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Abstract
Synthesis typically focuses on finding strategies that win against all possible responses of the environment. When a winning 
strategy does not exist, the agent can either give up or do its best to achieve the goal. In this paper, we develop symbolic 
techniques to handle the latter case in the context of ltl f  . Specifically, we consider winning, dominant, and best-effort strate-
gies, which achieve the goal against all, the maximum subset, and a maximal subset of environment responses, respectively. 
While a unified game-theoretic technique that simultaneously solves the three synthesis problems exists, we present several 
symbolic refinements of such technique. Depending on key choices, such refinements behave in a radically different way. 
We provide an effective implementation of our symbolic techniques and show, by empirical evaluation, how they compare 
in practice. In particular, we show that one of them brings only a minor overhead compared to existing standard synthesis 
techniques for winning strategies.
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Introduction

We consider an agent acting to achieve goals in a nonde-
terministic environment, as in Planning in nondeterminis-
tic (adversarial) domains [1–3]. However, we specify both 
the environment and the goal in Linear Temporal Logic 
(ltl) [4], the formalism typically used for specifying com-
plex dynamic properties in Formal Methods [5].

In fact, we consider Linear Temporal Logic on finite 
traces (ltl f ) [6], which maintains the syntax of ltl [7], but is 
interpreted over finite traces. In this setting, we study synthe-
sis [4, 8–10]. The standard solution concept in synthesis is 
that of a winning strategy, i.e., an agent strategy that achieves 
the goal regardless of how the environment responds. Unfor-
tunately, not every synthesis problem admits a winning strat-
egy, which leads to the introduction of other solution con-
cepts, such as dominant and best-effort strategies [11–14]. 
When a winning strategy does not exist, dominant strategies 
capture the game-theoretic rationality principle that a player 
should use a strategy that “dominates” all its other strategies, 
i.e., one that achieves the goal against a maximum set of (vs. 
all) environment responses; when a dominant strategy does 
not exist, best-effort strategies capture the game-theoretic 
rationality principle that a player should not use a strategy 
that is “dominated” by another of its strategies, i.e., one that 
achieves the goal against a maximal (vs. maximum) set of 
environment responses.

Dominant and best-effort strategies have been investi-
gated and proved to be related with winning strategies in [12, 
14]. Specifically: (i) every winning strategy is a dominant 
strategy, and every dominant strategy is a best-effort strat-
egy; (ii) if a winning strategy exists, the dominant strate-
gies are exactly the winning strategies; (iii) if a dominant 
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strategy exists, the best-effort strategies are exactly the dom-
inant strategies. Furthermore, best-effort strategies always 
exist [12], unlike winning and dominant strategies. Nonethe-
less, best-effort strategies can be computed in 2exptime, as 
winning and dominant strategies (in fact, strategy synthesis 
is 2exptime-complete for winning, dominant, and best-effort 
strategies [4, 10, 12, 14]).

Unified algorithms for synthesizing winning, dominant, 
and best-effort strategies for ltl and ltl f  have been pre-
sented in [14]. Such algorithms create, solve, and combine 
the solutions of three distinct games but of the same game 
arena. To compute the arena, these algorithms suitably com-
bine the automata corresponding to the ltl f  formulas E and 
� constituting the environment specification and the agent 
goal, respectively. Finally, these algorithms decide whether 
the synthesized strategy is winning, dominant, or best-effort 
only, by looking at properties of the solved games.

The algorithm for ltl f  appears to be promising in prac-
tice. In fact, well-performing techniques for each compo-
nent of that algorithm are available in the literature. These 
components are: (i) transformation of the ltl f  formulas E 
and � into deterministic finite automata (dfa), which can be 
double-exponential in the worst case, but for which various 
good techniques have been developed [15–18]; (ii) Carte-
sian product of dfas, which is polynomial; (iii) minimization 
of dfas, which is also polynomial; (iv) fixpoint computa-
tion over dfas to compute adversarial and cooperative win-
ning strategies for reaching the final states, which is again 
polynomial.

In this paper, we refine the unified ltl f  synthesis algo-
rithm presented in [14] by using symbolic techniques [5, 
16, 19, 20]. Specifically, we present three different symbolic 
approaches that combine the above operations in different 
ways (and, in fact, allow for different levels of dfa mini-
mization). We then compare implementations of the three 
symbolic approaches through empirical evaluations. From 
the comparison, a clear winner emerges. Interestingly, the 
winner does not fully exploit dfa minimization to minimize 
the dfa whenever it is possible, but gives up on minimization 
at some level. Furthermore, the empirical results show that 
our techniques perform with a minor overhead compared to 
existing standard synthesis techniques that compute win-
ning strategies. In fact, both computing best-effort strategies 
and checking the existence of dominant strategies can be 
performed very efficiently compared to transforming ltl f  
formulas into dfas, the bottleneck of the synthesis [16]. 
In particular, we observed that our symbolic technique for 
checking the existence of dominant strategies is very effi-
cient, bringing virtually no overhead to the total time cost 
of the synthesis. These results confirm that unified tech-
niques that synthesize winning, dominant, and best-effort 
strategies are indeed well suited for efficient and scalable 
implementations.

The rest of the paper is organized as follows. In Sec-
tion “Preliminaries”, we recall the main notions of ltl f  reac-
tive synthesis. In Section “Winning, Dominant, and Best-
Effort Strategies ”, we formally introduce winning, dominant, 
and best-effort strategies, and, in Section “Local Characteriza-
tion of Strategies”, we review their corresponding local char-
acterizations. In Section “Synthesis Technique”, we review 
basic notions of dfa games and the unified ltl f  synthesis 
technique presented in [14]. Based on that algorithm, we pre-
sent in Section “Checking Dominance” a simple technique to 
check the existence of dominant strategies that is well suited 
for symbolic implementation. In Section “Symbolic Synthesis 
Techniques”, we present three distinct symbolic techniques to 
synthesize winning, dominant, and best-effort strategies: the 
first (c.f., Subsection “Direct Technique”) is a direct symbolic 
implementation of the algorithm presented in [14]; the sec-
ond (c.f., Subsection “Compositional-Minimal Technique”) 
favors maximally conducting dfa minimization, thus get-
ting the smallest possible arena for the three games; the third 
(c.f. Subsection “Compositional Technique”) gives up dfa 
minimization at some level when creating arena for the three 
games. In Section “Checking Dominance Symbolically”, we 
refine our algorithm for checking the existence of dominant 
strategies presented in Section “Checking Dominance” by 
using symbolic techniques. In Section “Implementation and 
Empirical Evaluation”, we present an empirical evaluation of 
our techniques. We review related works in Section “Related 
Works” and conclude the paper in Section “Conclusion”.

Preliminaries

A trace over an alphabet of symbols Σ , denoted by � , is a 
finite or infinite sequence of elements from Σ . Traces are 
indexed starting at zero, and we write � = �0�1 ⋯ . For a 
finite trace � , let ���(�) be the index of the last element of � , 
i.e., ���(�) = |�| − 1 . The empty trace is denoted by �.

Linear Temporal Logic on Finite Traces (ltl f  ) Linear 
Temporal Logic on Finite Traces (ltl f ) [6] is a formalism 
for expressing temporal properties over finite, non-empty 
traces. ltl f  shares the same syntax as Linear Temporal 
Logic (ltl) [7], but is instead interpreted over finite traces. 
Given an alphabet of propositional symbols AP, ltl f  formu-
las are generated by the following grammar:

where a ∈ AP is an atom. The temporal operators are: ◦ 
(next); ∙ (weak next); ◊ (eventually); □ (always); U (until); 
and R (release). The size of � , written |�| , is the number of 
subformulas in its abstract syntax tree [6].

𝜑 ∶= ⊤ | ⊥ | a | ¬𝜑 | 𝜑1 ∧ 𝜑2 | 𝜑1 ∨ 𝜑2 |𝜑1 ⊃ 𝜑2

| ◦𝜑 | ∙ 𝜑 | ◊𝜑 | □𝜑 | 𝜑1U𝜑2 | 𝜑1R𝜑2,
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ltl f  formulas are interpreted over finite traces � over 
the alphabet Σ = 2AP , i.e., the alphabet consisting of prop-
ositional interpretations of AP. Thus, for 0 ≤ i ≤ ���(�) , 
�i ∈ 2AP is the i-th interpretation of � . Given a finite trace 
� , we define when an ltl f  formula � holds at an instant i, 
written 𝜋, i ⊧ 𝜑 , inductively on the structure of � as:

•	 𝜋, i ⊧ ⊤;
•	 𝜋, i ̸⊧ ⊥;
•	 𝜋, i ⊧ a iff a ∈ 𝜋i (for a ∈ AP);
•	 𝜋, i ⊧ ¬𝜑 iff 𝜋, i ̸⊧ 𝜑;
•	 𝜋, i ⊧ 𝜑1 ∧ 𝜑2 iff 𝜋, i ⊧ 𝜑1 and 𝜋, i ⊧ 𝜑2;
•	 𝜋, i ⊧ 𝜑1 ∨ 𝜑2 iff 𝜋, i ⊧ 𝜑1 or 𝜋, i ⊧ 𝜑2;
•	 𝜋, i ⊧ 𝜑1 ⊃ 𝜑2 iff 𝜋, i ⊧ 𝜑1 implies 𝜋, i ⊧ 𝜑2;
•	 𝜋, i ⊧ ◦𝜑 iff i < ���(𝜋) and 𝜋, i + 1 ⊧ 𝜑;
•	 𝜋, i ⊧ ∙𝜑 iff i < ���(𝜋) implies 𝜋, i + 1 ⊧ 𝜑;
•	 𝜋, i ⊧ ◊𝜑 iff ∃j. i ≤ j ≤ ���(𝜋) such that 𝜋, j ⊧ 𝜑;
•	 𝜋, i ⊧ □𝜑 iff ∀j. i ≤ j ≤ ���(𝜋) holds that 𝜋, j ⊧ 𝜑;
•	 𝜋, i ⊧ 𝜑1 U𝜑2 iff ∃j. i ≤ j ≤ ���(�) such that 𝜋, j ⊧ 𝜑2 , and 

∀k. i ≤ k < j holds that 𝜋, k ⊧ 𝜑1;
•	 𝜋, i ⊧ 𝜑1R𝜑2 iff ∀j. i ≤ j ≤ ���(�) it either holds that 

𝜋, j ⊧ 𝜑2 or ∃k. i ≤ k < j such that 𝜋, k ⊧ 𝜑1.

