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Three-Dimensional Space

To locate a point in space, three numbers are required. We
can represent any point in space by an ordered triple
(a, b, c¢) of real numbers.

In order to do so we first choose a fixed point O (the origin)
and three directed lines through O that are perpendicular

to each other, called the coordinate axes and labeled the

x-axis, y-axis, and z-axis.

Usually we think of the x- and

y-axes as being horizontal and

the z-axis as being vertical, and /““QR

we draw the orientation of the axes v

Coordinate axes



Three-Dimensional Space

The three coordinate axes determine also the three
coordinate planes

The xy-plane is the plane that contains the x- and y-axes;
the yz-plane contains the y- and z-axes; the xz-plane
contains the x- and z-axes.

plﬁﬂe YZ-plane
;\_';Zf
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(a) Coordinate planes



Three-Dimensional Space

These three coordinate planes divide space into eight

parts, called octants. The first octant, in the foreground, is
determined by the positive axes.

A

Example: a room with
coordinate axes 0 Tight wa)

/;LLLL Ly

Now take a point P in the space, let:
be the (directed) distance from the yz-plane to P,
the distance from xz-plane to P,
the distance from the xy-plane to P



Three-Dimensional Space

We represent the point P by the (a, b, c) of
real numbers and we call a, b, ¢ the coordinates of P

IS the x-coordinate,

Is the y-coordinate,

IS the z-coordinate.

Thus, to locate the point (a, b, ¢),
we can start at the origin O and

move a units along the x-axis, then o c
b units parallel to the y-axis, and |
then c units parallel to the z-axis - ;

¢ Pa,b,c)




Three-Dimensional Space

ZA

The point P(a, b, c) determines 0.0.0

a rectangular box R(0, b, 0)
If we drop a perpendicular from P 5.9 L Pabo

to the xy-plane, we get a point Q

with coordinates (a, b, 0) called 0 |
the projection of P onto 00 ooy
the xy-plane. . o ’

Similarly, R(O, b, ¢) and S(a, O, ¢) are the projections of P
onto the yz-plane and xz-plane, respectively.



Three-Dimensional Space

We plot for example the points (-4, 3, —5) and (3, -2, —6)
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Three-Dimensional Space

The Cartesian product R X R X R ={(x, y,2) | x,y,z € R} is
the set of all ordered triples of real numbers and is denoted
by R°.

We have a one-to-one correspondence between points P Iin
space and ordered triples (a, b, ¢) in R”.

This set is called space of real numbers of dimension 3.
Such a system of identifying points is called a three-
dimensional rectangular coordinate system. Notice that,
in terms of coordinates, the first octant can be described as
the set of points whose coordinates are all positive.



Distance between 2 points

The familiar formula for the distance between two points in
a plane is easily extended to the following
three-dimensional formula.

Distance Formula in Three Dimensions The distance | P, P, | between the
points P]()C], Vi, Z]) and Pz()(z, Vo, Zz) 18

|P1P2| =\/(X2 —x)? + ()72 —y1)2 + (22 — 21)?




Example

The distance from the point P(2, -1, 7) to the point
Q(1,-3,5)is

POl =1 =22+ (=3 + 1)+ (5—17)7

=J1+4+4

=3



Example of distance

Equation of a Sphere An equation of a sphere with center C(h, k, [) and
radius r 1s

x—h*+(—k*+E—-1)>=r
In particular, if the center is the origin O, then an equation of the sphere 1s

Xty =




Higher-Dimensional Space

Just as we extended two-dimensional space to
three-dimensional space, we can go further and generalize
to space.

Although we cannot visualize such spaces, we can still
work with them mathematically.

This is extremely important in the life sciences because the
systems and objects that we seek to describe
mathematically are often characterized by several
dimensions.



Higher-Dimensional Space

The Cartesian product R Xx R X - - - X R, where the
product involves n copies of R, is denoted R"” and is
defined as R" = {(x1, x2, ..., x,) |x1,x2 ..., x, € R}

This is the set of all ordered n-tuples of real numbers.

Distance Formula in n Dimensions The distance | P, P, | between the
points Pi(ay, . . ., a,) and P>(by, ..., b,) is

|P1P2| :\/(bl — Cl])2 + e T+ (bn — Cln)2




Vectors

The term vector is used by scientists to indicate a quantity
(such as displacement or velocity or force) that has both
magnitude and direction.

A vector is often represented by an arrow or a directed line
segment. The length of the arrow represents the magnitude
of the vector and the arrow points in the direction of the
vector.

We sometimes denote a vector with a lowercase boldface
letter (v) or with an arrow above a letter (v).



Vectors

For instance, suppose a particle moves along a line from point
A to point B. The corresponding displacement vector v has
initial point A (the tail) and terminal point B (the tip) and we

. —>
write v = AB. D

Notice that the vector u has the same length and the same
direction as v even though it is in a different position.

We say that u and v are equivalent and we write u = v.
The zero vector, denoted by 0, has length 0. It is the only
vector with no specific direction.



Combining Vectors

Suppose ipaﬁicle moves from A to B, so its displacement
vector is AB. Then the particle changes directiog and
moves from B to C, with displacement vector BC

C

A

The combined effect of these displacements is that the
particle has moved from A to C. The resulting displacement
vector AC is called the sum of AB and BC and we write

AC = AB + BC



Combining Vectors

Definition of Vector Addition If u and v are vectors positioned so the initial
point of v is at the terminal point of u, then the sum u + v is the vector from the
initial point of u to the terminal point of v.

The definition of vector addition is illustrated here.

ut+v

u

The Triangle Law

This definition is sometimes called the Triangle Law.



