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Outline

• a general feedback control scheme

• typical specifications

• the 3 sensitivity functions

• constraints in the specification definitions

• steady-state requirements w.r.t. references

• system type

• steady-state requirements w.r.t. disturbances

• effects of the introduction of integrators

• transient characterization in the frequency domain

• closed-loop to open-loop transient specifications
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general feedback control scheme disturbances

all this is “built” on top of the system to be controlled

this choice will influence therefore the type of measurement 
noise present
we focus on the design of the controller rather than on the measurement 
related  issues

measurement noise

controlled
system

controller
+ -

controlled
variable/outputreference

transducer

all this is “built” on top of the system to be controlled
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controlled
system

controller
+ -

• r (t) reference signal: represents the desired behavior of the controlled output

• e (t) error: this is the error only when n (t) = 0 

• m (t) control input: output of the controller

• d (t) disturbance: exogenous input affecting the control system 

• y (t) controlled output

• n (t) measurement noise: noise introduced from the measurement devices

r (t) e (t) m (t)

d (t)

y (t)

n (t)

general feedback control scheme

controller: a dynamical (or static) system represented either by its transfer function C (s) or, 
equivalently, by its state  space representation (Ac, Bc, Cc, Dc). It will depend upon the control 
technique used to solve the control problem

variables (or signals) of interest:
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+ model for the controlled system (plant)

+ -

r (t) e (t) m (t) y (t)

n (t)

+

+

P (s)C (s)

u (t)

d  i(t) d  o(t)

distinguish weather the disturbance acts at the input d  i(t) or at the output do(t) of the plant

signals d  i(t), d  o(t) and n (t) may be the output of some other system too

transducer n (t)

d3(t)

H (s)

d3(t)

+

+

+++

+
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thus if we obtain good tracking (S(s) small) we also reintroduce the measurement noise ( T(s) large)

a more meaningful error signal is the tracking error ey (t) = r(t) — y(t) since it 
gives the real measure of how effective is the control action

since S (s) +  T (s) = 1

+ -

r (t)

e (t) m (t)

y (t)

n (t)

+

+

P (s)C (s)

u (t)

d  i(t) d  o(t)

+++
+

ey (t)+
-

ey(s) = r(s) — y(s) = r(s) — T (s)r(s) — P (s)S (s)d  i(s) — S (s)d  o(s) + T (s)n(s)

= S (s)r(s) — P (s)S (s)d  i(s) — S (s)d  o(s) + T (s)n(s)

if n (t) = 0 
then

ey (t) = e (t)
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+ -

r (t)

e (t) m (t)

y (t)

n (t)

+

+

P (s)C (s)

u (t)

d  i(t) d  o(t)

+++
+

r (t)

d  i(t)

d  o(t)

n (t)

ey (t)

m (t)

y (t)

• several inputs act simultaneously on the control system

• we may be interested in several (output) variables

control system

ey (t)+

-

therefore the control system is a dynamical system with multiple inputs and outputs

We define the control system as the overall interconnected system (plant & controller)
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r (t)

d  i(t)

d  o(t)

n (t)
m (t)

y (t)
control system

we may need to give specifications on different Input/Output pairs

the effect of each input on any output is determined using the superposition principle that 
is by considering each input at a time (for example if we want to determine the effect of the 
input r (t) on  m (t) we set d  i(t) = d  o(t) = n (t) = 0 and compute the single input - single 
output transfer function from r (t) to  m (t)). For the controlled output we obtain 

ey (t)

<latexit sha1_base64="X3/V04RxODTSFiKDi340jurkSyQ="></latexit>

y(s) =
C(s)P (s)

1 + C(s)P (s)
r(s) +

P (s)

1 + C(s)P (s)
di(s) +

1

1 + C(s)P (s)
do(s)�

C(s)P (s)

1 + C(s)P (s)
n(s)

output when 
d  i(t) = 0 


d  o(t) = 0


n (t) = 0

output when 
r    (t) = 0 


d  o(t) = 0


n (t) = 0

output when 
r    (t) = 0 


d  i(t) = 0


n (t) = 0

output when 
r    (t) = 0 


d  i(t) = 0


d  o (t) = 0
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define the loop function L(s) = C(s)P (s) and the following transfer functions

sensitivity function

complementary sensitivity function

control sensitivity function

check as an exercise that, using the superposition principle, we can rewrite all the outputs 
of interest as

since S (s) +  T (s) = 1

<latexit sha1_base64="y1/hc7WMsgZzJnVwA9sp7T6CpT0="></latexit>

y(s) = T (s)r(s) + P (s)S(s)di(s) + S(s)do(s)� T (s)n(s)

e(s) = S(s)r(s)� P (s)S(s)di(s)� S(s)do(s)� S(s)n(s)

m(s) = Su(s)r(s)� Su(s)P (s)di(s)� Su(s)do(s)� Su(s)n(s)

ey(s)  =   S (s)r(s) — P (s)S (s)d  i(s) — S (s)d  o(s) + T (s)n(s)