Observe that we have the usual Boolean equivalences such 
as �1 ∨ �2 ≡ ¬(¬�1 ∧ ¬�2) and 𝜑1 ⊃ 𝜑2 ≡ ¬𝜑1 ∨ 𝜑2 . Also, 
note that the following equivalences hold: ◦� ≡ ¬ ∙ ¬� 
(i.e., ◦ and ∙ are dual operators); ◊𝜑 ≡ ⊤U𝜑 ; □𝜑 ≡ ⊥R𝜑 ; 
◊� ≡ ¬□¬� (i.e., ◊ and □ are dual operators); and 
�1U�2 ≡ ¬(¬�2R¬�1) (i.e., U and R are dual operators).

A finite trace � satisfies an ltl f  formula � , written 𝜋 ⊧ 𝜑 , 
if 𝜋, 0 ⊧ 𝜑.

ltl f  Reactive Synthesis Reactive synthesis  [8] is the 
problem of computing a strategy that allows the agent to 
achieve its goal while continuously interacting with an 
uncontrollable environment. Intuitively, reactive synthesis 
can be considered as a two-player game between the agent 
and the environment. At each step, both players make their 
respective moves, hence generating an execution sequence. 
The goal of the agent is to find a strategy that forces the 
generated execution sequence to satisfy certain expected 
behaviors. These expected behaviors are often expressed in 
logical specifications, which we call goal specifications. In 
this paper, we focus on goal specifications expressed in ltl f .

More specifically, an ltl f  goal specification is defined 
over propositional symbols Y ∪ X  , where Y and X  are dis-
joint sets of variables under the control of the agent and 
the environment, respectively. It is worth noting that, ltl f  
goal specifications can capture all ltl guarantee speci-
fications  [21]. Infinite traces over Y ∪ X  are denoted as 
� = (Y0 ∪ X0)(Y1 ∪ X1)⋯ ∈ (2Y∪X)� , where Yi ⊆ Y  and 
Xi ⊆ X  (for i ≥ 0 ) denote the respective moves of the agent 
and the environment, and are also called plays. Finite traces 

� ∈ (2Y∪X)∗ are denoted analogously and are also called 
histories.

An agent strategy is a function �ag ∶ (2X)∗ → 2Y that 
maps sequences of environment moves to an agent move. 
An environment strategy is a function �env ∶ (2Y)+ → 2X 
that maps sequences of agent moves to an environment 
move. The domain of �ag includes the empty sequence of 
environment moves � as we assume that the agent moves 
first. A trace � = (Y0 ∪ X0)(Y1 ∪ X1)⋯ is �ag-consistent if 
Y0 = �ag(�) and Yi = �ag(X0 ⋯Xi−1) for every i > 0 . Analo-
gously, � is �env-consistent if Xi = �env(Y0 ⋯Yi) for every 
i ≥ 0 . We denote by �(�ag, �env) the unique trace that is con-
sistent with both �ag and �env.

Given an ltl f  goal � , an agent strategy �ag is winning 
for (aka enforces) � if, for every environment strategy �env , 
there exists a finite prefix of �(�ag, �env) that satisfies � . An 
agent strategy �ag is cooperatively winning for � if there 
exists an environment strategy �env such that there exists a 
finite prefix of �(�ag, �env) that satisfies � . That is, a win-
ning strategy allows the agent to satisfy the goal regardless 
all environment strategies, while a cooperatively winning 
strategy allows the agent to satisfy the goal for at least one 
environment strategy. ltl f  reactive synthesis is the problem 
of computing a winning strategy for � , if one exists.

Definition 1  [10] The problem of ltl f  reactive synthesis is 
defined as a tuple P = (Y,X,�) , where: Y and X  are dis-
joint sets of variables under the control of the agent and the 
environment, respectively; and � is an ltl f  agent goal over 
Y ∪ X  . Synthesis of P computes an agent winning strategy 
�ag for � , if one exists; otherwise, it returns unrealizable.

ltl f  Reactive Synthesis Under Environment Specifi-
cations  Reactive synthesis under environment specifica-
tions [4] is the problem of computing an agent strategy 
that allows the agent to achieve its goal considering cer-
tain knowledge of how the environment behaves, which is 
captured as an environment specification. In this paper, we 
consider environment specifications expressed in ltl f .

Let E be an ltl f  formula over Y ∪ X  . An environment 
strategy �env is winning for (aka enforces) E if, for every 
agent strategy �ag , every finite prefix of �(�ag, �env) satisfies 
E . An environment specification E is an ltl f  formula such 
that there exists an environment strategy that is winning for 
E . We denote by ΣE

env
 the set of environment strategies �env 

that enforce the environment specification E . Using ltl f  for 
environment specifications allows to capture all ltl safety 
specifications [21], which notably include fully observable 
nondeterministic (FOND) planning domains [4, 22, 23], 
say written in PDDL [24], and extend them, e.g., with non-
Markovian features [25].
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Within this framework, an agent strategy is winning for � 
under E (aka enforces � under E ) if, for every environment 
strategy �env that enforces E , there exists a finite prefix of 
�(�ag, �env) that satisfies � . Analogously, an agent strategy 
is cooperatively winning for � under E if there exists an 
environment strategy �env that enforces E and such that there 
exists a finite prefix of �(�ag, �env) that satisfies � . That is, 
a winning strategy for � under E guarantees that, regardless 
of all environment strategies enforcing E , the agent will sat-
isfy its goal � , while a cooperatively winning strategy for � 
under E guarantees that there exists at least an environment 
strategy enforcing E such that the agent will satisfy its goal. 
Reactive synthesis under environment specifications is the 
problem of finding a winning strategy for � under E , if one 
exists.

Definition 2  [4] The problem of ltl f  reactive synthe-
sis under environment specifications is defined as a tuple 
P = (Y,X,�, E) , where: Y and X  are disjoint sets of vari-
ables under the control of the agent and the environment, 
respectively; and � and E are ltl f  formulas over Y ∪ X  
denoting an agent goal and an environment specification, 
respectively. Synthesis of P computes a winning strat-
egy �ag for � under E , if one exists; otherwise, it returns 
unrealizable.

ltl f  reactive synthesis, both with and without environ-
ment specifications, is 2exptime-complete [4, 10]. ltl f  reac-
tive synthesis under environment specifications is a generali-
zation of standard ltl f  reactive synthesis obtained by taking 
E = ⊤.

Winning, Dominant, and Best‑Effort 
Strategies 

While winning strategies guarantee that the agent enforces 
its goal, not every synthesis problem admits a winning strat-
egy. In cases where no winning strategy exists, the synthesis 
procedure usually terminates and declares that the problem 
is unrealizable. Such scenarios call for notions of strategy 
synthesis that are less strict than the usual ones used in For-
mal Methods [9] and Planning [3]. In this section, we review 
dominant and best-effort strategies, which are based on the 
game-theoretic notion of dominance [26]. These strategies 
have been investigated in the context of ltl f  goals and envi-
ronment specifications in [11–14].

Definition 3  (Dominance [11, Sec. 3]) Let � and E be ltl f  
formulas over Y ∪ X  denoting an agent goal and an environ-
ment specification, respectively. �1 and �2 are agent strate-
gies. �1 dominates �2 , written �1 ≥�|E �2 , if, and only if, for 
every �env ∈ ΣE

env
 , if some finite prefix of �(�2, �env) satisfies 

� , then some finite prefix of �(�1, �env) satisfies � . Further-
more, �1 strictly dominates �2 , written 𝜎1 >𝜑|E 𝜎2 , if, and 
only if, �1 ≥�|E �2 and 𝜎2 ≱𝜑|E 𝜎1.

It should be noted that ≥�|E is a preorder, while >𝜑|E is 
a strict partial order. An agent strategy that is maximum in 
the preorder ≥�|E is called dominant.

Definition 4  (Dominant Strategy [14, Sec. 3]) An agent strat-
egy � is dominant for � under E if, and only if, for every 
agent strategy �′ , we have � ≥�|E �

′ . If there is no envi-
ronment specification, i.e., E = ⊤ , we simply say that � is 
dominant for �.

When a winning strategy does not exist, the agent can 
search for a dominant strategy. In this case, an agent using 
a dominant strategy satisfies its goal against a maximum set 
of environment strategies (though not all) that conform to 
the environment specification. Doing so is the best possible 
decision for the agent when no winning strategy exists. How-
ever, while dominant strategies may exist when no winning 
strategy exists, it is not the case that a dominant strategy 
always exists [14].

A slightly weaker notion than that of dominant strategy is 
that of best-effort strategy. Best-effort strategies are maximal 
in the strict partial order >𝜑|E.

Definition 5  (Best-Effort Strategy [12, Sec. 3]) An agent 
strategy � is best-effort for � under E if, and only if, it does 
not exist an agent strategy �′ such that 𝜎′ >𝜑|E 𝜎 . If there is 
no environment specification, i.e., E = ⊤ , we simply say that 
� is best-effort for �.

The main idea behind the notion of best-effort strategy is 
the following. Intuitively, 𝜎1 >𝜑|E 𝜎2 means that �1 does at 
least as well as �2 against every environment strategy enforc-
ing E and strictly better against at least one such strategy. 
As a result, an agent using �2 is not doing its best, since it 
could achieve its goal against a strictly larger set of envi-
ronment strategies using �1 . It should be noted that, differ-
ently from dominant strategies, distinct best-effort strate-
gies may achieve the goal against distinct maximal sets of 
environment strategies enforcing E . That is, an agent using 
a best-effort strategy makes the best possible decision given 
that such a decision is made before the exact environment 
behavior is known.

A notable property of best-effort strategies is that, unlike 
winning and dominant strategies, they always exist, regard-
less of what the agent goal � and the environment specifica-
tion E are.

Theorem 1  (Existence of a Best-Effort Strategy [12, Thm. 
3])  Let � and E be ltl f  formulas over Y ∪ X  denoting an 
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agent goal and an environment specification, respectively. 
There always exists a best-effort strategy for � under E.

When � and E are clear from the context we may sim-
ply say that � is winning, dominant, and best-effort, as an 
abbreviation for � is winning, dominant, and best-effort 
for � under E , respectively.

