Robotics 1

Midterm Test — November 15, 2023 [total 100 points]
Exercise 1 [10 points]

Consider the orientation obtained by a (partial) Euler sequence with a rotation of an angle o around z,
followed by a rotation of an angle 8 around the current y. Find three angles ¢, x, and 1 such that the
product Re(¢) Ry (x)R= (%) returns the same final orientation. Give the procedure for solving this problem
in general, determine the singular cases, and provide then a numerical value of the sought triple of angles
when o = /4, 8 = —7/3 [rad]. Check the result.

Exercise 2 [10 points]

Let a first rotation be defined by an angle v around @, followed by a rotation of an angle § around the
unit vector v = (1/v/2, —1/4/2,0) expressed in the original frame. Determine the resulting rotation matrix
R(~,4) in symbolic form. For a numerical case with v = —7/2, § = 7/3 [rad], extract the invariant axis
of the total rotation and the corresponding angle . Check the result.

Exercise 3 [10 points]

Consider the 2R planar robot in Fig. 1, with L1 = 1, Ly = 0.5 [m]. The joint variables have a limited
range: 61 € [0,7/2], 02 € [-7/2,7/2] [rad].

e Sketch the primary workspace of this robot, localizing the relevant points on its boundary.

e Indicate the region of the workspace where two inverse kinematics solutions exist.

e For each of the following five points, specify whether there are 0, 1, 2, or co inverse kinematics solutions:
P =(0.1,1.5), P, = (0.5,1.3), Ps = (=0.4,1.1), P, = (1.0,1.0), P5 = (1.0,—0.3) [m].
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Figure 1: A 2R planar robot. Figure 2: A 2R planar robot with D-H frames.

Exercise 4 [10 points]

Figure 2 shows an unusual but feasible choice of Denavit-Hartenberg (D-H) frames for a 2R planar
robot. Provide the corresponding D-H table of parameters and the direct kinematics of this robot
as an homogeneous transformation matrix °T2(q). Evaluate then this matrix in numerical form at
q" = (w/2,—x/2) [rad] and draw the robot in this configuration.

Exercise 5 [10 points]

The differential equations of a DC motor are given in slide #14 of the block 03_CompsActuators.pdf. With
the motor unloaded and starting from rest, if we apply a constant armature voltage ¥,, the motor will
start rotating and then reach a steady-state condition, with a constant angular velocity & and a constant
produced torque 7. What are the expressions of @ and 7 in terms of the system parameters and 7,7 If we
attach a load with inertia I;, > 0 to the motor shaft through a transmission with reduction ratio n, > 1
and assume no dissipative terms on the load side, will the steady-state velocity of the motor change? And
what will be the velocity wy, of the load at steady state?



Exercise 6 [20 points]

The 5R robot in Fig. 3 is shown in its zero configuration (i.e., for ¢ = 0), with indication of the positive
joint rotations. Assign the D-H frames consistently with these specifications and fill the corresponding
table of parameters (specifying also the signs of the non-zero constant parameters). The origin of the last
D-H frame should be at point P. Evaluate then numerically the position and the orientation of the last
frame at ¢ = 0, when all the non-zero kinematic lengths of the links are unitary.

Figure 3: A 5R spatial robot at g = 0.

Exercise 7 [30 points]

Consider the planar RPR robot in Fig. 4, with the first and third joint revolute and the second prismatic.

a. Determine the task kinematics » = f,.(q) for 7 = (p, ¢), being p = (pz,py) € R? the position of the
end-effector and ¢ € (—m, 7| its orientation angle with respect to @ . [Hint: Use D-H joint variables.]

b. Solve analytically the inverse kinematics problem for ¢ = (pdz, Pay, $a) in the regular case only.

c. Let the RPR robot have the first and third links of unitary length. The pose of its base frame RFy with
respect to the world frame RF,, placed at the base of the 2R robot defined in Ex. 3 and shown in Fig. 1
is given by the homogeneous matrix

0.5 —0.8660 0 1

N YRy “p, 0.8660 05 0 3
Ty = - 1
0 < o’ 1 0 0 10 ™)

0 0 0 1

When the 2R robot is at @ = (0, 7/2), find a configuration of the RPR robot with prismatic joint variable
g2 > 0 such that the end-effector of this robot has its position coincident with that of the 2R robot and
the approach direction of its gripper is specified by the unit vector “aq = (0, —1,0).
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Figure 4: An RPR planar robot.