Combining Vectors

we can start with the same vectors u and v and draw
another copy of v with the same initial point as u.

The Parallelogram Law

Completing the parallelogram, we see that u+v =v + u.
This also gives another way to construct the sum: If we
place u and v so they start at the same point, then u + v
lies along the diagonal of the parallelogram with u and v as
sides. This is called the Parallelogram Law.



Combining Vectors

It is possible to multiply a vector by a real number c. (In this
context we call the real number ¢ a scalar to distinguish it

from a vector.)

For instance, we want 2v to be the same vectoras v + v,
which has the same direction as v but is twice as long. In
general, we multiply a vector by a scalar as follows.

Definition of Scalar Multiplication If ¢ is a scalar and v is a vector, then
the scalar multiple cv is the vector whose length is | ¢ | times the length of v and
whose direction 1s the same as v if ¢ > 0 and 1s opposite tovif ¢ < 0. If ¢ = 0 or
v =0, then cv = 0.




Combining Vectors

This definition is illustrated here

YA

Scalar multiples of v

Real numbers work like scaling factors here; that's why we
call them scalars. Notice that two nonzero vectors are
parallel if they are scalar multiples of one another.



Combining Vectors

In particular, the vector —v = (—1)v has the same length as
v but points in the opposite direction. We call it the
negative of v.

By the difference u — v of two vectors we mean
u—v=u+(-v)
So we can construct u — v by first drawing

the negative of v, —v, and then adding it to
u by the Parallelogram Law

Drawingu —v



Combining Vectors

Alternatively, since v + (u — v) = u, the vector u — v, when
added to v, gives u.

So we could construct u — v by means of the Triangle Law.

u

Drawingu — v



Components

From the mathematical point of view, it is more convenient to
iIntroduce a coordinate system and treat vectors
algebraically. If we place the initial point of a vector a at the
origin of a rectangular coordinate system, then the terminal
point of a has coordinates of the form (a,, a,) or (a4, a,, as),
depending on whether we are in 2 or 3 dimensions

VA

a— [Cll, 612] a—= [ala a27 03]



Components

These coordinates are called the components of a and we
write

a= [a1a aZ] or a= [81, 825 a3]

This representation of vectors with components is much
more convenient than drawing the vectors as arrows to do
every calculation.

We may use the notation [a,, a,] for the ordered pair that
refers to a vector, so as not to confuse it with the ordered
pair (a,, a,) that refers to a point in the plane. However,
there is no structural differences.



Position Vector

In three dimensions, the vector a = OP = [a,, a,, a;5] Is the
position vector of the point P(a,, a,, a;)

position
vector of P

X A(’Yl’ yh Zl) B(“Yl_FalS yl +a29 Z] ‘|‘CI3)

Representations of a = [a,, a,, a;]



Components

Let’'s consider any other representation AB of a, where the
initial point is A(x,, ¥4, Z;) and the terminal point is

B(x,, ¥», Z,). Then we must have

X, =x,+aq y,=y,+a, and z, =z, + a;and so

aq = Xo — Xy,
dr =Yo— Y,
a3 = Z, — Z4

Thus we have the following result.

(1) Given the points A(xi, yi, z1) and B(xz, y2, z2), the vector a with represen-
tation AB 1s

a = [Xz — X1, Y2 — V1,22 — Zl]




Magnitude

The module, or magnitude, or length of a vector a is
denoted by the symbol |a|or|a|. Itis computed by using
the distance formula

The length of the two-dimensional vector a = [a,, a,]is

al| =+ai + a
a| =vai +

The length of the three-dimensional vector a = [ay, a,, as]is

a| = Jai + @ + @}

A unit vector is a vector whose length is 1. In general, if

a = 0, then the unit vector that has the same direction as a

IS ] a
u=—a= ——
EY a



Operations using Components

Ifa=[a,, a>] andb = [b,, b,], then

a+b=[a1+b1,a2+b2] a—b=[a1—b1,a2—b2]
ca = [cai, cas |

Similarly, for three-dimensional vectors,
Lai, az, as] + [b1. ba, bs] = [ay + b, a> + by, as + bs]
[Cll, 6127613] - [bl, b, b3] = [Cll — by, a, — by, as — b3]

clai, a», as] = [cai, ca, cas]




Example

Ifa=[4,0,3]and b =[-2, 1, 5], find |a| and the vectors
a+b,a-Db, 3b, and 2a + 5b.

Solution:

la| =42+ 02+ 32 =25 =5
a+b=1[403]+[-215]
=[4+(=2),0+1,3+5] =[2,1,8]
a—b=14,03]—-[-2,1,5]

=14 —-(-2),0—-1,3—-5] =][6,—1, —2]



Example — Solution

3b=3-2,1,5] =[3(—2), 3(1), 3(5)]

= [—6, 3, 15]

2a + 5b =2[4,0,3] + 5[—-2, 1, 5]

= [8,0,6] +|—10, 5, 25]

—[—2.5,31]

cont’d



Components

We denote by V, the set of all two-dimensional vectors and
by V; the set of all three-dimensional vectors. More
generally, V, is the set of all n-dimensional vectors where
an n-dimensional vector is an ordered n-tuple:

a=|a,a,...,a,]

and a,, a,, . . ., a, are real numbers called the components
of a. Addition and scalar multiplication are defined in terms
of components just as for the cases n =2 and n = 3.



Properties of vectors

Likewise, the length of a vector from V/ is calculated by
using the distance formula.