We now review the relation between winning, domi-
nant, and best-effort strategies [14]. Let �ag be an agent 
strategy. We denote by ΣE

env
(𝜑, 𝜎ag) ⊆ ΣE

env
 the set of 

environment strategies �env that enforce E and such that 
�(�ag, �env) has a finite prefix that satisfies � . With this 
notation, we can characterize winning, dominant, and best-
effort strategies as follows: (i) �ag is a winning strategy if, 
and only if, ΣE

env
(�, �ag) = ΣE

env
 , i.e., �ag enforces the goal 

� against every environment strategy enforcing E ; (ii) �ag 
is a dominant strategy if, and only if, for every other agent 
strategy �′

ag
 , it holds that ΣE

env
(𝜑, 𝜎�

ag
) ⊆ ΣE

env
(𝜑, 𝜎ag) , i.e., 

�ag satisfies the goal against a maximum set of environ-
ment strategies enforcing E ; and (iii) �ag is a best-effort 
strategy if, and only if, for every other agent strategy �′

ag
 , 

ΣE
env

(𝜑, 𝜎ag) ⊄ ΣE
env

(𝜑, 𝜎�
ag
) , i.e., �ag satisfies the goal against 

a maximal set of environment strategies. As an immediate 
consequence, we have the following:

Theorem 2  (Relation Between Winning, Dominant, and 
Best-Effort Strategies [14, Thm. 1])  Let � and E be ltl f  
formulas over Y ∪ X  denoting an agent goal and an environ-
ment specification, respectively. The following hold:

•	 Every winning strategy is a dominant strategy and 
every dominant strategy is a best-effort strategy;

•	 If a winning strategy exists, the dominant strategies are 
exactly the winning strategies;

•	 If a dominant strategy exists, the best-effort strategies 
are exactly the dominant strategies.

Synthesis problems of best-effort and dominant strate-
gies are 2exptime-complete [12, 14], as the synthesis of 
winning strategies [4, 10]. An immediate consequence of 
such result and Theorems 1 and 2 is the following alterna-
tive approach to strategy synthesis: instead of searching 
for a winning strategy, which may not exist, one should 
directly search for a best-effort strategy which, on one 
hand, always exists, and, on the other hand, is a dominant 
(resp. winning) strategy if the problem admits a dominant 
(resp. winning) one.

With this result, we are now ready to define our syn-
thesis task. Intuitively, we are interested in the synthesis 
of best-effort strategies for ltl f  goals under environ-
ment specifications and deciding whether the synthesized 

strategies are winning and/or dominant as well. We for-
malize this problem below.

Definition 6  (ltl f  Best-Effort Synthesis Under Environ-
ment Specifications [12, 14]) The problem of ltl f  best-effort 
synthesis under environment specifications is defined as a 
tuple P = (Y,X,�, E) , where: Y and X  are disjoint sets of 
variables under the control of the agent and the environ-
ment, respectively; and � and E are ltl f  formulas over Y ∪ X  
denoting an agent goal and an environment specification, 
respectively. Best-effort synthesis of P computes a best-
effort strategy �ag for � under E , and decides whether � is 
winning, dominant, or best-effort only.

Local Characterization of Strategies

We now review the alternative characterization of winning, 
dominant, and best-effort strategies based on their local 
behavior when executed after a history, i.e., finite sequences 
of agent and environment moves � ∈ (2Y∪X)∗ [12, 14]. We 
first define the value of a history h depending on how the 
agent can extend h to satisfy the ltl f  goal specification � . 
Intuitively, the value of history h is: “winning", if the agent 
can enforce � in E starting from h; otherwise, “pending", 
if the agent has a cooperatively winning strategy for � in E 
starting from h; otherwise, “losing". With this notion, best-
effort strategies are those that witness the maximum value of 
each history h consistent with them. Furthermore, dominant 
strategies are those that witness that, for pending histories h 
(that do not extend winning ones), exactly one agent move 
Y allows extending h so that the extended history h ⋅ Y  is not 
losing. We formalize these notions below.

For a history h and an agent strategy �ag , we denote by 
ΣE
env

(h, �ag) the set of environment strategies �env enforcing E 
such that h is consistent with �ag and �env . For an agent strat-
egy �ag , we denote by HE(�ag) the set of all histories h such 
that ΣE

env
(h, �ag) is non-empty, i.e., HE(�ag) is the set of all 

histories that are consistent with �ag and some environment 
strategy enforcing E . For h ∈ HE(�ag) , we define: 

1.	 val�|E(�ag, h) = +1 (“winning") ,  i f  for  ever y 
�env ∈ ΣE

env
(h, �ag) , �(�ag, �env) has a finite prefix that 

satisfies � ; otherwise,
2.	 val�|E(�ag, h) = 0  ( “pend ing" ) ,  i f  fo r  some 

�env ∈ ΣE
env

(h, �ag) , �(�ag, �env) has a finite prefix that 
satisfies � ; otherwise,

3.	 val�|E(�ag, h) = −1 ("losing").

Finally, we denote by val�|E(h) the maximum of val�|E(�ag, h) 
over all �ag such that h ∈ HE(�ag) (we define val�|E(h) only 
in case h ∈ HE(�) for some �).
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Winning strategies are those that are winning in every 
history h that is consistent with them. Here is the local char-
acterization of best-effort and dominant strategies:

Theorem 3  (Local Characterization of Best-Effort and Dom-
inant Strategies [14, Thm. 8]) Let � and E be ltl f  formu-
las over Y ∪ X  denoting an agent goal and an environment 
specification, respectively. 

(a)	 An agent strategy �ag is best-effort for � under E if, and 
only if, for every h ∈ HE(�ag) ending in an environment 
move, val�|E(�ag, h) = val�|E(h);

(b)	 Furthermore, �ag is dominant for � under E if, and only 
if, for every h ∈ HE(�ag) ending in an environment 
move, val�|E(h) = 0 implies that val�|E(h ⋅ Y) = −1 for 
every Y ≠ �ag(hX) , where hX is the sequence of environ-
ment moves obtained by projecting h on the environ-
ment variables X  only.

A best-effort strategy �ag will intuitively behave as fol-
lows. Starting from every history h that is �ag-consistent, 
(i) if � is satisfiable regardless of the strategy chosen by the 
environment, � prescribes how to satisfy the goal; else, (ii) 
if � is satisfiable only depending on a certain strategy cho-
sen by the environment, � prescribes a move which possibly 
allows satisfying the goal; else, (iii) if � is unsatisfiable, � 
prescribes some move. Furthermore, (iv) if �ag is a dominant 
strategy and h is a pending history, �ag prescribes the unique 
agent move that allows the agent to possibly satisfy the goal. 
As a result, all dominant strategies behaves exactly the same 
on pending histories (that do not extend winning ones): the 
difference between two dominant strategies is only in how 
they win from winning histories or lose from losing histo-
ries. This result is the basis of the following characterization 
of when dominant strategies exist:

Theorem 4  (Existence of Dominant Strategies [14, Thm. 9])  
Let � and E be ltl f  formulas denoting an agent goal and 
an environment specification, respectively. The agent has 
a dominant strategy if, and only if, for every history h that 
ends in an environment move: 

1.	 Either val�|E(h�) = +1 for some prefix h′ of h; or
2.	 val�|E(h ⋅ Y) = 0 for at most one agent move Y.

Synthesis Technique

In this section, we review the synthesis technique for com-
puting a best-effort strategy and decide whether it is win-
ning, dominant, or best-effort only, presented in [14, Sec-
tion Checking Dominance]. This technique is based on a 

reduction to solving and combining the solutions of suit-
able games played over deterministic finite automata (dfa 
games).

dfa Games

A deterministic transition system (aka transition system) 
is a tuple D = (Σ, S, s0, �) , where: Σ is a finite input alpha-
bet; S is a finite set of states; s0 ∈ S is the initial state; and 
� ∶ S × Σ → S is the transition function. The cardinality of S 
is the size of D . We extend � to be a function � ∶ S × Σ∗

→ S 
as follows: �(s, �) = s , and if sn = �(s, �0 … �n−1) then 
�(s, �0 … �n) = �(sn, �n).

Definition 7  (Product of Transition Systems) The prod-
uct of two transition systems Di = (Σ, Si, s(0,i), �i) (for 
i = 1, 2 ) over the same alphabet is the transition sys-
t e m  PRODUCT(D1,D2) = D1 ×D2 = (Σ, S, s0, �) 
w i t h :  S = S1 × S2  ;  s0 = (s(0,1), s(0,2))  ;  a n d 
�((s1, s2), x) = (�(s1, x), �(s2, x))  .  T h e  p r o d u c t 
PRODUCT(D1,⋯ ,Dn) = D1 ×⋯ ×Dn is defined analo-
gously for any finite sequence D1,⋯ ,Dn of transition 
systems.

A deterministic finite automaton (dfa) is a transition sys-
tem with an acceptance condition on input words. Formally, 
we define a dfa as a pair A = (D,F) , where D = (Σ, S, s0, �) 
is a deterministic transition system and F ⊆ S is the set of 
final states. The size of A , written |A| , is the size of D . 
An input word � ∈ Σ∗ is accepted by A if �(s0,�) ∈ F . The 
language recognized by A , written L(A) , is the set of words 
that A accepts. Two dfas A and A′ are equivalent if they 
recognize the same language.

Definition 8  [27] A dfa A that recognizes a language 
L(A) = L is minimal if, and only if, it does not exist another 
dfa A′ such that L(A�) = L and |A′| < |A|.

For the kind of languages we consider in this paper, called 
regular languages, there always exists a minimal dfa and 
this is unique [27].

Proposition 5  (Complement and Intersection of dfas  [27]) 
Let A1 and A2 be dfas that recognize the languages L(A1) 
and L(A2) , respectively.

•	 We can build in polynomial time the minimal dfa 
COMP(A1), called the complement of A1, such that 
L(COMP(A1)) = Σ∗⧵L(A1).

•	 We can build in polynomial time the minimal dfa 
INTER(A1,A2), called the intersection of A1 and A2, such 
that L(INTER(A1,A2)) = L(A1) ∩ L(A2).
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From Proposition  5, any Boolean combination of 
languages recognized by dfas, such as, e.g., implica-
tion, can be built by suitably combining complements 
and intersections. For instance, let A and A′ be dfas rec-
ognizing the languages A and A′ , respectively: the dfa 
recognizing the language L(A) ⊃ L(A�) can be built as 
IMPL(A,A�) = COMP(INTER(A, COMP(A�))) (recalling that 
𝛼 ⊃ 𝛽 ≡ ¬(𝛼 ∧ ¬𝛽)).

We now introduce an alternative construction technique 
to obtain the dfa recognizing any Boolean combination of 
languages recognized by dfas. Unlike Proposition 5, this 
technique is based on dropping dfa minimization.

Proposition 6  [27] Let A1 and A2 be dfas that rec-
ognize the languages L(A1) and L(A2) , respectively. 
The dfa recognizing an arbitrary Boolean combina-
tion of L(A1) and L(A2) , i.e., L(A1) [op] L(A2) , where 
[op] ∈ {∩,∪,⊃,≡} , can be built as A = (D1 ×D2,F) , where 
F = {(s1, s2) ∈ S1 × S2 | s1 ∈ F1 [op] s2 ∈ F2}

In this paper, we are interested in the property that every 
ltl f  formula � can be transformed into a dfa A� that accepts 
exactly the traces that satisfy the formula.