[240 minutes, open books]



Solution
November 15, 2023

Exercise 1 [10 points]

The orientation R(«, 3) obtained by the first two rotations is given by

cosae —sina 0 cosf 0 sinfg CaCg  —Sa CaSg
R(o,8) = R.(a)Ry(B) = | sina cosa O 0 1 0 =] SaCB8 Ca  SaSp
0 0 1 —sinfg 0 cospf —sg 0 cB

On the other hand, the orientation obtained by the Euler sequence XYZ with angles ¢, x, and 1 is

Rxyz(é,x,¢) = Ra(p)Ry(x)R=(1))

1 0 0 cosy O siny cosy —siny 0
= 0 cos¢p —sing 0 1 0 siny cosv O
0 sing coso¢ —siny 0 cosyx 0 0 1

CxCy —Cx Sy Sx

= CySy T SpSxCyp  CopCyp — SpSx Sy  —S¢Cx
S¢Sy — CeSxCy  SpCy + CoSxSy  CpCy
We have to solve a standard inverse problem for this Euler sequence of angles to represent the rotation
matrix R(a, 3):
Rxvz(¢, x,¥) = R(a, B). (2)
The only peculiarity is that the assigned rotation matrix is not (yet) given in numerical form at this stage,

but is parametrized by the two angles o and 3. Denote the elements of matrix R(a, 3) simply by R;;.
From the identities in the first row and last column of the matrices in (2) one obtains

Y = ATAN? {ng, /R, + ng} — ATAN? {cas,g, +yfe3ed + sg}

We can solve then for the other two angles provided that R3; + R3, = cic% +52 #0, i.e., excluding singular
cases. Taking directly the + sign in the second argument of the above ATAN2 function (so that ¢, > 0),
one has

¢ = ATAN2 {—@, @} = ATAN2 {—sa55,¢s}
Cx  Cx
and
b — ATAN2 {7@, @} — ATAN2 {5a, cacs} .
Cx  Cx

When substituting the numerical values & = 7/4 and 8 = —x/3, it is cic% + 52 = 0.625 # 0; thus, we
arein a regular case. The values of the three Euler angles are found then from the above expressions as

6 =08861, x=-06591, =11071 [rad].
Plugging these into (2), we verify that

0.3536 —0.7071 —0.6124
Rxvz(¢=0.8861,x = —0.6591,¢ = 1.1071) = R(a = 7/4,8 = —n/3) = | 0.3536 0.7071  —0.6124
0.8660 0 05



Exercise 2 [10 points]
The orientation obtained by the two rotations around x and v is given by
R(v,0,v) = Ry(0)Rz(7y) = (v'uT + (I — v'vT) cosd + S(v) sin 5) R (),

where the reverse order of the matrix product follows from the fact that both rotations are defined with
respect to fixed axes. Using the unit vector v = (1/v/2, —1/+/2,0), one obtains the (semi-)symbolic matrix

cs+1 cs—1 V2 cs — 1 V2
5 5 Cy — - Sy8s — 5 Sy — - C~ 85
_ cs—1 c¢s+1 \/5 cs+1 \ﬁ
R(v,0) = 3 5 Cy — -5 Sy8s  — 5 Sy — -5 CySs
V2 2 V2
7 Ss S~yCs + 7 C+Ss CcyCs — 7 S~ 8§

