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Exercise 1
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Figure 1: A RPR planar robot moving in a vertical plane.

Derive the inertia matrix B(q) and the gravity vector g(q) in the dynamic model of the planar RPR

robot in Fig. |l using the Lagrangian coordinates q = (q1 q2 q3 )T defined therein. Determine all
equilibrium configurations q, under no external or dissipative forces/torques nor actuation inputs.

Exercise 2
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Figure 2: A two-mass system connected by a nonlinear spring, under the action of gravity.

In the mechanical system shown in Fig. [2| the first body (of mass b > 0 and position ) is actuated
by a force u and is connected to the second body (of mass m > 0 and position ¢) through a
nonlinear spring having potential energy

1 1
Ue = 5klg - 0)* + 1Fnla— 0)*,  k.k,>0.
e Derive the dynamic model of this system by following a Lagrangian approach and using as
generalized coordinates (0, q).

e Determine the (unique!) equilibrium position § for the first mass and the required constant
input force @ to be applied in order to keep the second mass at a desired position (height) §.

e Verify your result by computing the values of  and % for the following numerical data:

§=0.1[m], b=m=3[kg], k=1000[N/m|, k,=10000[N/m?, go=29.81[m/s?].

[150 minutes; open books]
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Exercise 1

For link ¢, ¢ = 1,2, 3, let m; be its mass and I; its inertia around an axis normal to the plane of
motion and passing through the center of mass. Moreover, for ¢ = 1 and ¢ = 3, d; is the distance
of the center of mass of link ¢ from the axis of joint 7, while for the second link, ds will denote the
(constant) distance of its center of mass from the axis of joint 3 —see Fig.

T
Figure 3: Parameters d; defining the location of the center mass of the links of the RPR robot.

To derive the robot dynamic model terms, we follow a Lagrangian approach. For obtaining the
inertia matrix B(q), we compute the kinetic energy T' = T + T5 + T3 of the three robot links. For
the first link, it is

1 :
Tl = 5 (Il + mld%) q%

For the second link, the position of the center of mass iﬂ

[ ticosqr — (g2 — dg)sing
ch - . b (1)
lysingy + (g2 — dz) cos qq

where /1 is the length of link 1. Thus, the velocity of this center of mass is

— ({1 sing; + (g2 — d2) cosq1) 41 — sinqi G2 )

v = ’ - . . .
2 = Pe2 ( (€1 cosqr — (g2 — d2) sing1) g1 + cosqi1 Go

and its squared norm is
[vea||® = vhvee = (61 + (g2 — d2)?) G5 + G5 + 261 G da.

The (scalar) angular velocity of link 2 is simply ¢;. As a result,

1
Ty= 5 [(Ia+me (6 + (a2 d2)?)) & +mo 3+ 2maly ude)

IWe take into account the following identities (for 8 = 7/2): cos(q1 + 7/2) = —sinqu, sin(q1 + 7/2) = cosqi.



Similarly, the position of the center of mass of the third link is

P — ( ¢y cosqi1 — qasingy — dgsin(q1 + ¢3) >
e l1singy + gacosqr +dscos(qr +q3) )

Its velocity is

— ({1sing + g2 cos q1) ¢1 — singqy g2 — dszcos(q1 + g3)(d1 + 43) )

Ve3 = Pog = . . . . . .
¢ c < (41 cosqi — qasingi) g1 + cos g1 g2 — dssin(q1 + g3) (41 + ¢3)

and the squared norm becomes
[vesll? = (€1 + 43) di+d3+d3(d+43)*+201G1d2~2d3 510 3(41+G3) (141 +d2) +2d342 cos g3 (d1+43)dr
The (scalar) angular velocity of link 3 is simply (¢1 + ¢3). As a result,
Ts = 3 [(Is+msd3) (d1 + ¢3)° +ms (63 +¢3) 4 + m3 43
+2m3ly q1ge + 2mads (41 + 43) (g2 cos gzdi — sings(€1g1 + do))] -

Therefore,
bi1(q2,q3) bi2(q3) bis(ge,q3)
1 T . 1 T .
T=34 baa baz(gz) | q= 34 B(9)g.
symm b33

from which the elements b;; of the 3 x 3, symmetric, positive definite inertia matrix B(q) can be
extracted:

b11(g2,q3) = I +mydi + I + maod3 + I3 + mad; + (mo + ms)l3
— 2madaqa + (M2 +m3)g5 + 2mads (g2 cos g3 — £y sings)

= m + T2 q2 + T35 + 2m4 (g2 cos g3 — {1 singg)

bi2(qz) = (ma+m3)ly —madssings = 73 (1 — mysings @)
b13(q2,q3) = I3+ m3d§ + mads (g2 cos g3 — {1 8ings) = w5 + w4 (g2 cos g3 — {1 sings)
b = mg+m3z =73
be3(q3) = —mgdzsings = —mysings
bsz = I3+ mgd: = Ts.