Properties of Vectors If a, b, and ¢ are vectors in V, and ¢ and d are scalars,

then
1. a+b=Db+a a+Mb+c)=(@a+b) +ec
3.a+0=a a+(—a) =20

5. ca+b)=ca+cb
7. (cd)a = c(da)

(c +d)a=ca+ da
la=a

xS ED




The Dot Product

(1) Definition Ifa = [ay, a., as] and b = [by, b,, b;], then the dot product of a
and b 1s the number a - b given by

a-b= d]b] + Clgbz + Cl3b3

Thus, to find the dot product of a and b, we multiply
corresponding components and add.

The result is not a vector. It is a real number, that is, a
scalar. For this reason, the dot product is sometimes called
the scalar product.



The Dot Product

The dot product can be defined in a similar fashion for two-
dimensional vectors:

lay, a2 - [ by, ba] = a\by + axb,

Likewise, for n-dimensional vectors we have:



Example

12,4] -3, —1] =2(3) + 4(—1)
= 2

[~1,7.4]- [6,2, ~3] = (=D)(©) + 7(2) + 4(~})
=6

[1.2,=3] - [0,2, =1] = 1(0) + 2(2) + (=3)(—1)
=7



The Dot Product

The dot product obeys many of the laws that hold for
ordinary products of real numbers.

(2) Properties of the Dot Product If a, b, and c are vectors in V5 and ¢ is a
scalar, then

1. a-a=|al 2.a-b=b-a
3.a-(b+c)=a-b+a-c 4. (ca) -b=c(a-b)=a- (cb)
5. 0-a=20

(4) An Alternative Formula for the Dot Product
a-b=|al||b|cos6

where 6 1s the angle betweena and b (0 =< 6 < 7). (6 1s the smaller angle
between the two vectors when drawn from the same initial point.)




Orthogonal vectors

Notice that, if the dot product of two nonzero vectors is
zero, then must be cos =0

Thus 8= z/2 and the two vectors are perpendicular, or
orthogonal.

aV a*b>0
b 6 acute
a*b=0
M 0= /2
a‘b <0
b 6 obtuse
a



Sign of the Dot Product

Also, because cos 4> 0if0< @< z/2and cos <0 if
/2 < < &, we see that a - b is positive for < z/2 and
negative for 6> 7/2.

We can therefore think of a - b as measuring the extent to
which a and b point in the same direction.

The dot product a - b is positive if a and b point in the same
general direction, O if they are perpendicular, and negative
if they point in generally opposite directions.



Same or opposite directions

In the extreme case where a and b point in exactly the
same direction we have =0, so cos =1 and

a-b=|a||b|

If a and b point in exactly opposite directions, then 6=«
and socos #=—-1anda-b= —|al|b]|.



Example

Find the angle between the vectors a = [2, 2, —1] and
b =[5, -3, 2].

Solution:
Let 8 be the required angle. Since

la| =224+ 22+ (—1)> =3 and |b| =452+ (=3)° + 22 = /38

and since

we obtain




Example — Solution contd

So the angle between aand b is

) ~ 1.46 (or 84°)

2
0 = cos !
(3\/38



Plane orthogonal to a vector

A plane is determined by a point Py(x,, ¥, Zp) in the plane
and a vector n = [a, b, c] that is orthogonal to the plane.
This orthogonal vector n is called a normal vector.

(5) An equation of the plane that passes through the point Py(xo, yo. zo) and is
perpendicular to the vector [a, b, c] is

a(x — xo) + b(y — yo) + ¢z — z0) = 0




Example

Find an equation of the plane through the point (2, 4, —1)
with normal vector n = [2, 3, 4].

Solution:
Puttinga=2,b=3,c=4,x,=2,y,=4,and z; = -1 in
Equation 5, we see that an equation of the plane is

20 —2) +3(y—4) +4z+1)=0

or
2x + 3y + 4z =12



Projections

Figure shows representations of two arbitrary vectors a and
b with the same initial point P. If S is the base of the
perpendicular from R to the line containing a, then the
vector with representation PS is called the vector
projection of b onto a and is denoted by proj, b

’\P

proj, b

Vector projections



Projections

The scalar projection of b onto a (also called the
component of b along a) is defined to be the signed
magnitude of the vector projection, which is the number
|b| cos 6, where 6 is the angle between a and b.

This is denoted by comp, b (the component of b along a).

0
p=— 3
|b| cos 6 = comp, b

Scalar projection

Observe that it is negative if 7/2< 60< x



Projections

Scalar projection of b onto a: comp, b =

Vector projection of b onto a: projab = (




Example

Find the scalar projection and vector projection of
b=[1,1,2]ontoa=[-2, 3, 1].

Solution:
Since |a| = /(—2)* + 32 + 12 = /14, the scalar projection
of bonto ais

a‘'b
a|

comp, b =

_ (=2)() + 3(1) + 1(2)

Nt

3
N



Example — Solution contd

The vector projection is this scalar projection times the unit
vector in the direction of a:

proja b =

3 a
J14 |a|




Matrix Notation

A IS a rectangular array of numbers. We use
uppercase symbols to denote matrices.

The size of a matrix is defined by the number of rows and
columns it contains.

For example, an m x n matrix has m rows and n columns.
The jj-th entry of A is the entry in the /i-th row and the j-th

column.
We denote this entry by a;



Matrix Notation

For example, the matrix

0 7 1
() Az{z 9 2]

IS a 2 x 3 matrix, and a, =7, a,, = 2, a,; = 2, and so forth.
A square matrix is one in which the number of rows is the

same as the number of columns. We say that a square
matrix is n x n, or has size n, if it has n rows and columns.

The transpose of a matrix is obtained by interchanging its
rows and columns and is denoted by a superscript T



Matrix Notation

For example. AT is the transpose of the previous matrix A,

0 2
(2) Al=17 9
12

If Ais an m x n matrix, then AT is an n x m matrix.

