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Approaches to dynamic modeling

(reprise)
energy-based approach Newton-Euler method
(Euler-Lagrange) —— (balance of forces/moments)

=  multi-body robot seen as a whole = dynamic equations written

. . e tely f ch link
= constraint (internal) reaction forces separately for each link/body

between the links are automatically = mainly used for inverse dynamics

eliminated: in fact, they do not in real time

perform work = equations are evaluated in a
= closed-form (symbolic) equations numeric and recursive way

are directly obtained = best for synthesis

(=implementation) of model-

s best suited for study of dynamic
" LS Y | based control schemes

properties and analysis of control

schemes m by eliminating the internal reaction forces
and performing back-substitution of all
expressions, we get dynamic equations in
closed-form (identical to Euler-Lagrange!)
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Derivative of a vector in a moving frame §

... from velocity to acceleration

Ovl- = ORi ivi ORi T S(Owi) ORi

0p. Oai = ORi ial- = ORl’ l”l.fi -+ ORi iUl'

S
|

ORl’ lvi ~+ O(Ul' X ORi ivi — ORi (l'l.]i + ia)l- X ivi)

derivative of a “unit” vector
in @ moving frame
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Dynamics of a rigid body

= Newton dynamic equation
= balance: sum of forces = variation of linear momentum

Zﬁ = — (mv) = mo,

= Euler dynamic equation
» balance: sum of moments = variation of angular momentum

d d - _ iy
ZW =z Uw)=Io+—(RIRN w =1+ (RIRT + RIRT) w
= 16 + S(W)RTRTw + RIRTST ()i =16 + w X [w

= principle of action and reaction
» forces/moments: applied by body i to body i + 1
= — applied by body i + 1 to body i
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Newton-Euler equations - 1

link i

FORCES

center / fi force applied

\ of mass from link i — 1 on link i

fi+1 force applied

9\ from link i on link i + 1

o fia m; g gravity force

axis i \ aX|s i+ 1

(@) 5 (i) all vectors expressed in the

same RF (better in RF; ...)

Newton equation fi — fiz1 + mig = mia,| IN
;
|

linear acceleration of C;
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link i
MOMENTS

T; moment applied

from link (i — 1) on link i - Titq
l
T;1+1 moment applied
from link i on link (i + 1) f-/ 0 <0 - £
' . .\ ! ..
fi X 1i_1¢; moment due to f; axis i v Jaxis i+ 1

(q:;) I (qiv1)

all vectors expressed in
the same RF (... RF; !1)

—fi+1X 1 c; moment due to —f; 4

Euler equation

Ty — Tiv1 T fi XTic1ci —fivr X Tici= Ii(i)i + w; X ([;w;) E

angular acceleration of body i
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Forward recursion
Computing velocities and accelerations

= “"moving frames” algorithm (as for velocities in Lagrange)

= for simplicity, only revolute joints here
(see textbook for the more general treatment)

initializations
‘wi =" R wiog + ¢ 2 Ywo
id)i = i_lR’iT_i_ld)i—l + é7ii_1Zi—1: - 1RT[l 1(01 1t ql Zz 1]
AR = i_lR’iT-i 1(‘)1 1t CIL Zl 1t ('Il wl 1>< Zi—l] Od)o
0. _/0
ial- = i_lR’iTi_lai_l + i(,i)i X iri—l,i + ia)l- X ( ia)l- X iri—l,i) 1o g

[ [ - I I [ I
a; + "w; X Ti ci + “w; X ( w; X ri,ci)

the gravity force term can be skipped in Newton equation, if added here
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Proof of recursion
for the angular acceleration ‘o,

|

i_lRiT[i_lwi] = i‘lRiT[i_lwi—1 + i_lwi—l,i] = i_lR;'T[i_lwiq T Qii_lzi—l]

I—1pT[i—-1
Ri
I—1pTJ[i 1

Ri

i—1 I
R/

i—1pT[i-1
— Ri|" "wij_1; X

: v i—1 1
Wi—1t4q; Zji_q

_ . i _ . . T :
o+ G Tz (ST o) TR T ]

1. .o i—1 ]
W1 T q; Zi_q)

contribution due same formula used in recursive
to revolute joint i algorithm for kinetic energy

+ "R [ o]

