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Dynamic model

= provides the relation between

Robotics 2

generalized forces u(t) acting on the robot

robot motion, i.e.,
assumed configurations g(t) over time

N
ujoint(t) — uCartesian(t)

(-s —
)

a system of n 2" order
differential equations

®(q,q9,4) = u




Direct dynamics

s direct relation

o-() = &N = (]

input for t € [0,T] 4 ¢(0),q(0) resulting motion
initial stateatt = 0

= experimental solution

= apply torques/forces with motors and measure joint variables
with encoders (with sampling time T, )

= solution by simulation < > @(q,9,4) =u
= use dynamic model and integrate numerically the differential
equations (with simulation step T; < T, )

Robotics 2 3



Inverse dynamics

= inverse relation

qa (), Ga(t), o (t) ==p R RTHC

desired motion required input
fort € [0, T] fort € [0, T]

= experimental solution

= e.g., by repeated motion trials of direct dynamics using u; (t), with
iterative learning of nhominal torques updated on trial kK + 1 based
on the error in [0, T| measured in trial k: l}im U (t) = ugy(t)

= analytic solution < > ®(q,q9,4) =u

= use dynamic model and compute algebraically the values u,(t) at
every time instant ¢t
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Approaches to dynamic modeling

Euler-Lagrange method - Newton-Euler method
(energy-based approach) (balance of forces/moments)

= dynamic equations in = dynamic equations in
symbolic/closed form numeric/recursive form

= best for study of dynamic = best for implementation of
properties and analysis of control schemes (inverse
control schemes dynamics in real time)

= many other formal methods based on basic principles in mechanics
are available for the derivation of the robot dynamic model:

principle of d’Alembert, of Hamilton, of virtual works, Kane’s
equations ...
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Euler-Lagrange method
(energy-based approach)

basic assumption: the n links in motion are considered as rigid bodies
(later, we will include also concentrated elasticity at the joints)

g € R™ generalized coordinates (e.g., joint variables, but not only!)

Lagrangian ‘L(q, q) =T(q,q) — U(q)\

Kinetic energy — potential energy

= principle of least action of Hamilton
= principle of virtual works

Euler-Lagrange d 0L 0L
equations dtdg; dgq; T

nonconservative (external or dissipative)

generalized forces performing work on q;
Robotics 2 6



Dynamics of an actuated pendulum

a first example

| [3D-vie.W] b, , 6., =n,0 = 0. =n.0+4H,,
viscous frlctlon\"ﬂ[]]]]]][lh ,,,,, m _
lb nr =1 Tm'em £t
l
motor _
qumm o q=20 (or g = 6,,)
transmission

: YC (with reduction gear) T=T, +T, (... ftrr?rli)rllcglg ;cmhi?s”bz)s(.g’)

T; 6 i l 1 . 2 1 2 . 2
e Tm — = Imgm Tl — = (Il + de)H
I, 2 1 2 1
link mgo motor inertia link inertia
M (around its (around the z-axis through
spinning axis) its center of mass ...)

1 : 1 .
kinetic energy T = > (I; + md? + I,n%)0% = 5192
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Dynamics of an actuated pendulum

(continued)

U = Uy — mgod, cos 6 | potential energy

1 .
L=T—U=5192+mg0dccosH—U0

d dL . 0L

FTEY; =16 EY i —mgod, sin 0

p,=1cosh-6=],0

U =nTy, — b0 —n,by,0, +JLE.=n,.t,, — (b; + b,,n?)0 + L cos O F,

0 0 \ “sum” of

applied or dissipated torques equivalent joint torque  nonconservative
on motor side are multiplied by n,. due to force F, applied to torques
when moved to the link side the tip at point p,,
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Dynamics of an actuated pendulum (cont)

Tm, Om

-------- dynamic model ing =6

10 + mgyd, sin 0 = n,t,,, — (b; + b,,n2)0 + Ll cos O - E,

Ny T} 0

dividing by n,- and substituting 6 = 6,,,/n,

I m v
_9 + — god Sln—m =

[ 0.,
>9 + — CcOs—= - E,
nr n, n,

n, ny

dynamic model in g = 6,,
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https://en.wikipedia.org/wiki/List of moments of inertia

Examples of body inertia matrices
homogeneous bodies of mass m, with axes of symmetry

parallelepiped with sides
a (length/height), b and ¢ (base)

1 2 2
I, 12m(b + c*4)
1
I. = Ly = 1—2m(a2 +¢?)
IZZ

empty cylinder with length h,
and external/internal radius a and b

%m(a2 + b?)
le = —m(3(a? +b?) + h?) Lz = Lyy
IZZ

2

h
L,=1,,+m (E) (parallel) axis translation theorem

1 2 2
12m(a + b*)