For the considered numerical case, this matrix becomes

0.75 0.6124 —0.25
R.=R(y=-7/2,0=n/3)=| —025 06124 0.75
0.6124 —0.5 0.6124

Being (Rs,12 — RS,21)2 + (Rs,13 — Rs,gl)2 + (Rs,23 — Rs,gg)2 = 3.0499 # 0, we are in a regular case and the
inverse relationships for the axis/angle representation of this matrix yield

—0.7158
r=| —0.4938
—0.4938

, 6 =1.0617 [rad].

and its opposite pair (—r, —6). It is easy to check that R,(0) = R_.(—0) = Rs.
Exercise 3 [10 points]

Figure 5 shows the primary workspace of the 2R planar robot with the given limits of the joint ranges.

solution

always 1 IK
solution

/ on the outer
boundary

Ry =15 + 15 :':‘meax =L+ L,

Ly

Py

Ry = \/m

Figure 5: Primary workspace of the given 2R robot, with relevant points of interest.



The robot is shown in its two limit configurations, at § = (w/2,7/2) and at § = (0,—n/2) [rad]. The
‘banana’-like workspace is limited by the four points A = (—Lo, L1) = (—0.5,1), B = (0, L1+ L2) = (0, 1.5),
C = (Li1+ L2,0) = (1.5,0), and D = (L1, —L2) = (1, —0.5) (all point coordinates are all expressed in [m]).
The inner boundary is an arc of a circle of radius Rmin = /L% + L2 = /1.25 = 1.1180 [m], centered at the
origin. The outer boundary is composed by three arcs of circles, two of radius r = Lo = 0.5 [m], centered
respectively at (0,1) (arc AB) and at (1,0) (arc CD), and one of radius Rmax = L1+ L2 = 1.5 [m], centered
again at the origin. The workspace is symmetrically divided in three regions: there is only one solution to
the inverse kinematics (IK) in the regions ABF (right arm) and ECD (left arm), including their parts of
the workspace boundary, while there are two solutions (right and left arm) in the central area BCEF, with
E = (Li,L2) =(1,0.5) and F = (L2, L1) = (0.5, 1), including the inner arc EF on the workspace boundary
and the two internal arcs BF and CE that limit this area. Finally, there is only one IK solution on the
outer boundary, including the arc BC (where the arm is outstretched).

As for the points P;, i = 1,...,5, it is easy to check that:

e the two points (marked in red) P = (0.1,1.5) and Ps = (1.0, —0.3) are out of the workspace, since
lp,|I? = 2.26 > 2.25 = R2,,, and ||p,||> = 1.09 < 1.25 = R2,,,;;

e in P, =(0.5,1.3) and P; = (1.0,1.0) (marked in black) there are two IK solutions;

e there is only one IK solution in P3 = (—0.4,1.1) (marked in green) —the right arm solution.

Exercise 4 [10 points]

The D-H parameters corresponding to the frame assignment for the 2R planar robot shown in Fig. 2 are
given in Tab. 1.

i @ a; d; 0;
1 T —L; =-05 0 75l
2 | —w/2 | Lo=06 0 %

Table 1: D-H parameters corresponding to the frames in Fig. 2.

From the associated homogeneous transformation matrices

Cos q1 sin q1 0 —L1cosq1 COs @2 0 —singas Lz cosgz
sinqgi  —cosqi 0 —Lisinqg: sin g2 0 COs @2 Lo sin g2
A = A = ,
1) 0 0 -1 0 o Axl) 0 -1 0 0
0 0 0 1 0 0 0 1
one obtains
cos(qr —q2) 0  sin(q1 —q2) —Licosq + Lacos(q — q2)
sin(qg1 —q2) 0 —cos(q1 —q2) —Lising: + Lasin(gi — g2)
'T5(q) = Ai(q1)Asz(q2) =
0 1 0 0
0 0 0 1

When q = q* = (7/2,—n/2) [rad], for L1 = 0.5 and Ly = 0.6 [m], we have

1.0 0 —06
) 0 0 1 —05
"T(q) = 10 0
0 00 1

This configuration of the 2R robot is shown in Fig. 6.
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Figure 6: The 2R planar robot of Fig. 2, shown in the configuration ¢* = (7/2, —7/2).

