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Dynamic parameters of robot links

= consider a generic link Center of Mass
of a fully rigid robot / (CoM) frame i

y, kinematic frame i
* (DH or modified DH)
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= however, robot dynamics depends only on some of these parameters and
possibly in a nonlinear way (e.g., via the combination I; ,, + m;7;
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Dynamic parameters of robots

= both the kinetic energy and the gravity potential energy can be rewritten
so that a new set of dynamic parameters appears only in a linear way

= need to re-express link inertia and position of CoM in (any) known kinematic
frame attached to the link (same orientation as the barycentric frame)

s fundamental kinematic relation
Vei = Vi +w; X1 = v; + S(w;) 1¢; = vy — S(r¢) wi

= kinetic energy of link i
1 1

T; = EmivCTivci + EwiTIa-a)i < “reversing” Konig theorem now ...
— L (v — SN (v — S(r-Dew:) += 0T w:
= Zml(vl (rei)wi)” (v (rei)w;) + 5 Wi lei Wi
1 1
T T T
=MV Vi + 5 w; (‘Ici + miST(Tci)S(rci)')wi — v; S(myre) wy

i_) Ii,xx Ii,xy Ii,xz

Steiner theorem I, = L yy Iy,

symm I; 7,

Robotics 2



Standard dynamic parameters of robots

= gravitational potential energy of link i
Ui = _miggro,ci = _migg(ri + 1) = _miggri — gg(mirci)

= by expressing vectors and matrices in frame i, both T; and U; will be
linear in the set of 10 (constant) standard parameters m; € R*°

mass of link i pon;i?dsosnXOCfolmk i inertia of link i
(0-th order (1-st order (2-nd order
moment) moment) moment)
m; l' — _l L | ]
T; = < miira_ > = (mi milrci,x milrci,y milrci,z ili,xx ili,xy iIi,xz ili,yy iIi,yZ iIi,ZZ)T
vect{'l;}

= Since the E-L equations involve only linear operations on T and U, also
the robot dynamic model is linear in the standard parameters € R'°"
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Additional dynamic parameters

= beside the n, = 10 parameters for each of the n links of the robot

(m; miiTCi,x miiTCi'J’ miiTCi,Z ili,xx ili,xy ili,xz lli,yy ili,yz ili,zz)T
one can include in the identification problem

= one inertia parameter for each of the n motors, as reflected through its

reduction ratio
_ 2
M = Lping;

= Ny dissipative parameters for each of the n joints/transmissions, using
viscous, Coulomb, and static friction models (and possibly more)
(Byi Bei Bs)' (ny = 3)
= the above terms appear already in a linear form in the robot dynamic model
= the total number p of dynamic parameters is

» m, €ER"™ n,=n,+1+n » meERP |p=n-n,

~ remember the assumption of a fully rigid robot (including transmission/joints!), otherwise ...
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Linearity in the dynamic parameters

= Using a n X p regression matrix Y. that depends only on kinematic
quantities, the robot dynamic equations can always be rewritten linearly
in the standard (and additional) dynamic parameters as

M(q)G+c(q,q)+g9(q) =Y(q,q,g)

wT =Gl 7] )

= the open kinematic chain structure of the manipulator implies that the i-th

dynamic equation can depend only on the dynamic parameters of links
from i to n = Y, has a block upper triangular structure

Yi. Y12 - Yy
0 | Yy - Yop with row vectors

: o Y;j of size 1 X n,
0 - 0 \Ynn

property: element m;; of M(q) depends at most on (qy+1,**, qn), With k = min{i, j},
and at most on the dynamic parameters of links h to n, with h = max{i, j}

Robotics 2

Yn(q» q, q) —



Linearity in the dynamic coefficients

= Mmany standard parameters do not appear ("'play no role”) in the dynamic model
of a given robot = the corresponding columns of Y, are 0 and are simply deleted

= some of the remaining p,- (< p) parameters appear only in fixed combinations
with others = the corresponding columns of Y., are linearly dependent

= One can isolate r < p,- combinations of parameters m (corresponding to a set of
r structurally independent columns Y, 4 of Y,;) and partition matrix Y, in two
blocks, the second containing dependent columns written as Yy, = Ying4, for a

suitable r X (p,— ) constant matrix A

ind

Tlind
Y, (q, q, CI) = (Ylnd Ydep) (T[d p) — (Yind Yind A) (T[;f;p)

— Iind (T[ind + A 7Tdep) =Y(q,4,4) p

= the new parameters p = 7;,q + A 4., € R" are the dynamic coefficients of the
robot dynamics, “the only that matter” —also called base parameters (W. Khalil)

= the minimal number r of dynamic coefficients that are strictly needed can also be
checked numerically (see — identification)
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Linear parametrization of robot dynamics ‘@l

it is always possible to rewrite the dynamic model in the form
regression p = vector of
matrix  dynamic coefficients