<latexit sha1_base64="uMHhWecAtl5v7N6YvqUSqxMKiS0=">AAACJXicbVDLSgMxFL3js9bXqEs3wSJUhDIjUrtQKHTjwkWFvqAdSibNtKGZB0lGKEN/xo2/4saFRQRX/oppOxRtPXDh3HPuJbnHjTiTyrK+jLX1jc2t7cxOdndv/+DQPDpuyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7rEz95hMVkoVBTY0i6vi4HzCPEay01DVva3l5ge5QxxOYJBXdVHWNExtdokW38B8W3ox1zZxVsGZAq8ROSQ5SVLvmpNMLSezTQBGOpWzbVqScBAvFCKfjbCeWNMJkiPu0rWmAfSqdZHblGJ1rpYe8UOgKFJqpvzcS7Es58l096WM1kMveVPzPa8fKKzkJC6JY0YDMH/JijlSIppGhHhOUKD7SBBPB9F8RGWCdh9LBZnUI9vLJq6RxVbCLheLjda5cSuPIwCmcQR5suIEy3EMV6kDgGV7hHSbGi/FmfBif89E1I905gT8wvn8Aq4OgdA==</latexit>

T (s) =
C(s)P (s)

1 + C(s)P (s)
=

L(s)

1 + L(s)

<latexit sha1_base64="FzCdiTM1gibBCmzW69tliL/6Hsc=">AAACI3icbZBNS8MwGMfT+TbnW9Wjl+AQJsJoReYQhMEuHjxMdC+wlZJm6RaWpiVJhVH2Xbz4Vbx4UIYXD34X060H3fZA4Pf8/3lInr8XMSqVZX0bubX1jc2t/HZhZ3dv/8A8PGrJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xvVU7/9TISkIX9S44g4ARpw6lOMlJZc8+bRjUvyHN7Cni8QTuq6mSQ2vIApNdJuhXefkmsWrbI1K7gMdgZFkFXDNae9fojjgHCFGZKya1uRchIkFMWMTAq9WJII4REakK5GjgIinWS24wSeaaUP/VDowxWcqX8nEhRIOQ48fTNAaigXvVRc5XVj5VedhPIoVoTj+UN+zKAKYRoY7FNBsGJjDQgLqv8K8RDpPJSOtaBDsBdXXobWZdmulCsPV8VaNYsjD07AKSgBG1yDGrgDDdAEGLyAN/ABPo1X492YGl/zqzkjmzkG/8r4+QXeQaAW</latexit>

Su(s) =
C(s)

1 + C(s)P (s)
=

C(s)

1 + L(s)

<latexit sha1_base64="hCd8uQGecnBGtOep4cXHJvLwIec=">AAACG3icbZC7SgNBFIbPeo3xtmppMxiEiBB2g8Q0QiCNhUVEc4FkCbOT2WTI7IWZWSEseQ8bX8XGQhErwcK3cTbZQhMPHPj5/nOYOb8bcSaVZX0bK6tr6xubua389s7u3r55cNiSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXdcT/32AxWShcG9mkTU8fEwYB4jWGnUN8t3RXmGrlDPE5gk9jSx0Tmqa9bQPV00blLYNwtWyZoVWhZ2JgqQVaNvfvYGIYl9GijCsZRd24qUk2ChGOF0mu/FkkaYjPGQdrUMsE+lk8xum6JTTQbIC4XuQKEZ/b2RYF/Kie/qSR+rkVz0Uvif142VV3USFkSxogGZP+TFHKkQpUGhAROUKD7RAhPB9F8RGWEdhtJx5nUI9uLJy6JVLtmVUuX2olCrZnHk4BhOoAg2XEINrqEBTSDwCM/wCm/Gk/FivBsf89EVI9s5gj9lfP0AXxCdRg==</latexit>

S(s) =
1

1 + C(s)P (s)
=

1

1 + L(s)

note that all 12 possible transfer functions (between each input and output) are 
expressed in terms of the three sensitivity functions S (s), T (s) and Su (s). 
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Model uncertainties (plant)

• Parametric uncertainties: 

the real (perturbed) parameters of the controlled system (plant) are different from the ones 

(nominal) used to design the controller. Possible causes are:

- slowly time-varying parameters

- wear & tear (damage caused by use)

- difficulty to determine true values

- change of operating conditions (linearization), ...

• Unmodeled dynamics: 

typically high-frequency

- dynamics deliberately neglected for design simplification, 

- difficulty in modeling

recall that the plant may be subject to model uncertainties. We can design the controller 
based on a nominal plant but in general we would like the same controller to be still 
effective under models which do not differ too much from the nominal one
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Parametric uncertainties

(MSD example)
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assume the real value of the 3 system parameters 
can vary as
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This neglected (or unmodeled dynamics) may have an impact on closed loop stability (of the real 
system) and performance.

Neglected/Unmodeled dynamics

-1-40 Re

Im

full dynamics

dominant
dynamics

F2(s) =
100

(s+ 1)(0.025s+ 1)2
F1(s) =

100

s+ 1

F2(s) =
100

(s+ 1)(0.025s+ 1)2
assume the real system is

• we may either think to approximate the real system with its dominant dynamics (same 
gain as F2(s) and only the “low frequency” poles are considered) (neglected dynamics)