Vectors are often treated using the notation of matrices. All
vectors we have seen so far have been written as row
vectors in that their components are listed as a row.

We can view the row form of a ve_ctor as a 1 x n matrix and
the column form as an n x 1 matrix.

If v denotes a \_/ector written in row form, then v’ is the
same vector written in column form.



Tensors

After scalars, vectors, and matrices, we can generalize the idea and
obtain a

A Tensoris a .

They are very important in sciences: are used to describe complex
physical properties and manipulate multi-dimensional data across
fields like physics, engineering, and machine learning.

Types of Tensors by Rank

Rank 0 Tensor (Scalar): A single number with no direction.
Rank 1 Tensor (Vector): A one-dimensional array of numbers,
representing a quantity with magnitude and direction.

Rank 2 Tensor (Matrix): A two-dimensional array of numbers.

Rank N Tensor: generalization to N dimensions, used to represent
data in an N-dimensional grid.



Sum of two Matrices

Only matrices of the same size can be added. If A and B
are both m x n matrices with entries aj; and b,-j, then A+ Bis
a new m x n matrix whose entries are a; + b,-j

Thus the matrix sum A + B is calculated by adding the
corresponding entries of each matrix.



Example 1

Evaluate the following sums, if possible.

2 x 9 92 6 2
@ M+ N, where M = and N =
4 5 6 15 3 1

5 3 3 9 21
(by X +7Y, whereX = and Y =
7 5 7 6

Solution:
(a) Both matrices are 2 x 3 and therefore can be added.
Adding the corresponding entries gives

94 x+6 11
M+ N =

19 8 7

(b) Matrix Xis 2 x 2 while Y'is 2 x 3. Since they are not the
same size, they cannot be added.



Matrix Scalar Multiplication

Scalar multiplication with matrices works just as it does with
vectors. If A is an m x n matrix with entries a;and cis a
scalar, then the product cA is an m x n matrix with entries
ca;. In other words, the product cA is calculated by
multiplying each entry of A by ¢

Matrix subtraction can be defined through a combination of
scalar multiplication and matrix addition. If A and B are both
m x n matrices with entries a; and b;, then A — B is calculated
by first multiplying B by —1 and then adding this to A



Matrix Scalar Multiplication

Thus the difference A — B is calculated by subtracting entry
b; from a;. Again notice that matrix subtraction can be
performed only with matrices of the same size.

Finally, two matrices A and B are said to be equal if
A — B = 0 where 0 is an m x n matrix of zeros.

Properties of Matrix Addition If A, B, and C are m X n matrices and a and
b are scalars, then

1. A+B=B+ A 2. A+ B+C)=AA+B)+C
3.A+0=A 4. A+ (-A) =0
5. a(A + B) = aA + aB 6. (a + b)A = aA + bA




Matrix Multiplication

If we wish to calculate the matrix product AB, we view the
matrix A as a collection of row vectors and B as a collection

of column vectors.
The ij-th entry of the resulting product is the dot product of
the i-th row of A with the j-th column of B

B




Matrix Multiplication

For example, if Ais a 2 x 3 matrix and B is a 3 x 2 matrix,

we have

by, by

ay;  dp  dp anby + apnby + apzbsy  anby, + apnbyn + apbs;
bzl bzz -

d d» dx anby + anby + anbsy  anby + anbyn + anbs

Note that the resulting matrix is 2 x 2



Matrix Multiplication

More generally, if Ais an m x n matrixand Bisann x p

matrix, then C = AB is an m x p matrix whose jj-th entry is the
dot product of the j-th row of A with the j-th column of B

— . — - | | ] r ¢ I "¢ r - C, |
— I — rn-¢ Ir-¢C -+ I2"¢C
. Ci () e Cp — . . .
T Ly — | - - | I'm = €y Ly € T Im * Cp |
A B AB

The i-th row of A is indicated by r;
The j-th column of B is indicated by ¢;



Matrix Multiplication

Matrix multiplication is not defined for matrices where the
number of columns of the first matrix is different from the
number of rows of the second matrix.

A simple way to determine if a given A B = ot
matrix multiplication is defined is to defined
: . : . mXxXn qXp
write the size of the first matrix, T T
followed by the size of the second s
matrix
A B = AB
mXn gXp = mXp

LT

n=q



Matrix Multiplication

If the two “inner’ numbers are not the same, then the matrix
multiplication is not possible. If they are the same, then the
resulting matrix has size given by the two “outer” numbers.

Matrix multiplication is summarized by the following rule.

Matrix Multiplication 1If A isanm X n matrix and B is an n X p matrix, then
their product C = AB is an m X p matrix whose entries are given by

n
Cij — 2 aikbkj — anbu T afzsz + .-t ambnj
k=1

forl=is=mand1 = < p.




Example 2

Determine each matrix product if it is defined.

2 7] [3 —7 2] !5 —6]
A= B = C=
9 =3 1 5 9 3 2
(a) AB (b) BA (c) AC (d) CA
Solution: ) R
(a) Matrices Aand B have sizes2x2and ., ., O
2 x 3, respectively. From Figure 3, t
since n = q = 2, matrix multiplication e
is therefore defined and the resulting A B = AB

matrix is 2 x 3 bt

n=gq



Example 2 — Solution cont¢

Performing the calculation, we obtain

2 7|3 =7 2] [6+7 —-14+35 4+63] [13 21 67
9 -=3J|1 5 9] [27-3 -63—-15 18-27| [24 78 -9

(b) Matrices B and A have sizes 2 x 3 and 2 x 2.
Since n=3 and g =2, n#q the product is not defined.