Steiner theorem

... its generalization:
I =1.+m@Tr - Ejxz—1r") =1, +mST(r)S(r)  changes on body inertia matrix

4 due to a pure translation r of
body inertia matrix identity Homework: skew- _ the reference frame
relative to the CoM MatriX prove last equality SYMMELriC
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https://en.wikipedia.org/wiki/List_of_moments_of_inertia

Rolling inertias

https://en.wikipedia.org/wiki/Moment of inertia

4 “circular” bodies
with the same
mass & radius

rolling down
an inclined plane
without slipping

$

time to reach
the finish line
depends on their
moment of
inertia
(about rolling axis!)

from back to front:
B spherical shell 3rd

solid sphere » 15t (smallest)
" cylindrical ring 4t (largest)
B solid cylinder 2nd
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https://en.wikipedia.org/wiki/Moment_of_inertia

Kinetic energy of a rigid body
mass den5|ty

D
¢ body B mass m = f p(x,y,z) dxdydz —f dm

position of f q
center of mass (CoM) e

when all vectors are referred to a body frame
RF. attached to the CoM, then

r.=0 = frdm=0
B

1
Kineticenergy T = Ej v (x,y,z) v(x,y,z) dm
B
(fundamental)
kinematic relation v=v.,+wXr=v.+S(w)r
for a rigid body

skew-symmetric matrix
Robotics 2 12



Kinetic energy of a rigid body (cont)

1
= fj (v, + S(w)r)T (v, + S(w)r) dm

—f vevedm+ [, v/S(w)rdm+ - f rT’ST(w)S(w)r dm

L

1
=Emchvc —vCS(cu)j rdm =0
translational
kinetic energy rotational
(point mass kinetic energy
at CoM) (of the whole body)

Konig theorem

Robotics 2

= %f wTST(r)S(r)w dm
B

= %a)T (]B ST()S(r) dm) W

1 Homework
— wT L. w compute “once in your life”
2 4‘C the expression of the

| elements of inertia matrix I,

body inertia matrix
(around the CoM)
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Robot kinetic energy

n
T = Z T, = n rigid bodies (+ fixed base)
=1

T; =T;(qj,qj;j < i) 4= open kinematic chain
\_Y_I

Konig theorem
1 1
Iy = Emichi?ci t5 w; I 0‘)1'
absolute velocity absolute
i-th link (body) of the center of mass  angular velocity

CoM f whole bod
of the robot (CoM) o1 WHOTE oSy

Robotics 2
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Kinetic energy of a robot link

1 T 1 T
T; = > MiVeiVei + 5 Wi i w;

w;, I .; should be expressed in the same reference frame,

but the product w,’];w; is invariant w.r.t. any chosen frame
. T . . ,
"ol °Ii(@) "o = (°Ri(@) ') L@ (°Ri(@) ‘o) = ‘o] (°R{ (@) (@) °Ri(q) ) ‘w;

= il i, » (= "R I °R] ()

in frame RF, attached to (the center of mass of) link i

/f(y2+zz)dm —nydm —szdm \

;= j(x2 + z%)dm —jyz dm
COnSta'!:\t! \ symm J(xZ + yZ)dm)
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link N

0 0\
W ]LL(CI)CI— I I 0 : O>q>3rows

(partial) Jacobians

typically expressed in RFO\ I 0 O) N
0 : 0]q
0 0

= Jai(q)g = > 3 rOWS
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Final expression of T

n
1
T = EZ(minivci + a)l-TICl- a)l-)
=1

NOTE:

n
in practice, NEVER 1 . .
wethisformia =5 4" <Z m Ji (@) (@) + ]Ii(q)(%q) ]Ai(CI)> q
i—1

(or partial Jacobians)

for computing T tant wh
= a better method constant wnen w;

is available... is expressed in RF;

T >0 1 else

T=0=¢=0 T — qTM(q)q °Ii(@) = °Ri(@) ‘I °R{ ()
due to physics! 2

robot (generalized) inertia matrix
= symmetric
= positive definite, Vg = always invertible
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Robot potential energy

assumption: GRAVITY contribution only

U= z U; 4= n rigid bodies (+ fixed base)
=1

Ui =U;(q;;j <i) «m open kinematic chain
\_Y_I

— T
Ui =—m;g 1y |
gravity acceleration position of the et)zll::‘lgs.i.lgd
vector center of mass of link i iﬁ RF
0

dependence on g

To,ci 0 1 i1 @ | constant
( 1 ): A1(q1) "Az(qz2) Ai(CIi)( in RF;

NOTE: need to work with homogeneous coordinates
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Summarizing ...

positive definite

Kineti 1. .1 . -
ell?eerlgcy T — ECITM(CI)CI _ Ez m;;(q)g;§; _ auadratic form
L,j