Exercise 5 [10 points]

The differential equations of a DC motor driven by an armature voltage v, can be written in state-space
format, with the two state components & = (iq,w) and the input u = v,, as

dia _ Re, ke 1
dt  Ls “ La La @)
dw ke . Fp 1
— = — g — — W — — Tioa
At~ In * Ln o Ln

having used® the expressions of the back electromagnetic force vems = kyw and of the output torque

produced by the motor 7, = kiia. When there is no load attached to the motor shaft (7j0sa = 0),
equations (3) become in matrix form

. _Ra/La _kv/La 1/La
& = Ax + bu, A= , b= .
kt/[m - m/Im 0

From

A+ Ra/La kv/La 2 Ry,  Fn 1
det(AI — A) = det =N+ —+— )2+ RoFr + koky),
et( ) € ( k) I /\+Fm/Im> (La ]m> La]m( t)

the two eigenvalues of A

1 (Ra | Fn 1 [{Ra Fn\> 4(RuFp + kok)
A172‘2(Lﬁzm)iz\/(m*zm) T Ladm

have negative real part since all physical constants are positive. Thus, the system is asymptotically stable
and admits, in response to a constant input u = 7,, a steady-state condition in which the angular velocity w
and the armature current i, (and thus also the motor torque 7,,) are constant. The steady state & = (44, ®)
is computed by setting u = v, and & = O:

- Fm —
g = == Ua
_ RoFp + kok
Az +bv, =0 = z=-A'bi, = “"; v (4)
_ t _
W= ——7;4.
RaFm + kvkt ¢
1The two constants k, and k¢ are numerically equal when using SI units (k, = k¢). They have been kept distinct

here for better clarity, also because we are working only symbolically.



Accordingly, the torque produced by the motor at steady state is

Fky v
RaFm + kvkt “

Ton = ktla = Frno =

Consider now an inertial load I, attached to the motor through a transmission with reduction ratio n, > 1.
Since the reflected load torque at the motor shaft is

1 . 1 . 15, .
Tload = —— (Irwp) = — (IL i) = %M

r Ny Uz nr

the second differential equation in (3) becomes

do ki . Fn I I
E—ana i w, with I, = m+n$'

Therefore, the motor dynamics will have the same previous structure, now with a larger equivalent motor
inertia I,. The system is still asymptotically stable, with the two eigenvalues having a negative real part
smaller than before. In response to a constant ¥,, this implies a slower transient before reaching the
steady state. However, the steady-state velocity w of the motor will remain the same, as apparent from
its expression in (4) which is independent of I, (and thus of I;,,). Accordingly, the steady-state velocity

of the load will be
ke Vg

op= = UV
L_nr_n'r RaF'm+k'ukt‘
Exercise 6 [20 points]

The D-H frames for the 5R robot in Fig. 3 are uniquely specified as in Fig. 7, up to the arbitrary choice
of the direction of z5 (chosen here so that the last twist angle is a5 = 0).

Figure 7: D-H frame assignment for the 5R robot of Fig. 3.

Fori=0,...,4, the directions of the z; axes should guarantee a positive counterclockwise (CCW) rotation
that is consistent with the specifications in Fig. 3. Moreover, since the robot is shown at g = 0, all «; axes,
for i =1,...,5, should be aligned with x¢ in this configuration. The only non-zero linear parameters are

d1 > 0 (displacement from Og to O; along zo), d3 < 0 (displacement from O2 to O3 along z2), and ds > 0
(displacement from O4 to Os = P along z4). The D-H parameters corresponding to this frame assignment
for the 5R robot are given in Tab. 2, for the shown configuration g = 0.