(c) We have n =g = 2. The resulting matrix is 2 x 2.
Performing the calculation, we obtain

] e S e

o 38 2| l|45-24 —54—6

_ 66 2
21  —60



Example 2 — Solution contd
(d) We have n=q = 2. A B =no

defined
mXxn qgXp

t 1

n#+q

A B = AB
mXn gXp = mXp

L 1

n=gq

The resulting matrix is 2 x 2 and, performing the
calculation, we obtain
[5 —6”2 7110 — 54 35 + 18
8 2119 -3

[—44 53
16 +18 56 —6 34 50




Matrix Multiplication

Multiplication of two quantities o and fSis said to be

commutative if of = fa. Parts (c) and (d) of Example 2

illustrate the important fact that matrix multiplication is
(in general AC # CA, as in this example).

An n x n matrix D is called diagonal if all off-diagonal
entries are zero; thatis, d;=0 forall i=j



Example 3

For an arbitrary 2 x 2 diagonal matrix D with entries d,
calculate the matrix DD

Solution:
Calculating the matrix product, we obtain

_ dlzl O
0 d»

Thus DD is a diagonal matrix with entries d?.

dy, 0 “d“ 0
DD =

0 dn| O da»




Identity Matrix

A diagonal matrix is called an identity matrix if all the
entries on the diagonal are 1. Identity matrices are usually
denoted by / and play the same role in matrix
multiplication that the number 1 plays in regular
multiplication.

Properties of Matrix Multiplication Suppose A, B, and C are matrices and
a and b are scalars. Provided the required matrix multiplications are defined, then

1. A(BC) = (AB)C 2. (aA)(bB) = abAB
3. ABB+ C) = AB + AC 4. (B+ C)A = BA + CA
5.JA=A A=A 6. 0A =0,A0=0

Note: Matrix multiplication is not, in general, commutative; that is, AB # BA.




The Inverse of a Matrix

Note that AlI=Aand /A=A justas al=aand 1a=ain

scalar multiplication.
Given a scalar a we can define a' such that a'a =1,

where a-' = 1/a provided that a = 0.

In other words, a', which is called the inverse of a, is the
quantity that, when muiltiplied with a, gives 1. And if a = 0,
then no such quantity exists.

Also for a matrix A we can write an inverse matrix B = A’



The Inverse of a Matrix

Definition Suppose that A is an n X n matrix. If there exists an n X n matrix

B such that
AB=BA =1

then B is called the inverse of A and is denoted by A™".

Note that, when the inverse of a matrix exists, it is unique.
Also, if there exists a matrix B such that AB =/, then
necessarily BA = | as well (and vice versa).

Therefore we need check only one order of multiplication
when finding an inverse. If A has an inverse, then we say
that A is invertible or nonsingular. Otherwise A is called

singular.



Example 1

Show that B is the inverse of A, where

12 5
R
0 9

Solution:

Calculating the matrix product gives

(1) +37) —32) +3
-5 5@ -5



Example 2

Derive the inverse of the matrix A from Example 1 by using
the definition of an inverse.

Solution:

From the definition, if a matrix B = !b“ biz

21 b22

] Is the inverse of
A= [; i] then AB = BA = I|. We need focus on only one of
these orders of mulitplication.
Choosing AB =/, we have
[1 2”1911 blz] B [1 0] or
7 5|lbu bn| |0 1

b]] + 2b21 b]g + 2b22 . 1 0
7b11 + 5]921 71912 + Sbgz 0 1




Example 2 — Solution contd

Looking at this equation entry by entry, we see that it
represents four equations in four unknowns.

The four equations can be split into two pairs of equations,
each with two unknowns:

b]] + 2b21 - 1 and b]g + 2[922 = O
7by, + 5b>, = 0 Tbi» + 5b» =1

We can now solve each pair by substitution. If we focus on the
first pair, we see that the second equation gives



Example 2 — Solution

cont’d

Substituting this into the first equation of this pair then gives
by, + 2(=7b,/5) = 1, whose solution is b,; = =5/9. This can

then be back-substituted into b,, =—7b,,/5 to give b,, = 7/9.

Similarly, the first equation of the second pair gives
b, = —2b,,. Substituting this into the second equation of this pair
then gives 7(—2b,,) + 5b,, = 1, whose solution is b,, = —1/9.

This can then be back-substituted into b,, = —2b,, to give b, =
2/9. Putting these results together in the matrix B gives

[

O O
O[|— O[o



The Inverse of a Matrix

The Inverse of a 2 x 2 Matrix Suppose

ai ain
ani ar»
and a;;a» — apa>; 7 0. Then A 1s invertible and

Al = 1 d» —dAdp
dindxy — dipdz | —d2 ai

If ajya — anar = 0, then A 1s not invertible (that 1s, A 1s singular).




Example 3

If possible, find the inverse.

M:'7 9 b N = 14 6 Q J— 2 3
@ 5 6 ( 7 3 - 1 =2
Solution:

From the formula for the inverse of a 2 x 2 matrix, an
inverse will exist if and only if a,,a,, — a,a,¢ # 0.

(@) myymyy —mymy, = (7)(6) — (9)(9) =42-45 =-3

Therefore an inverse exists. Using the formula, we obtain

o1 [ 6 -9 2 3
Mo==3s 7] 7| 2 -1
3 3



Example 3 — Solution cont¢

(b) Nyynss — Nyonyy = (14)(3) — (6)(7) =42-42 =0
Therefore an inverse does not exist.

(C)J11Joz —J12Jo1 = 2)(=2) = (3)(-1) =—4+3 =-1
Therefore an inverse exists.

