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Abstract. Inspired by Joker strategies in games on graphs, we
introduce minimal best-effort strategies for Linear Temporal Logic
on Finite Traces (LTLy) goals in Fully Observable Nondeterminis-
tic (FOND) domains and study their corresponding synthesis prob-
lem. Minimal best-effort strategies always exist and guarantee that,
when a winning strategy does not exist: (i) the agent does its best to
achieve its goal; (ii) it relies the least on the environment’s cooper-
ation. We present a game-theoretic algorithm to synthesize minimal
best-effort strategies and prove its correctness as well as its optimal-
ity (wrt computational complexity). We implemented the algorithm
and performed an experimental analysis on scalable benchmarks.
The empirical results show that the computation of minimal best-
effort strategies is quite efficient: it only requires a small overhead
compared to standard best-effort strategies.

1 Introduction

In this paper, we consider a variant of (strong) planning in Fully Ob-
servable Nondeterministic (FOND) domains [10, 21], where goals are
temporally extended and expressed in Linear Temporal Logic on fi-
nite traces (LTLy) [13, 14, 12, 8]. Specifically, we focus on the case
where a strong plan — here referred to as a winning strategy, as in the
related field of reactive synthesis [14] — does not exist.

When a winning strategy — one that achieves the goal regardless of
the environment’s response — does not exist, the agent should at least
avoid adopting strategies that preclude the possibility of achieving
the goal. Best-effort strategies [1, 15] capture this intuition. More
precisely, they embody the game-theoretic principle of rationality:
a player should not adopt a strategy that is dominated by another,
i.e., one that achieves the goal against fewer environmental responses
than an available alternative.

Best-effort strategies have several notable properties: (i) they al-
ways exist; (i7) if a winning strategy exists, the best-effort strategies
are exactly the winning strategies; (iii) they can be computed in 2EX-
PTIME, just like winning strategies (in fact, best-effort synthesis is
2EXPTIME-complete). However, unless a dominant strategy — a best-
effort strategy that dominates all others — exists [2], there are gener-
ally many incomparable best-effort strategies, offering no principled
basis for preferring one over another.

The key idea behind best-effort strategies is that, given a history
the agent selects: (1) an action that enables it to force a win, if possi-
ble; otherwise, (2) an action that preserves the possibility of winning
later, should the environment not behave adversarially now, i.e., if

the environment temporarily cooperates with the agent. If there are
multiple actions satisfying property (2), then any of them is equally
good, leading to incomparable best-effort strategies.

Here, inspired by [30], we study the case in which, when the agent
must rely on the environment’s cooperation, c.f. (2), it selects a strat-
egy with an additional requirement: the goal can be achieved with the
shortest possible sequence of cooperative environment responses. In
other words, an agent using one such a strategy — which we call min-
imal best-effort — relies the least on the environment’s cooperation.

To define minimal best-effort strategies, we rely on Joker strate-
gies introduced in the setting of two-player reachability games [30].
Joker strategies allow the protagonist, i.e., the agent, to play a Joker
move, which also controls the response of the adversarial, i.e., the
environment. This notion is relevant for this work since it provides
a method to quantify reliance on environmental cooperation. In this
paper, we show that Joker strategies do not correspond to best-effort
strategies per se, but they can serve as the basis for defining minimal
best-effort strategies, as discussed above. Subsequently, we present a
game-theoretic technique for synthesizing minimal best-effort strate-
gies that is correct and optimal in terms of worst-case complexity. We
show that the complexity of synthesizing minimal best-effort strate-
gies remains the same as that of synthesizing standard best-effort
strategies, which, in turn, is the same as the complexity of synthesiz-
ing winning strategies. The synthesis technique involves alternating
the computation of two least fixed points over the game arena that is
generated by the Cartesian product of the FOND domain and the de-
terministic automaton corresponding to the LTL; goal. Notably, this
technique can be implemented symbolically using the same kind of
technology employed in Model Checking [3]. We implemented the
technique in a symbolic solver, and using this solver, we show that, in
practice, computing a minimal best-effort strategy brings a minimal
overhead compared to computing a standard best-effort strategy.

2 Preliminaries

We consider specifications in Linear Temporal Logic on Finite
Traces (LTLy) [13]. LTL is a formalism widely used in Al to specify,
e.g., temporally extended goals [9, 12, 8] and state-trajectory con-
straints [5, 6] in planning. Given a set of atomic propositions (aka
atoms) AP, the LTL; formulas over AP are: ¢ == p | —¢p |
w1 A2 | Op | v1U p2, where p € AP. Symbols O and I/ de-
note the strong next and until temporal operator, respectively. Ad-
ditional operators are defined as abbreviations and include: stan-



dard operators of propositional logic; Oy = truelf ¢ (eventually);
Op = O (always); and @@ = ~O—p (weak next). The size of
, denoted |¢p|, is the number of subformulas in its abstract syntax
tree.

LTLy formulas are interpreted over finite non-empty traces m €
(24%)* of propositional interpretations over AP. We denote by
m; € 247 the propositional interpretation in the i-th time step of
m, with¢ = 0,1,...,n. Here n = |r| is the length of the trace 7.
The empty trace is €. Given an LTL s formula ¢, a trace 7, and an in-
dex 14, the following inductive definition formalizes when 7 satisfies
@ at .