The (long) symbolic expression of the pose of the end-effector frame RF5 is not requested explicitly by the
text of this exercise, although it can be easily obtained using the available symbolic manipulation codes
from the D-H table as

’T5(q) = Ai(q1)A2(g2) As(g3) Aa(g4) As (a5) = [ [ Ai(a).

i=1

) «; a; d; 0;

1 /2 0 d >0 | =0
2 w/2 0 0 g2 =0
3 /2 0 d3<0 | gg3=0
4 /2 0 0 qa =10
5 0 0 ds>0 | ¢gs=0

Table 2: D-H parameters corresponding to the frames in Fig. 7.

In any event, its numerical evaluation at ¢ = 0 for unitary lengths di = ds = 1 and d3s = —1 (note this!)
leads to

1 0 0 O

01 0 0

0

T5(0) =

5(0) 001 3

0 0 0 1

Matrix °T5(0) could have been found also by visual inspection of Fig. 7. In fact, frame RF5 is oriented as

frame RFy (thus °R5(0) = I), while its origin is on the z¢ axis at a distance D = di + |ds| 4+ ds = 3 [m]
from the origin Oo.

Exercise 7 [30 points]

a. For describing the task kinematics associated to the end-effector of the RPR planar robot of Fig. 4, we
can use the natural definition of joint coordinates ¢ = (g1, g2, ¢3) shown in Fig. 8.

Yo

_(I/ To

Figure 8: A natural D-H frame assignment for the RPR planar robot of Fig. 4.



We obtain

T
a1 cos q1 + g2 cos(q1 + 5) + az cos(q1 + g3)

Pz
_ _ . . m .
T=| Py = a1 singi + gz sin(q1 + 5) + assin(q1 + g3)
@
Q1 +q3
a1cosq1 — gz singi + as cos(q1 + g3)
= a1singi + g2 cos q1 + assin(q1 + Q3) = f.(q). (5)
q1+ g3

The same expression (5) can also be derived by following the D-H convention. The D-H parameters
associated to the frames defined in Fig. 8 are reported in Tab. 3.

i a; a; d; 0;
1 /2 | a3 >0 0 q1
2 /2 0 Q2 0
3 0 az >0 0 q3

Table 3: D-H parameters corresponding to the frames in Fig. 8.

From the D-H table, computing the homogeneous transformations

C1 O —S1 ajcy 1 0 0 0 C3 —S83 0 asCs
S1 O C1 a1si1 0 0 -1 0 S3 C3 0 asss
A _ , A = , As(qs)= s
=1y 1 o o (=)= g g @)= 5 5 1
0 0 0 1 0 0 O 1 0 0 0 1
one obtains
c13  —S13 aici — Q281 + ascis

'T3(q) = A1(q1)A2(q2)As(gs) = 0 ;

0

s13  c13 0 aisi + qec1 +assis
1
0 1

which is consistent with (5), once the absolute angle ¢ = ¢1 + g3 with respect to the xo axis is extracted
from the rotation matrix “Rs(q).

b. The inverse kinematics problem for » = rq = (pax, Pdy, Pa) is solved as follows. From the third equation
in (5) one has q1 + g3 = ¢4. Substituting this argument in the trigonometric functions within the first two

equations, one obtains
< Pdxz — A3Cq, ) _ ( a1y — gz281 ) ‘ (6)
Pdy — A3S¢, a181 + qa2c1
Squaring and summing these two equations yields

(Paz — asco,)” + (Pay — asse,)’ = ai + g3,

from which we have the two solutions for the prismatic joint

g~ = jE\/(sz —a3Cy)? + (Pay — a3se,)? —ai = i\/l’ix + 03, + a3 — 2a3(pasce, + Payse,) — ai, (7)



provided that the argument of the square root is strictly positive (regular case). If this argument is zero,
the two solutions collapse into one (singular case); if it is negative, there is no solution to the inverse
kinematics problem. In the regular case, for each of the two solutions qéﬂ and q;] in (7) we proceed with

finding ¢1 through the solution of a linear system in the unknowns c¢; and s1 obtained from (6):

a1l —q2 €1\ _ [ Pde —a3Ce, (8)
q2 ai S1 Pdy — A3S¢, '