& &
M(q)G+c(q,q)+9(q) =Y(q.q.q)p=r1

nxr r X1

e.g., the heuristic grouping (found by inspection) on the planar 2R robot

see slides #12-14 in block p1 = Iy 57 + Myd2) + g5, + mydZ, + mylf

04_LagrangianDynamics_2
P1 p2 = mylide;
(‘71 ¢ (241 + G2) — 52(45 + 2G1G2) 4> Cq C12> gz _ (u1) p3 = loyp, +Mydl,
0 C2G; + 5241 Ghi+qz 0 ciz2/| p, e ps = go(mydey + myly)
Ps Ps = GoMadc;

Note: 4 more coefficients B,,; and B, ; of viscous and Coulomb friction are added when including

dissipative effects at the joints (“decoupled” terms, appearing only in i-th equation, for i = 1,2)
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Linear parametrization
of a 2R planar robot (n = 2)

= being the kinematics known (i.e., [; and g,), the number of dynamic
coefficients is reduced since we can merge two coefficients into one

p2 =mMylide; & ps = gomade, = p; = Mad, (factoring out [; and go)
= therefore, after regrouping, r = 4 dynamic coefficients are sufficient

P1
(% l1¢2(2G1 + G2) — liS2(G5 + 2¢142) + gociz qd> gocr)[ P2 | _y (Tl)
0 l1 (261 + 5247) + gocaz i t4q; O P3 = T2
‘ Y ’ ) P4
l1¥2,01a + 9o Y5014 9oYa01d
P1 = Icl,zz + mld + ICZ zz T mzdcz + mzl1 P3 = Icz,zz + mzdgz
P2 = Mydcy @ﬁl Ps = Mydy +myly @3?90

= this (minimal) linear parametrization of robot dynamics is not unique,
both in terms of the chosen set of dynamic coefficients p and for the

corresponding regression matrix Y (q, g, )
= a systematic procedure for its derivation would be preferable
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Linear parametrization
of a 2R planar robot (n = 2)

= in alternative to the previous heuristic method, apply the general procedure
= heglect the presence of motors and of dissipative effects
= for this robot, p = 10n = 20 standard parameters 1 are defined for the two links
= assuming that the CoMs are on the kinematic axis of the links, only p,, = 5 such
parameters appear explicitly (having set r,; , = —I; + d¢;)

my mydcq mydcy } ik 1
%) Icl,zz + mldgl Il,zz n
YT[ T=T m=|T3 | = m, = m,
Ty mo dCZ m, dCZ link 2
check the s Iz 2z + My d3 I .,
differences .o .o . . . .o .o
ngsﬁdae”géf y = [90c1 @ Pg, + lgoc; L2241 + G2) — 1i52(241G2 + 43) + gociz G1 + QZ>
(up to i 0 0 0 L1 (c2G1 + 52G7) + goCrz d1 + 4>
reordering)

= the third column of Y, (associated to m3 = m,) is not structurally independent

1nd (Ynl Ynz Yn4 Yns) l1 51 zl
YT[3 == ll YT[l + l% YTIZ » Ydep = YTIB A — ll » p = pz = 77:421. + A 7T3

Yiep = Ying A 0 o T 0
dep — find 0 4 5 Tdep
Tind
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Linear parametrization
of a 2R planar robot (n = 2)

= the new linear parametrization of the robot dynamics in terms of r = 4
dynamic coefficients (again minimall!) is

Y(q.9.9)p=T1

y — (gocl G1 L2241 + G2) — Lisp(4F + 241G2) + goCrz Gy + éIoz) _v
0 0 I (c20G1 + 5247) + goC1z d1 + 4> nd
P1 Ty + l17T3 mldcl +m, ll mldcl +m, ll
p= P2 _ | m + 1%7'[3 _ Icl,zz + mldgl +m, l% _ Il,zz +m, l% e R*
P3 Ty mydc; myd.,
P - Ic2,zz + mzd% IZ,ZZ

compare with Y and p of slide #9
(which is also minimal but different)

= determining a minimal parameterization (i.e., minimizing r) is important for
= experimental identification of dynamic coefficients
= adaptive/robust control design in the presence of uncertain parameters
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Identification of dynamic coefficients

= to “use” the model, one needs to know the numeric values of all robot
dynamic coefficients

= robot manufacturers provide at most only a few principal dynamic
parameters (e.g., link masses)

= estimates can be found with CAD tools (e.g., assuming uniform mass)
= friction coefficients are (slowly) varying over time
= |ubrication of joints/transmissions
= for an added payload (attached to the E-E)
= a change in the 10 standard dynamic parameters of last link ...
= ... implies a variation of (almost) all robot dynamic coefficients
= preliminary identification experiments are needed
= robot in motion (dynamic issues, not just static or geometric ones!)