1. m,if=piff p € m, forp € AP;

. i E e iff i )

LTl E e Apeiff md = @1 and 7,0 | o)

. miEOpiffi < |n|—landm, i+ 1 ¢;

. Tt = p1U 2 iff there exists j such that¢ < j < |7|and 7, j =
2, and for every k such that i < k < j we have 7, k |= ¢1.

A finite trace 7 satisfies ¢, written 7w |= o, iff 7,0 = .
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Following [16], a Fully Observable Nondeterministic (FOND) Do-
main is a tuple D = (27, s0, Act, React, a, 8,5), where: F is a
finite set of fluents and 27 is the state space; so€ 27 is the initial
domain state; Act and React are finite sets of agent actions and en-
vironment reactions, respectively; o : 27 — gAet represents action
preconditions; 3 : 27 x Act — 282 represents reaction precon-
ditions; and § : 27 x Act x React — 27 is the partial transition
function such that §(s, a, r) is defined iff @ € a(s) and r € ((s, a).
We assume that FOND domains satisfy the following properties:

P1: Existence of environment reaction. For every domain state s €
27 and agent action a € a(s), there exists one environment reac-
tionr € B(s,a), written: Vs € 27 .Va € a(s).3r € B(s,a);

P2: Uniqueness of environment reaction. For every domain state
s € 27, agentaction a € a(s), and successor state s’ = §(s, a, 1)
for some reaction 7, the reaction r is unique, written:

Vs € 27 Va € a(s),Vr1, 2 € B(s,a).
d(s,a,m) =8(s,a,m2) = 11 =72.

Nondeterministic domains usually adopted in FOND planning [10,
20], say expressed in PDDL [23], can be captured by the notion above
by introducing reactions corresponding to the nondeterministic ef-
fects of agent actions [16]. Considering the domain compactly repre-
sented in PDDL, we identify its size with | F]|.

At each time step, a FOND domain evolves as follows: the agent
performs an action a that satisfies action preconditions in the cur-
rent domain state s; the environment chooses a reaction r that satis-
fies reaction preconditions; and the successor domain state is ' =
0(s,a,r). State transitions are defined iff both agent and environ-
ment follow their respective preconditions; nondeterminism for the
agent comes from not knowing how the environment reacts.

Formally: a domain trace is a (finite or infinite) sequence 7 =
(so)(a1,71,81)--- such that: (i) so is the initial domain state; and
(ii) for every ¢ > 0, we have that s;11 = (s, ait1, 7i+1) for some
ait+1 € OL(SZ‘) and 7,41 € ﬂ(si7ai+1).

An agent strategy is a partial function o : (27)T — Act such
that, for every domain trace 7 = (so)(a1,71,51) - -+ (an, T'ny Sn), if
0(s0- - Sn) is defined, then o(so---sn) € a(sn), i.e., o follows
action preconditions. We write o(7) = L to denote that & is unde-
fined in 7. A domain trace 7 = (s¢)(a1,71, $1) - - - is consistent with
o if: (i) ai+1 = o(so---s;) for every i > 0; and (if) if 7 is finite,
say 7 = (so0)(a1,71,81) - (@n,Tn, Sn), then o(so---s,) = L.
Note that a finite domain trace 7 is consistent with o if o, being a
partial function, is undefined in 7 — which we think of as the strategy
terminating its execution.

A goal is an LTLy formula ¢ over F. Every domain trace 7 =
(so)(a1,71,81) - corresponds to a trace 7|, = S0S1 - - -, so that
we can evaluate LTL; goals over finite domain traces.

LTLs synthesis in FOND domains (aka LTLy strong FOND plan-
ning) is the problem of computing an agent strategy that achieves the
goal against every nondeterministic environment response — called
winning strategy (aka strong plan) — if one such strategy exists. For-
mally: an agent strategy o is winning for ¢ in D if, for every domain
trace T consistent with o, we have that 7|, is finite and 7|7 = .
When ¢ and/or D are clear from the context, we may simply say, e.g.,
o is winning for ¢. LTLy synthesis in FOND domains is 2EXPTIME-
complete in the size of ¢ and EXPTIME-complete in the size D (i.e.,
| F1), respectively [12].

3 Joker Strategies

In this paper, we also consider the case in which the agent does not
have a winning strategy: in such a case, the agent can either “give
up” or resort to a strategy that possibly achieves the goal. Inspired by
Joker strategies in games on graphs [30], we introduce Joker strate-
gies for LTL goals in FOND domains. Such strategies assume that the
environment is not strictly adversarial: it may sometimes be cooper-
ative and help the agent to achieve its goal. This assumption holds
in FOND: the domain — the world the agent operates in — is rather
agnostic towards the agent and may sometimes unfold its nondeter-
minism to help the agent achieve its goal. When the environment’s
cooperation is assumed, Joker strategies prescribe a Joker move, de-
noted % (a, ), which: (i) specifies the next agent action a; (ii) fixes
the next environment reaction to 7. Subsequently, we introduce min-
imal Joker strategies, which prescribe the minimum number of Joker
moves, thus relying the least on the environment’s cooperation.