F1(s) =
100

s+ 1

• or F1(s) may be directly the outcome of a simplified model derivation which did 

not consider high frequency dynamics (unmodeled dynamics)

the result is

<latexit sha1_base64="sCYBf7WrLMhieurHDFOoC8DLh28=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqAhlpmjtsuDGZQX7gHYsmTTThmYeJBmhDOPGX3HjQhG3/oU7/8a0nYW2Hrhwcs695N7jRpxJZVnfRm5ldW19I79Z2Nre2d0z9w9aMowFoU0S8lB0XCwpZwFtKqY47USCYt/ltO2Or6d++4EKycLgTk0i6vh4GDCPEay01DePep7AJLHTpGSjc2SVrcqlPLuvpH2zqB8zoGViZ6QIGRp986s3CEns00ARjqXs2laknAQLxQinaaEXSxphMsZD2tU0wD6VTjK7IEWnWhkgLxS6AoVm6u+JBPtSTnxXd/pYjeSiNxX/87qx8mpOwoIoVjQg84+8mCMVomkcaMAEJYpPNMFEML0rIiOsI1E6tIIOwV48eZm0KmW7Wq7eXhTrtSyOPBzDCZTAhiuoww00oAkEHuEZXuHNeDJejHfjY96aM7KZQ/gD4/MH7VCUmg==</latexit>

1

(1 + 0.025s)2

high frequency
dynamics with
gain = 1
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open-loop similar
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unstable closed loop (Nyquist criterion)

they differ in high frequency content

F1(s) =
100

s+ 1

F2(s) =
100

(s+ 1)(0.025s+ 1)2

W1(s) =
100

s+ 101

W2(s) =
160000

(s+ 83.9254)(s2 � 2.9254s+ 1925.5)

simplified model with only the dominant dynamics

asymptotically stable

F1 (j!)F2 (j!)

if we close the loop with the (static) controller K = 1 we 
obtain an asymptotically stable closed loop system if we base 
the design (but closed-loop different)

true dynamics
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Specifications

Stability of the control system (closed-loop system)

• nominal stability (can be checked with Routh, Nyquist, root locus ...)

• robust stability guarantees that, even in the presence of parameter uncertainty and/or 

unmodeled dynamics, stability of the closed-loop system is guaranteed. We have seen two 

useful indicators (gain and phase margins) others are possible (based on the Nyquist 

stability criterion or on a surprising result known as the Kharitonov theorem).

Performance


• nominal performance 

- at steady state (or static) on the desired behavior between the different input/output 

pairs of interest for the nominal plant

- dynamic on the dynamic behavior during transient

• robust performance: we ask that the performance obtained in nominal conditions is also 

guaranteed, to some extent, under perturbations (parameter variations, unmodeled 

dynamics).
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Specifications
We have obtained

ideally we would like to have

• the output should accurately reproduce instantaneously the reference:

we ask the complementary sensitivity T (s) to be as close as possible to 1

• the disturbances d  i(t) and d  o(t) should not affect the output

the sensitivity S (s) should be as close as possible to 0


• the measurement noise n(t) should not affect the output:

the complementary sensitivity T (s) should be as close as possible to 0


(or equivalently the sensitivity S (s) close to 1 being S (s) +  T (s) = 1)

we are requiring T (s) = 1 and T (s) = 0 simultaneously: conflicting requirement w.r.t. r and n!

requirements need to be carefully chosen (compromise)

ey(s)  =   S (s)r(s) — P (s)S (s)d  i(s) — S (s)d  o(s) + T (s)n(s)

<latexit sha1_base64="Avbz0QtZ72sLMfFejCEWmeC9Z1c=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoiRbsRCm5cVuwL2hAm00k7dPJgZiKW0F9x40IRt/6IO//GSZuFth4Y7uGce7l3jhdzJpVlfRuFjc2t7Z3ibmlv/+DwyDwud2WUCEI7JOKR6HtYUs5C2lFMcdqPBcWBx2nPm95mfu+RCsmisK1mMXUCPA6ZzwhWWnLNcrsqL9ANamXlwU10cc2KVbMWQOvEzkkFcrRc82s4ikgS0FARjqUc2FasnBQLxQin89IwkTTGZIrHdKBpiAMqnXRx+xyda2WE/EjoFyq0UH9PpDiQchZ4ujPAaiJXvUz8zxskym84KQvjRNGQLBf5CUcqQlkQaMQEJYrPNMFEMH0rIhMsMFE6rpIOwV798jrpXtbsq1r9vl5pNvI4inAKZ1AFG66hCXfQgg4QeIJneIU3Y268GO/Gx7K1YOQzJ/AHxucPZBiSEg==</latexit>

T (s) = P (s)Su(s)
we used

<latexit sha1_base64="y1/hc7WMsgZzJnVwA9sp7T6CpT0="></latexit>

y(s) = T (s)r(s) + P (s)S(s)di(s) + S(s)do(s)� T (s)n(s)

e(s) = S(s)r(s)� P (s)S(s)di(s)� S(s)do(s)� S(s)n(s)

m(s) = Su(s)r(s)� Su(s)P (s)di(s)� Su(s)do(s)� Su(s)n(s)
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C(s) =
NC(s)

DC(s)
P (s) =

NP (s)