= only the robot dynamic coefficients can be identified (and not all
link standard parameters!)
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Identification experiments

1. choose a motion trajectory g, (t) that is sufficiently “exciting”, i.e.,

= explores the robot workspace and involves all components in the
robot dynamic model

= is periodic, with multiple frequency components
2. execute this motion (approximately) by means of a control law
= taking advantage of any available information on the robot model

= often T = Kp(qg — q) + Kp(qq — q) (PD, no model information used)
3. measure g (encoders) in n, time instants (and, if available, also q)

= joint velocity g and acceleration g can be estimated later offline by
numerical differentiation (use of non-causal filters is admissible)

4. with such measures/estimates, evaluate the regression matrix Y (on the
left) and use the applied commands t (on the right) in the expression

Y(q(ty), q(ty), G(tx)) p=1(ty) k=1,,n

Robotics 2 13



L east Squares (LS) identification

= Set up the system of linear equations

Y(q(t1), q(t1), G(t1)) (ty)
s p = ( s
Y (q(tnc)’ q(tnc)’ éI.(tnc)) T(tnc)

= Sufficiently “exciting” trajectories, large enough number of
samples (n. X n > r), and their suitable selection/position

guarantee that rank Y = r (full column rank)
= solution by pseudoinversion of matrix Y
p=Y*T=XTY) YTt (e R")
= Onhe can also use a weighted pseudoinverse, to consider the
different levels of noise in the collected measures

Ne Xn

) ™ Yo=1
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Additional remarks on LS identification @

= it is convenient to preserve the block (upper) triangular structure of
the regression matrix, by “stacking” all time evaluations in row-by-row

sequence of the original Y matrix ’ — - ]
nC

’- Y ) . ) .o
nc' / 1(Q(t1) qs(tl) Cl(t1)) \ /T1(.t1) \ L
Yl (q(tnc)’ q(tnc)’ q(tnc)) Tl(;'- )

Y,(q(tD), C.I.(t1):q'(t1)) Tz(tlc) /_\)_/ — L

T (a0 i) |77 | m) ™ 7p=7

n | YN(CI(H); C'I.(t1);él'(t1)) \TN(:tl) / / In
c : ) c
) .. TN(tn )
- Yy laltn,) a(tn,) d(tn, ¢ - L
\ N( (tnc)- (e 4 ))) = numerical check of full column rank is
= further practical hints more robust < rank = r (# of columns)

= outlier data can be eliminated in advance (when building Y)

= if sufficiently rich friction models are not included in Yp, discard the

data collected at joint velocities close to zero
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“Dynamic model identification for industrial robots” * -l . J ool - J ool - J
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results after identification (first three joints only)
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AAAAAA

data acquisition for identification
dynamic coefficients: 30 inertial, 12 for gravity

C. Gaz, F. Flacco, A. De Luca:
“Identifying the dynamic model used by the KUKA LWR:
A reverse engineering approach”, IEEE ICRA 2014

Robotics 2

0 10 20 30 0 10 20 30
time [s] time [s]

20

30
time [s]

— — — measured torques
computed torques

time [s]

validation after identification (for all 7 joints):
on new desired trajectories, compare
torques computed with the identified model
and torques measured by joint torque sensors
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Identifi

cation of LWR4 gravity terms

using the linear parametrization, gravity terms can also be identified separately

(

some small

values may
also be

discarded ...

-~

Py =
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sz: \ position of CoM
mﬁ\\ of link i g(q@) =Y,(q)p,

Cce6zme + Crzm7 C; = (CiJ? Ciy CiZ)T
C5zMM5 — CeyTne

Cs:MNs

symbolic expressions of gravity-

CSym5+C4zm4+dzw related dynamic coefficients
C4zTng 5

Caymy + C3,M3 — two DH 1 05

Co N2

— parameters 5 2
\ EM} dy, d = s
c2;my — c3ym3 + d1(m3z + my + ms + mg + my) b 72 S 05

4

9.5457 x 10~ \
—2.9826 x 1074
8.3524 x 1074
0.0286
—0.0407
—6.5637 x 10~*
1.334
—0.0035
—4.7258 x 107*
0.0014

9.4532 x 1074
\ 3.4568 /

0.5

0

g, value [Nm]

g lue [Nm]
o é

0.5

40 0.3

numerical values M AN
identified through - % 5 10 15 20 01, 5 10 15 20

experiments .

g lue [Nm]
[¢] lue [Nm]

g lue [Nm]
S o o
g., value [Nm]
N o n S

gravity joint torques |
prediction/evaluation on

new validation trajectory ¢ - \W\A/A/\V
0 ——— computed g(a)