Since the determinant of the matrix in (8) is af 4 ¢3 > 0, a solution (c1, s1) always exists and is unique.
Therefore, we have

¢ = ATAN2 {al(de — a359,) — 45" (Paw — ascs,), a1(pax — asco,) + a5+ (pay — a35¢d)} -9
Finally, the third joint variable is obtained as
) = g (10)

Each of the two results (10) should be properly mapped into the interval (—,7].

c. We have to solve an inverse kinematics problem for the RPR planar robot, where the input is partly
defined by the position of the end-effector of the 2R planar robot in Fig. 1. For this, in order to use the
results of the previous section b, one has to specify the input data rq = (pas, Pay, ®a) in the base frame
RFy of the RPR robot (thus, “rq =° p% °¢4)T). Note that, from the rotational part of matrix “ T in (1),
the frame RFy is rotated by an angle 8 = 7/3 around zo with respect to frame RF,,.

a = 2.8241

Figure 9: Solution of the inverse kinematics for the RPR robot performing the desired task.

Consider then the following two kinematic identities that hold for the required task.
1) Coincidence of the end-effector positions of the two robots RPR and 2R. This is expressed as

Plugging in the given data for the 2R robot (8 = (0,7/2) [rad], L1 = 1 and L2 = 0.5 [m]), and using
eq. (1), we obtain

10



1 —2.1651 Pz

0
p3(@) \ _ o mer 0\ w . twper 0  wp1 |05 ] _ | =125 | _ | pay
( 1 )— T (‘J)<1 =T, “T37(0,7/2) 1]~ T, 0 = 0 = 0
1 1 1

2) Orientation in the plane of the approach vector *xSFR of the gripper (see Fig. 8). The angle ¢q is

extracted from

1
wRo OR::I?PR(Q) 0 = wad.
0
Using “aq = (0,—1,0), one has
1 —0.8660 COoS ¢g
‘23(q) = "R (@) | 0 | = “RE Yas = -0.5 = | singq
0 0 0

Thus, the orientation angle of “z3 is given by ¢q = ATAN2{—0.5, -0.8660} = —57/6 = —2.6180 [rad].

The (two) configurations of the RPR robot that solve the task are obtained by substituting the obtained
data pae, pdy, and ¢q into egs. (7), (9), and (10), using also a1 = ag = 1 [m]. The solution with a positive
value for the prismatic joint variable g2 is

q1 = 2.8241, g2 = 1.1180, gz = 0.8411 [rad,m,rad]. (11)

The configurations of the RPR robot and of the 2R robot associated to this solution is shown in Fig. 9.

Note finally that a direct computation of the solution angle for the third joint as
g3 = ¢qa — @1 = —2.6180 — 2.8241 = —5.4421 [rad]

returns a value outside the interval (—m,7]. Instead, the correct value g3 € (—m,n] in (11) is obtained,
e.g., using the MATLAB function below.

% This function yields an angle diff in the interval (—m, 7]
% from the difference between two angles th_d and th
% both defined in the interval (—m,7].

function diff=min_angle(th_d,th)
n_d=[cos(th_d), sin(th_d), 0];
n=[cos(th), sin(th), 0];
n-d3=[n_-d(1) n_d(2) 0]; n3=[n(1) n(2) 0J;
diff_abs=acos(n*n_d’); % always a positive angle between 0 and 7
diff_sign=cross(n,n_d); % the third component gives the sign
if diff_sign(3)>0,

diff=diff_abs;
else
diff=-diff_abs;
end
end

k 3k ok ok ok
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