DP (s)
define

S(s) =
1

1 + NCNP
DCDP

=
DCDP

DCDP +NCNP
<latexit sha1_base64="wEF6e7qKD4c5ibfwTNTjpJyPd4o=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoFMqMD+xGKLSgq1LRPqAdhkyaaUMzD5KMUIb5JDd+im4UFHHrV5i2g2jrhXAP55zLzT1OyKiQhvGqZZaWV1bXsuu5jc2t7R19d68lgohj0sQBC3jHQYIw6pOmpJKRTsgJ8hxG2s6oOtHb94QLGvh3chwSy0MDn7oUI6koW7+6LYhjeAl7Lkc4NpPYLM5g3a7W7UYS1+xqTfXkx5MSaS+mPlvPGyVjWnARmCnIg7Qatv7U6wc48ogvMUNCdE0jlFaMuKSYkSTXiwQJER6hAekq6COPCCueHpzAI8X0oRtw9XwJp+zviRh5Qow9Rzk9JIdiXpuQ/2ndSLplK6Z+GEni49kiN2JQBnCSHuxTTrBkYwUQ5lT9FeIhUrFIlXFOhWDOn7wIWicl87R0fnOWr5TTOLLgAByCAjDBBaiAa9AATYDBA3gGb+Bde9RetA/tc2bNaOnMPvhT2tc3TZGnVA==</latexit>

T (s) =
NCNP
DCDP

1 + NCNP
DCDP

=
NCNP

DCDP +NCNP
<latexit sha1_base64="s+8/LzMRPfisH82fESIMmyDK/k4=">AAACRHicbVDLSgMxFM3UV62vUZdugkWoFMqMD+xGKLQLV6VCXzAtQybNtKGZB0lGKMN8nBs/wJ1f4MaFIm7FtB3Etl5I7sk595DkOCGjQhrGi5ZZW9/Y3Mpu53Z29/YP9MOjtggijkkLByzgXQcJwqhPWpJKRrohJ8hzGOk44+pU7zwQLmjgN+UkJH0PDX3qUoykomzdahbEObyFPZcjHM/3ul2t240krtnVmupJbBb/F359i0IxPdp63igZs4KrwExBHqTVsPXn3iDAkUd8iRkSwjKNUPZjxCXFjCS5XiRIiPAYDYmloI88IvrxLIQEnilmAN2Aq+VLOGP/OmLkCTHxHDXpITkSy9qU/E+zIumW+zH1w0gSH88vciMGZQCnicIB5QRLNlEAYU7VWyEeIRWLVLnnVAjm8pdXQfuiZF6Wru+v8pVyGkcWnIBTUAAmuAEVcAcaoAUweASv4B18aE/am/apfc1HM1rqOQYLpX3/AAQWr64=</latexit>

Su(s) =
NC
DC

1 + NCNP
DCDP

=
NCDP

DCDP +NCNP
<latexit sha1_base64="H3faUwO17XJQAsyJdVDCIH/JeNs="></latexit>

P (s)S(s) =
NP

DP

1

1 + NCNP
DCDP

=
NP

DP

DCDP

DCDP +NCNP
=

NPDC

DCDP +NCNP
<latexit sha1_base64="6YpwXcG7m8MaqLKOSuDiAAdzx9w="></latexit>

all share the same denominator

(closed loop poles)

provided no hidden dynamics 

were created in the series 

controller/plant interconnection

recall that stability is a 

system property, 

independent from the 

particular input/output 

choice

closed-loop system stability
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Specifications

an example of possible specifications

• static (at steady-state) reference/output behavior w.r.t. standard signals (sinusoidal 

or polynomial) 

• static disturbance/output behavior for some standard signal (sinusoidal or constant)

• dynamic (transient) reference/output behavior

- by setting limits to the step response parameters like overshoot or rise time

- by setting some equivalent bounds on the frequency response (bandwidth, 

resonance peak defined soon) 

+ closed-loop stability most important requirement
always present even if not explicitly stated

note how we relaxed some requirements on the performance w.r.t. the reference 
(based on the tracking error ey) and disturbances di and do by asking the 
specification to be satisfied only at steady-state that is 

lim
t!1

(r(t)� y(t)) = 0 y(t) = r(t), 8tinstead of
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Steady-state specifications - reference

Hyp: closed-loop system will be asymptotically stable (at the end of the control design)

Let the canonical signal of order k be defined as 

tk

k!
��1(t)

order 0 (step function)

order 1 (ramp function)

order 2 (quadratic function)

��1(t)

t��1(t)

t2

2
��1(t)

t

t

t

this representation highlights the different polynomial components of the input signal 

<latexit sha1_base64="qlubsCXJOeidtHMUbumdU9Ki+FU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQitceCF48VbC20oWy2m3bpZjfsToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O6WNza3tnfJuZW//4PCoenzSNSrVlHWoEkr3QmKY4JJ1kKNgvUQzEoeCPYbT27n/+MS04Uo+4CxhQUzGkkecErRSfxBpQjM/z0w+rNa8ureAu078gtSgQHtY/RqMFE1jJpEKYkzf9xIMMqKRU8HyyiA1LCF0Ssasb6kkMTNBtjg5dy+sMnIjpW1JdBfq74mMxMbM4tB2xgQnZtWbi/95/RSjZpBxmaTIJF0uilLhonLn/7sjrhlFMbOEUM3trS6dEJsC2pQqNgR/9eV10r2q+4164/661moWcZThDM7hEny4gRbcQRs6QEHBM7zCm4POi/PufCxbS04xcwp/4Hz+AJyVkXU=</latexit>

1

s
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s2
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1

s3

Laplace transform
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Def a system is of type k if its steady-state response to a canonical input of order k differs 

from the input by a non-zero constant or, 

equivalently, 

if the tracking error at steady-state (output minus input) is constant and different from zero.