Formally: a Joker strategy is a partial function o* : (27)T —
Act U %, where % = Act X React, such that, for every domain
trace 7 = (80)(a1,71,51) - (@n, Tn, Sn), if ¥ (S0 -+ 8y is de-
fined, then one of the following holds: (i) if o®* (s - - - $n) = @1,
then ant1 € a(sn); (i) if U*(so -+ 8n) = k(ant1,7n+1), then
Ant1 € asy) and 741 € B(8n, any1). Thatis: o* always follows
action preconditions; if o* prescribes a Joker move — thus fixing the
environment reaction — then o* also follows reaction preconditions.

A domain trace 7 = (so)(a1,71,81)-- is consistent with a
Joker strategy o* if: (i) for every i > 0, either c*(sg--- ;) =
*(Qit1,7it1) OF o* (so-+-8:) = asy1; and (i) if 7 is finite, say
7 = (s0)(a1,71,81) - - - (an, Tn, $n), then 0*(50 -+ 8p) = L. Ob-
serve that if o* prescribes a Joker move — thus also fixing the en-
vironment reaction — every domain trace that does not follow that
reaction is not consistent with o*. A Joker strategy o* is Joker-
winning for ¢ in D if, for every play 7 consistent with it, we have
that 7|, is finite and 7|,7 = . Intuitively, that a Joker strategy is
Joker winning means that, if the environment cooperates as assumed
in Joker moves, the agent will achieve the goal.

Now, suppose that there exists a domain trace 7 =
(so)(a1,71,81) - (Gn,Tn, Sn) such that 7|, | . The Joker
strategy o* such that o* (so---s;) = % (air1,mi1) for every
0 < ¢ < mis Joker winning. An agent using one such strategy as-
sumes a maximally cooperative environment, which is not suitable in
FOND planning: during execution, when the environment is not guar-
anteed to cooperate, the agent may unnecessarily take a chance by
relying on the environment’s cooperation and expose to goal failure.
Instead, we require the agent to rely the least on the environment’s
cooperation, reason for which we introduce minimal Joker strategies.

Let ¢ be an LTLy goal, D a FOND domain, and o* a Joker strat-



egy. We assign a cost c,p(0*) to o*, which is formally defined
as follows: if o* is Joker winning, then cw‘p(cr*) is the maximum
number of Joker moves that o* makes in the domain traces consis-
tent with it; else, if o is not Joker winning, then c,p(c*) = +oo0.
A minimal Joker strategy is one that is assigned minimal cost.

Definition 1. A Joker strategy 01* is minimal (aka mj-strategy) for
pinD zfcwp(af) < cwm(a;)for every Joker strategy oX¥.

It follows by the definition that mj-strategies always exist.

Proposition 1. Let D be a FOND domain and @ an LTLy goal. There
exists a mj-strategy for @ in D.

4 Minimal Best-Effort Strategies

We now investigate the relation between mj- and winning strategies.
Subsequently, we investigate the relation between myj- and best-effort
strategies [1, 15] — which can be seen as a generalization of winning
strategies. Best-effort strategies base on the game-theoretic notion of
dominance and capture the intuition that, when a winning strategy
does not exist, the agent should do its best to achieve the goal. Based
on the relation between mj- and best-effort strategies, we introduce
minimal best-effort strategies. Such strategies always exist and guar-
antee that the agent: (i) does its best to achieve the goal; (i) it relies
the least on the environment’s cooperation. Finally, we formalize the
problem which we will investigate in the rest of the paper: LTLy syn-
thesis of minimal best-effort strategies in FOND domains.

First, observe that a Joker strategy o* is not formally an agent
strategy of the form o : (27)* — Act, since it can also prescribe
Joker moves. However, each o* is equivalent to one such strategy
o, which can be obtained by projecting Joker moves on their first
component: the agent action. Formally: a Joker strategy o* induces
the agent strategy o such that, for every 7 € (27)": (i) if o* (1) =
* (Gnt1, Tnt1), then o(7) = any1; (i) otherwise, o(1) = o* (7).

Suppose that a winning strategy exists. We observe the following:
(i) every mj-strategy has cost 0 and induces a winning strategy, since
it achieves the goal without environment’s cooperation; (ii) every
winning strategy behaves exactly as an mj-strategy that does not pre-
scribe Joker moves and has cost 0, thus being minimal. As a result:

Proposition 2. If there exists a winning strategy for ¢ in D, the
strategies induced by the mj-strategies are exactly the winning strate-
gies.

In what follows, we review best-effort strategies. That an agent
does its best to achieve a goal is formalized through the game-
theoretic notion of dominance, which requires introducing environ-
ment strategies in FOND domains. Formally: an environment strat-
egy is a total function v : Actt™ — React such that, for ev-
ery domain trace 7 = (so)(a1,71,51) -, we have that r;41 =
y(a1 - -ait1) € B(si,aiq1) forevery i > 0, i.e., v follows reaction
preconditions. An environment strategy always exists due to exis-
tence of environment reaction, see Section 2, P1. A domain trace 7 =
(so0)(a1,71,81) - is consistent with -y if ;41 = y(a1 - - - as41) for
every ¢ > 0. Given an agent strategy o and an environment strat-
egy 7, there exists a unique domain trace consistent with both ¢ and
v, denoted 7(o,7) = (so)(a1,71,81) -, defined as follows: (i)
aiy1 = o(so---s;) forevery i > 0; (i) rit1 = (a1 ait1)
for every ¢ > 0; and (iii) if 7(o,7) is finite, say 7(o,y) =
(so)(a1,71,81)  * (Gn,Tn, Sn), then o(sg - sp) = L.

