Robotics 1
July 11, 2018
Exercise 1
e Define the orientation of a rigid body in the 3D space through three rotations by the angles «,

B, and y around three fixed axes in the sequence Y, X, and Z, and determine the associated
rotation matrix Ryxz (a, 3,7). Check if the determinant of this matrix has the correct value.

e Provide the analytical solution(s) to the inverse representation problem of an orientation speci-
fied by a rotation matrix R = {R;;}, using the above angles {¢, 8,v}. Discuss singular cases.

. . T
e Find the mapping between the time derivative ¢ = (d I} f'y) of the above minimal represen-
tation and the angular velocity w of the rigid body. Discuss the invertibility of this mapping.

e When the desired orientation R; and the desired angular velocity wy are

0 1 0 1
R;,=] 0 0 -1 ], wg=1| 1 [rad/s],
-1 0 O —1

. . T
determine all associated solutions ¢, = {aq, 84,74} and ¢, = (dd Ba f'yd) , respectively to
the inverse and the inverse differential problem. Check the correctness of the obtained results.

Exercise 2
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Figure 1: A planar RP robot and the generic setup of a desired motion task.

Consider the planar RP robot in Fig.[l}] Define a computational scheme that generates joint-space
commands at the acceleration level realizing a cyclic trajectory such that:

e the robot end effector starts at rest from point P; at ¢ = 0, and returns there at ¢ = T with zero
velocity;

e the path traced by the end effector is a circle of suitable radius, passing through the point P
and having there its tangent orthogonal to the segment P; Ps;

e the timing law along the Cartesian path is a polynomial of the least possible degree.

Determine, first symbolically and then numerically:

e the Cartesian velocity v € R? and acceleration a € R? when passing through the point P;
e the associated joint velocity ¢ € R? and joint acceleration ¢ € R? of the RP robot;
e the numerical values of the above four quantities when using the data

P = ( 1i5 ) m), P= ((1)2 ) m], T=32[.

How can the scheme be made robust w.r.t. disturbances and/or initial trajectory errors?

[180 minutes, open books but no computer or smartphone]



Solution
July 11, 2018

Exercise 1

The elementary rotation matrices around the three coordinate axes are

cosa 0 sina 1 0 0 cosy —siny 0
Ry(a) = 0 1 0 , Rx(B)=1 0 cosf —sinf |, Rz(y)=| siny cosy 0
—sina 0 cosa 0 sinf8 cosf 0 0 1

Being the sequence YXZ of rotations defined around fixed axes (i.e., of the Roll-Pitch-Yaw type),
the rotation matrix representing the final orientation of the rigid body is obtained by multiplying
the elementary matrices in the following order:

Ryxz (a,8,7) = Rz(7)Rx(8) Ry (a)
cosacosy —sinasin fsiny —cosSsiny sinacosy + cos asin 5 sin vy 1)
= | cosasiny +sinasinScosy cosfcosy sinasiny — cosasin cosy
—sinacos 8 sin 3 cos acos 3
It is tedious but straightforward to check that det Ryxz = +1.

Given a rotation matrix R = {R;;} that uniquely specifies the orientation of a rigid body, the
inverse representation problem is solved as follows. The angle S is given by the analytic formula

B = ATAN2 {Rgz,i,/Rgl +R§3}. (2)

Provided that R3, + R%; = cos® 8 # 0, this formula provides two different solution values 8 and
(B2, depending on the choice of the sign in the second argument. For each of these, the following
formulas provide an associated solution pair («;,7;), for i = 1, 2:

R31  Ras Riz  Rao
= ATAN2< — , , = ATAN2< — , . 3
“ { cos 3 cosﬁ} 7 { cos 3 cosﬁ} ®)
Therefore, in the generic case, two different solution triples are found, ¢y = {a1,01,71} and

¢y = {0427ﬁ2,’72}-

In the singular case, i.e., when R3; = R33 = 0 and thus cos 8 = 0, the problem reduces to

cosacosy —sinasinfsiny 0 sinacosy 4 cos asin 8 sin vy Ry 0 Rys
cosasiny +sinasinScosy 0 sinasiny—cosasinfcosy | =| Rax 0 Ros |. (4)
0 sin 8 0 0 1 O

When R3y = sinf = 1, then 8 = 7/2, and the set of equations in allows only to specify the
sum of the two other angles as

a+y= ATAN?2 {R13, Rn} .

Similarly, when R3y = sin 8 = —1, then 8 = —7/2, and the set of equations in allows only to
specify the difference of the two other angles as

o — 77 = ATAN2 {R13, Rn} .