t t

type 0 type 1

y (t)

y (t)
e0

e1

We apply this definition to a feedback control system where the input is the reference 

signal r and the output is the controlled output y and we look for conditions which 

guarantee that a feedback system is of type k

Steady-state specifications - system type

alternative definition: 

a system is of type k if the tracking error at steady state to an order k — 1 input is 0

u (t)
u (t)
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An asymptotically stable (negative) unit feedback control system is of type k

if and only if

the open-loop system L (s) has k poles in s = 0 

Basic ideas for proof:

• we assume that closed-loop system is asymptotically stable (by hypothesis)

• the tracking error at steady-state is constant and non-zero if and only if there are 

k zeros in s = 0 in the transfer function from the reference to the tracking error, 

that is the sensitivity function S (s)

• we can apply the final value theorem

• the zeros of S (s) coincide with the poles of the loop function L (s) since if 

L (s) = NL (s)/DL  (s) then

S(s) =
1

1 + L(s)
=

DL(s)

DL(s) +NL(s)



Lanari: CS - Control basics II 21

S(s) =
skD0

L(s)

skD0
L(s) +NL(s)
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if L(s) has k > 0 poles in s = 0, we factor the denominator as 

D0
L(0) 6= 0
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with i.e. with no roots in s = 0 in D0
L(s)
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the sensitivity function is then rewritten as

• reference order ` < k (system type)

• reference order ` = k

• reference order ` > k

thus the steady state will have polynomial contributions and will not tend to 0 as t increases

poles with real part < 0

Hyp.
closed-loop
system is

asymptotically
stable
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DL(s) = sk D0
L(s)

<latexit sha1_base64="tSCeYOrOnB4R5fXhf3QPdqrkdVU="></latexit>

e` = lim
s!0

sS(s)r(s) = lim
s!0

s
skD0

L(s)

skD0
L(s) +NL(s)

1

s`+1
=

sk�`D0
L(s)

skD0
L(s) +NL(s)

�����
s=0

= 0

<latexit sha1_base64="DEbUhAyKC3RqlGCQo3whSGQtmnE="></latexit>

e` = lim
s!0

sS(s)r(s) = lim
s!0

s
skD0

L(s)

skD0
L(s) +NL(s)

1

s`+1
=

D0
L(0)

NL(0)
=

1

KL

<latexit sha1_base64="8IjdeoLW3KtvcLydi/igzyE2++M="></latexit>

ey(s) = sS(s)r(s) =
skD0

L(s)

skD0
L(s) +NL(s)

1

s`+1
=

D0
L(s)

skD0
L(s) +NL(s)

1

s`�k+1

let KL be the loop function generalized gain
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• order ` = 0 reference

Define with KP and KC the generalized gain respectively of the plant and the 

controller, therefore the generalized gain of the loop function L (s) is KL = KP KC 

• order  referenceℓ ≥ 1

since the presence of 1 or more roots in s = 0 in the denominator DL  (s) of the 

loop function makes the numerator of S (s) become zero

no final value th.

final value th.

final value th.

final value th.

<latexit sha1_base64="ekaDLUi334y/n/qsVZgbBXCBRVQ="></latexit>

steady state error e` =

8
>>><

>>>:

1 if system type < `

1
KL

if system type = `

0 if system type > `

Steady-state specifications - system type (summary)

<latexit sha1_base64="uGEQeHNbnqdYYqhenLuvtCM6pdA="></latexit>

steady state error e0 = S(0) =

8
<

:

1
1+KL

if system type = 0

0 if system type � 1
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��1(t)
1

1 +KL

t��1(t) +1 1

KL

t2

2
��1(t) +1 +1 1

KL

t3

3!
��1(t) +1 +1 +1 1

KL

error

0 1 2 3

0 0 0 0

1 0 0

2 0

3

23

Summarizing table: tracking error (error w.r.t. the reference)

Input order

System type
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Therefore

we can define the refrence-to-output specifications in terms of system type and value of 

maximum allowable tracking error or, equivalently,

• presence of the sufficient number of poles in s = 0 in the open-loop system

• absolute value of the open-loop gain KL sufficiently large in order to guarantee the 

maximum allowed error

|ek| � ekmax ⇤⌅

8
<

:

1
|1+KL| � ekmax ⇧ |1 +KL| ⇥ 1

ekmax
if Type 0

1
|KL| � ekmax ⇧ |KL| ⇥ 1

ekmax
if Type k ⇥ 1

We have translated the closed-loop specifications in equivalent open-loop ones

C (s) P (s)

SOL

control system

SCL

specsr (t)

ey(t)
y (t)
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Steady-state specifications - disturbance
The disturbance is just another - undesired - input. 

Let us consider the constant disturbance input case and use the same basic principle as for 

the reference.

To make an asymptotically stable control system controlled output insensible (astatic), 

at steady-state, to a constant input d  i or d  o, we need to ensure the presence of a pole 

at s = 0  in the forward path before the entering point of the disturbance.

+ -

r (t) e (t) m (t) y (t)

n (t)

+

+

P (s)C (s)

u (t)

d  i(t) d  o(t)

+++

+

Let’s check

This is true for any constant disturbance on the forward path.

