Gentzen Type Sequent Calculus for Propositional Dynamic Logic.

Igor Rents Institute of Computational Technologies Russian Academy of Sciences acad. Lavrentjev ave. 6, 630090 Novosibirsk, Russia Phone: +7-3832-333521 Fax: +7-3832-351242 email: ir@net.ict.nsk.su

ABSTRACT: In the first part of the paper we propose a Gentzen-type cut-free sequent calculus G_0(P DL) for PDL and prove that it is sound and incomplete. Adding to the sequent calculus cut rule we obtain sequent calculus G_0(P DL) + cut that is sound and incomplete. But in this calculus all the formulae, which are provable without the induction axiom in Hilbert-style axiomatization of P DL, are provable in G_0(P DL) + cut. In the second part we propose a Gentzen-type cut-free sequent calculus G_1(P DL) for extended P DL and prove that it is sound for P DL formulae. The completeness of the calculus is still an open question. This calculus deals with a so-called extended PDL and i-sequents. Then we add to the calculus G_1(P DL) cut rule and obtain sequent calculus G_1(P DL)+cut that is sound and complete for P DL formulae. At the end we consider the calculus G_2(P DL) that is sound and complete for PDL and can serve as a basis in construction of an automated theorem prover for PDL.

1 Introduction

Propositional Dynamic Logic (PDL) [2] [4] is a polymodal program logic with program constructs for sequential composition ;, non-deterministic choice ∪, non-deterministic iteration ⋆ and test ?. The syntax of PDL is constructed from a countable alphabet of (program) symbols and a countable alphabet of (propositional) variables. The syntax consists of programs (structured program schemata) and (logical) formulae which are defined by mutual induction as usual [4]. The semantics of PDL is defined in Kripke structures M =< D, I > where program symbols are interpreted as binary relations over a domain D and propositional variables - as unary predicates on D in the usual manner [4]. We suppose that basic propositional operations in all variants of PDL are negation ¬, conjunction ∧ and disjunction ∨. The implication → and equivalence ↔ are usual abbreviations only.

For PDL some proof formalization methods such as tableux proof method and Hilberttype axiomatizations are known [3] [4]. Gentzen type sequent calculus with cut for PDL without iteration has been developed in [6]. Gentzen type cut-free sequent calculus for PDL without iteration has been developed in [1] quite recently. In the first part of the paper we propose a Gentzen-type cut-free sequent calculus G_0(P DL) for PDL and prove that it is sound and incomplete. Adding to the sequent calculus cut rule we obtain sequent calculus G_0(P DL)+cut that is sound and incomplete. But in this calculus all the formulae, which are provable without the induction axiom in Hilbert-style axiomatization of P DL, are provable in G_0(P DL)+ cut. In the second part of the paper we propose a Gentzen-type cut-free sequent calculus G_1(P DL) for extended P DL and prove that it is sound for P DL formulae. The completeness of the calculus is still an open question. This calculus deals with a so-called extended PDL and i-sequents. The extended PDL has one additional program construct for v-times iteration, where v is a natural value variable. An i-sequent is a sequent with induction assumptions. Then we add to the calculus G_1(P DL) cut rule and obtain sequent calculus G_1(P DL) + cut that is sound and complete for P DL formulae.

2 Syntax and Semantics of P DL

In the section we propose an equivalent definition of the semantics of P DL. Let we have two disjoint sets of symbols: Φ_0, the set of propositional variables, and P_0, the set of atomic programs. We constuct inductively the set Φ of compound formulae and the set P of compound programs as follows:

• Φ_0 ⊂ Φ; P_0 ⊂ P ; • if ϕ, ψ ∈ Φ then (ϕ ∧ ψ), ¬ϕ ∈ Φ; • if ϕ ∈ Φ, {p.q} ⊂ P then (p; q), (p ∪ q), ϕ?, p⋆ ∈ P • if ϕ ∈ Φ, p ∈ P then < p > ϕ, [p]ϕ ∈ Φ We abbreviate [p]ϕ ⇀↽ ¬ < p > ¬ϕ, (ϕ ∨ ψ) ⇀↽ ¬(¬ϕ ∧ ¬ψ), (ϕ → ψ) ⇀↽ (¬ϕ ∨ ψ). The semantics of P DL is defined relative to a given Kripke-structure M =< W, ρ, π >, where W is a set of worlds, ρ : Φ_0 → 2^W and π : P_0 → 2^W �^W are interpretations of propositional formulae and atomic programs, respectively. We define the truth relation |=⊂ W × Φ between worlds and formulae of PDL as follows:

• If ϕ ∈ Φ_0 then w |= ϕ ⇀↽ w ∈ ρ(ϕ); • w |= ϕ ∧ ψ ⇀↽ w |= ϕ and w |= ψ; • w |=< p; q > ϕ ⇀↽ w |=< p >< q > ϕ; • w |=< p ∪ q > ϕ ⇀↽ w |=< p > ϕ and w |=< q > ϕ; • w |=< p⋆ > ϕ ⇀↽ there is some n ∈ N such that w |=< p^n > ϕ; • w |=< ϕ? > ψ ⇀↽ w |= ϕ and w |= ψ; • If p ∈ P_0 then w |=< p > ϕ ⇀↽ there is some v ∈ W such that(w, v) ∈ π(p) and v |= ϕ.

3 Gentzen-type Sequent Calculus for PDL G_0(P DL)

In this section we propose a naive Gentzen-type sequent calculus G_0(P DL) for PDL and prove that it is sound and, unfortunately, incomplete.

A sequent is an ordered pair Γ ⊢ Δ where Γ = {A_1, . . ., A_n}, Δ = {B_1, . . ., B_m} are finite sets of formulae. Let M =< D, I > be a Kripke structure. The sequent Γ ⊢ Δ is said to be valid in a state s ∈ D (written s |= ( Γ ⊢ Δ )) iff (for all A ∈ Γ )(s |= A) =⇒

(there is some B ∈ Δ) ( s |= B). Thus the meaning of a sequent Γ ⊢ Δ is equivalent to the meaning of the formula A_1 ∧ . . . ∧ A_n → B_1 ∨ . . . ∨ B_m.

A sequent Γ ⊢ Δ is said to be valid (written |= ( Γ ⊢ Δ ) or Γ |= Δ) if it is valid in all Kripke structures in all states. Let us remark that a formula A is valid iff the sequent ∅ ⊢ A is valid.

Gentzen type sequent calculus G_0(P DL) for PDL is a set of axioms and a set of rules. A sequent Θ is said to be provable (written ⊢_{G(P DL)} Θ) if there is a proof of the sequent. Below we will use the following notation: Γ^{[α]} = {A|[α]A ∈ Γ}, Γ^{<α>} = {A| < α > A ∈ Γ}, < α > Γ = {< α > A| < α > A ∈ Γ}, [α]Γ = {[α]A|[α]A ∈ Γ}, Γ_0 = the subset of all propositional formulae of Γ, where Γ is a set of formulae and α is a program.

Gentzen-type sequent calculus G_0(P DL) Axioms: Γ, A ⊢ Δ, A , where Γ, Δ are sets of formula, A is a formula. Inference rules: Γ, A, B ⊢ Δ Γ, A ∧ B ⊢ Δ (∧ ⊢) Γ ⊢ Δ, A Γ ⊢ Δ, B Γ ⊢ Δ, A ∧ B (⊢ ∧) Γ ⊢ A, Δ Γ, ¬A ⊢ Δ (¬ ⊢) Γ, A ⊢ Δ Γ ⊢ ¬A, Δ (⊢ ¬) Γ, A ⊢ Δ Γ, B ⊢ Δ Γ, A ∨ B ⊢ Δ (∨ ⊢) Γ ⊢ Δ, A, B Γ ⊢ Δ, A ∨ B (⊢ ∨) Γ, A ⊢ Δ Γ ⊢ Δ, B Γ, A → B ⊢ Δ (→⊢) Γ, A ⊢ Δ, B Γ ⊢ Δ, A → B (⊢→) Γ ⊢ Δ, < α >< α⋆ > A, A Γ ⊢ Δ, < α⋆ > A (⊢< ⋆ >) Γ, [α][α⋆]A, A ⊢ Δ Γ, [α⋆]A ⊢ Δ ([⋆] ⊢) Γ, A, B ⊢ Δ Γ, < A? > B ⊢ Δ (<? >⊢) Γ ⊢ Δ, A Γ ⊢ Δ, B Γ ⊢ Δ, < A? > B (⊢<? >) Γ ⊢ Δ, < α > A, < β > A Γ ⊢ Δ, < α ∪ β > A (⊢< ∪ >) Γ, [α]A, [β]A ⊢ Δ Γ, [α ∪ β]A ⊢ Δ ([∪] ⊢) Γ, < α >< β > A ⊢ Δ Γ, < α; β > A ⊢ Δ (<; >⊢) Γ ⊢ Δ, < α >< β > A Γ ⊢ Δ, < α; β > A (⊢<; >) Γ, [α][β]A ⊢ Δ Γ, [α; β]A ⊢ Δ ([; ] ⊢) Γ ⊢ Δ, [α][β]A Γ ⊢ Δ, [α; β]A (⊢ [; ]) Γ, A ⊢ Δ Γ ⊢ Δ, B Γ, [B?]A ⊢ Δ ([?] ⊢) Γ, A ⊢ Δ, B Γ ⊢ Δ, [A?]B (⊢ [?]) Γ^{[α]}, A ⊢ Δ^{<α>} Γ, < α > A ⊢ Δ (<>⊢) Γ^{[α]} ⊢ Δ^{<α>}, A Γ ⊢ Δ, [α]A (⊢ [ ])