The mapping between the time derivative (b = (d B f'y)T of the above minimal representation
and the angular velocity w can be obtained in different ways. The easiest is probably to reinterpret
eq. (1) as a ZXY Euler sequence (with reverse order of angles {v, 3,a}) and to compute the three
contributions to w due to the variation of each angle around its current rotation axis. We have

w = wy(2) + wi(X') +wa(Y")

0 1
=10 |3%+Rz()| 0 |B+Rz(\)Rx(B)| 1 | &
1 0
0 cos 7y — cos 3siny
=10 |4+ | siny B+ cos [ cosy Q
1 0 sin 3
—cosfBsiny cosy 0 e
= cosffcosy siny 0 [3 =T(5, ’7)¢
sin 8 0 1 ¥

When det T' = — cos 8 = 0, we have a singularity of the transformation. Therefore, when 8 = +7/2,
the dimension of the range of T' drops to two, and there exists a one-dimensional subspace of angular

velocities w that cannot be represented by any choice of qb These are all w = ( Wy Wy Wy )T €R3
which are orthogonal to the second column of T, i.e., such that

Wy €OS Y + wy siny = 0.

With the data

0 1 0
R;,=| 0 0 -1 |, wg=1] 1 [rad/s],
-10 O -1

we see that this is not a singular situation (Rg31 # 0). Therefore, from eqgs. (2H3), we find two
solutions to the inverse representation problem:

D4 = {Oéd1aﬂd1,7d1}={g,0,g}7 Ga2 = { @az, Baz, Va2 } = {*gﬂf,g}

Accordingly, we obtain two different transformation matrices

-1 00 100
Tai(Bar,yar)=| 0 10 |, Ta2(Baz;va2) = 0 1 0 | =1,
0 01 001

and therefore two different solutions to the inverse differential problem, namely

A1 -1

b= | Ba | =Ty (Ba.va)wa=| 1 [rad/s],
Va1 -1
Qg2 1

bar = | Baz | =T (Baz,vaz) wa = 1 [rad/s].
Va2 -1

Indeed, we can immediately check that T 41 (Ba1,7a1) d)dl = T 42(Baz, Vaz) qZ)dQ = wy.



Exercise 2

A generic circle with center at Py = (z9,yp) and radius R is defined by the quadratic equation
(x —20)” + (y — ) = R”. (5)

The unknown quantities in can be determined by imposing the passage through the two points
Py = (21,y1) and Py = (z2,92), i.e.,

(21— 20)” + (41 —y0)” = R, (x2 — 20)” + (y2 — y0)* = R?,

whose solution for (g, yo, R) generates two families of circles with increasing radius, placed sym-
metrically with respect to the line passing through P; and P,. The additional condition of having
a desired value for the path tangent at some point along the path will specify completely one circle
in each family. The situation is particularly simple when requiring that the path tangent in P,
should be orthogonal to the segment P; P». In fact, this implies directly that the center Py lies
on this segment and, therefore, it coincides with its midpoint. A single circle is obtained in this
special case, with

T+ X2
p_hth 2 _ [ %o R:HPZ—P1H:\/(932*931)2+(y2*y1)2 (6)
0 2 Y1+ Y2 Yo )’ 2 2 ’
2

A parametric representation of the circular path is given by
To cos(s + @) >
5) = +R( . , s € 0,27, 7
pe) = () rr (GO 0.27] ™

where the circular path is traced counterclockwise for increasing s and the angle ¢ characterizes
the starting point chosen on the circle. Being P the starting point (i.e., for s = 0), we have

Ty — T2

x cosg\ [ x cosp\ | T 2
(yo)+R(Sin¢>_(y1) - R(Sinqb)_ Y1 — Y2 (8)
2
and thus
¢ = ATAN2{y; — y2, 21 — 22} 9)

The timing law s(t) is given by a cubic polynomial, which has in fact the least possible degree that
guarantees satisfaction of the four boundary conditions

s(0)=0, s(T)=2m,  50)=0, §T)=0.

t\? t\?
s(t) = 2w <3 (T) -2 <T) ) . (10)
For t = T/2, it is s(T/2) = 7 and thus p(r) = P, as it can be easily checked from (6}{g).
Differentiating twice and , respectively in space and time, we obtain

o= (). =SB ()

Therefore,

)



and

0-S0 (L (Y). =S et

plt) = p/()5(1) = 2T (; - (;)) (). (1)

v=p(3) =pms(H) =7 ()= (1), (12)

—cos ¢ To — X1

Similarly,

B(t) = p/(5)3(0) + P (s)82(t) = oom (1 - 2t> ( ~sin(s + ¢) )

T2 T cos(s + ¢)
2 (13)
2
144R7? [t t cos(s + ¢)
T2 <T_ <T> ) <sin(s+¢) )’
and thus, being §(7/2) = 0 and using a
(TN N2 (T _ 9Rn? ([ cos¢ _ﬁ 1 — T2
a=p(3)=p"(m)s*(3) = T2 (Sin¢>_2T2<y1—y2>' )