Let: D be a FOND domain; ¢ an LTLy goal; and o1 and o2 agent
strategies. We say that o1 dominates o2 for o in D, written o1 > oD

o2, if, for every environment strategy v, if 7(o2, )|, is finite and
T(02,7)|s7 = @, then 7(01,7)|o7 is finite and 7(01, 7)|,7 = .
Furthermore, we say that o1 strictly dominates o2, written o1 > |p
o2, if 01 Z<P|'D o2 and o2 ZN'D o1.

Intuitively, o1 >,|p 02 means that o1 does at least as well as o2
against every environment strategy and strictly better against at least
one such a strategy. An agent that uses o2 is not doing its best: if
it used o instead, it could achieve the goal against a strictly larger
set of environment strategies. Within this framework, a best-effort
strategy is one that is not strictly dominated by any other strategy.

Definition 2. An agent strategy o is best-effort (aka be-strategy) for
@ in D if there is no other agent strategy o' such that ¢’ >, p o.

We note that be-strategies share some properties with mj-
strategies: (i) they always exist; and (ii) if a winning strategy exists,
the best-effort strategies are exactly the winning strategies [15].

LTL; best-effort synthesis in FOND domains is the problem
of computing a best-effort strategy; its complexity is EXPTIME-
complete in the domain and 2EXPTIME-complete in the goal, respec-
tively [15], i.e., as that of standard LTL ; synthesis in FOND domains.

Best-effort strategies also admit an alternative characterization —
which we will use to investigate the relation between be- and mj-
strategies. This characterization is based on the notion of value of a
history, i.e., a finite domain trace. Intuitively, the value of a history h
is as follows: “winning” (41) if the agent can achieve the goal from
h regardless of the environment response; “pending” (0) if the agent
can achieve the goal from h for some environment response, but not
all; and “losing” (—1), otherwise. By exploiting this notion, we can
characterize best-effort strategies as those that witness the maximum
value of every history consistent with them.

Formally: for an agent strategy o and a history A consistent with
it, we denote by I'(h, o) the set of environment strategies +y such that
h is a prefix of 7(o, 7). Furthermore, we denote by Hp (o) the set of
histories h such that I'(h, o) is non-empty, i.e., the set of histories of
D consistent with o and some environment strategy . We define:

e valyp(o,h) = +1 (“winning”), if 7(0,v)|,7 is finite and

7(0,7)|o7 = @ forevery v € I'(h, 0);

o val,p(o,h) = 0 (“pending”), if 7(o,7)|,> is finite and
7(0,7)|s7 [ ¢ for some v € I'(h, o), but not all;
e val,p(o,h) = —1 (“losing”), otherwise.

Let val,|p(h) be the maximum value of val,|p (o, h) among all
the strategies o such that h € Hp(c)'. The following is the history-
based characterization of be-strategies:

Theorem 3 ([15]). An agent strategy o is best-effort for ¢ in D iff
valyp(o, k) = valyp(h) for every h € Hp(o).

Following Theorem 3, a be-strategy behaves as follows from every
history consistent with it: (i) if the history is winning, the best-effort
strategy will achieve the goal regardless of the environment response;
else, (i) if the history is pending, the best-effort strategy will achieve
the goal should the environment cooperate; else, (iii) if the history is
losing, the best-effort strategy prescribes some action.

We now establish the relation between mj- and be-strategies. In
doing so, we represent FOND domains using transition graphs as in
Figures 1 and 2: nodes represent domain states; edges denote state
transitions resulting from agent actions and environment reactions;
labels on edges denote agent actions and environment reactions, col-
ored in blue and red, respectively.

1 We consider val(h) only if there exists at least one agent strategy o such
that h € Hp(o).



For convenience, in the following we may omit D and ¢ and con-
sider, e.g., be-strategy as an abbreviation for be-strategy for ¢ in D.

First, we observe that be-strategies are in general distinct from
strategies induced by miyj-strategies, since they may rely too much
on the environment’s cooperation. This is stated in the following:

Theorem 4. There exists a be-strategy that is not induced by any
mj-strategy.

Proof. Consider the domain in Figure 1 and the LTL; goal ¢ =
<&(€3). There exist two best-effort strategies o1 and o2 such that:

1. o1 prescribes: go(£o, £1); go(¢1,£€2); and go(€2, {3);

2. o9 prescribes: go({o, €5); go(£s, £4); and go(£4, £3).

We have that o1 and o2 are both best-effort as they satisfy Theorem 3.
However: o1 requires environment’s cooperation twice — in ¢; and
{2; o2 Tequires environment’s cooperation only once — in 5.