Theorem 7  (ltl f  -to-dfa  [10, Thm. 1]). Given an ltl f  for-
mula � defined over Σ , we can build in 2exptime the mini-
mal dfa TODFA(�) = A� = (D�,F�) with input alphabet 
2Σ , size at most doubly-exponential size in |�| , and such that:

A dfa game is a dfa G = (D,F) , where: D = (2Y∪X, S, s0, �) 
is a deterministic transition system, also called the game 
arena, where Y and X  are two disjoint sets of variables under 
the control of the agent and the environment, respectively; 
and F ⊆ S is set of final states, also called the goal states. 
That is, a dfa game is a dfa whose input alphabet is parti-
tioned into two disjoint sets under the control of the agent 
and the environment. The notions of play, history, agent 
strategy, and environment strategy defined in Sect. Prelimi-
aries also apply to dfa games. A play � ∈ (2Y∪X)� is winning 
if it contains a finite prefix that is accepted by the dfa. That 
is, dfa games require the set of final states to be visited at 
least once.

An agent strategy �ag is winning if, for every environ-
ment strategy �env , the play �(�ag, �env) is winning. An agent 
strategy �ag is cooperatively winning if there exists an envi-
ronment strategy �env such that the play �(�ag, �env) is win-
ning. Conversely, an environment strategy �env is winning 
if, for every agent strategy �ag , the play �(�ag, �env) is not 

𝜋 ⊧ 𝜑ifandonlyif𝜋 ∈ L(A𝜑)

winning. That is, winning strategies for the agent guarantee 
that, regardless of the strategy chosen by the environment, 
the set of final states is visited at least once; cooperatively 
winning strategies guarantee that there exists at least one 
environment strategy such that the set of final states is vis-
ited at least once; and winning strategies for the environ-
ment guarantee that, regardless of the strategy chosen by the 
agent, the set of final states is never visited.

The winning (resp. cooperatively winning) region is the 
set of states s ∈ S for which the agent has a winning (resp. 
cooperatively winning) strategy in the game G� = (D�,F) , 
where D� = (2Y∪X, S, s, �) , i.e., as D but with initial state 
s. An agent strategy that is winning from every state in the 
agent winning region (resp. cooperatively winning region) 
is called uniform winning (resp. uniform cooperatively win-
ning). The environment winning region is the set of states 
s ∈ S for which the environment has a winning strategy in 
the game G� = (D�,F) , where D� = (2Y∪X, S, s, �).

Of special interest is the case where the agent strategy 
can be derived from a function � ∶ S → 2Y , called a game 
strategy, mapping game states to agent moves. While a game 
strategy is not formally an agent strategy, i.e., a function 
from sequences of environment moves to agent moves, it is 
equivalent to one such a strategy.

Definition 9  Let D = (2Y∪X, S, s0, �) be a transition system. 
The game strategy � ∶ S → 2Y is equivalent to the agent 
strategy STRATEGY(D, �) ∶ (2X)∗ → 2Y defined as follows: 
for every h ∈ (2Y∪X)∗ , STRATEGY(D, �)(hX) = �(�(s0, h)) , 
where hX corresponds to h projected on environment vari-
ables X  only. The pair (D, �) is also called a transducer, i.e., 
a transition system with an output function.

Solving a dfa game is the problem of computing the win-
ning (resp. cooperatively winning) region and a uniform 
winning (resp. cooperatively winning) game strategy. dfa 
games can be solved in linear time by a backward-induction 
algorithm that performs a fixpoint computation over the state 
space of the game.

Theorem 8  ([26]) Let G = (D,F) be a dfa game. Computing 
the winning (resp. cooperatively winning) region W (resp. 
Ŵ  ) and a uniform winning (resp. cooperatively winning) 
game strategy � (resp. � ), written (W, �) = SOLVEADV(D,F) 
(resp. (Ŵ, 𝛾) = SOLVECOOP(D,F) ), can be done in linear 
time in the size of D.

Games played over dfas are determined, meaning that 
the environment winning region of a game (D,F) , denoted 
ENVWIN(D,F) , is the complement of the agent winning 
region with respect to the state space of D [28].
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We will also need to restrict the transitions of a transition 
system to those that do not leave a set of states. To do this, 
we use the notion of restriction defined below.

Definition 10  (Restriction of Transition Systems) Let 
D = (Σ, S, s0, �) be a transition system and S′ ⊆ S a non-
empty set of states. The restriction of D to S′ is the transi-
tion system RESTRICT(D, S�) = (Σ, S ∪ {sink}, s0, �

�) where, 
for a ∈ Σ , ��(s, a) = sink if s = sink or �(s, a) ∉ S� , and 
��(s, a) = �(s, a) otherwise.

Algorithm 0   BESTEFFORTSYNTHESIS (�, E)

Basic Synthesis Algorithm

We review in Algorithm 0 the technique to synthesize a best-
effort strategy and decide whether it is winning, dominant, 
or best-effort only, as described in [14, Sec. 6].

Algorithm 0 returns a pair consisting of the output strategy 
� and a flag � describing whether � is winning, dominant, or 
best-effort only, written Win, Dom, and Be, respectively. Algo-
rithm 0 constructs the dfas corresponding to three different 
ltl f  formulas, i.e., E ⊃ 𝜑 , ¬E , and E ∧ � , where E and � are 
the environment specification and the agent goal, respectively 
(Line 1), solves three different games (Lines 4, 5, and 7) con-
structed in various stages (Lines 2, 3, and 6), and combines the 
solutions to compute the output best-effort strategy (Lines 8 
and 9). Specifically, the output best-effort strategy is returned in 
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the form of a transducer over the transition system of the solved 
games with output function � (Line 9). The game strategy � 
(constructed in Line 8) is obtained by combining the game strat-
egies � and � using the winning region W and the cooperatively 
winning region Ŵ (computed in Lines 4 and 7) as follows. For 
every state s ∈ S in the state space of the solved games: if (i) 
s is in the winning region W, then � follows � ; else, if (ii) s 
in the cooperatively winning region Ŵ , then � follows � ; else 
(iii) � is arbitrarily defined. Deciding whether the synthesized 
best-effort strategy is winning, dominant, or best-effort only, 
is done by checking suitable properties of the solved games 
(Lines 10 and 11).

Specifically, Algorithm 0 uses the local characterization 
in Theorem 3 and the existence condition in Theorem 4 to 
compute a best-effort strategy and decide whether it is win-
ning, dominant, or best-effort only. The intuition is as follows. 
For every history h ∈ (2Y∪X)∗ : (i) if the run induced by h in 
D reaches a state in the winning region W, i.e., �(s0, h) ∈ W , 
where s0 and � are the initial state and the transition function of 
the game arena computed in Line 2, respectively, h is a winning 
history and the synthesized best-effort strategy wins starting 
from h by following the winning strategy � ; (ii) else, if the run 
induced by h in D reaches a state in the cooperatively win-
ning region Ŵ , i.e., 𝛿(s0, h) ∈ Ŵ⧵W , h is a pending history 

and the synthesized best-effort strategy is pending starting 
from h as it follows the cooperatively winning strategy � ; (iii) 
else, h is a losing history and any strategy loses starting from 
h, hence the synthesized best-effort strategy can be arbitrarily 
defined. By Theorem 3, item (a), the synthesized strategy is 
best-effort. In case no winning strategy exists, Line 11 evaluates 
the conditions defined in Theorem 4 to decide the existence of 
a dominant strategy. Specifically, conditions (a) and (b) in Line 
11 check whether items 1. and 2. in Theorem 4 are violated, 
respectively. If yes, the synthesized strategy is best-effort only; 
else, it is dominant as a consequence of Theorem 4 and Theo-
rem 3, item (b).

Checking Dominance

We now present more details on determining whether the 
synthesized best-effort strategy is dominant or best-effort 
only when no winning strategy exists. This is done in Line 
11 of Algorithm 0, which can be executed in polynomial 
time using standard graph search techniques such as, e.g., 
breadth-first search. However, in this section, we present 
an alternative technique that is more suited for symbolic 
implementation.

Algorithm 0.1   CHECKDOMINANT (D,W, Ŵ, 𝜎)
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Our technique is detailed in Algorithm 0.1 and can be 
viewed as a subprocedure to be executed within Algorithm 0 
when no winning strategy exists and the initial state is a coop-
eratively winning state. Else, the synthesized strategy is trivially 
dominant.

Algorithm 0.1 works as follows. Lines 1-3 perform a fix-
point computation over the state space of the game arena D 
(computed in Line 2 of Algorithm 0) to determine the states 
in the cooperatively winning region Ŵ (computed in Line 7 
of Algorithm 0) that are reachable from the initial state s0 
without visiting any state in the winning region W (computed 
in Line 4 of Algorithm 0), i.e., states which satisfy condition 
(a), Line 11 of Algorithm 0. Lines 4 and 5 check, for every 
state s ∈ Ŵ � , condition (b), Line 11 of Algorithm 0, and 
decide whether � is a dominant strategy or best-effort only.

We now prove the correctness of Algorithm 0.1. First, 
observe that PostE is a monotone function. Since D is finite, 
it follows that the fixpoint computation in Line 3 terminates 
in at most a linear number of steps in the size of D . The 
computation proceeds as follows. Initially, Ŵ ′

0
 consists only 

of the initial state s0 . At every stage of the fixpoint com-
putation, Ŵ �

i+1
 takes in those cooperatively winning states 

that are not winning and that can be reached from Ŵ ′
i
 with 

some agent/environment move (Y ∪ X) . The computation 
reaches fixpoint when Ŵ � = Ŵ �

i+1
= Ŵ �

i
 . When the fixpoint 

is reached, Ŵ  consists exactly of the cooperatively winning 
states that can be reached from s0 without visiting the win-
ning region W.

Theorem 9  Let D = (2Y∪X, S, s0, �) , W and Ŵ  be the game 
arena, the winning region, and the cooperatively winning 
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Fig. 1   From left to right, (a) direct, (b) compositional-minimal, and (c) compositional technique for ltl f  best-effort synthesis
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region computed in Lines 2, 4, and 7 of Algorithm  0, 
respectively, and Ŵ ′ the region computed in Line 3 of Algo-
rithm 0.1. For every state s ∈ S , it holds that s ∈ Ŵ � if, and 
only if, s is a cooperatively winning state that is reachable 
from s0 without visiting any state in W.

Proof  (→ ) Assume that s ∈ Ŵ � . We prove that s is reach-
able from s0 without visiting W by induction on the stages 
of the fixpoint computation for Ŵ ′ , say Ŵ ′

0
,⋯ , Ŵ ′

n
 such that 

Ŵ � = Ŵ �
n−1

= Ŵ �
n
 . As base step, Ŵ �

0
= {s0} , and the claim 

immediately holds (recall that we assumed that s0 is a coop-
eratively winning state that is not in the winning region).