(in practice, identical!)
o 5 T}ge[s] 15 20 ]8

g, value [Nm]




7, [Nm]

Role of friction in identification

KUKA LWR4 dynamic model estimation vs. joint torque sensor measurement

M(q)q + c(q,q) +9(q) = T |- Triction Tmeas

4 1 4 . . . 1 . . .
E 2 E e 2 T
Z ; Z 0 Z Z 0
v 0 e v 0 0
-2 - -2 -1
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
50 0.5 50 i 0.5 :
T 0 g £ °
*© -0.5 & &° -0.5
=50 -1 -50 -1
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
20 1 20 1
0 ' E R W w £ 0 Z
O -1 . K & [ |
—20 2 -20 -2
0 5 10 15 20 25 0 5 10 15 20 25 0 S 10 15 20 25 0 5 10 15 20 25
Time [s] Time [s]
5 5 . . : :
= - E actual (filtered) torques
Z o0 actual (filtered) torques = estimated torques (with friction estimate)
ot estimated torques (without friction estimate) o
-5 -5
Time [s] Time [s]

without the use of a joint friction model  including an identified joint friction model

with 3 parameters @1,j, P2, @3 s 7. (5.) = 1,5 N 1,5
. appearing in a nonlinear way 71.3(45) 14 e %2i(di+esi) 14 e #2593,
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using more dynamic robot motions for model identification

J. Hollerbach, W. Khalil, M. Gautier: “"Chap. 6: Model Identification”, Springer Handbook of Robotics (2" Ed), 2016
free access to multimedia extension: http://handbookofrobotics.org
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Dynamic identification of KUKA KR5 Qi

video

a set of exciting trajectories for dynamic model identification
of the 6R KUKA KR5 Sixx R650 robot (DIAG Robotics Lab, 2023)

collecting 6 motor currents i(t) = K; 17(t) and 6 joint position q(t) from encoders

diagonal > 0 measured quantities every 12 ms
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Adding a payload to the robot

= in industrial applications, changes in robot payload are often needed

= using different tools for various technological operations such as polishing,
welding, grinding, ...

= pick-and-place tasks of objects having unknown mass
= what is the rule of change for dynamic parameters when there is an
additional payload?
= do we obtain again a linearly parameterized problem?
= does this property rely on some specific choice of reference frames (e.g.,
conventional or modified DH)?

video E weight

~28 kg

max payload
5 kg

max reach
653 mm
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Rule of change in dynamic parameters

= only the dynamic parameters of the link where a load is added will change
(typically, added to the last one — link n — as payload)
= last link dynamic parameters: m,, (mass), ¢, = (c,, ¢,, ¢,.)" (center of mass),
I (inertia tensor expressed w.r.t. frame n)
= payload dynamic parameters: m; (mass), ¢, = (cz, cr, cr.)’ (center of mass),
I, (inertia tensor expressed w.r.t. frame n)

= Mass My — My, +mr
CniMMnp, + Cri;mip,
= center of mass CriMy, — (My +mp) = CpiMmap + crimyg
My + My,
(weighted average) where i1 = x, y, 2

: : valid only if tensors are expressed w.r.t.
= Inertia tensor Ly — I, + 11 the same reference frame (i.e., frame n)!

= |inear parametrization is preserved with any kinematic convention
(the parameters of the last link will always appear in the form shown above)
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N
Example: 2R planar robot with payload g

payload

J/ go = gravity acceleration

unloaded robot dynamics ¥p =t loaded robot dynamics Yipt =1
( 1 (moad + In..) + azeaymo ) ( 3 (a3 (ma +mp) + Iozz + I1z2) + a2 (coama + cLami)
CogpMo + aomsa CoxMo + cLamy + ag (Mg + mp)
p = 1 CayMM2 pl — CoyMa + CLyMmy,
1 (Ize + a3my + ama) + arciama 2 (2 +a3my + af (ma + myp)) + arcizm
ClzM1 + a1my + a1me c1zm1 + aymy + aq (mg +mp)
\ CiyMmi ) \ C1yM1 /

Note 1: position of the center of mass of the two links and of the payload may also be asymmetric

Note 2: link inertia & center of mass are expressed in the DH kinematic frame attached to the link

(e.g., I,..is the inertia of the second link around the axis z5)
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Validation on the KUKA LWR4 robot

Fast Research Interface: Using initialization File “D:\Kuka_software\Fast_resea
ch_interface lib\FRILibrary\etc\980039-FRI-Driver.init".

IP 192.168.0.180 ~ Port 49938

IP 192.168.64.1 ~ Port 49938

IP 169.254.53.154 ~ Port 49938

IP 169.254.50.251 ~ Port 49938

Progran is go:; to stop the robot

Restarting the

oint position control scheme.
CycleTine: 0.005000

when it is mounted
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