There exists a unique mj-strategy o* that prescribes: go(lo, l5);
*(go(€s, £4), move); and go(£4, £3). We have that ¢* is minimal as
it plays the minimum number of Joker moves. The strategy induced
by o* is 02. As a result, o is a be-strategy that is not induced by
any mj-strategy, which proves the claim. O

go(t1,£2)
move

go(£o, £1)

move

go(¢2,¢3)

move

go(£o, £5)
move

go(¢s,¢3)
move

go(£s,L4)

move

Figure 1. FOND domain where agent can navigate between locations
through go(¥4;, £;). We distinguish between safe and dangerous locations,
colored in green and red, respectively: from safe locations, the agent always
reaches the neighboring location — captured by the environment reaction
move; from dangerous locations, the agent may also break — captured by the
environment reaction break — in which case it cannot move anymore.

We have an analogous result in the other direction: strategies in-
duced by mj-strategies may not be be-strategies. This is because
strategies induced by mj-strategies may be losing in histories where
the environment does not cooperate as assumed in Joker moves, as
shown in the following:

Theorem 5. There exists a strategy induced by a mj-strategy that is
not a be-strategy.

Proof. Consider the domain in Figure 2 and the LTL; goal
@ = O(f). Let o* be the mj-strategy that prescribes
% (go(£o, £2), move) in the initial state and is undefined otherwise.
The strategy induced by o* is o and prescribes go(£o, £2). As the
agent performs go(4o, {2) it may slip and reach ¢;. In {1, the agent
has a strategy that reaches {2 with the environment’s cooperation: the
generated history is pending (has value 0). However, o is undefined
in that history: it is losing (has value —1). By Theorem 3, o is not a
be-strategy, which proves the claim. O

Theorems 4 and 5 leads to the following observations:

1. Be-strategies: (i) achieve the goal in every pending history con-
sistent with them, should the environment cooperate; but (ii) may
rely too much on the environment’s cooperation, see Theorem 4.

go(Lo, £2)

move

go(£1,£o)

move

Figure 2. FOND domain where agent can navigate between locations
through go(¢;, £;). We distinguish between safe and slippery locations,
colored in green and yellow, respectively: from safe locations, the agent
always reaches the neighboring location — captured by the environment
reaction mowe; from slippery locations, the agent may also slip to another
neighboring location — captured by the environment reaction slip.

2. Strategies induced by mj-strategies: (iii) rely the least on the en-
vironment’s cooperation; but (iv) may be losing in pending histo-
ries where the environment does not respond as assumed in Joker
moves, see Theorem 5.

In this paper, we are interested in strategies that satisfy both and only

(i) and (iii): they achieve the goal in every pending history consistent

with them, should the environment cooperate, but rely the least on

the environment’s cooperation. To capture these requirements, we
formalize the notion of minimal best-effort strategy.

First, we use the notion of history to introduce some useful con-
cepts for the formalization. Let D be a FOND domain, ¢ an LTLy
goal, and h a history: (1) an agent strategy o is winning for ¢ in D
from h if, for every domain trace 7 that is consistent with o and such
that h is a prefix of 7, we have that 7|, is finite and 7|, | ¢; (2)
a Joker strategy o* is Joker winning for o in D from h if, for every
domain trace T consistent with o* and such that h is a prefix of T,
we have that 7|, is finite and 7|, |= . For convenience, we may
sometimes omit ¢ and/or D and say, e.g., o is winning from h. (3) We
assign a cost to o* from h, denoted c,p(0*, h), as follows: if o*
is Joker winning from h, then c(pm(o*, h) is the maximum number
of Joker moves that * makes in the suffixes 7’ of the domain traces
T = h- 7' consistent with it; else, if o* is not Joker winning from h,
then cwp(a*, h) = 4o00. (4) A Joker strategy af is minimal (aka
mj-strategy) for ¢ in D from h if cwp(af, h) < cw‘p(a;, h) for
every Joker strategy 0’; . Intuitively, mj-strategies from h are those
that rely the least on the environment’s cooperation to achieve the
goal from h. (5) An agent strategy o1 follows the agent strategy o2
from h if, for every domain trace 7 € (27)T such that h|,7 is a
prefix of 7, we have o1(7) = o2(7).

Theorem 6. Let D be a FOND domain, ¢ an LTLy goal, and h a
history. There exists a mj-strategy for @ in D from h.

Theorem 7. If there exists a winning strategy for ¢ in D from h, the
strategies induced by mj-strategies from h are exactly the winning
strategies from h.

Recall we are interested in a strategy o that achieves properties (i)
and (iif) above. Such properties can be achieved by having ¢ follow-
ing, from every history h consistent with it, the strategy induced by a
mj-strategy from h. One such strategy o is called minimal best-effort.

Definition 3. An agent strategy o is minimal best-effort (aka mbe-
strategy) for @ in D if, for every h € Hp(o), o follows the strategy
induced by a mj-strategy for @ in D from h.

To see why a mbe-strategy o satisfies requirement (i) above, ob-
serve that it is best-effort by the history-based characterization of
be-strategies in Theorem 3. Let A be a history and observe that a
mj-strategy from h always exists by Theorem 6:



1. If h is winning, every mj-strategy from h induces a winning strat-
egy from h by Theorem 7; o follows one such induced strategy —
thus being winning from h;

2. If h is pending, every mj-strategy from h induces a strategy that
achieves the goal should the environment cooperate; o follows one
such an induced strategy — thus being pending from h;

3. If h is losing, every agent strategy is losing from h, including o.

Theorem 8. Let o be a mbe-strategy for ¢ in D. We have that o is
a be-strategy for v in D.