— RIS (Ml ) [T wy] ST'=-9)

i—lwi]

=R a" Tz x (T i + 4 2i4)]

i—1 T~ i—1
— R;|q; "zi_1X

o] = e+ TR6 T 0y x Tz

__1-1pT[i-1 - e 1—1 - -1 i—1
R; [ Wi—1 tq; Zi_1t(q wW;j_1X Zi—l]

Hint: by direct time differentiation of the general DH rotation matrix "R, (6;) of a revolute joint show that

0
l_lRi = S(l_la)i_lli)l_lRi with l_lwi_l,i = éi (O) - éil_lzi_l
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Proof of recursion
for the acceleration ‘q;

pd
~

Robotics 2

in any fixed frame

|

= Vi1t w; X1+ w; X (wi X 7”i—i,i)

fundamental kinematic relation of a rigid body

Vi1 0 X Tij (relation between velocities of point 0;_; and 0;)

Viq T Wi XTj_jit Wi XTi_j;

in moving frames

L. _ 1-1pTi—1_.

Vi = R; Vi1 + wlx Tl 1i T wlx(wlx TL 11)
__1-1pTi-1 [ - [ i [ [
= "R Taj_1t+ w; X 1+ ‘i X (Cwp X 1i-q;)

— —
constant for a revolute joint



Backward recursion
Computing forces and moments

eliminated, if inserted
in forward recursion (i=0)

from N; —— to N;_, initializations

ir _ ip i+l i i

fi= Riy1 firr+tmi(tag—_"g) <~ Jva TN+1

i in i+l in i+l i i i i
7= "Ry Tt (Ript T fix) X i — ix('miwi+ i)

iy i, i iy i
from E; —— to E;_, t e+ wi Xl o

at each recursion step, the two vector equations (N: + E:) at joint i provide

a wrench (f;, ;) € R®): this contains ALSO reaction forces/moments at
the joint axis = to be “projected” along/around this axis to produce work
(. .
Pl ou = YTtz + Fyq;  for prismatic joint N scalar
Tl ‘1] 'z + F,q;  for revolute joint I equations

\ at the end

generalized forces \ add any dissipative term
(in rhs of Euler-Lagrange eqs) (here, viscous friction only)
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Comments on Newton-Euler method

= the previous forward/backward recursive formulas can
be evaluated in symbolic or numeric form
= symbolic
= substituting expressions in a recursive way

= at the end, a closed-form dynamic model is obtained, which
is identical to the one obtained using Euler-Lagrange (or any
other) method

= there is no special convenience in using N-E in this way ...
= Numeric
= substituting numeric values (numbers!) at each step

= computational complexity of each step remains constant =
grows in a linear fashion with the number N of joints (O(N))

= strongly recommended for real-time use, especially when the
number N of joints is large
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Newton-Euler algorithm ‘
efficient computational scheme for inverse dynamics

at every Instant ¢
d1
i - AR o' —l— w }
d1 |

inputs ' *fo, %1, . outputs

N oy, -, II_laN_l, N_lac,N—l — 1 }
dn
C.IN g AR NfNJ NTN . uN }
dn 1 T
NwN; Na)N, NaN, NaCN > -
| (force/moment exchange
N+1 v+1_ from EE to environment)
fn+1 TN+1
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Matlab (or C) script

_ assuming no interaction
general routine NE, (arg,, arg,,arg;) | with the environment
(fn+1= Tve1= 0)

= data file (of a specific robot)
= number N and types o = {0,1}" of joints (revolute/prismatic)
= table of DH kinematic parameters
= list of ALL dynamic parameters of the links (and of the motors)
= Input
= vector parameter a = {%g, 0} (presence or absence of gravity)
= three ordered vector arguments

= typically, samples of joint position, velocity, acceleration
taken from a desired trajectory

= output

= generalized force u for the complete inverse dynamics
= ... Or single terms of the dynamic model
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Examples of output

= complete inverse dynamics
U= NEo;(q49a,Ga) = M(qa)qa + c(qa,q4) + 9(qa) = Uq
= gravity term
u=NE.4(q0,0) =g(q)
= centrifugal and Coriolis term
u=NEy(q,9,0) =c(q,9)
= [-th column of the inertia matrix
u = NEy(q,0,e;) = M;(q)
= generalized momentum
u = NEy(q,0,4) =M(q)qg=p

Robotics 2 14

e; = L-th column
of identity matrix



A further example of output

= factorization of centrifugal and Coriolis term
u = NEO(q' QJ O) — C(q' CI) — S(CI; CI)CI
= for later use, what about a "mixed” velocity term?

