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Complexity of robot inertia terms
element m(q) of Stanford arm

04 = T h ... (derived by hand) in JPL
s Tech. Memo. 33-669, 1974

ds 3R spherical wrist

q - 0 ( 2 2
4 \ ol ¥ Aot S T B Rt Lol Tt o
9 -
5 < R B 1.2 2
e 4 kerr L® o,( e‘ 1) 94 2 % l1+c® 8,

/\ 8, - c8,08,c0,)" + cl0 ¢ o
Saly a typical term ... 0,c'0,)
\J sin 8, sin 85 — cos 6, sin 6, cos O Fd,, iy, - k2,0 [(a0ye0, o 0,00 00,02 + cBogele,] o slete, o o2
: . 3 §(570,c0, + 50,58 ,c0, 50,) 0, o“”
S vme %"’in . "S‘z: X ‘in' ["‘“z'°<"°b - €0,30,c0,cH, - ‘0:‘94’00’: * (cO,cO,ch, - '°4'°b):]
%('-0“ K2 . * ki.\ll [|L8:504.9‘IBL - 'el;esseo . <e_,<e‘coﬁ'|" . «ce‘;e‘-eb . -04ce°)2]
2 * 3000 * Xezz - *eyy) ["‘: o el T o R s’
radius of gyration factors k;;; are being used here , ,
vlrbgﬁzla‘l‘]s’lrb:ﬁg"3‘452“ vl:orC‘aSS- ’Z)h
for a body of mass m; and moment of inertia I; with respect :
. . . . . Z, [rls”0,c%e, e, 9 4% 8 + 230,c0,38 09,c0,)
to an axis z;, the radius of gyration k;;; is the distance of :
- .c%. s @ ":?“Pl-r\'j 1 "
the mass m; from the same axis, such that I; = mikizjj rrylateeyee 0, o aPyc0) - rpco g0 )i

Robotics 2



Expression of v ; and w;

= v, and w; can be written using the relations of the robot
differential kinematics (partial Jacobians)

= it is useful however to operate in a recursive way, expressing
each vector quantity related to link i in the "moving” frame RF,
attached to link i (with the notation ‘vector; )

= particularly convenient when using algebraic/symbolic manipulation
languages (Matlab Symbolic Toolbox, Maple, Mathematica, ...) for
computing the kinetic energy of a (open chain) robot arm, when the
number of joints increases (e.g., for N > 4)

‘ Moving Frames
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Recall: D-H frames

joint i — 1 axis joint i axis

link i — 1

\

cosf; —cosa;sinf; sina;sinf; |i a;cosb;

i~1 4 _ [ |sinf; cosa;cosf; —sina;cos6;: a;sinb;
i(q;) = : :
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Moving Frames algorithm

velocity of —— |V =V; T W; XTgi | < position of
center of mass center of mass

of link ¢ velocity of OJ ‘angular velocity ~ of link i w.r.t. O;
(origin of RF)) of link i

, 0 revolute joint
set g; =
l 1 prismatic joint

l __1-1pT i—1 . | __ i—1pT i—1
w; = "R (q) | wimy + (1 = 0)q; |= "R (q)  w;
z-axis of RF. , \ 0
— =1 0
i, _ i—-1pT i—1 : i—1 i—1 1
v; = "R (q) [T visy + 07 g + Ty X g
\\ e /
. = 'w; already computed .. = '1;_1; (constant,
Robotics 2 if joint i is revolute!) P



Dynamic model of a 2R robot

application of the algorithm

V2 0,=0, i=12
X2 (revolute joints)

0

= — moving in the

Yo Ig ( go) vertical plane
0

X1
A gO — 981

q1

_ Ci —S; 0 _ _li + di
oo TIR@)=ls o 0] g = 0
0O 0 1 0

assumption: center of mass of
each link is on its kinematic axis

o~

0

initialization: i = 0 vy =0 |

(I)O:O
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Dynamic model of a 2R robot

what if the CoM is not on the kinematic axis ...

see Robotics 2 Midterm 2021 (14 April)