We find 1t using the formula. Note that this last example has
the interesting property that J=! = J. In other words, J is its
Oown 1nverse.



The Inverse of a Matrix

Properties of Matrix Inverses Suppose A and B are both invertible n X n
matrices. Then

L. A7) =4
2. (AB)' = B'A™'

3. A'is unique.




The Determinant of a Matrix

To any n x n matrix A we can assign a scalar quantity
called its determinant, denoted by det A. If we view scalars
as 1 x 1 matrices, then the definition of the determinant for
matrices of sizes n = 1 through n = 3 is as follows.

The Determinant Suppose A is an n X n matrix.
1. If n = 1, thendet A = ay;.
2. Ifn = 2, then det A = dpjdr» — dipdog.

3. Ifn = 3, then det A = a11d»dsz + dpdrds + dp;zdrndsn
— d13ddz — ddadz — dipdzdazs.




The Determinant of a Matrix

Given the determinant of a matrix we have the following
theorem:

(1) Theorem If A is ann X n matrix, then A is invertible if and only if
detA # 0.

Notice that the quantity in the denominator of the formula
for the inverse of a 2 x 2 matrix is its determinant.



Example 4

Which of the following matrices are invertible?

2 3 5 3 7
@ A=[2] ® B= !6 9] (c) C = !2 1] (d) D = 12 —i
Solution:
(a) The matrix Ais 1 x 1, with det A = 2. Therefore it is
iInvertible.

(b) The matrix Bis 2 x 2, with det B = (2)(9) — (3)(6) = 0.
Therefore it is not invertible.

(c) The matrix Cis 2 x 2, with det C = (5)(1) — (3)(2) = 1.
Therefore it is invertible.




Example 4 — Solution cont¢
(d) The matrix D is 3 x 3, and
det D = (10)(5)(7) + (7)(8)(6) + (3)(13)(—1) — (3)(5)(6) — (10)(B)(—1) — (7)(13)(7)

= 350 + 336 + (—39) — 90 — (—80) — 637

=0

Theretore D 1s not invertible.



Solving Systems of Linear Equations

Matrix inverses (and therefore determinants) are very
useful for solving linear systems of n equations with n
unknowns. Consider, for example, the following pair of
equations with two unknowns:

3X1 — 2)62 = —4
7)61 + X2 — 19

Writing these equations in matrix notation gives

(2) Ax =Db

With A = [3 _ﬂ matrix of coefficients, x = [x‘} and b= [_4].



Solving Systems of Linear Equations

Such a system of equations in which b # 0 is called an
non-homogeneous (or inhomogeneous) system.

In general, there are three possibilities for such a system:
(i) there is a unique nonzero solution for x,

(i1) there are infinitely many solutions for x, or

(iif) there is no solution for x.

If, instead of a system, we had only a scalar equation,
ax =>b

Provided that a # 0 we can solve it by multiplying both
sidesbya’'=1/a toget a'lax=a'b, orx=a'b



Solving Systems of Linear Equations

In a similar fashion, if det A #0 the matrix A will be
invertible and we can multiply both sides of the system by

A-1to obtain
AT'Ax = A"'b

or x=A"b

Using the formula for the inverse of a 2 x 2 matrix, we

obtain
—4 + 38

&) 4] _ 17 _ |2
=1 19 28 + 57 5

17

sl -4
3 = (=2(7) | -7 3] 19] [-F



Solving Systems of Linear Equations

That system thus has a unique solution given by x, = 2,
X, = 5. Graphically, the two equations represent straight

lines in the x,x,-plane and their intersection point is the
unigue solution

7x, + x, = 19




Solving Systems of Linear Equations

More generally, we have the following theorem.

(4) Theorem Suppose A is ann X n matrix, x is ann X 1 vector of unknowns,
and b 1s an n X 1 vector of constants. If A is invertible, then the inhomogeneous
system of equations Ax = b has a unique solution given by x = A™'b.

If Ain Theorem 4 is not invertible, then the system of
equations can have either infinitely many solutions or no
solution.



Example 5

2
Using b= H obtain the solution to the inhomogeneous

system of equations for each of the following matrices.

Lo ! R o[t
@a=l, | ©B=|_ | ©@c=|,

Solution:
(a) First we calculate det A =1 — (-2) = 3 and therefore the

matrix A is invertible.

Theorem 4 then tells us that the inhomogeneous
equation Ax = b has a unique solution given by
x = A 'b.



cont’d

Example 5 — Solution

Using the formula of the inverse of a 2 x 2 matrix, we
obtain

Sk I




Example 5 — Solution cont¢

The solution corresponds to the intersection point of the
lines defined by x, — x, =2 and 2x, + x, = 1




Example 5 — Solution cont¢

(b) Calculating the determinant of Bgivesdet B=1-1=0.
Therefore the matrix B is not invertible. Thus, the
inhomogeneous equation Bx = b might have an infinite
number of solutions or no solution.

To determine which is the case, we need to investigate
the equations in more depth. Carrying out the matrix
multiplication gives the two equations x, — x, = 2 and
—X;+ X, =1

Solving the second equation for x2 gives x2 = 1 + x1,
and substituting this into the first equation gives
X1—-(1+x1)=2



Example 5 — Solution cont¢

This simplifies to —1 = 2. Because there 1s no choice of x, that
will make this true, there 1s no solution.

Graphically, the two equations represent parallel straight lines in
the x,x,-plane and the lack of a solution corresponds to their not
having an intersection point.




Example 5 — Solution cont¢

(C) Calculating the determinant of C gives det ¢ = -1 — (-1)
Therefore the matrix C is not invertible and the
Inhomogeneous equation Cx = b might have an infinite
number of solutions or no solution.