T=0
pé);clz?éi;ﬂ U = U(q) T=0qg=0
Lagrangian L=T(q,q) —U(q)

EuIer-Lagrange d a.L _ oL = U, k=1,..n
equations dt dq;, 0qy

non-conservative (active/dissipative)
generalized forces

performing work on g, coordinate
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Applying Euler-Lagrange equations

(the scalar derivation — see Appendix for vector format)

1
L(q,q) = Ez m;;(q)4;q; — U(q)

zm _}daL z “+Zam,
aCIk kG e, LMt ) g, il

J L,J
(dependences of oL aml] oU
elements on g qlq]
are not shown) aCIk 2 T dqx a(Ik

LINEAR terms in ACCELERATION g
QUADRATIC terms in VELOCITY q
NONLINEAR terms in CONFIGURATION g
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k-th dynamic equation ...

d oL dL
dtog, oq, "
kajCIj‘l'Z( —ank)ql'q]'*'a—%—uk
J L]
exchanging

“mute” indices i, j

Christoffel symbols
of the first kind
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i _ ] =\’
... and interpretation of dynamic terms @&

oUu
E myi(q)q;[+ E ckij(q) 5Ii51j+—a
j / Lj 4 o

I GRAVITY terms
n

INERTIAL CENTRIFUGAL (i'=j) g,(q) = _2 m;g"
terms and CORIOLIS (i # j) terms : dqy

my,(q) = inertia at joint k when joint k accelerates (my;, > 0!!)

my;(q) = inertia “"seen” at joint k when joint j accelerates (= m;,(q))
(represents the inertial coupling between the two joints k and j)

Cr;i(q) = coefficient of the centrifugal effect at joint k when
joint i is moving —weighting g7 # 0 (c;;; = 0, Vi)

ckij(q) = coefficient of the Coriolis effect at joint k when joint i and
joint j are moving —thus both g; # 0 and q; # 0 (= cj; (q))
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Robot dynamic model
in vector formats

1. }W(q)éi +c(q,q) +9(@) =u |g( =

extracted from T . . . h .
using hessian Ck (CI ) CI) — qTCk (Q)q lgft\tleggon:ionent
k-th column 1 /0M, oM, T  aMm i
of matrix M(q) || C(q) = E (E + (E) — a—qk) T SynTaTr?x!nC

factorization of ¢

.o «\ _ is not unique, i.e.,

2. M(q)G +C(q,9)q+9(q@) =u v
for infinite matrices N

NOTE: : . | factorization of ¢ with
the mOf'?' is in the form | ¢ (q, ¢) = z Crij ()i matrix C is special
®(q,9,4) = u L S—_1__Christoffel symbols
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Robot dynamic model
nonconservative terms

M(@)i +c(q,9) + g(q) =)

the left-hand side comes from the robot the right-hand side contains
kinetic and potential energy, satisfying all nonconservative generalized forces
an energy conservation theorem performing work on the coordinates g

™~

= actuation torques t produced by the motors

= interaction torques t;,¢ resulting from force/moments may increase
F € R° exerted by the environment on the robot or decrease

>~
= at the end-effector level 7, = JT(q)F, being J the rott)gi zit;'
6 X n geometric Jacobian of the robot W

= in a contact area along the robot body 7;,¢ = JI (q)F.

= dissipative torques 1t due to friction of }

] always imply a loss of total ener
different nature ys ImpLy &

U=T+ Tint + Tp
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Dynamic model of a PR robot

T=T,+T, U=constant= g(q)=0

Yw (on horizontal plane)
q1 — dc1
D1 = ( 0 ) =) ||77c1||2 = 155115c1 = 51%
 — qZ O 1
_ _ . 2
- x, @1=0 Ty = > M14qi
>
q1 1 T 1
I, = 5 M2Vc2Ve2 + = > —w3lpw;
g1 + dcz cosq; g1 — d¢z sing; q; 0
Pc2:< dep Sin g ) =) ch:( dcz COS G2 G ) w2:<_0>
0 0 dz
1 . . : . . 1 .
T, = Emz(CI% +dg,q5 — 2dcy sinqy 414,) + Elcz,zzqg
| R .
m) T = 54 M(q)q
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Dynamic model of a PR robot (cont)

mq +m, —Mmyd,, Sin g, c1(q,9)
M@ = (Lya, s ) cwo=(Cap)
(@) —Mydcp Sinqga| (lezzz + mzdgz “(.4) ¢2(q,9)
M, M, ck(q,4) = 4" Ce(@)dq
e oy = ) oM, My (0Mk)T oM
Wnere k(q) —— 56] aq a—qk
1//0 0 0 0 0 0
C1(q) = E((O —myd 5 COS qz) * (0 —Myd ¢ COS Clz) i (0 0)>
¢1(q,q) = —madc; cos qz 43
(0 —myd 5 COS qz) N ( 0 O)
AR 0 —mydezcosqy 0) | _
:(4) =3 (0 mad cosaz) |~
—mMod 5 COS (5 0 .
’ c2(q,9) = 0
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Dynamic model of a PR robot (cont)

M(q)4 +c(q,q) =u |
: 1

( my +m; —Myd ¢, Sin QZ) (%) n (—mzdcz COS g3 q%) _ (u1)
—Madersingy  Iegzz + maddy) \Gz 0 U2

NOTE: the m,,,, element (here, for n = 2) of M(q) is always constant!