Γ, A ⊢ Δ Γ, < α >< α⋆ > A ⊢ Δ Γ, < α⋆ > A ⊢ Δ ([⋆] ⊢) Γ ⊢ Δ, A Γ ⊢ Δ, [α][α⋆]A Γ ⊢ Δ, [α⋆]A (⊢)[⋆] Γ, < α > A ⊢ Δ Γ, < β > A ⊢ Δ Γ, < α ∪ β > A ⊢ Δ ([⋆] ⊢) Γ ⊢ Δ, [α]A Γ ⊢ Δ, [β]A Γ ⊢ Δ, [α ∪ β]A ([⋆] ⊢)

where Γ, Δ are sets of formulae, α, β are programs, A, B are formulae.

Lemma 1.

1. The induction axiom < α⋆ > A → A∨ < α⋆ > (¬A∧ < α > A) can not be proved in G_0(P DL).

2. All the axioms (except the induction axiom) of the axiomatization for PDL proposed by Segerberg (see [4]) are provable in G_0(P DL).

Theorem 1 [Soundness and incompleteness theorem for G_0(P DL)]. 1. The sequent calculus G_0(P DL) is sound, i.e. all provable sequents are valid. 2. The sequent calculus G_0(P DL) is incomplete, i.e. there is a valid sequent that is not provable in G_0(P DL).

Proof. 1. Axioms are valid sequents. For all inference rules if all premises of the rule are valid sequents then the conclussion sequent of the rule is valid. From it follows soundness of G_0(P DL) 2. It follows from lemma 1. 2

Let us add to the sequent calculus cut rule Γ ⊢ Δ, A Γ, A ⊢ Δ Γ ⊢ Δ (cut) and denote the extended calculus as G_0(P DL) + cut.

Theorem 2 [Soundness and incompleteness theorem for G_0(P DL) + cut]. 1. The sequent calculus G_0(P DL) + cut is sound. 2. The sequent calculus G_0(P DL) is incomplete.

3. All the formulae of PDL that can be proved in Hilbert-style axiomatization of P DL without using the induction axiom are provable in G_0(P DL) + cut.

4 Gentzen-type I-sequent Calculus for PDL G_1(P DL)

Let us extend the syntax of PDL with a countable alphabet of natural value variables and the set of PDL programs by means of a new program construct: for any natural value variable v and any program α let α^v be a program too. We obtain the so-called extended PDL (written EPDL).

The semantics of EP DL is defined in a Kripke-structure M =< W, ρ, π, E >, where W is a set of worlds, ρ : Φ_0 → 2^W and π : P_0 → 2^W �^W are interpretations of propositional formulae and atomic programs, respectively, E : V ar → ℵ is an evaluation of natural value variables. We interpret a formula < α^v > ϕ by < α^{E(v)} > ϕ. In the extended PDL we will consider the formulae without double instances of any natural value variable.

A sequent is an ordered pair Γ ⊢ Δ where Γ, Δ are finite sets of formulae. If S is a finite set of sequents then we will denote by V ar(S) a set of all natural value variables from S and for any evaluation E : V ar(S) → Nat we will denote by E(S) the substitution of the values of the variables into S.

The sequent with induction assumptions (in short i-sequent) is an ordered pair Σ‖ Π , where Π is a sequent and Σ is a finite set of sequents (the induction assumptions of the sequent Π).