2 = NE«(0.6-.0) = S(a. &.)¢
S(q.0)d { o@dr 0 =5@aDdr
u = NEy(q,€;9ri,0) = 5;(q, €iqri)qri

a) S(q,9)q, = S(q,q,)q, when using Christoffel symbols

1 L . .
= u=7(NEy(q,q+qr,0) = NEy(q,4,0) — NEo(q, 4, 0))

= S(q,q)q, (i.e., with 3 calls of standard NE algorithm)

[Kawasaki et al., IEEE T-RA 1996]
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Modified NE algorithm

modified routine NE, (arg, arg,, args, arg,) with 4 arguments
[De Luca, Ferrajoli, ICRA 2009]

NE,(x,v,y,z) = NE,(x,y,z)  consistency property
e€g., uU-= IVEOg(q, O, O, O) — NEOg(q; O) O) — g(q)
u = IVFO(C[, q, C.[, O) — NEO(CI, 67, O) — C(q' q) — S(q' q)q

= u=NEy;(q,4,q,0) =5(q,q)q, with M — 2S skew-symmetric
(i.e., with 1 call of modified NE algorithm)

= U= ]VE()(C[; éI; ei} 0) — Sl(CI’ q)

(i.e., the full matrix S satisfying the skew-symmetry of

M — 25 with N calls of the modified NE algorithm)
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Inverse dynamics of a 2R planar robot

quintic rest-to-rest polynomial for joint 1

— 100 — 200
(=2 (=2
(] (]
z : . ' : z
2 3
(=] . . . X o
2 9 i i ' 2 -200°
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0
time (s)
0 0 = 1000
> E=)
[ [
s =
= -100 . =
= ‘o
K= 2
d>.) =200 i i I I i I I i I g 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0

time (s)

acceleration (deg/sz)
acceleration (de g/s2)

i i I I i I I i I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (s)

desired (smooth) joint motion:
quintic polynomials for g4, g, with
zero vel/acc boundary conditions
from (90°, -180") to (0°,90°) inT =1s
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quintic rest-to-rest polynomial for joint 2

|
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (s)

=

. ; i . v
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
27 ' time (s)

g 05¢

-0.5¢
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. l‘\.g: ‘
Inverse dynamics of a 2R planar robot

\

total torques for joints 1 and 2
200 T 1 . .

100

0

e
=
Zero 100

initial torques =

final torques

free equilibrium ~200, 01.1 012 oi3 oi.4 oi.s oi.s oi.7 oi.s 019 1 Uy # 0, Uz = 0
configuration time {¢) balance
+ 100 l . . . . . . . , link weights
. . . . . . ‘ . . . . (0] (0]
zero initial in final (0", 90)
configuration

accelerations

Nm

i i i i i i i i i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (s)

motion in vertical plane (under gravity)
both links are thin rods of uniform mass m,; = 10 kg, m, = 5 kg
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Nm

)

Inverse dynamics of a 2R planar robot R

total torque and contributions for joint 1

total torque and contributions for joint 2

150 80

100

50

0
£
. . : : =
_150_.....3... e
-200 i i i i i i i i i -40 i i i i i i i ] i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (s) time (s)

torque contributions at the two joints for the desired motion
—— =total, ---- = inertial
————— = Coriolis/centrifugal, - = gravitational
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Use of NE routine for simulation
direct dynamics

= numerical integration, at current state (q, g), of

G =M*(Qlu-(c(q,q) +g@)] =M (Q[u-n(gq]
= Coriolis, centrifugal, and gravity terms
n=NE.,(q,q,0) complexity O(N)
s [-th column of the inertia matrix, fori =1,..,N
M; = NEy(q,0, e;) O(N?)
= humerical inversion of inertia matrix
InvM = inv(M) _O(N®)

but with small coefficient
= given u, integrate acceleration computed as

new state (q, q)

q=InvM*[u-n] =, repeat over time ...
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