' Ci —S; 0
TIRi(q0) = [

Ci 0
0 o'\1

Teix may also work

= rci,y |ln_ 3[3 (planaric?se)
0 Ri(q;), "T¢i
1 1
T, = é my ||vc1 ”2 -+ inII Wi
1 2, 2 \.2, 1. .
— §m1 (lh +7e1,z) + T,y )1+ 51101
liey ~ l2 +7Te2z
0 0 :
, = Ro(q1,
Peo (1131 ) + Ra(q1,92) ( Pt
N C12 —3812
0R2((]1,Q2) — ( ) etc ...
S12 €12
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First step (link 1)

i=1 ._ ORlT(Ch) wo"‘(h ] l

- 0 Ly l1c4
.= "Ri (q1) Ovo+<p> <l151> = °R{ (q1)<. ) x °RT(qy) <1151>
- q1 0

d1 0

O O _ll + dl
l1g; |+ 0 | X 0 —
0 d1 0
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Kinetic energy of link 1

. 0
c1 B (dl Ch)
0

1 1 2
T, = Emldlch + 5 2 4 zzch — (Icl zz T mldl) ql
|
A

the actual inertia around the rotation axis
of the first joint (parallel axis theorem)
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Second step (link 2)

0
lwi+q, (0] =
1

— 1R£(CI2)

.= 1R§(CI2)

0 l,c) 15241 0 L
1771 ~+ . 0 . X lez — l]_CzC?l + 0 ) X (O)
q1 1+ g2 0 0 d1 + q> 0
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Kinetic energy of link 2

1
T, = > M2 (l1 g7 +d5(q, + §,)% + 21,d5c,G, (g, + CIz)) |

1 .
+§Ic2,zz(Q1 + QZ)Z
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Robot inertia matrix M(q)

1

T=T,+T, == (i1 c‘zz)T(

=~ my1(q) mlz(CI)) (‘:11)

my1(q) mspo q>

M11(q) = lo1 4z + Mydi + Iep 4y + Mpds + Myl + 2mylidyc,

= a4 + 2a, cos g,
mi2(q) = my1(q) =I5, + m,d3 + mylid;yc, = az + a, cos gy

—_ 2 __
Mpy = Icz,zz T mzdz = asg

NOTE: introduction of dynamic coefficients a; is a convenient regrouping of the
dynamic parameters (more on this later — linear parametrization of dynamics)

Robotics 2 12



Centrifugal and Coriolis terms

1/0M, (OM;\' oM\ 1//0 —2ays, 0 0
C1(q) = E(W T (a_q) _5_611> —5 <(O —a,5, ) T (—261252 —azsz)

0 —a3S . . —
B (—azsz —aisi) - ¢1(9,q) = —a;5,(45 + 241G,)

_1(0My  (OMp\" M\ a5, O
CZ(q)—§<a_q+(a—q) ——>—°"—( 0 O)

c,(q,q) = azszq%
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Gravity terms

E S

Uy = —’m1gT7"o,c1 =-m(0 —go 0) <d151> = My90 d151
k
U, = — ngTro,cz = mygo (1151 + d3512)

U=U,+U,

T
9(q) = (H_U) B (go(m1d1c1 +malicg + m2d2012)) _ (a4C1 T a5C12)
aq Gomazd; €12 A5C12
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Dynamic model of a 2R robot

(a1 + 2a,¢5)G1 + (aycy + az)i, — azs, (G5 + 24145)
—+ AyCq + A5C12 = Uq

(aycy + a3)§; + aszg, + a,5,457 + asciy = U,

Q1: is it a, = 0 possible? ...physical interpretation? ...consequences?

Q2:isit a, = az = 0 possible as well? ...physical interpretation?

Q3: based on the expressions of the dynamic coefficients a4, a,, as,
check that the robot inertia matrix is always positive definite, and
in particular that the diagonal elements are always positive (Vq)

Q4: provide two different matrices S" and S’ for the factorization of the
quadratic velocity terms, respectively satisfying and not satisfying
the skew-symmetry of M — 2§

15

Robotics 2