Carrying out the matrix multiplication gives the two
equations x; — x» = 2and 3x, — 31, = L.

Solving the second equation for x, gives x, = 2 + x,, and
substituting this into the first equation gives

This simplifies to 2 = 2. This equation holds true no
matter what value of x, is chosen and therefore there
are an infinite number of solutions.



Example 5 — Solution cont¢

Graphically, the two equations represent the same
straight line in the x,x,-plane, and therefore there are an
infinite number of points of intersection




Solving Systems of Linear Equations

The solution to a system of linear equations is simplified
considerably in the special case where b = 0. This results
in an equation of the form Ax = 0, which is called a
homogeneous system.

Clearly x = 0 is always a solution and it is referred to as the
trivial solution. There are therefore now only two
possibilties: (i) the trivial solution is the unique solution, or
(ii) there are an infinite number of nontrivial solutions.



Solving Systems of Linear Equations

The following theorem tells us when each of these
outcomes occurs.

(5) Theorem Suppose A is ann X n matrix, x is ann X 1 vector of unknowns,
and 0 1s an n X 1 vector of zeros. If A is invertible, then the homogeneous system
of equations Ax = 0 has a unique solution given by the trivial solution x = 0. If A
1s not invertible, then there are infinitely many nontrivial solutions.




Connection with Cramer’s Rule

2x+y=5 where A = 2 :1), b= ;]

m System of equations {x +3y=7 1

Method using the inverse

. Determinant: det(A)=2-3-1-1=6-1=5
= Adjugate matrix: adj(4) = [_?’1 _21] Inverse: A-1 = 1/det(A) adj(A) = 1/5 [_?’1 _21]

a-1p 113 -1 [5]:3 3~5+(—1)-7]_1 15-7 _1[8]
- x=4 b_s[—l 2]7 5| —=1-5+2-7] s5|-5+4+14] 519

_ 118 _
. Hence x—s[gl =

o unlow

Cramer’s Rule

. For x;: in A replace the first columnwith b

. Al= ? ; det(A1)=53-17=15-7=8 > x, =8/5

. For x,: in A replace the second column with b

s A2= f ; , det(A2)=27-51=14-5=9 2 X =9/5
. . 8 9

So, both methods give the same solution: X = (g’ 5

Cramer’s rule is essentially a consequence of the formula of the inverse,
since the inverse can be expressed in terms of determinants and cofactors.



How Matrix Multiplication Changes Vectors?

In the earlier section we studied models for the dynamics of
vectors having the form

;.1 =An,
where n, is a vector of variables and A is a square matrix.
Our goal now is to characterize in general what such

multiplication of a vector by a matrix does to the vector.

As an example, suppose that

{1
A =
1

(W] [N N [



How Matrix Multiplication Changes Vectors?

The matrix multiplication changes the vector from

one time step to the next when n, = {_ﬂ .

n;




How Matrix Multiplication Changes Vectors?

The changes in the vector look quite complicated. For
example, the direction of the vector keeps changing and
sometimes the vector is compressed from one step

to the next (for example, between time 0 and time 1) and
sometimes it is stretched (for example, between time 2 and
time 3).

If you were to experiment with different initial vectors n,,
you would get different patterns. However, you might
happen across an initial vector that results in a particularly
simple result.



How Matrix Multiplication Changes Vectors?

1
For example, consider o = {2} In this case the vector

remains on its initial axis, and it is simply stretched by a
factor of 2 each time step, as shown in the figure.

Y




How Matrix Multiplication Changes Vectors?

—1
Likewise, if n, = J then again the vector remains on its

initial axis, but now it is compressed by a factor of 1/2

each time step, as shown in the figure.
Thus, for some special initial vectors, the change in the

vector is relatively easy to describe.




Eigenvectors and Eigenvalues

An eigenvector of a matrix is a vector that, when muiltiplied
by the matrix, is simply changed in length.

(1) Definition Suppose that A is an n X n matrix. A nonzero vector v that
satisfies the equation

AV = Av

is called an eigenvector of the matrix A. The scalar A is the eigenvalue associated
with this eigenvector.

How do we find eigenvectors and eigenvalues? As the
following calculations reveal, it is easiest to first calculate
the eigenvalues of a matrix and then calculate their
associated eigenvectors.



Eigenvectors and Eigenvalues

L) D |—

-~

Consider the matrix A = “ } From Definition (1) we

have

]

AV = AV
or, equivalently,
Av—-2Av=0

where 0 is the zero vector.



Eigenvectors and Eigenvalues

To proceed further, we factor out the vector v. To do so, we
must first multiply A by the identity matrix /in order for the
elements of the equation to maintain compatible sizes:

(2) (A —A)v=0

Notice that, although A is a scalar, A — Al is a 2 x 2 matrix.

We now seek a vector v that satisfies Equation 2. We know
that if the matrix A — Al is invertible, then the only solution is
the trivial solution v = 0.



Eigenvectors and Eigenvalues

Therefore, to have a nonzero eigenvector v, we require that
A — Al be singular. This requires that

det(A — Al) =0

Our considerations have allowed us to remove v from the
equation, and therefore we now have an equation that
determines the eigenvalues A. Calculating the matrix

A — A\l we get
RS
A— )\ =

1 > — A

and, using the definition of the determinant of a 2 x 2
matrix, we have

[1 Y
det
1

| o=

SRR,



Eigenvectors and Eigenvalues

_ 3 3 |
—5—)\—5/\ —I—)\2—§

=N =312 + 1

Setting this result equal to zero and multiplying the
equation by 2 then gives 52 _ 5\, + 2 — .