Note that nothing is said for the measurement noise n
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constant unit disturbances and measurement noise

being

we have (setting the reference to zero) the following  steady-state 

responses w.r.t. input unit steps

yss = [P (s)S(s)]s=0 + S(0)� T (0)

therefore we need to compute the value of the terms

C(s) =
NC(s)

DC(s)
P (s) =

NP (s)

DP (s)
L(s) =

NL(s)

DL(s)
=

NC(s)NP (s)

DC(s)DP (s)
define

d  i

d  o

n

yss

yss

yss

[P (s)S(s)]s=0

S (0)

- T (0)

Hyp.


closed-loop system 

asymptotically stable

<latexit sha1_base64="E/w3LnjxRIBY5h+wow+UhIxt+Sg=">AAACEHicbZBNS8MwGMdTX2d9q3r0EhzivIxWZO4iDLx4nOBeYCslTdMtLE1Lkgqj7CN48at48aCIV4/e/Damaw+6+UDIj///eUiev58wKpVtfxsrq2vrG5uVLXN7Z3dv3zo47Mo4FZh0cMxi0feRJIxy0lFUMdJPBEGRz0jPn9zkfu+BCEljfq+mCXEjNOI0pBgpLXnWWeDRmjyH1zDw4gJ4cQ1DgXDmzDI5M03Ts6p23Z4XXAanhCooq+1ZX8MgxmlEuMIMSTlw7ES5GRKKYkZm5jCVJEF4gkZkoJGjiEg3my80g6daCWAYC324gnP190SGIimnka87I6TGctHLxf+8QarCpptRnqSKcFw8FKYMqhjm6cCACoIVm2pAWFD9V4jHSAehdIZ5CM7iysvQvag7jXrj7rLaapZxVMAxOAE14IAr0AK3oA06AINH8AxewZvxZLwY78ZH0bpilDNH4E8Znz8DrZlr</latexit>

di(s) = do(s) = n(s) =
1

s
<latexit sha1_base64="oC/dU2gOKgQLUlakacc44WzPbqI=">AAACJnicbVBLSwMxEM7WV11fqx69BItQEcuuSO2lUPDisWJf0C4lm6ZtaDZZkqywlP4aL/4VLx4qIt78KWa7PWh1YGa++WaGZL4gYlRp1/20cmvrG5tb+W17Z3dv/8A5PGopEUtMmlgwITsBUoRRTpqaakY6kSQoDBhpB5PbtN9+JFJRwRs6iYgfohGnQ4qRNlTfqSZFdQ6rsJEmmYYLWDfpwfigTzMiK0RaXGaT3ATbtvtOwS25C4N/gbcEBbC0et+Z9wYCxyHhGjOkVNdzI+1PkdQUMzKze7EiEcITNCJdAzkKifKnizNn8MwwAzgU0jjXcMH+3JiiUKkkDMxkiPRYrfZS8r9eN9bDij+lPIo14Th7aBgzqAVMNYMDKgnWLDEAYUnNXyEeI4mwNsqmInirJ/8FrauSVy6V768LtcpSjjw4AaegCDxwA2rgDtRBE2DwBF7AHLxZz9ar9W59ZKM5a7lzDH6Z9fUNH06eKQ==</latexit>

y(s) = T (s)r(s) + P (s)S(s)di(s) + S(s)do(s)� T (s)n(s)

we are going to analyze the different cases
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• to have no steady-state contribution to the output yss from a constant output disturbance do 

we need to have S (0) = 0 that is, being

the zeros of the sensitivity function S (s) coincide with the poles of the loop function L (s) 

so we will have S (0) = 0 (i.e., s = 0 is a zero of S (s)) if and only if we have at least one 

pole at the origin in the open-loop system L (s) (and for this disturbance, this is equivalent 

to requiring the presence of at least a pole in s = 0 before the entry point of the 

disturbance).

S(s) =
1

1 + L(s)
=

DL(s)

DL(s) +NL(s)
=

DC(s)DP (s)

DL(s) +NL(s)
=

DC(s)DP (s)

DP (s)DP (s) +NC(s)NP (s)

d  o yss

so either a pole in s = 0 is already present in the plant or we need to introduce it in the 

controller (necessary part of the controller to cancel out the effect of the constant 

disturbance do at steady-state on the output).
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if no pole in s = 0 is present in the loop function we have a steady-state effect of a constant 

unit output disturbance do given by

yss = S(0) =
1

1 +KL
=

1

1 +KCKP

so a high-gain controller will reduce the effect of the given disturbance provided the system 

remains asymptotically stable
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• for the steady-state contribution to the output yss of a constant input disturbance d  i note 

that

P (s)S(s) =
NP (s)DC(s)

DP (s)DP (s) +NC(s)NP (s)

therefore in order to get a zero contribution at steady-state we can either

- have a pole in s = 0 in C (s) (ahead of the entry point of the disturbance) or

- have a zero in s = 0 in P (s) but this leads also to a zero steady-state contribution of 

a constant reference to the output, i.e. zero gain T (0) = 0 while we would like this 

gain to be as close to 1 as possible (avoid when possible but the plant is given, so no 

choice)

otherwise we have a finite non-zero contribution given by

KP

1 +KPKC

1

KC

if P (s) has no poles in 0

if P (s) has poles in 0

proof as exercise

d  i yss
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• for the steady-state contribution to the output yss of a constant measurement noise n note 

that

T (s) =
NP (s)NC(s)