To see why a mbe-strategy o satisfies requirement (iii) above, ob-
serve that there exists a mj-strategy o* that induces o. Indeed: o
follows the strategy induced by an myj-strategy ch‘ from every his-
tory h € Hnp(o); it follows that * can be constructed by having
o* following a: from every history h consistent with o.

Theorem 9. Let o be a mbe-strategy for ¢ in D. There exists a mj-
strategy for ¢ in D that induces o.

Inherited from mj- and be-strategies, we have the following rela-
tion between mbe-strategies and winning strategies when a winning
strategy exists.

Theorem 10. [f a winning strategy for  in D exists, the mbe-
strategies are exactly the winning strategies.

As for standard mj- and be-strategies, mbe-strategies always exist.

Theorem 11. Let D be a FOND domain and  an LTLy goal. There
exists a mbe-strategy for ¢ in D.

In this paper, we investigate LTL; synthesis of mbe-strategies in
FOND domains, defined as follows:

Definition 4. Let D be a FOND domain and ¢ an LTLy goal. LTL ¢
synthesis in FOND domains of mbe-strategies is the problem of com-
puting a mbe-strategy for ¢ in D.

5 Synthesizing mbe-Strategies

In this section, we present an algorithm for LTLy synthesis of mbe-
strategies in FOND domains. This algorithm reduces to solving reach-
ability games played over deterministic finite automata, which we
briefly review. We establish the correctness of the algorithm and its
optimality wrt the computational complexity of the problem.

Games over Deterministic Finite Automata A rransition system
isatuple T = (%, S5,¢,9), where: X is a finite input alphabet; S is
a finite set of states; ¢ € S is the initial state; § : S x X — S'is
a total transition function; and F' C S is the set of final states. The
size of T is |S|. Given a finite trace & = a1 ... an Over X, we
extend J to be a function § : S x X* — S as follows: d(s,€) = s,
where € is the empty trace, and, if s, = §(s,a0...an—1), then
(s, . ..an) = 6(8n, an). A deterministic finite automaton (DFA)
is a pair A = (7, R), where T = (X, 5,¢,0) is a deterministic
transition system and R C S is the set of final states. A trace « is
accepted by A if 6(¢, @) € R. The language of A is the set of traces
that A accepts. In this paper, we focus on the following property: for
every LTL; formula ¢, there exists a DFA A, that accepts the traces
that satisfy ¢; the size of A, is at most doubly-exponential in that
of ¢ [14]. However, the worst-case doubly-exponential blowup while
constructing DFAs of LTL y formulas is rare in practice, see, e.g., [19].

A DFA game is a DFA G = (T, R), where: T = (Act X
React, S,t,d) is a transition system, also called the game arena;

Act and React are disjoint sets of actions and reactions under con-
trol of agent and environment, respectively. A play over G is a fi-
nite or infinite sequence T = (a1,71)(az,r2)---. A game strategy
is a partial function x : S +— Act that maps states of the game
to agent actions. We write x(s) = L to denote that x is unde-
fined in s — which we think of as the strategy terminating its ex-
ecution. A play 7 = (a1,71)(az,r2) - is consistent with & if:
() art1 = K(6(r, 7)), where 7% = (a1,m1) - (ak, rx), for ev-
ery k > 0; (ii) if 7 is finite, say 7 = (a1,71) - - (@n,Tn), then
k(0(¢, 7)) = L. A game strategy is winning in G if, for every play 7
that is consistent with «, 7 is finite and accepted by G. That is: DFA
games requires the set of final states to be visited at least once.

Game Arena for LTL; Synthesis in FOND Domains Let D be a
FOND domain and ¢ an LTLy goal. We review how to construct a
game arena for LTL; synthesis in FOND domains [15].

The FOND domain is transformed into a transition system. It
should be noted that: the transition system of the domain must have
a total transition function; but the transition function of the FOND
domain is partial. To obtain a total transition function we drop agent
and environment preconditions and introduce two states, sgy;" and
Senw» respectively called agent and environment error state, denot-
ing that agent and environment violate their preconditions. Formally:
given a FOND D = (2%, 50, Act, React, a, 3, ), its corresponding
transition system is 7p = (Act x React, 2”7 U{s%9,, 55"}, 50, 04),
where: § is the transition function such that: (i) if s € {s2,, serr },
then 04 (s,a,7) = s; else (i) 6+ (s,a,7) = (s,a,7)ifa €
a(s)andr € B(s,a); else (iii) §(s,a,7) = sqy ifa & a(s); else
@) 0(s,a,1) = sény ifa € a(s) and r ¢ B(s,a).