In the expressions of the elements of B(q), we have assumed that the kinematic parameter
¢y is known and found thus a linear parameterization in terms of five dynamic coefficients m;,
i=1,...,5.

For obtaining the vector g(q), we compute the potential energy U = Uy 4+ Us 4+ Us due to gravity
for the three robot links. Using the expressions of the y-component of the vectors p,;, i = 1,2,3

(see also egs. and (2)), we have
Ui(q1) = migoPer,y = migo dising
Usz(q1,q2) = mago pea,y = mago (¢1sinq1 + (g2 — d2) cosqi)
Us(q1,q2,93) = m3go Pes,y = Mm3go (€1 sinqy + g2 cos g1 + d3 cos(q1 + ¢3)) -



Therefore,

g(q) = (8%21)>T

(m1dy 4+ (ma +m3)l1) gocosqr — (ma(g2 — da) + msqa) go sin g1 — msdsgo sin(q1 + g3)

= (ma + m3)go cos q1

—mgzdsgosin(q; + ¢3)
(4)
Solving for g(g,) = 0 provides all equilibrium configurations g,. From the second component
in , it follows that go1 = =£n/2, which confirms also the intuition that the prismatic joint
axis should be horizontal at the equilibrium. Plugging this into the third equation leads again
to qo,3 = +m/2. Imposing these two conditions in the first equation, g1(gy) = 0 provided the
additional condition ga = mads/(mo + m3). Thus, all unforced equilibrium configurations for this

RPR robot are of the form
d T
2 mo + M3 2

Exercise 2

The kinetic and potential energies of the mechanical system in Fig. [2| are given by

1. . 1 1
T:§b02+7mq27 U=U+U; ==

1
— 2 — — 4 —

Thus, applying the Euler-Lagrange equations to L = T'— U yields the two second-order differential
equations

bl + k(0 — q) + kn(0 — q)* = u (5)
mi —mgo + k(q — 0) + kn(q — 6)° = 0, (6)

which are nonlinear due to the cubic terms in the deformation § = ¢ — 6 of the spring.

For the equilibrium conditions, we set 6 = ¢ = 0 in egs. f@. From the second one, we obtain
the following algebraic equation:

kin(q — 0)* + k(g — 0) — mgo = 0.

This is a cubic equation of the form

k
B 4ps+r=0, with p=-—, r=-——"
p r ) 1 p kn’ r kn7

which is known to have the single real solution?]

sl /2 p> s 1 [r2  p3
5_\/_2+ 4+27+\/_2_ 7 "o ®

2The (depressed) cubic equation in @ was studied already in the XVI century. The formula is attributed to
the mathematician Gerolamo Cardano, but in fact is due to Scipione del Ferro and Niccold Fontana (also known as
Tartaglia).




Therefore, for a given desired position ¢ = ¢ of the mass m, we compute from the spring
deformation § at steady state and set

0=q—é. (9)
Moreover, from eq. at steady state we obtain the required input force

i=k(0—q) + ka0 —q)°®=kd+ k,0° = —mgo. (10)

The input force balances the weight of the mass m, as reflected through the elastic force 7. of the
deformed spring. Note that that the mass b plays no role in this analysis.

Using now the given numerical data, and in particular ¢ = 0.1, £ = 1000, k,, = 10000 and m = 3,
we compute -
0 = 0.0292, 0 = 0.0708, u = —29.4300. (11)

As a result, the static deformation of the nonlinear spring at the equilibrium is equal to slightly
less than 3 cm. The deformation-force characteristics 7. = kd + k,,0° of the chosen spring is shown
in Fig. [4] where we have indicated also the actual deformation ¢ at equilibrium. In correspondence
to this value, we can easily check that the elastic force is 7. = —u.

nonlinear spring characteristic:
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Figure 4: The nonlinear deformation-force characteristics of the spring for k& = 103 [N/m] and
k, = 10* [N/m3]. The equilibrium condition for the given problem data is reported in red.
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