in the « and y (Cartesian) directions. Therefore,
the presence of an initial error along y will induce later on also an error along @, because the control
action is designed to reduce separately the two error components in the task directions (see Fig. 4
[left]). After both these task errors have been sufficiently reduced, also the two Cartesian errors will
eventually be reduced in a monotonic way. Note also that the y-position of the end-effector (the
blue plot in Fig. 4 [right]) increases first in order to approach the planned path, but then reduces
because the desired trajectory has reduced as well its y-component (see the path in Fig. 3).
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Figure 5: Improved evolution of the tracking errors in task frame [left] and in base frame [center]
and actual position of the end-effector [right] when the double pole of the linear controller in the
tangential direction is moved from —2 to —5.

A better, and perhaps clearer, behavior could be observed if the control gains in the tangential
direction were properly increased. Choosing for instance
kp: =25, kp: =10

would lead in the Laplace domain to a double pole in s = —5 (rather than in s = —2) along the
tangential direction, with the associated error decreasing at a faster exponential rate as

e:(t) = —1.8 (1 4 5t) exp(—5t),



which is to be compared with e, () in (10). The control gains in the normal direction have remained
unchanged. The obtained results are shown in Fig. 5, where the green profile in the left plot is
the new e;(t). The faster reaction to this tangential error has a counter-effect on e, (t), which now
becomes negative for some time during the transient, although with a much smaller magnitude
than before. In this case, all errors have vanished by the end of the desired motion (7' =5 [s]).

Exercise 3

The dynamic model of the two-mass system with a rigid cable of Fig. 2(a) is given by
(B+M)6— Mgy =F.

This can be obtained by simple balance of inertial, gravity and external forces or from a Lagrangian
approach, with L =T — U, and where T' = %392 + %MHQ and Uy = —M gof + Uy. Note also that,
being the gravity term g = 0U,/00 = —M gy constant, its gradient dg/00 = 0 is upper bounded
just by a = 0; thus, to have a unique closed-loop equilibrium, we expect no positive lower bound
larger than zero for the proportional gain Kp in order to contrast gravity.

As for the control design, both proposed control laws do not use the knowledge of the masses B
and M. Thus, we shall assume in the following that their value is unknown, while only an upper
bound is available on each, i.e., and 0 < B < B4 and 0 < M < M-

Consider first the PID control law
F=Kp (ed—e)—KD9'+KI/(ed—9)dT, (11)
with 84 being constant. This leads to the following closed-loop equation for the error e = 65 — 0
(B+M)é—I—KDé—i—er—i—KI/OtedT—i—Mgo =0.

In order to have the desired closed-loop equilibrium for ¢ — oo, the error e should vanish and thus
the integral term should balance at steady state the gravity term:

Fo = KI/ e(r)dr = —Mgqo.
0

To verify the asymptotic stability of the desired closed-loop equilibrium, we use the fact that the
system dynamics is linear and transform the closed-loop equation in the Laplace domain. The
gravity term d = M gg is considered here as a constant external disturbance. We have

Kr
s

((B +M)s*+ Kps+ Kp + ) 0(s) = (Kp + [ZI) 0a(s) +d(s),

or, multiplying by s and re-organizing terms,

Kps+ K;p S
o(s) = 6 d(s).
©) = BT + ko + Kps v K1 O B o+ Kps + Kps + K7 )

The input-output and disturbance-output transfer functions, respectively W(s) = 0(s)/64(s) and
Wa(s) = 6(s)/d(s), have a common polynomial at the denominator. The asymptotic stability of
the closed-loop system depends on the localization of the three closed-loop poles, namely the three
roots of the characteristic equation

(B4+M)s®*+ Kps* + Kps+ K; = 0.

10



Using the Routh criterion, we build the Routh table

3 B+M Kp
2 Kp Ky
(B+ M)K;
1 | Kp————
P 0
0 K;

From this, we find that all three roots will be asymptotically stable (i.e., will have negative real
parts) if and only if there is no change of sign in the first column of the table, namely
(B+M)K;

K; >0, Kp>0, Kp>
Kp

> 0.

Under this condition, the steady-state value of 6 for the input-output relation will be

Oss = lim 0(t) = lim W (s)04 = 04,
t s—0

— 00

i.e., the desired one, while for the disturbance-output relation due to gravity it will be

Oss = lim 6(t) = lim Wy(s)d = 0.
s—0

t—o0
i.e., the effect of gravity is completely rejected. By superposition of the two effects, it is 055 = 6,.

Summarizing, the PID control law (11) will achieve the desired objective, provided that positive
gains are used for the integral and derivative action, and a positive and sufficiently large gain is
used for the proportional action. In particular, choosing

(Bmaz + Mmaw)KI
Kp

Kp > > 0.

will guarantee a robust performance in spite of uncertainties on the two masses. Finally, since
the system has a linear dynamics, the obtained asymptotic stabilization will be both global and
exponential.

Consider next the PD control law with feedforward
F=Kp(0;—0)— Kpd+uv;_1, (12)
at a generic iteration of the method. The following closed-loop equation holds for the error e = ,;—6
(B+M)é+ Kpé+ Kpe+v;—1+ Mgy =0. (13)
In order for the error e to vanish at steady state, the feedforward should balance the gravity term:
vi—1 = —Mgo.

If this is not the case, the steady-state error e; = 03 — 0; # 0 at the end of iteration i will satisfy
the equilibrium equation

1
Kpe; +wvi—1=—Mgo = 0; =04 + X (Vi1 + Mgo) # ba-
P

Analyzing eq. (13) as before, this (wrong) equilibrium will be asymptotically reached if and only if
Kp > 0and Kp > 0. The uniqueness of such equilibrium is again guaranteed without any further

11



condition on the proportional gain, thanks to the linearity of the system. When the feedforward
is updated at successive steady states (6,0) = (0;,0),i=1,2,..., as

v, =vi—1 + Kp (04— 0;),

the desired closed-loop equilibrium state (gq,0) will be reached by iteration. Remarkably, when
initializing the feedforward term with vy = 0 (i.e., a pure PD is applied at the first iteration),
convergence occurs in just two iterations. In fact, at the end of the first iteration, we will have

erl = KP(Qd — 91) = —Mgo
and the update is
U1 :v0+Kp(9d—91) =0—Mgy=—-Mgp.

Then, at the end of the second iteration, we will have

Kpey +vi = Kp(0g — 02) — Mgo = —Mgo = 2 = 04

Summarizing, the PD + iterative feedforward control (12) will achieve the desired objective, pro-
vided that positive gains are used for the proportional and derivative action; the convergence is
achieved in two iterations without any further condition on the proportional gain.

Finally, if the cable is flexible (in the domain of linear elasticity) with a finite stiffness K > 0 as in
Fig. 2(b), the dynamic model consists of two differential equations for the generalized coordinates
0 and q. We have

B+ K(@—q)=F

M+ K (q—60)— Mgy = 0.

In a Lagrangian framework, these equations are obtained with the vector of generalized coordinates
Q= (0,q), having L =T — (U, + U.), and where T = %392 + %MQQ, Uy = —Mgoq + Uy, and the
added elastic potential is U, = £ K (6 — ¢).

X %k X ok ok
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