We now review how to construct the game arena. This is obtained
by composing the transition systems of the FOND domain D and (the
transition system of) the DFA of the agent goal (. Formally: let 7p =
(Act x React,2” U{s29,., 55"} 50,6') be the transition system of
the domain, and A, = (7, R,), where T, = (27, Qo, 1, 6,), the
DFA of ¢; we construct the game arena 7 = Tp x T, = (Act X
React, (27 U {57, s&mm}) X Qs (50,04 (Le, 50)), 9), where:

(s',80(0, ) ifs' & {stf,, sC0}
8((s,q),a,7‘) = (SZfr:Q) lf 5/ = SZ'gr
(scivva) i = s

Where s' = 4 (s,a,r).
We will consider the following regions over Tp X To:

1. R, ={(s,q) | ¢ € R,}: the set of states where ¢ holds;

2. Sgg" = {(s,q9) | s = sgy }: the set of states where the agent
violated an action precondition;

3. S =1{(s,q) | s = stny }: the set of states where the environ-

ment violated a reaction precondition.

We will also denote by S¢i™ and S¢y% the complement of Sg¢" and
Senw wrt the state space of T, respectively.

Consider the set of states Sgi™ N (S¢ny, U RY,). This is reached if:
(i) the agent never violates action preconditions; and (ii) either the
environment violates reaction preconditions or ¢ holds. As a result,
there exists a winning strategy for ¢ in D iff there exists a winning
strategy in game (Tp X Ty, Sg5™ N (Sehy U Ry,)) [15].

Synthesis Algorithm for mbe-Strategies We present the synthesis
algorithm for mbe-strategies. The algorithm consists of five steps:
Steps 1 and 2 construct the game arena as above; Step 3 performs
a nested fixpoint computation over the state space of a DFA game;
Steps 4 and 5 compute the output mbe-strategy.



The fixpoint computations performed by the algorithm use: (i)
the universal preimage PreA(G,E); and (ii) the existential preim-
age PreE(G, ). The former is a function that, given a game G =
(T, R) with T = (Act x React, S,t, ) and a set of states £ C S,
returns the set of states for which there exists an agent action that
progresses G to a state in £ regardless of the environment reaction;
the latter is similar, except that it returns the set of states for which
there exists an agent action and an environment reaction that progress
G to a state in £. Formally:

PreA(G,€) = {s € S| Ja € Act.Vr € React.d(s,(a,r)) € £}
PreE(G,E) ={s € S| 3a € Act.3r € React.d(s,(a,r)) € £}

In what follows, we use the abbreviation W (7, R) to denote the
following fixpoint computation:

Wo(T,R) = R
Wk+1(7-7 R) = Wk(Ta R) U PTEA(T7 Wy (T7 R))

W(T,R) = | Wi(T,R)

keN

That is: W (T, R) returns the set of states of 7~ where the agent
can reach R regardless of the environment reaction.

We use the following results to construct the output mbe-strategy:
(f) Given a game arena 7, where 7 = (Act x React, S, ,9),
and a game strategy k, we can construct a strategy O'ET’H)

React* — Act as follows: (i) o'(¢) = r(v); (i) for every
T = (a1,71) - - (an, m0), define o (7 .\ (r1---70) = K(I(¢, T)).
The pair (7, k) is called a fransducer, where & is the output func-

tion, and represents o( ., [4].

() In the FOND domains we consider, see Section 2, agent strate-
gies of the form ¢’ : React® — Act and agent strategies of the
form o : (27)" — Act are equivalent [15]. The equivalence fol-
lows by: (i) having defined ¢ as a deterministic function; (ii) the
property of uniqueness of environment reaction, see Section 2, P2.

We report below the algorithm for synthesizing mbe-strategies.

Algorithm 1. Let D be a FOND domain and ¢ an LTLy goal.

1. Transform: D into its corresponding transition system 7p; ¢ into
its corresponding DFA A, = (7o, R,);

2. Construct the game arena 7 = Tp x T,. Let Goal = Sg5m N
(Senw U Ry,). Denote by O the transition function of 7 and by ¢
its states (to is the initial state).

3. Perform the following nested fixpoint computations:

JWo(T,Goal) = W (T, Goal)

JW’()*+1(T7 Goal) = JW (T, Goal) U
PreE(T, JWi(T,Goal) N S<r))

JWis1 (T, Goal) = W (T, JWX_, (T, Goal))

JW(T,Goal) = |_J JWi(T, Goal)
keN
4. Define the game strategy ~ such that:
41. If t € Wi (T,Goal) \ Wi(T,Goal), then k(t) = a
s.t. Vr € React.0(t, (a,r)) € Wi(T,Goal); else

42. If t € JWX | (T,Goal) \ JWi(T,Goal), then k(t) = a
s.t. Ir € React.0(t, (a,r)) € JWi(T,Goal); else

44, w(t) = L.
5. Return the strategy o ) as in (f). We have that (. ., is equiv-
alent to a strategy of the form o : (27)* — Act by (f1). One

such a strategy o matches the form of agent strategies required for
LTL synthesis in FOND domains, see Section 2.

We elaborate on Steps 3 and 4. The output strategy is returned as

a transducer whose output function is a game strategy. The output

function is constructed using the states collected during the fixpoint

computations in Step 3. Recall that a mbe-strategy follows, from ev-
ery history consistent with it, the strategy induced by a mj-strategy,

c.f., Definition 3. The construction exploits the following:

1. Paths leading to a state added to W (7, Goal) correspond to his-
tories h that admit a mj-strategy that induces a winning strategy
from h. From every such a state, the synthesized strategy follows
the fixpoint computation until reaching a state where ¢ holds or
the environment did not follow its preconditions (Step 4, Line 4.1)
— thus following a winning strategy from h.