Let M =< W, ρ, π, E > be a Kripke structure. The sequent Γ ⊢ Δ is said to be valid in a state s ∈ W (written s |= ( Γ ⊢ Δ )) iff (for all A ∈ Γ ) (s |= A) implies (there is some B ∈ Δ) ( s |= B). A sequent Γ ⊢ Δ is said to be valid (written |= ( Γ ⊢ Δ )) if it is valid in all Kripke structures in all states.

An i-sequent Σ‖ Γ ⊢ Δ is said to be valid in a Kripke structure M =< W, ρ, π, E > iff for the evaluation E : V ar → Nat, where V ar = {v_1, . . ., v_n} = V ar( Σ‖ Γ ⊢ Δ ), the following holds:

(∀i_1 ≤ E(v_1)) . . .(∀i_n ≤ E(v_n)) for all ( Γ0 ⊢ Δ0 ) ∈ Σ (|= ( Γ0 ⊢ Δ0 )[v_1/i_1, . . ., v_n/i_n]) implies |= E( Γ ⊢ Δ ). Two i-sequents are said to be equivalent iff they are the same up to renaming of natural value variables.

A i-sequent Σ‖ Γ ⊢ Δ is said to be valid (written |= Σ‖ Γ ⊢ Δ ) if it is valid in all Kripke structures.

Lemma 2.

The following are equivalent: 1) |= < α⋆ > ϕ, Γ ⊢ Δ 2) for all v ∈ ℵ |= < α^v > ϕ, Γ ⊢ Δ 3) |= ϕ, Γ ⊢ Δ and for all v ∈ aleph |= < α >< α^v > ϕ, Γ ⊢ Δ 4) |= ∅‖ ϕ, Γ ⊢ Δ and |= { < α^v > ϕ, Γ ⊢ Δ }‖ < α >< α^v > ϕ, Γ ⊢ Δ Let us remark that a formula A is valid iff the sequent ∅ ⊢ A is valid and a sequent Γ ⊢ Δ is valid iff the i-sequent ∅‖ Γ ⊢ Δ is valid.

Gentzen type i-sequent calculus G_1(P DL) for the extended PDL is a set of axioms and a set of rules. An i-sequent Θ is said to be provable (written ⊢_{G(P DL)} Θ) if there is a proof of the i-sequent. Below we will use the following notation: Γ^{[α]} = {A|[α]A ∈ Γ}, Γ^{<α>} = {A| < α > A ∈ Γ}, < α > Γ = {< α > A| < α > A ∈ Γ}, [α]Γ = {[α]A|[α]A ∈ Γ}, Γ_0 = the subset of all propositional formulae of Γ, where Γ is a set of formulae and α is a program. For Gentzen-type cut-free axiomatization G(PDL) of the extended PDL see below. The rules of this system fall into three parts: modal rules ((<>⊢), (⊢ [ ])), induction rules ((< ∗ >⊢), (⊢ [∗])) and all the other rules are simplifying ones.

Theorem 2.

Gentzen-type i-sequent calculus G_1(P DL) is sound, i.e all provable i-sequents are valid. Proof. All the axioms are valid i-sequents and for each inference rule if all premises of the rule are valid i-sequents then the conclusion is a valid i-sequent.2

Corollary 1.

1. For any PDL sequent Γ ⊢ Δ the following holds: ⊢_{G(P DL)} ∅‖ Γ ⊢ Δ implies |= Γ ⊢ Δ .

2. For any PDL formula A the following holds: ⊢_{G(P DL)} ∅‖ ∅ ⊢ A implies |= A.

Let us extend G_1(P DL) with the cut rule Σ‖ Γ, A ⊢ Δ Σ‖ Γ ⊢ Δ, A Σ‖ Γ ⊢ Δ (cut) and denote the extended calculus as G_1(P DL) + cut.

Theorem 4 [Soundness and completeness theorem].

1. Gentzen-type i-sequent calculus G_1(P DL) + cut is sound, i.e all provable i-sequents are valid.

2. Gentzen-type i-sequent calculus G_1(P DL) + cut is complete, i.e all valid i-sequents are provable. Proof.

1. The proof is tedious and ommited.

2. We show by induction on the length of the proof that all the formulae which are provable in Hilbert-style axiomatization H(P DL) for P DL are provable in G_1(P DL) + cut too. Let A be a formula of H(P DL) and A_1, . . ., A_n be a sequence of formulae such that A_n = A, and for each other formula from the sequence we have either A_i is an axiom or it can be proved from the formulae A_j and A_k (where j < i, k < i) by using modus ponens or modal generalization rules.