DP (s)DP (s) +NC(s)NP (s)

therefore in order to get a zero contribution at steady-state we can either

- have a zero in s = 0 in P (s) and/or C (s) but this leads also to a zero steady-state 

contribution of a constant reference to the output, i.e. zero gain T (0) = 0 while we 

would like this gain to be as close to 1 as possible (avoid when possible, i.e. do not add a 

zero in s = 0 in P (s))

otherwise we have a finite non-zero contribution given by

KPKC

1 +KPKC
if L (s) has no poles in 0

if L (s) has poles in 01

n yss

High-gain through Kc makes things worse w.r.t. noise n (t)

A constant measurement noise is a bias in the transducer and it represents a serious flaw in 

the measurement chain
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-1

Im

Re

Effect of integrators on stability
The previous analysis has shown that, provided the control system remains asymptotically stable, 

adding integrators in the forward path has beneficial effects on the steady-state behavior of the 

closed-loop system.

However integrators in the open-loop system have a destabilizing effect on the closed-loop as 

shown in the following Nyquist plot or equivalently by noting the introduced lag on the phase 

due to the integrators (-¼/2 for each pole in 0). 

In the design process we will introduce the minimum necessary number of integrators

the Nyquist plots shown are not complete 

since it is only for ! in (0+, + ∞)

type 0

type 1

type 2

type 2

depends upon

the other poles

in L (s)
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Other steady-state requirements

• asymptotic tracking of a sinusoidal reference. Let the reference be (for positive t)

r(t) = sin �̄t r(s) =
�̄

s2 + �̄2

ess(t) = |S(j�̄)| sin(�̄t+ \S(j�̄))

with Laplace transform

in order to asymptotically track this reference the controlled output y (t) needs to tend 

asymptotically to the reference r (t) or, equivalently, the tracking error ey (t) = r (t) — y (t) 

needs to tend to zero as t tends to infinity. 

Recalling that the transfer function from the reference to the error is 

and that, for an asymptotically stable system, the steady-state response to a sinusoidal is

it is clear that, in order to achieve zero asymptotic error we need, at the specific input 

frequency , to be able to ensure that ω̄

|S(j�̄)| = 0 S(s)
���
s=j�̄

= 0()

ey(s)

r(s)
=

r(s)� y(s)

r(s)
= 1� T (s) = S(s)
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that is the sensitivity function must have a pure imaginary zero (and its conjugate) at the 

frequency of the input signal !̄

from the previous analysis we also know that the zeros of the sensitivity function coincide 

with the poles of the open-loop function (in a unit feedback scheme), therefore the necessary 

condition becomes (sufficiency only if the closed loop system is asymptotically stable)

in order to guarantee asymptotic tracking of a sinusoid with frequency     

in an asymptotically stable feedback system, the open-loop system needs to 

have a pair of conjugate poles in s = ±j�̄

!̄

Being L(s) = C(s)P (s) and assuming that the plant has no poles in                the controller 

needs to be of the form
s = ±j�̄

C(s) =
NC(s)

(s2 + �̄2)D0
C(s)

Note that this leads to 0 error at steady state.

A less stringent requirement would be asking a small error at steady state or, equivalently, a small 

value of the sensitivity function magnitude . 

Furthermore this small error requirement can be achieved over a frequency range while zero 

steady-state error no.

|S( jω̄) |
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• asymptotic rejection of a sinusoidal disturbance (similarly)

Assuming that the plant has no poles in                the controller needs to be of the forms = ±j�̄

d1(t) = sin �̄t

d2(t) = sin �̄t

d  i

d  o

yss

yss |S(j�̄)| = 0

[P (s)S(s)]s=j�̄ = 0|P (j�̄)S(j�̄)| = 0

S(s)
���
s=j�̄

= 0

C(s) =
NC(s)

(s2 + �̄2)D0
C(s)

• again adding poles in         has a destabilising effect on the closed loop

• we are able to nullify the effect of a sinusoidal disturbance (or track a sinusoidal reference) 

at a finite number of distinct frequencies, not in a frequency range (see the Sensitivity 

function in the Performance lecture if the goal is to attenuate disturbances in a frequency 

range [!1, !2])

<latexit sha1_base64="Dlw4iyyBQpbdGTcLQvrr7hic5+4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KklB7LLgxmUF+4AmlMl00o6dR5iZCCHUX3HjQhG3fog7/8Zpm4W2HrhwOOde7r0nShjVxvO+nY3Nre2d3dJeef/g8OjYPTntapkqTDpYMqn6EdKEUUE6hhpG+okiiEeM9KLpzdzvPRKlqRT3JktIyNFY0JhiZKw0dCu1IOHwAQYRUjCQnIxRbehWvbq3AFwnfkGqoEB76H4FI4lTToTBDGk98L3EhDlShmJGZuUg1SRBeIrGZGCpQJzoMF8cP4MXVhnBWCpbwsCF+nsiR1zrjEe2kyMz0aveXPzPG6QmboY5FUlqiMDLRXHKoJFwngQcUUWwYZklCCtqb4V4ghTCxuZVtiH4qy+vk26j7l/VvbtGtdUs4iiBM3AOLoEPrkEL3II26AAMMvAMXsGb8+S8OO/Ox7J1wylmKuAPnM8f8VuTog==</latexit>