This can be factored to produce (A — 2)2Ar — 1) = 0,the
solutions of whichare L. =2 and L = %. These are the
eigenvalues of A



Eigenvectors and Eigenvalues

We can now calculate the eigenvector associated with
each of the eigenvalues A =2 and A =1. First let’s find the
eigenvector associated with A = 2.

We seek a vector v such that, when L = 2 is substituted into
the left side of Equation 2, we get the zero vector.

In other words,

1—x 5 o] [1—-2 3
1 2—An 13-

S8



Eigenvectors and Eigenvalues

This gives the following pair of equations in two unknowns:

|
— U + 51)2 = ()

]
1)1—§UQ=O

These two equations are redundant because both specify
that 2v, = v,. As a result, there are infinitely many
solutions—we are free to choose either v, or v, arbitrarily,
and the other is then determined by this choice.

To make our calculations simple, it is usually best to work
with whole numbers. For example, we might choose v, =1,
in which case we then have v, = 2.



Eigenvectors and Eigenvalues

The eigenvector associated with eigenvalue A = 2 is then

V= M If we had made a different choice for v,, we would

have ended up with a different vector v. For example, if we

choose v, = 2, we would then have v, =4 and thus v = [ﬂ



Eigenvectors and Eigenvalues

Regardless of our choice, however, all the resulting vectors

are eigenvectors and all
a

le on the same line because they
1

all have the form v = 5 |97V =45 for some scalar a
.‘.
All eigenvectors associated with the 4+
eigenvalue A = 2 lie on the red line.
2 4
4 -2 2 40




Eigenvectors and Eigenvalues

We now calculate the eigenvector associated with ) = 1.

We obtain
!1 — A 01] [1)1] [O]
| % V) > | v, 0

1
2
which gives the pair of equations

| o=

1
2

A

| |
§U1 + 502 = ()

1)1‘|‘Uz:0

Again, these equations are redundant, both specifying that
Vy = =V,



Eigenvectors and Eigenvalues

Choosing v, = 1, we then have v, = -1 and therefore v = !_”

Again the choice v, = 1 is arbitrary,
but all choices result in vectors lying Y
on the same line because they all

—1
have the form vy = a[ | for some b o= 0

scalar a

All eigenvectors associated with the
eigenvalue A = 1/2 lie on the red line. —3




Eigenvectors and Eigenvalues

For a square matrix A of size n, the equation

det(A — A/) = 0 that determines its eigenvalues is an
nth-degree polynomial in A. This polynomial is referred
to as the characteristic polynomial of the matrix A.

Given that the eigenvalues of a matrix are the roots of a
polynomial, we also must expect that eigenvalues are
sometimes complex numbers.

In general, if we define the quantity . = /-1. the
eigenvalues of matrices composed of real numbers always
come in complex conjugate pairs, having the form
A=a+bi and A =a-— bi for some real numbers aand b



Example 3

Consider the matrix A = {

(a) Find its eigenvalues.

(b) Find the eigenvectors associated with the eigenvalues
from part (a). o

LO]- How does

multiplication of n,y by A affect the length of this vector?

(d) Use the dot product to determine how multiplication by
A affects the direction of the vector.

(e) Describe, overall, what multiplication by the matrix A

does to vectors.

(c) Consider an arbitrary initial vector Mo =



Example 3(a) — Solution

The characteristic polynomial is (V3 -A)(\3 -1) -(-1) = 0
>22-2V30L +3 +1 =0

we solve it using the second degree eq. formula
-b+ Vb2-4ac

2a

to find the two (complex in this case) eigenvalues:

A =123 = (2 3) - 4@) |
=123 =12 - 16)

=43 X1




Example 3(b) — Solution

Beginning with eigenvalue A = /3 + i, we have
J3 — A —1 o] _[—i —1|le]_|O
1 V3 = A v 1 —il|lv 0

Both of these equations specify that v, = —iv,. We choose
1

—1

v, =1, giving V:[




Example 3(b) — Solution

For eigenvalue A = /3 — i, we have
\/_ — A —1 (0 _ l —1 (2 _ 0
1 V3 = A v 1 i|l v 0

These equations both specify that v, = iv,. We choose
v, =1,giving v = {1

l
complex, their corresponding eigenvectors are also
complex.

. Notice that, when the eigenvalues are




Example 3(c) — Solution

Carrying out the matrix multiplication with the generic vector

X0
no = { } gives

yo
S M M

The length of the initial vector is |no| = v/x3 + yi. and the
length of the vector n, is

n | = V(V3x0 — y0)* + (%0 + /30)’




Example 3(c) — Solution

= \/3x§ — 2\/3_xoyo + y5 + x5 + 2ﬁxoyo + 3yg

= 2\/x§ + v

Therefore multiplication by A increases the length of the
vector by a factor of 2.



Example 3(d) — Solution

From the definition of the dot product, we have

INNp * 1N

cos O =
Ino |||

where @is the angle between n; and n,. Substituting the
vectors ny and n, gives

[ X0, yo] - [\/3_X0 — Yo, Xo T \/g}?()]

2\/)68 + v§ \/xé + v§

C B3xd = xoyo + xoyo + 3y /3

2(x3 + y§) 2

cos 6 =




Example 3(d) — Solution

Solving for 6 shows that the angle between nO and n1 is
0 = n /6. Thus multiplication by A rotates the vector by 30
degrees.



Example 3(e) — Solution

From parts (c) and (d) and from the figure, we see that
each multiplication by A rotates the vector 30 degrees in
the counterclockwise direction and stretches its length by a

factor of 2.