All the axioms (including the induction axiom) which are provable in H(P DL) are provable in G_1(P DL) + cut. Therefore, if A_i is an axiom then ⊢_{G1(P DL)+cut} A Let A_i be a formula that proved in H(P DL) by using modus ponens rule from A_j and A_k = A_j → A_i where j < i, k < i. Then by induction hypothesis we have that A_j and A_k are provable in G_1(P DL) + cut, i.e. ⊢_{G1(P DL)+cut} A_j and ⊢_{G1(P DL)+cut} A_j → A_i. From it foolows that A_j ⊢_{G1(P DL)+cut} A_i and hence by using cut rule we have ⊢_{G1(P DL)+cut} A_i. Let A_i = [α]A_j (where j < i) be a formula proved by using modal generalization rule in H(P DL) from the formula A_j. Then by the induction hypothesis we have that ⊢_{G1(P DL)+cut} A_j and using modal rule (⊢ [ ]) of G_1(P DL) we obtain ⊢_{G1(P DL)+cut} [α]A_j.2

Let us extend G_1(P DL) with the rule: Σ‖ Γ, A ⊢ Δ Σ‖ Γ, < α >< α^v > A ⊢ Δ Σ‖ Γ, < α^v > A ⊢ Δ (< v >⊢) and denote the extended calculus as G_2(P DL).

Theorem 4 [Soundness and completeness theorem].

1. Gentzen-type i-sequent calculus G_2(P DL) is sound and complete, i.e. the sets of valid i-sequents and provable i-sequents coincide Proof.

1. The proof is tedious and ommited.2

Gentzen-type i-sequent calculus G_1(P DL)

Axioms are i-sequents of two types: (Usual) Σ‖ Γ, A ⊢ Δ, A (Induction) Σ ∪ { Γ0 ⊢ Δ0 }‖ Γ ⊢ Δ if Γ0 ⊆ Γ, Δ0 ⊆ Δ where Γ, Δ are sets of formula, Σ is a set of sequents, A is a formula.