Then, s ∈ Ŵ �
i
 implies that s is reachable from s0 without 

visiting the winning region W is the inductive hypothesis.
We prove the inductive step. Assume s ∈ Ŵ �

i+1
 and s ∉ Ŵ �

i
 

(as otherwise the claim trivially follows by the inductive 
hypothesis), i.e., s ∈ Ŵ �

i+1
⧵Ŵ �

i
 . We prove that s is reach-

able from s0 without visiting the winning region W. Since 
s ∈ Ŵ �

i+1
⧵Ŵ �

i
 it follows by the fixpoint computation in Line 

3 that s ∈ PostE(Ŵ �
i
) . That is, s ∈ Ŵ⧵W  , and there exists a 

state s� ∈ Ŵ �
i
 , for which there exists an agent/environment 

move Y ∪ X such that �(s�, Y ∪ X) = s . Since s� ∈ Ŵ �
i
 , it fol-

lows by the inductive hypothesis that s′ is reachable from 
s0 without visiting the winning region W. Let � = s0 ⋯ s� 
denote such a path. Observe that � ⋅ s = s0 ⋯ s� ⋅ s is a 
path leading from s0 to s that does not visit the winning 
region, since � does not visit the winning region and 
𝛿(s�, Y ∪ X) = s ∈ Ŵ ⧵W . This completes the inductive step 
and the claim holds.

(← ) Assume that s is reachable from s0 without visiting 
any state of W. We prove that s ∈ Ŵ � . We do so by proving 
the contradiction.

That is, assume that s ∉ Ŵ � . If s ∉ Ŵ � , s is not added 
to Ŵ ′ in any stage of the fixpoint computation, i.e., 
s ∉ PostE(Ŵ �) . By definition of PostE(Ŵ �) ( † ) it is not the 
case that there exists a state s� ∈ Ŵ � for which there exists 
an agent/environment move Y ∪ X such that �(s�, Y ∪ X) = s , 
i.e., ∀s� ∈ Ŵ �.∀Y ∈ 2Y.∀X ∈ 2X.𝛿(s�, Y ∪ X) ≠ s.

Let 𝜌 = s0 ⋯ ŝ ⋅ s be the path from s0 to s that does not trav-
erse the winning region W. Observe that s0 is a cooperatively 
winning state that is not winning, i.e., s0 ∈ Ŵ ⧵W , which in 
turn means s0 ∈ Ŵ � . By definition of PostE and the fixpoint 
computation in Line 3, it holds that ŝ ∈ PostE(Ŵ �

i
) for some i, 

and hence, ŝ ∈ Ŵ � . By ( † ), it holds that ŝ is such that, for every 
agent/environment move Y ∪ X , we have 𝛿(ŝ,Y ∪ X) ≠ s , which 
contradicts that 𝜌 = s0 ⋯ ŝ ⋅ s is a path from s0 to s. 	�  ◻

By noting that Lines 1–3 of Algorithm 0.1 collect states 
satisfying condition (a), Line 11 of Algorithm 0, as stated 
in Theorem 9, that Line 4 of Algorithm 0.1 checks, for 
every such a state, condition (b), Line 11 of Algorithm 0, 
and the correctness of Algorithm 0, it immediately follows:

Theorem 10  (Correctness of Algorithm 0.1) Algorithm 0.1 
is correct, i.e.:

•	 If � is a dominant strategy, Algorithm  0.1 returns 
(�, ���);

•	 If � is a best-effort and not dominant strategy, Algo-
rithm 0.1 returns (�, ��).

Symbolic Synthesis Techniques

We now present three symbolic techniques for the ltl f  best-
effort synthesis problem introduced in Definition 6. We base 
our techniques, namely direct, compositional-minimal, 
and compositional  (presented in Sections “Direct Tech-
nique”, “Compositional-Minimal Technique”, and Compo-
sitional Technique, respectively) on Algorithm 0 in Sec-
tion “Synthesis Technique”. Figure 1 shows the workflows 
of these three symbolic synthesis techniques. In the next sec-
tion, we will introduce Algorithm 4 as a symbolic technique 
to implement Line 11 in Algorithm 0 (which determines if 
the synthesized strategy is dominant or best-effort only when 
no winning strategy exists, see Section “Checking Domi-
nance”). The three symbolic techniques that we will present 
in this section use Algorithm 4 to check the existence of a 
dominant strategy, for which we refer to Section “Checking 
Dominance Symbolically”.

Symbolic dfa Games

We base our techniques on the symbolic framework for dfa 
games presented in [16, Sec. 4]. Consider the dfa represen-
tation described in Section DFA games 5.1 as an explicit-
state representation, a symbolic dfa representation provides 
a more compact way by using a logarithmic number of prop-
ositions to encode the state space.

Definition 11  (Symbolic dfa) Let A = (D,F) , where 
D = (Σ, S, s0, �) and F ⊆ S , be an explicit-state dfa   (see 
Section DFA Games  5.1). The symbolic representa-
tion of A is defined as TOSYM(A) = As = (Ds, f ) , with 
Ds = (Σ,Z, Z0, �) , where: Z is a set of state variables such 
that �Z� = ⌈log �S�⌉ ; Z0 ∈ 2Z is the interpretation correspond-
ing to the initial state s0 ; � ∶ 2Z × Σ → 2Z is a Boolean func-
tion representing the transition function; and f is a Boolean 
formula representing the final states.

That is, Z is a set of state variables such that every 
state s ∈ S corresponds to an interpretation Z ∈ 2Z ; � is a 
Boolean function such that, for every a ∈ Σ , �(Z, a) = Z� if, 
and only if, Z is the interpretation of a state s and Z′ is the 
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interpretation of the successor state s� = �(s, a) ; and f is a 
Boolean formula over Z that is satisfied exactly by the inter-
pretations Z corresponding to states in F, i.e., Z ⊧ f  if, and 
only if, Z is the interpretation corresponding to some s ∈ F . 
Given a dfa game G = (D,F) , we denote by Gs = (Ds, f ) its 
corresponding symbolic representation. To ease the termi-
nology, we sometimes simply say that Z ∈ 2Z is a state s ∈ S 
as an abbreviation for Z is the interpretation corresponding 
to a state s.

All constructive operators defined for explicit-state dfas 
can be analogously defined for their respective symbolic 
representations.

Definition 12  (Symbolic Product) The symbolic product 
of two symbolic transition systems Ds

i
= (Σ,Zi, Z(0,i), �i) 

(for i = 1, 2 ) over the same alphabet is the transition 
s y s t e m  PRODUCT(Ds

1
,Ds

2
) = Ds

1
×Ds

2
= (Σ,Z, Z0, �) 

w i t h :  Z = Z1 ∪ Z2  ;  Z0 = Z(0,1) ∪ Z(0,2)  ;  a n d 
�((s1, s2), a) = �(s1, a) ∪ �(s2, a) . The product Ds

1
×⋯ ×Ds

n
 

is defined analogously for any finite sequence Ds
1
,⋯ ,Ds

n
 of 

symbolic transition systems.

Definition 13  (Symbolic Restriction) Let Ds = (Σ,Z, Z0, �) 
be a symbolic transition system and g a Boolean for-
mula over Z  representing a set of states. The restric-
tion of Ds to g is a new symbolic transition system 
RESTRICT(Ds, g) = (Σ,Z, Z0, �

�) , where �′ only agrees with 
� if Z ⊧ g , i.e., �� = � ∧ g.

The symbolic synthesis framework introduced in [16] 
utilizes Boolean synthesis for the final step of strategy con-
struction, which we also use in our synthesis context.

Definition 14  (Boolean Synthesis [29]) Given two disjoint 
sets Y and X  of output and input variables, respectively, 
and a Boolean formula � over Y ∪ X  , the Boolean synthesis 
constructs a function � ∶ 2X → 2Y such that, for all X ∈ 2X , 
if there exists Y ∈ 2Y such that Y ∪ X ⊧ 𝜉 , then 𝜏(X) ∪ X ⊧ 𝜉 , 
written � = BOOLSYNTHESIS(�).

We treat Boolean synthesis as a black box, using the func-
tion � to obtain the positional winning and cooperatively 
winning strategies of symbolic dfa games. For more details 
about techniques and algorithms for Boolean synthesis we 
refer to [29].

Given a symbolic dfa game (Ds, f ) , we can compute a 
positional uniform winning strategy for the agent through a 
fixpoint computation over two Boolean formulas w over Z 
and t over Z ∪ Y , which represent the winning region as well 
as pairs of winning states with agent moves, respectively. 
Specifically, for each pair of winning state Z ∈ 2Z and agent 
move Y ∈ 2Y , it holds that regardless of the countermove 

X ∈ 2X  chosen by the environment, the transition leads to 
a winning state. w and t are initialized as w0(Z) = f (Z) and 
t0(Z,Y) = f (Z) , since every goal state is a winning state for 
the agent. Note that t0 is independent of the propositions 
from Y , since once the play reaches the goal states, the agent 
can do whatever it wants. ti+1 and wi+1 are constructed as 
follows:

The computation reaches a fixpoint when wi ≡ wi+1 ≡ w . 
To see why a fixpoint is eventually reached, note that 
function wi+1 is monotone. That is, at each step, a state Z 
is added to the winning region wi+1 only if it has not been 
already detected as a winning state, written ¬wi(Z) in func-
tion ti+1(Z,Y) above, and there exists an agent choice Y 
such that, for every environment choice X, the transition 
leads to an already detected winning state in wi , written 
∀X.wi(�(Z,Y,X)) . We write (w, t) = SOLVEADV(Ds, f ) to 
denote the Boolean formulas w and t resulting from the fix-
point computation above applied to the symbolic dfa game 
(Ds, f ).

When the fixpoint is reached, no more states will be 
added, and all agent winning states have been collected. 
By evaluating Z0 on w, we can determine if there exists a 
winning strategy. If that is the case, t can be used to com-
pute a uniform positional winning strategy through Boolean 
synthesis [29]. Passing t  to Boolean synthesis, setting Z 
and Y as input and output variables, respectively, we obtain 
a uniform positional winning strategy � ∶ 2Z → 2Y that is 
equivalent to a positional agent winning strategy, which is in 
turn equivalent to an agent strategy by Definition 9.

Computing a uniform positional cooperatively winning 
strategy can be performed through an analogous fixpoint 
computation. We define again Boolean functions ŵ over Z 
and t̂ over Z ∪ Y , now representing the agent cooperatively 
winning region and cooperatively winning states with agent 
moves, respectively. Analogously, we initialize ŵ0(Z) = f (Z) 
and t̂0(Z,Y) = f (Z) . Then, we construct t̂i+1 and ŵi+1 as 
follows:

We write (ŵ, t̂) = SOLVECOOP(Ds, f ) to denote the Boolean 
formulas ŵ and t̂ resulting from the fixpoint computation 
above applied to the symbolic dfa game (Ds, f ).