Having fully specified the Cartesian trajectory, and obtained in particular the requested quantities
v and a consider now the execution of this trajectory by the RP robot. At ¢ = 0, the robot end
effector should be placed in P;. Solving this inverse kinematics problem, we have

[ @(0)\ [ ATAN2{y;, 21}
q<o><q2(0)>< e ) (15

where for simplicity we considered only the robot configuration ‘facing’ point P; (i.e., with g3 > 0).
The robot should start at rest, and so ¢(0) = 0. From this initial robot state, which is matched with
the Cartesian trajectory at the initial time ¢ = 0, we generate the desired cyclic trajectory using
the acceleration command obtained by solving the second-order inverse differential kinematics, or

q(t) = 77 (@) (B() - J@®) ), teo,T], (16)

where p(t) is given by eq. (13) and we assumed that kinematic singularities are not encountered.
The analytic Jacobian J and its time derivative J needed within are found by differentiating
the direct kinematics of the RP robot

p= @)= (200,

g2 8in q
yielding
q2CcOosqy  Ssingp

. . . —@28ing; cosq
p=J(q)q, with J(q) = ( )



and

I--) _ J(q)q + J(q)q’ With J(q) — ( —(@25s1n g1 — ¢142 COs g1 —{¢1 51 g1 ) )

Gocosqr — qigasing:  gicosqp

When passing through the point Ps, the robot configuration is

Ty _ %(%) > _ (ATAN2{ZJ2,$2}>
a(3) (q2<g) el -

Thus, the joint velocity at ¢ = T'/2 (when the robot end effector is in P) will be
a(3) =J a(3)p(3) =T (a(3))v

m sin g1 () —cosq1(3) 1= Y2 (18)
31 (_q2 q q ><y y)

= —ﬁ@ (%) COSQl(%) _QQ(%) sinql(%) T2 — X1

where the values of ¢;(7/2) and ¢2(T/2) are given by eq. (I7)), and we used v as defined in (12).

Similarly, the requested joint acceleration at t = T/2 is

q(5) =77 @(®) (5(35) - JaE)a3) = @) (a-I@3)al))

b (e el Yy
25 \ @) e —n@oma®) |27 Ln - a9
_ <42(§) singi(3) — 41 (%) 2(3) cosa(3) —au(3) Sinfh(g)) q(T)‘|
G2(5)cosqr(3) — () @(3)sina(3) @ (F)cosau(3) ’
where the values of ¢1(7/2) and ¢2(7T'/2) are given by eq. (17)), g(T/2) comes from eq. , and

we used a as defined in .

Substituting the numerical values

() m= () w7328,

we obtain from @ and @D

o 1 1.25
P = = = —(. — _96. °_ _04 d
’ < Yo ) ( 1.25 > [ml,  R=-7"=05590[m],  ¢=-26565"=—0.4636 [rad],

and thus from

(s) 1 + 05590 cos(s — 0.4636) € [0, 2]
S) = . S .
P 1.25 sin(s — 0.4636) ) =

We evaluate then and (14), obtaining

oo (22 am (232



The robot configurations at the initial time ¢ = 0 and at the halftime t = T//2 = 1.6 s are computed

from eqs. and 7

0.5880 \ [rad] 1.2490 \ [rad]
q(0)<1.8028> m] q(1'6)<1.5811> (m]

while and yield

” 1.6):< 0.1473 ) [rad /3]

—2.7325 ) [rad/s?]
—1.6299 / [m/s]

;o q(l6)= ( —0.6515 ) [m/s?]

The planned Cartesian task is sketched in Fig. [2| while the evolution of the joint positions and
velocities associated to the computational scheme are shown in Figs. |3| and @

VY

Figure 2: The planned Cartesian motion with the RP robot in the correct initial position at t = 0.
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Figure 3: Joint positions of the RP robot while executing the task in Fig.



robot joint velocities
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Figure 4: Joint velocities of the RP robot while executing the task in Fig.

Finally, if there is an initial mismatch of the robot state with respect to the desired Cartesian
trajectory p,(t) at t = 0, or if an external disturbance will bring the robot end effector out of its
nominal trajectory, a feedback modification of the scheme is needed. In order to recover the
tracking errors, the following control law should be used

G=7""(a) (ba+ Kp(by— J(@)2) + Kr(ps— £(a) — J(@)4) . (20)

with (diagonal) gain matrices Kp > 0 and Kp > 0, and where the desired motion in position,
velocity, and acceleration is specified by @7 , and , respectively. The control law
robustifies the robot behavior also with respect to numerical approximations due to a discrete-
time implementation of the scheme.
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