Inference rules: Σ‖ Γ, A, B ⊢ Δ Σ‖ Γ, A ∧ B ⊢ Δ (∧ ⊢) Σ‖ Γ ⊢ Δ, A Σ‖ Γ ⊢ Δ, B Σ‖ Γ ⊢ Δ, A ∧ B (⊢ ∧) Σ‖ Γ ⊢ A, Δ Σ‖ Γ, ¬A ⊢ Δ (¬ ⊢) Σ‖ Γ, A ⊢ Δ Σ‖ Γ ⊢ ¬A, Δ (⊢ ¬) Σ‖ Γ, A ⊢ Δ Σ‖ Γ, B ⊢ Δ Σ‖ Γ, A ∨ B ⊢ Δ (∨ ⊢) Σ‖ Γ ⊢ Δ, A, B Σ‖ Γ ⊢ Δ, A ∨ B (⊢ ∨) Σ‖ Γ, A ⊢ Δ Σ‖ Γ ⊢ Δ, B Σ‖ Γ, A → B ⊢ Δ (→⊢) Σ‖ Γ, A ⊢ Δ, B Σ‖ Γ ⊢ Δ, A → B (⊢→) Σ‖ Γ ⊢ Δ, < α >< α⋆ > A, A Σ‖ Γ ⊢ Δ, < α⋆ > A (⊢< ⋆ >) Σ‖ Γ, [α][α⋆]A, A ⊢ Δ Σ‖ Γ, [α⋆]A ⊢ Δ ([⋆] ⊢) Σ‖ Γ, A, B ⊢ Δ Σ‖ Γ, < A? > B ⊢ Δ (<? >⊢) Σ‖ Γ ⊢ Δ, A Σ‖ Γ ⊢ Δ, B Σ‖ Γ ⊢ Δ, < A? > B (⊢<? >) Σ‖ Γ ⊢ Δ, < α > A, < β > A Σ‖ Γ ⊢ Δ, < α ∪ β > A (⊢< ∪ >) Σ‖ Γ, [α]A, [β]A ⊢ Δ Σ‖ Γ, [α ∪ β]A ⊢ Δ ([∪] ⊢) Σ‖ Γ, < α >< β > A ⊢ Δ Σ‖ Γ, < α; β > A ⊢ Δ (<; >⊢) Σ‖ Γ ⊢ Δ, < α >< β > A Σ‖ Γ ⊢ Δ, < α; β > A (⊢<; >) Σ‖ Γ, [α][β]A ⊢ Δ Σ‖ Γ, [α; β]A ⊢ Δ ([; ] ⊢) Σ‖ Γ ⊢ Δ, [α][β]A Σ‖ Γ ⊢ Δ, [α; β]A (⊢ [; ]) Σ‖ Γ, A ⊢ Δ Σ‖ Γ ⊢ Δ, B Σ‖ Γ, [B?]A ⊢ Δ ([?] ⊢) Σ‖ Γ, A ⊢ Δ, B Σ‖ Γ ⊢ Δ, [A?]B (⊢ [?]) Σ‖ Γ^{[α]}, A ⊢ Δ^{<α>} Σ‖ Γ, < α > A ⊢ Δ (<>⊢) Σ‖ Γ^{[α]} ⊢ Δ^{<α>}, A Σ‖ Γ ⊢ Δ, [α]A (⊢ [ ]) Σ‖ Γ, A ⊢ Δ Σ ∪ { Γ, < α^v > A ⊢ Δ }‖ Γ, < α >< α^v > A ⊢ Δ Σ‖ Γ, < α⋆ > A ⊢ Δ (< ⋆ >⊢) Σ‖ Γ ⊢ Δ, A Σ ∪ { Γ ⊢ Δ, [α^v]A }‖ Γ ⊢ Δ, [α][α^v]A Σ‖ Γ ⊢ Δ, [α⋆]A (⊢ [⋆]) Σ‖ Γ, < α > A ⊢ Δ Σ‖ Γ, < β > A ⊢ Δ Σ‖ Γ, < α ∪ β > A ⊢ Δ (< ∪ >⊢) Σ‖ Γ ⊢ Δ, [α]A Σ‖ Γ ⊢ Δ, [β]A Σ‖ Γ ⊢ Δ, [α ∪ β]A (⊢ [∪])

where Γ, Δ are sets of formulae, Σ is a set of sequents, α, β are programs, A, B are formulae, v is a new natural value variable.

5 Conclussion

In the paper we proposed some Gentzen-type sequent calculi for PDL. There are still some open questions:

1. Is the i-sequent calculus G_1(P DL) complete? 2. Can the cut rule of G_1(P DL) + cut be eliminated?

3. Is there some other way of extending of G_0(P DL) to obtain complete calculus? These questions are good start points for future research.

References

[1] Bull R.A.: Cut elimination for propositional dynamic logic without *. Zeitschrift fuer Mathematische Logik und Grundlagen der Mathematik, 38, (1992), 85–100.

[2] Fisher M.J., Ladner R.E. : Propositional dynamic logic of regular programs. J. Comput. System Sci., 18, n.2., (1979), 194–211.

[3] Giuseppe De Giacomo, Fabio Massacci: Tableaux and Algorithms for Propositional Dynamic Logic with Converse. 13th Int. Conf. on Automated Deduction, CADE–13, LNAI, 1104, (1996), 613–627.

[4] Harel D.: Dynamic Logic. in Handbook of Philosophical Logic, 2, Reidel, (1984).

[5] Knijnenburg P.M.W., J. van Leeuwen: On models for propositional dynamic logic. in Theor. Comp. Sci. , Elsevier, 1991, 181–203.

[6] Pliuskeviciene A.U.: Index Technique for Propositional Dynamic logic. (Russian) 10-th USSR Conf. on Math. Log., Alma-Ata, 1990, 130.

[7] Pliuskeviciene A.: Sequential calculus for proving the properties of regular programs.

Int. Symp. on Log. Found. of Comp. Sci. LFCS’92, LNCS, 620, (1992), 370–381.

[8] Rents I. V.: Maslov’s Inverse Method for PDL (in Russian), Fourth Russian Conference on Applied Logics, Irkutsk, Russia, 1995, pp. 66–67.

[9] Rents I. V., Shilov N. V.: Some Results on Propositional Dynamic Logic with Fixed Points. 4th Int. Symp. on Log. Found. of Comp. Sci. LFCS’97, LNCS, 1234, (1997), 323–332.