Once the fixpoint is reached, checking the existence of 
a uniform positional cooperatively winning strategy and 
computing one can be done as for the uniform positional 
winning strategy. We evaluate ŵ on Z0 to determine if there 
exists a cooperatively winning strategy. If that is the case, we 

ti+1(Z,Y) = ti(Z,Y) ∨ (¬wi(Z) ∧ ∀X.wi(�(Z,Y,X)))

wi+1(Z) = ∃Y.ti+1(Z,Y)

t̂i+1(Z,Y) = t̂i(Z,Y) ∨ (¬ŵi(Z) ∧ ∃X.ŵi(𝜂(X,Y,Z)))

ŵi+1(Z) = ∃Y.t̂i+1(Z,Y);
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compute a uniform positional cooperatively winning strategy 
𝜏 by passing t̂ to Boolean synthesis, setting Z and Y as input 
and output variables, respectively.

Direct Technique

We now present our direct technique for symbolic ltl f  best-
effort synthesis, shown in Fig. 1a, referred to as Algorithm 1. 
Please note that we do not detail the technique for checking 
whether the synthesized strategy is dominant or best-effort only 
(referred to as symboliccheckdominant in Line 12) here, which 
is detailed in Section Checking Dominance Symbolically.

Algorithm 1   SYMBOLICDIRECTBESTEFFORTSYNTHESIS (�, E)

The direct technique is a straightforward implementation 
of Algorithm 0 which uses the symbolic framework. This 
is achieved by simply replacing the computed explicit-state 
dfas of the ltl f  formulas E ⊃ 𝜑 , ¬E , and E ∧ � (Line 1) 
with their corresponding symbolic representations (Line 
2). We solve three different symbolic, rather than explicit, 
dfa games (Lines 4, 5, and 7) over a symbolic game arena 
constructed in various stages with symbolic manipulations 
(Lines 3 and 6). We combine the solutions from the solved 
games to obtain a best-effort strategy (Lines 8–10). Deciding 
whether the synthesized strategy is dominant or best-effort 
only is done by checking suitable properties of the solved 
symbolic dfa games (Lines 11 and 12).

Specifically, the output best-effort strategy is returned 
in the form of a transducer over the symbolic transi-
tion system of the solved games with output function � 
(Line 10). The game strategy � is obtained by applying 
Boolean synthesis (Line 9) to the Boolean formula �(Z,Y) 

(Line 8) that is satisfied by pairs (Z, Y) such that either Z 
is a winning state and Y is an agent winning move, writ-
ten (w(Z) ∧ t(Z,Y)) , or Z is a cooperatively winning state, 
but not winning, and Y is a cooperatively winning move, 
written (ŵ(Z) ∧ ¬w(Z) ∧ t̂(Z,Y)) . Applying Boolean syn-
thesis to �(Z,Y) yields a game strategy as that in Line 8 
of Algorithm 0.

Compositional‑Minimal Technique

The main challenge in the direct technique comes from the 
three ltl f -to-dfa conversions, one for each of the formulas 

E ⊃ 𝜑 , ¬E , and E ∧ � , which can take, in the worst case, 
double-exponential time [6]. To mitigate the difficulty of 
such ltl f -to-dfa conversions, we propose a compositional-
minimal technique based on constructing and manipulat-
ing the minimal explicit-state dfas AE and A� of the ltl f  
formulas E and � , respectively. Specifically, given A� and 
AE , we obtain the minimal explicit-state dfas AE⊃𝜑 , A¬E 
and AE∧� as follows:

•	 AE⊃𝜑 = IMPL(AE,A𝜑);
•	 A¬E = COMP(AE);
•	 AE∧� = INTER(AE,A�);

where COMP and INTER , IMPL denote complement, inter-
section and implication of explicit-state dfas (see Proposi-
tion 5), respectively. Transforming ltl f  formulas into dfas 
takes double-exponential time in the size of the formula; 
instead, complement, intersection, and implication of dfas 
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take polynomial time in the size of the dfa. That is, the 
compositional-minimal technique replaces a double-expo-
nential time ltl f -to-dfa conversion in the direct technique 
with several polynomial time dfa operations.

The workflow of the compositional-minimal technique 
for ltl f  best-effort synthesis, i.e., Algorithm 2, is shown 
in Fig. 1(b). Basically, we first translate the formulas E 
and � into their corresponding minimal explicit-state dfas 
AE and A� ; then, we construct the minimal explicit-state 
dfas AE⊃𝜑 , A¬E and AE∧� by manipulating AE and A� 
with implication, complement, and intersection, respec-
tively. The remaining steps are the same as in the direct 
technique.

Compositional Technique

The direct and compositional-minimal techniques are based 
on playing three games over the symbolic product of the 
(minimized) transition systems Ds

E⊃𝜑
 , Ds

¬E
 , and Ds

E∧�
 . How-

ever, by Proposition 6 the dfa recognizing any Boolean com-
bination of E and � can be constructed by taking the product 
of DE and D� and properly defining distinct sets of final 
states over the resulting transition system. It follows that the 
dfas recognizing E ⊃ 𝜑 , ¬E , and E ∧ � can be constructed as 
AE⊃𝜑 = (D,FE⊃𝜑) , A¬E = (D,F¬E) , and AE∧� = (D,FE∧�) , 
respectively, where D = DE ×D� and:

•	 FE⊃𝜑 = {(sE, s𝜑) ∣ sE ∈ FE ⊃ s𝜑 ∈ F𝜑}.
•	 F¬E = {(sE, s�) ∣ sE ∉ FE}.
•	 FE∧� = {(sE, s�) ∣ sE ∈ FE ∧ s� ∈ F�}.

The compositional technique for ltl f  best-effort synthesis, 
i.e., Algorithm 3, shown in Fig. 1(c), bases on this observa-
tion. We transform the ltl f  formulas E and � , into their cor-
responding minimal explicit-state dfas AE and A� ; we con-
struct their corresponding symbolic representations As

E
 and 

As
�
 ; we build the symbolic product Ds = Ds

E
×Ds

�
 and con-

struct the three dfa games Gs
E⊃𝜑

= (Ds, fE⊃𝜑) , G
s
¬E

= (Ds, f¬E) , 
and Gs = (Ds, fE∧�) by defining the final states in symbolic 
representations (which we recall being Boolean functions) 
from fE and f� as follows:

•	 fE⊃𝜑 = fE ⊃ f𝜑.
•	 f¬E = ¬fE.
•	 fE∧� = fE ∧ f�.

The remaining steps of game-solving and combining strate-
gies are the same as in the direct and compositional-minimal 
techniques.

Algorithm 4   SYMBOLICCHECKDOMINANT (Ds
,w, ŵ, t, t̂, 𝜎)
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Checking Dominance Symbolically

We present our symbolic technique for checking whether 
the synthesized strategy is dominant or best-effort only as 
Algorithm 4, which can be viewed as a subprocedure to be 
executed within Algorithms 1, 2, and 3 when no winning 
strategy exists and the initial state is a cooperatively win-
ning state. Otherwise, the synthesized strategy is trivially a 
dominant strategy. Algorithm 4 is based on Algorithm 0.1 
that we presented in Section Checking Dominance. How-
ever, differently from Algorithm 0.1, Algorithm 4 checks 
the existence of dominant strategies through manipulations 
of Boolean formulas. At the end of such manipulations, 
checking the existence of a dominant strategy amounts to 
checking the satisfiability of a Boolean formula. We now 
elaborate on the main steps.

Lines 1-3 compute the Boolean formula ŵ�(Z) repre-
senting the set of cooperatively winning states in ŵ(Z) that 
are reachable from the initial state of Ds with a path not 
visiting the winning region w(Z) , i.e., states that satisfy 
condition (a) in Line 11 of Algorithm 0. Such a formula 
is computed by implementing symbolically the fixpoint 
computation defined in Lines 1–3 of Algorithm 0.1 and 
discussed in Theorem 9.

Line 4 computes a Boolean formula t̂�(Z,Y) that rep-
resents the states in the cooperatively winning region 
and every of their corresponding cooperatively win-
ning agent moves. Such a formula is computed as 
t̂�(Z,Y) = t̂(Z,Y) ∨ (ŵ(Z) ∧ ∃X.ŵ(𝜂(Z,X,Y))) , i.e., Y is a 
cooperative agent move in state Z if, either there exists a 
cooperative environment move that allows the agent to 
move closer to the set of final states, denoted by t̂(Z,Y) 
and computed as shown in Section “Symbolic dfa Games”, 
or there exists a cooperative environment move that allows 
the agent to stay in the cooperatively winning region ŵ , 
instead of moving closer to the set of final states, written 
ŵ(Z) ∧ ∃X.ŵ(𝜂(Z,X,Y))).

L i n e  5  c o m p u t e s  t h e  B o o l e a n  fo r m u l a 
t̂��(Z,Y) = ŵ�(Z) ∧ t̂�(Z,Y) representing states in the coop-
eratively winning region that are reachable with a path not 
visiting the winning region w(Z) , written ŵ�(Z) , and every 
of their corresponding cooperatively winning agent moves, 
written t̂�(Z,Y).

L ine  6  cons t r uc t s  t he  Boo lean  fo r mu la 
t̂(Z,Y,Y�) = t̂��(Z,Y) ∧ t̂��(Z,Y�) ∧ Y ≠ Y� , where Y′ is a 
set of “renamed" Y variables, representing cooperatively 
winning states Z that are reachable via a path not visiting 
the winning region and pairs Y and Y ′ corresponding to two 
distinct cooperatively winning agent moves. Such states sat-
isfy the conditions (a) and (b) in Line 11 of Algorithm 0, 
and witness, by Theorem 4, that no dominant strategy exists. 
To determine if such a state exists, Line 7 checks whether 

t̂(Z,Y,Y�) is satisfiable: if that is the case, the synthesized 
strategy is best-effort only; else, the synthesized strategy is 
dominant.

The correctness of Algorithm 4 is immediate by observ-
ing that it implements symbolically Algorithm 0.1, whose 
correctness is stated in Theorem 10.

Implementation and Empirical Evaluation

We no describe our implementations of the symbolic tech-
niques presented in Sections “Symbolic Synthesis Tech-
niques” and  “Checking Dominance Symbolically” and 
present an empirical evaluation on standard ltl f  synthesis 
benchmarks.