Q1: why does variable g, not appear in M(q)? ... this is a general property!
Q2: why are Coriolis terms not present?

Q3: when applying a force u, will the second joint accelerate? ... always?
Q4: which is a factorization of ¢ with a matrix N (or C)?... is it unique here?

Q5: what if the PR robot was moving in a vertical plane? ... just add g(q)!
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A structural property

Matrix S = M — 2C is skew-symmetric
(Christoffel symbols are used to define matrix C)

Y amk. . . amk' amk' om;; .
Mpj = ] qi  2Ckj = z 2Ckij 4i = z ( ! 4 L —)yg;
i i i

04, dq; dq; O0qy
: omg;  Omy;
M = 26 = z dq;,  oq; ) 1T K
l
S, = M — 2C =Z am“‘_amﬁ L= g using the
I Ik L dq;  0q 1i kI symmetry of M
l
. C satisfies _
xT(M - ZC)X = 0,Vx also the |C (W C(qr,lw)v
property Vv,w € R
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Energy conservation

= total robot energy

1
E=T+U= 2¢"M(@)q+U()

= its evolution over time (using the dynamic model)
. N .
E=q¢"M(@)§+=5q4"M(@)q+—
: 9 factorization of

- T <\ 1 =T 1, . - T vector ¢ = Ngq
=q (u—N@,Pqg—9@)+5¢M@q+q 9@ o amann

2 can be used

1 :
= §Tu+-4" (M(q) - 2N(4,9)) 4

= when u = 0, total energy is constant (no dissipation or increase)

E=0 w ¢"(M(q)-2N(q,9))q=0vq4

a weaker property than skew-symmetry; the external velocity q in the
quadratic form is the same appearing also inside matrices M and N

thus, ‘ E=gT variation of the total energy equals
i = 4" U | the work done by non-conservative forces
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Appendix 1

alternative vector format derivation of dynamic mode| G

d (GL)T (E?L)T 5
dt \ag ag)

1
L==¢"M(q)qg—U(q)

2 o -1 - 0)
- )
M(q) = (Ml(q) v Mi(q) Mn(q)) = ZMi(Q)eiT i-th
ST \i-th column i=1 position
(_) — (qTM(q))T = M(q)q of matrix M dyadic expansion
FY
! - d(aL)T_M( )..+M()._M()..+zn:(aMi). |
dt \dg = q)q q)q = q)q dq q; 4

(@)T (1 (M) aU(q) 1 Z(

dq) Zq - dq e |4 - 2 =

special definition 1 /0 M: T U T
L e (0030 o) 2

oskevl\ql?;yrrz(n?é\’é:‘;g ‘ (C[)CI * ( ( aq ) ql) CI T aq u
toM —2C k-th row of matrix C |\ ]

| Ci(q,4) =q"C(q)| <— N (q, q) (generic) 9(@)
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Appendix 2

recovering scalar dynamic model formats with Christoffel symbol &

M1T.(CI) m1k.(CI)
M(q) = (Ml(Q) v M(q) - Mn(q)> = Mﬁ:(q) My (q) = mik:(CI)
M (q) Mt (0)
MI(q) = (Mk1(q@) - my(@) - Myn(q))
a) M(q)G +c(q,q) +g(q) =u = M @Qi+ca(gd+agl@=w  k=1.,n
oU oM, (OM,\" oM
- kaj (@)d; +q"C(q)q +0—qk = Uy Cr(q) = ( 3q + (W) _5_CIk>
- zmk, (@)q; + ZZ cij(9) iq; +— = k=1,..,n I
i=1j=1
ck11(q)  Ck12(q) - Cr1n(q) Christoffel symbols
_ | ck21(q) o Cr2n(q) omy,  Omy,  dmy;
Ge(@) ( s e ) rij(9) = (aq] i aqk>
Cknl(CI) Can(Q) Cknn(q)

b) M(q)§ + C(q,q)q+ g(q) =u m M(QG+C (@ DI+ g(@ =uw, k=1..n

S(q,4) = M(q) —2C(q,q) skew-symmetric wap |C/(q,q) = ¢7C,(q) =< chi,-(q)qi )
Robotics 2 =1
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