±j!̄
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Transient specifications

We already know how to characterize the transient and therefore we can define requirements 

on the closed-loop dynamic behavior in terms of

• poles (and zeros) location in the complex plane (time constants, damping coefficients, 

natural frequencies)

• particular quantities defined on the step response (rise-time, overshoot and settling time)

We can also define two quantities in the frequency domain related to the transient behavior 

• bandwidth B3

• resonant peak Mr 

which are related to the rise time and the overshoot establishing interesting connections 

between time and frequency domain characterization of the transient 
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Bandwidth

for the typical magnitude plots encountered so far, we define the bandwidth B3 as 

the first frequency such that for all frequencies greater than the bandwidth the 

magnitude is attenuated by a factor greater than            w.r.t. its value in ! =  01/
p
2

20 log10

✓
1p
2

◆
⇡ �3 dB

|W (jB3)| =
|W (j0)|�

2

|W (jB3)|dB = |W (j0)|dB � 3

B3 :

and being

B3 :

• characterizes the filtering capacities of the dynamical system

• is relative to the static gain  |W (j0)|
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1/| ¿ |

simplest example

asymptotically stable system (therefore ¿ > 0)

B3 =
1

�

W (s) =
K

1 + �s

magnitude plot 

normalized w.r.t. |K|dB

being

and

|W (j⇥)|dB � |W (j0)|dB = |W (j⇥)|dB � |K|dB
= |K|dB + |1/(1 + j⇥�)|dB � |K|dB
= |1/(1 + j⇥�)|dB

|1 + j�/|� | |dB = 20 log10
⇥
2 � 3 dB

the bandwidth coincides with the cutoff frequency
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Resonant peak

we define the resonant peak Mr as the maximum value of the frequency response 

magnitude referred to its value in ! =  0

Mr =
max |W (j�)|

|W (j0)|

Mr|dB = max |W (j�)|dB � |W (j0)|dB

or in dB

a high resonant peak indicates that the system behaves similarly to a second order system 

with low damping coefficient
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on a plot with normalized magnitude (not in dB) the bandwidth and resonance peak are as shown

|W (j�)|
|W (j0)|

!

1

Mr

1p
2

B3
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Relationships

B3 tr ⇡ constant

1 +Mp

Mr
⇡ constant

typically (with some exceptions)

higher bandwidth (higher frequency components of the input signal are not attenuated and 

therefore are allowed to go through) leads to smaller rise time (faster system response)

higher resonant peak  (as if we had a second order system with lower damping coefficient) 

leads to higher overshoot (the oscillation damps out slower)

very useful relationships in order to understand the connections between time and 

frequency domain response characteristics
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• we may want to ensure a maximum rise time tr,max

tr  tr,max B3 � B3,min

Mp  Mp,max Mr  Mr,max

()

this may be achieved by ensuring a sufficiently high bandwidth (greater than some 

value B3,min )

• we may want to ensure a maximum overshoot Mp,max

this may be achieved by ensuring a sufficiently low resonant peak (smaller than some 

value Mr,max )

()

Transient specifications
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C (s) P (s)

SOL

control system

SCL

specsr (t)

e (t)
y (t)

we want to relate some transient specifications on the closed-loop system (control system) 

to some characteristics of the open-loop system (easier to guarantee)

bandwidth B3 (and rise time tr)

resonant peak Mr (and overshoot Mp)

!  c crossover frequency

PM phase margin

Transient specifications

closed loop open loop 
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we can see these typical (with some exceptions) relationships through an example
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K = 0.5
K = 0.8
K = 1.2
K = 1.6

comparison for increasing values of K

open-loop phase margin PM decreases

closed-loop resonant peak Mr increases
&

PM and Mr relationship

recall that if the Nyquist 

plot goes through the 

critical point then the 

closed-loop system has pure 

imaginary poles (zero 

damping and thus infinite 

resonant peak)

closed loop systemNyquist plot detail

open loop system
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F (s) =
10K

s(1 + s/10)2



Lanari: CS - Control basics II 44

10
−1

10
0

10
1

10
2

−40

−20

0

20

frequency (rad/s)

M
a
g
n
i
t
u
d
e
 
(
d
B
)

 

 

K = 0.3
K = 2
K = 6

10
−1

10
0

10
1

10
2

−5

−3

0

5

10
Closed−loop system

frequency (rad/s)

M
a
g
n
i
t
u
d
e
 
(
d
B
)

 

 

K = 0.5
K = 0.8
K = 1.2
K = 1.6

same open-loop system comparison for increasing values of K

!c and B3 relationship

as the open-loop crossover frequency !c increases the closed-loop bandwidth B3 increases

!c
B3

• also evident from the complementary sensitivity T (s) approximate magnitude plot (B3 slightly 

larger than !c) as shown in Performance slides

open loop system

closed loop system
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C (s) P (s)

SOL

control system

SCL

specsr (t)

e (t)
y (t)

bandwidth B3 (and rise time tr)

resonant peak Mr (and overshoot Mp)

!  c crossover frequency

PM phase margin

Transient specifications: from closed loop to open loop

tr  tr,max B3 � B3,min() !c � !c,min

PM � PMminMp  Mp,max Mr  Mr,max()

closed-loop system open-loop system