Implementation

We implemented our three symbolic techniques for ltl f  
best-effort synthesis in a tool called BeSyft1 (i.e., Best-Effort 
Synthesizer on Finite Traces), by extending the symbolic syn-
thesis framework in [16, Sec. 4] that has been integrated in 
state-of-the-art synthesis tools [17, 30]. We based BeSyft on 
lydia [18],2 the overall best performing ltl f-to-dfa conversion 
tool, to construct the minimal explicit-state dfas of ltl f  for-
mulas. BeSyft also borrows from lydia’s rich APIs to perform 
relevant explicit-state dfa manipulations required by both 
Algorithm 1, i.e., the direct technique (c.f., Subsection Direct 
Technique), and Algorithm 2, i.e., the compositional-mini-
mal technique  (c.f., Subsection  Compositional-Minimal 
Technique), such as complement, intersection, and minimi-
zation. BeSyft represents Boolean formulas and symbolic 
dfa games using Binary Decision Diagrams (BDDs) [19], 
with CUDD 3.0.0 [31] as the BDD library. Uniform winning 
game strategies and uniform cooperatively winning game 
strategies are computed utilizing Boolean synthesis [29]. 

Fig. 2   Comparison of BeSyft- and Syft-implementations on random 
conjunction benchmarks

1  https://​github.​com/​Gianm​arcoD​IAG/​BeSyft.
2  https://​github.​com/​white​mech/​lydia.

https://github.com/GianmarcoDIAG/BeSyft
https://github.com/whitemech/lydia
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Best-effort game strategies are obtained by applying suitable 
Boolean operations to such game strategies. We distinguish 
three derivations of BeSyft, referred to as BeSyft-implemen-
tations. These include direct-BeSyft, compositional-mini-
mal-BeSyft, and compositional-BeSyft, corresponding to the 
direct, compositional-minimal, and compositional techniques, 
respectively (c.f. Subsections Direct Technique, Composi-
tional-Minimal Technique, and Compositional Technique, 
respectively). BeSyft-implementations utilize Algorithm 4 
for checking the existence of dominant strategies (c.f. Sec-
tion Checking Dominance Symbolically).

Baseline for Experiments

The goal of the empirical evaluation is to see the over-
head of best-effort synthesis compared to standard reactive 

synthesis. We considered two reactive synthesizers based 
on Syft,3 the tool that implements the symbolic framework 
in [16, Sec. 4], referred to as Syft-implementations. Such 
implementations synthesize a winning strategy for the for-
mula E ⊃ 𝜑 , where E is the environment specification and 
� is the agent goal. Synthesis of E ⊃ 𝜑 allows to compute 
a winning strategy for � under E , if one exists [4]. The two 
implementations use the construction techniques in Proposi-
tions 5 and 6 and are denoted as compositional-minimal-Syft 
and compositional-Syft, respectively. We employ two distinct 
Syft-implementations for a fair comparison with composi-
tional-minimal- and compositional-BeSyft, which use the 
construction techniques in Propositions 5 and 6, respectively.

Experimental Methodology

The comparison of Syft- and BeSyft-implementations was 
analyzed according to runtime and number of solved bench-
marks. The runtime of each best-effort synthesis derivation 
is divided into five major phases: 1. Conversion of the input 
ltl f  formulas into their corresponding minimal explicit-state 
dfas (ltl f2dfa ); 2. Transformation of the minimal explicit-
state dfas into their corresponding symbolic representations 
(dfa2sym); 3. Fixpoint computation for obtaining the agent 
winning region and the agent winning moves, referred to as 
adversarial game (AdvGame); 4. Fixpoint computation for 
obtaining the cooperatively winning region and the agent 
cooperatively winning moves, referred to as cooperative 
game; (CoopGame): and 5. Checking the existence of a 
dominant strategy (DomCheck).

We performed our experiments on a benchmark set con-
sisting of 1200 instances taken from existing works, which 
includes random conjunctions [16] (1000 instances) and 
variations of classical counter games [17, 32, 33] for best-
effort synthesis, with and without dominant strategies (100 
instances in each case).

Random Conjunction. Each instance is constructed as 
follows. For a length parameter � , it selects � base cases 
from a pool of ltl benchmarks interpreted with the ltl f  
semantics [34], takes their conjunction and renames proposi-
tions so that they are shared across conjuncts. A large value 
of � does not guarantee a larger minimal explicit-state dfa. 
Not all random conjunction instances admit a winning strat-
egy. In our experiments, � ranges from 1 to 5. For each � , 
we have 200 instances, for a total of 1000 instances. In each 
instance, we take E = ⊤ as the environment specification.

Counter Games. Each instance is defined as fol-
lows. The agent maintains an n-bits counter such that: 
(i) at each round, the environment chooses whether to 
request an increment of the counter ( add ), and the agent 
chooses whether to grant such a request ( accept ) or not; 
(ii) the counter is initialized with all bits set to 0, and the 
agent goal is for the counter to have all bits set to 1; (iii) 

Fig. 3   Comparison of BeSyft-implementation on 8-bits counter 
games. We denote by ND-k (resp. D-k) 8-bits counter game instances 
where no dominant strategy exists (resp. where dominant strategies 
exist), where k ∈ {1,⋯ , 10} is the number of increment requests

Fig. 4   Comparison of compositional-BeSyft and Syft-implementa-
tions on 8-bits counter games. We denote by ND-k (resp. D-k) 8-bits 
counter game instances where no dominant strategy exists (resp. 
where dominant strategies exist), where k ∈ {1,⋯ , 10} is the number 
of increment requests

3  https://​github.​com/​Shufa​ng-​Zhu/​Syft

https://github.com/Shufang-Zhu/Syft
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environment specifications define possible policies accord-
ing to which the environment issues increment requests. 
We consider as environment specifications ltl f  formulas 
Ek = ◊(add ∧ ∙(add)… ∧ ∙(… (∙(add))…)) , where k is the 
number of conjuncts. Given an n-bit counter and an envi-
ronment specification Ek , the existence of a winning strat-
egy depends on k and n: if k ≥ 2n − 1 , a winning strategy 
exists. Regardless of the realizability of the agent goal, a 
best-effort (possibly winning) strategy for the agent is to 
accept all increment requests coming from the environment. 
In counter games, both n and k range from 1 to 10, generat-
ing a total number of 100 instances.

Counter Games with Dominant Strategy. In counter 
games defined as above, when no winning strategy exists, 
no dominant strategy exists either. The reason is that, 
when receiving an increment request, the agent can decide 
to accept it or not. We now formalize this argument. Let 
h = {add} be the history where the environment issues an 
increment request in the first time instant (and all agent vari-
ables are set to false). Observe that val�|E(h) = 0 and that 
the extensions h1 = h ⋅ {accept} and h2 = h ⋅ {�} , where the 
agent accepts and rejects the environment increment request, 
respectively, are such that val�|E(h1) = val�|E(h2) = 0 . In 
fact, the agent strategy �ag that accepts all but the first incre-
ment request achieves val�|E(�ag, h1) = val�|E(�ag, h2) = 0 . 
To see this, it suffices to observe that, for the environment 
strategy �env that always issues increment requests, the 
induced play �(�ag, �env) eventually satisfies the agent goal 
specification. As a result, the history h = {add} violate both 
conditions in Theorem 4, showing that no dominant strategy 
exists.

To obtain counter game instances where the agent has a 
dominant strategy, we modify the agent goal as follows: (iv) 
all counter bits set to 1 and accept every increment request 
coming from the environment. With such a goal specifica-
tion, a dominant (possibly winning) strategy for the agent is 
to accept all increment requests coming from the environ-
ment. In such counter games, both n and k range from 1 to 
10, hence also generating a total number of 100 instances.

Experimental Setup. All experiments were run on a lap-
top with an operating system 64-bit Ubuntu 22.04, 3.6 GHz 
CPU, and 12 GB of memory. The timeout was set to 1000s.

Empirical Results and Analysis

Comparison of Syft- and BeSyft-implementations. We 
compared the performance of Syft- and BeSyft-implemen-
tations on both random conjunction and counter-game 
benchmarks. Figure 2 shows that, on random conjunction 
benchmarks, Syft-implementations outperform BeSyft-
implementations with less running time. This result fol-
lows because Syft-implementations involve neither solving 

cooperative games nor checking the existence of dominant 
strategies, which are required in BeSyft-implementations. 
In particular, if no winning strategy exists, Syft-implemen-
tations terminate returning no strategy. BeSyft-implemen-
tations, instead, continue with cooperative game solving 
and subsequent steps. Nonetheless, we also observed that 
(i) Syft- and BeSyft-implementations perform very similarly 
in terms of number of solved random conjunction instances, 
and (ii) BeSyft-implementations often show minor overhead 
compared to Syft-implementations, even when no winning 
strategy exists.

On counter-game benchmarks, all Syft- and BeSyft-imple-
mentations manage to solve at most 8-bits counter-game 
instances, both with and without dominant strategies, with 
the number of increment requests k ranging from 1 to 10. As 
a result, Syft- and BeSyft-implementations perform exactly 
the same in terms of the number of solved counter-game 
instances. We show in Fig. 3 the performance comparison of 
BeSyft-implementations in 8-bits counter games. The results 
show that compositional-BeSyft outperforms both direct- and 
compositional-minimal-BeSyft in all 8-bits counter games, 
both with and without dominant strategies, up to gaining 
several orders of magnitude better performance. In Fig. 4, 
we report the performance comparison of compositional-
BeSyft, the best performing best-effort synthesis tool, and 
Syft-implementations on 8-bits counter games. The results 
show that compositional-BeSyft only performs slightly worse 
than compositional-Syft, and, surprisingly, slightly better 
than compositional-minimal-Syft.

Notably, the empirical results in both random conjunc-
tion and counter-game benchmarks show that performing 
best-effort synthesis and checking the existence of dominant 
strategies bring indeed a minor overhead compared to stand-
ard reactive synthesis. In fact, all Syft- and BeSyft-implemen-
tations perform very similarly both in terms of running times 
and number of solved instances.

Relative Time Costs of Major Operations. In order 
to have a deeper understanding of the obtained results, we 
evaluated the relative time costs of each of the major opera-
tions in BeSyft-implementations (mentioned in Sect. Experi-
mental Methodology). In random conjunction benchmarks, 
we observed that transforming ltl f  specification into dfas 
counts, on average, for about ∼ 70 % of the total time cost. 
Differently, solving cooperative games and checking the 
existence of dominant strategies counts for about ∼ 10 % of 
the total time cost. Compared with Syft-implementations, 
BeSyft-implementations require solving cooperative games 
and checking the existence of dominant strategies. As men-
tioned, these operations involve a minor overhead, which 
explains the little performance difference between Syft- and 
BeSyft-implementations on random conjunction benchmarks 
observed in Fig. 2.
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In Fig. 5, we report the relative time costs of the major 
operations performed by BeSyft-implementations in counter-
game instances where no dominant strategy exists. We can 
see that the running time of compositional-BeSyft, the best 
performing best-effort synthesis tool in counter-game bench-
marks, is dominated by transforming ltl f  specifications into 
dfas, counting for about ∼ 80% of the total time cost. Dif-
ferently, solving cooperative games and checking the exist-
ence of dominant strategies count for about ∼ 10% of the 
total time cost of compositional-BeSyft. As discussed above 
for random conjunction benchmarks, this result explains the 
little performance difference between compositional-BeSyft 
and Syft-implementations observed in Fig. 4.

We observe that the total time cost of direct- and 
compositional-minimal-BeSyft is dominated by solving 
games, counting for about ∼ 45% and ∼ 60% of the total 
time cost, respectively. In fact, it should be noted that, 
differently from direct- and compositional-minimal-Syft, 
compositional-BeSyft, being based on Proposition 6, does 
not fully exploit the power of dfa minimization. To see 
this, observe that direct- and compositional-minimal-
BeSyft constructs the game arena by taking the symbolic 
product of the minimized transition systems Ds

E⊃𝜑
 , Ds

¬E
 , 

and Ds
E∧�

 . That is, the resulting game arena is as mini-
mized as possible for the solved games, i.e., Gs

E⊃𝜑
 , Gs

¬E
 , 

and Gs
E∧�

 . Differently, compositional-BeSyft constructs the 
game arena as the symbolic product of the transition sys-
tems Ds

E
 and Ds

�
 . As a result, the constructed game arena 

is not as minimized as possible for the games Gs
E⊃𝜑

 , Gs
¬E

 , 
and Gs

E∧�
 . Nevertheless, it is not the case that automata 

minimization always leads to improvement. Instead, there 
is a tread-off of performing automata minimization. As 
shown in Fig. 3, compositional-BeSyft performs better 
than both direct- and compositional-minimal-BeSyft, 
though the first does not minimize the game arena after 
the symbolic product, and the others minimize the game 
arena as much as possible. This result applies to Syft-
implementations as well, which explains why composi-
tional-Syft performs slightly better than compositional-
minimal-Syft in Fig. 4.

We observe that, in all considered benchmarks, the 
total time cost of BeSyft-implementations is dominated 
by transforming ltl f  specifications into dfas. This results 
confirms that, as for standard reactive synthesis [16], the 
performance bottleneck of best-effort synthesis is trans-
forming ltl f  specifications into dfas. Also, we observe 
that solving the cooperative game takes slightly longer 
than solving the adversarial game. Indeed, this is because 
the fixpoint computation in the cooperative game often 
requires more iterations than that in the adversarial game. 
Finally, we note that checking the existence of dominant 

strategies brings virtually no overhead to the running time 
of all BeSyft-implementations.

Related Works

This work primarily contributes to strategy synthesis con-
sidering ltl f  goals and environment specifications, specifi-
cally addressing winning, dominant, and best-effort strat-
egies. In particular, we leverage symbolic techniques to 
compute solutions for dfa games and check the existence 
of dominant strategies. Furthermore, we employ compo-
sitional techniques to combine solutions from different 
games into the final strategy. In this section, we review 
related works in these areas.

Temporal Logics on Finite Traces. Linear Temporal 
Logic (ltl f  ) and Linear Dynamic Logic (ldl f  ) on finite 
traces, an extension of ltl f  that captures regular expres-
sions, have been introduced by De Giacomo and Vardi [6]. 
Both logics are extensively used in both Artificial Intel-
ligence and Computer Science, in particular, ltl f  . For 
instance, they are used in planning in fully observable 
nondeterministic (FOND) domains with temporal specifi-
cations [35, 36], to express trajectory constrains in PDDL 
3.0 [35, 37], in the theory of Markov Decision Processes 
with non-Markovian rewards [38–41] with applications 
in Reinforcement Learning [42–44], in Business Process 
Management [45, 46], and many others.

ltl f  and ldl f  are finite trace variants of Linear Temporal 
Logic (ltl) and Linear Dynamic Logic (ldl), which have 
been introduced in [7] and [47], respectively. Recently, Pure-
past versions of ltl f  and ldl f  , namely pltl f  and pldl f   [48], 
respectively, have attracted extensive research interests due 
to their exponential computational advantage in transform-
ing to dfas compared to ltl f  and ldl f  , and are extensively 
used, e.g., in planning for temporally extended goals [49, 
50].

ltl f  Reactive Synthesis. De Giacomo and Vardi intro-
duced ltl f  reactive synthesis in [10], which was proven to 
be 2exptime-complete. They provided an optimal (wrt com-
putational complexity) game-theoretic approach to it. ltl f  
environment specifications have been later used to express 
formal knowledge about how the external environment 
works and have been investigated in several works, such 
as, e.g., [4, 22]. These works show that considering ltl f  
environment specifications enables capturing safety environ-
ment specifications [21, 51], which notably includes FOND 
domains used in planning [3, 36]. Building on these works, 
many variants of ltl f  reactive synthesis have also been 
developed to consider environment specifications expressed 
in combinations of liveness and safety properties [52], as 
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ltl specifications [33], or as combinations of ltl f  and ltl 
specifications [32].

Symbolic and Compositional Techniques to ltl f  Reac-
tive Synthesis. Symbolic techniques for ltl f  reactive syn-
thesis have been introduced by Zhu et al. in [16], which 
shows that converting ltl f  specifications into dfas is the 
bottleneck of ltl f  synthesis and that symbolic techniques 
provide promising performance. Currently, symbolic tech-
niques are integrated into all state-of-the-art tools for reac-
tive synthesis with ltl f  specifications.

Compositional techniques aiming to further tackle the 
double-exponential blowup resulting from ltl f -to-dfa con-
version have been investigated in [17, 18]. Intuitively, these 
techniques transform small components of the input ltl f  
specifications into dfas, and combine the obtained dfas 
utilzing common dfa manipulations, such as, e.g., negation, 
intersection, (explicit and symbolic) product, and minimiza-
tion. Along these lines, compositional techniques have also 
been developed for ltl f  reactive synthesis  [53–55] and ltl f  
reactive synthesis under environment specifications [32, 56].

Best-Effort and Dominant Strategies. Best-effort and 
dominant strategies are maximal and maximum, respec-
tively, in the dominance order. The notion of dominance 
originates from game theory, where it is also called admis-
sibility [26]. In the context of synthesis for ltl f  goals under 
environment specifications, Aminof et al. introduced best-
effort strategies as solutions to the problem of synthesiz-
ing a strategy that wins against all expected environment 
strategies, and that, simultaneously, handles exceptional 
environment strategies resulting from, e.g., deteriorated 
working conditions due to mechanical failures, so that two 
environment models are considered [11]. Lately, Aminof 
et al. investigated best-effort synthesis for ltl f  goals under 
environment specifications in the case of a single environ-
ment model. They presented an optimal (wrt computational 
complexity) game-theoretic approach to it  [12]. Finally, 
dominant strategies for ltl f  goals and environment speci-
fications have been investigated by Aminof et al. in [14]. 
Specifically, they studied the relation between winning, 

Fig. 5   Top left and right, relative time cost of each of the major oper-
ations performed by direct-BeSyft, compositional-minimal-BeSyft, 
respectively; bottom, the relative time cost of each of the major oper-

ations performed by compositional-BeSyft. We denote by ND-k 8-bits 
counter game instances where no dominant strategy exists, where 
k ∈ {1,⋯ , 10} is the number of increment requests
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dominant, and best-effort strategies, provided necessary and 
sufficient conditions for the existence of dominant strategies, 
and presented a unified approach for synthesizing strategies 
and deciding whether they are winning, dominant, or best-
effort. We reported their technique as Algorithm 0 in Sec-
tion Basic Synthesis Algorithm.

More generally, dominance has been investigated in 
games on graphs. Iterated avoidance of dominated strate-
gies has been investigated in [57] and admissibility has been 
advocated as a suitable solution concept in environments 
that may not be adversarial [58]. Different variations of 
the concept of synthesizing dominant strategies have been 
explored in the context of good-enough synthesis for the 
multi-valued setting and ltl f  goals in  [59, 60], respectively.

Relationship with Planning in Nondeterministic 
Domains. Synthesis for ltl f  goals and environment specifi-
cations can be seen as a general form of planning in FOND 
domains [4, 61]. In this context, De Giacomo and Rubin [62] 
investigated the synthesis of strong and strong-cyclic plans 
for ltl f  goals in FOND domains. In our terminology, strong 
plans are winning strategies under the environment specifica-
tion of the planning domain, and strong-cyclic plans are win-
ning strategies under both the environment specification of the 
planning domain and the fairness assumption on the effects of 
agent actions. Fairness assumes that if an agent performs the 
same action in the same state infinitely often, then all possible 
nondeterministic effects of such action in that state will even-
tually manifest. As a result, an agent using a strong-cyclic plan 
considers the environment as not strictly adversarial when 
choosing the nondeterministic effects of agent actions, i.e., 
environment responses might help the agent to achieve its 
goal. Strong and strong-cyclic plans have been introduced 
in [1, 2] and since then have been considered standard solu-
tion concepts in the literature on planning in nondeterministic 
planning domains. Building on [62] and [12], De Giacomo 
et al. [23] investigated best-effort plans, i.e., best-effort strat-
egies in nondeterministic planning domain. As strong-cyclic 
plans, best-effort plans consider that environment responses 
might help the agent to achieve its goal. Unlike strong-cyclic 
plans, however, best-effort plans consider that the environ-
ment can help the agent even when fairness on the effects of 
agent actions can not be assumed, which has been motivated 
in many works [63, 64]. The relationship between strong-
cyclic and best-effort strategies is not trivial and has been 
investigated separately in [65].

Conclusion

While many works in the literature often focus on the syn-
thesis of winning strategies [10, 16], it is not guaranteed that 
such a strategy exists. In such cases, the agent could adopt a 

dominant or best-effort strategy, ensuring goal satisfaction 
against a maximum or a maximal set of environment strate-
gies, respectively [11, 12, 14].

In this paper, we proposed unified symbolic techniques to 
the synthesis of winning, dominant and best-effort strategies 
for ltl f  goals and environment specifications, leveraging 
the synthesis approach in [14] and the symbolic framework 
in [16]. Our techniques construct and manipulate Boolean 
formulas corresponding to properties of interest in several 
dfa games obtained from the agent goal and the environ-
ment specification. An empirical analysis shows that our 
techniques bring indeed a minor overhead to standard reac-
tive synthesis. This interesting result shows the suitability of 
our unified synthesis approaches as an alternative to standard 
synthesis techniques, which only compute a winning strat-
egy if one exists. Given this nice computational result, an 
interesting future direction is exploring ltl f  best-effort syn-
thesis with multiple specifications [11, 13, 22]. However, the 
details of such extensions are left for future work.
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