2. Paths leading to a state added to JWj,41 (7, Goal) correspond to
histories h that admit a mj-strategy that has cost k + 1. Among
such states, those added to J W,:H (T, Goal) require the en-
vironment’s cooperation — captured by the existential preimage
PreE and the environment not violating its preconditions, writ-
ten Sg;7. From every state in JWi.1(7T, Goal), the synthesized
strategy follows the fixpoint computation until a state where ¢
holds should the environment cooperate (Step 4, Lines 4.2 and
4.3) — thus following the strategy induced by a mj-strategy with
cost k + 1 from h.

3. Paths leading to the remaining states correspond to histories A
that only admit myj-strategies with cost 400, i.e., no Joker winning
strategy exists and every Joker strategy is minimal. In every such
a state, the synthesized strategy is undefined (Step 4, Line 4.4) —
thus following the strategy induced by a mj-strategy from h.

The correctness of Algorithm 1 follows by Items 1-3 above and is
established in the following:

Theorem 12. Let o be the strategy synthesized by Algorithm 1. We
have that o is a mbe-strategy for ¢ in D.

We investigate the complexity of Algorithm 1. That the fixpoint
computations in Step 3 terminate follows from: (i) the monotonicity
of PreA and PreF; and (ii) the finiteness of the state space of the
game constructed in Step 2. Such fixpoint computations terminate
in at most quadratic time in the size of the game; the size of the
game is at most singly- and doubly-exponential in that of D and ¢,
respectively. It follows that Algorithm 1 establishes membership of
synthesis of mbe-strategies in EXPTIME and 2EXPTIME wrt D and ¢,
respectively. In fact, Algorithm 1 is optimal wrt the computational
complexity of synthesis of mbe-strategies, established below:

Theorem 13. LTL; synthesis of mbe-strategies in FOND domains is:
1. EXPTIME-complete in the size of the FOND domain; 2. 2EXPTIME-
complete in the size of the LTLy goal.

(Hardness follows by that of LTL ; synthesis in FOND domains [12].)

Theorem 13 states that synthesis of mbe-strategies has the same
computational complexity as that of be-strategies. This leads to the
following observation. Suppose that the environment is not strictly
adversarial and may sometimes help the agent to achieve its goal:
the agent should always use a mbe-strategy rather than a standard

43. Ift € Wer (T, JW;:ll(Tv Goal)) \ We(T, JW;:H(T: Goal))be—strategy. This is because mbe-strategies guarantee that the agent

then k(t) = a stVr €
We(T, JWE (T, Goal)); else

React.0(t, (a,7)) €

does its best to achieve the goal, but also rely the least on the en-
vironment’s cooperation — unlike some standard be-strategies, c.f.,



Theorem 4. In fact, be- and mbe-strategies should be computable ap-
proximatively with the same computational overhead. This is also
confirmed empirically, as we discuss in the next section.

6 Experimental Analysis

We implemented Algorithm 1 in Section 5 by extending the symbolic
synthesis framework proposed in [16, 15, 31], integrated in state-of-
the-art synthesis tools [18]. Specifically, we rely on Lydia, which
is among the best performing LTL y-to-DFA conversion tool publicly
available [11], to generate DFAs from LTL; formulas. Following the
methodology outlined in [31], we adopt a fully symbolic representa-
tion, where both the structure of the DFA game graph and its transi-
tion relations are encoded using Binary Decision Diagrams (BDDs),
with cUDD-3.0.0 [29] employed as the underlying BDD library.

Experimental Comparison. The goal of the experimental analysis
is to evaluate the effectiveness of our mbe-synthesis algorithm. To
conduct this evaluation, we compared the performance of our mbe-
strategy synthesizer with that of the be-strategy synthesizer in [15].
We expect the be-strategy synthesizer to perform better than the mbe-
strategy synthesizer since the be-synthesis algorithm requires linear
time in the size of the game arena — instead of quadratic, as required
by the mbe-synthesis algorithm. Recall that the size of the game arena
is exponential (resp. doubly-exponential) in the size of the domain D
(resp. LTL goal ¢), see Section 5. We aim to show that synthesizing
a mbe-strategy brings a minimal overhead compared to synthesizing
be-strategies — thus showing the effectiveness of our approach.

Benchmarks. For our experimental analysis, we selected a bench-
mark suite featuring the FOND domains TRIANGLETIRE and COF-
FEE, adapted from [26, 9, 7]. In the TRIANGLETIRE benchmarks,
the agent must navigate a triangle-shaped grid environment, dealing
with nondeterministic success or failure when moving; failure results
in the agent having a flat tire, which the agent can change if the cur-
rent agent’s location contains a spare tire. In COFFEE benchmarks,
the agent has to prepare and deliver coffee to different offices, deal-
ing with similar nondeterministic success or failure when delivering a
coffee; failure results in the agent not delivering the coffee. We con-
sidered COFFEE and TRIANGLETIRE benchmarks where the agent
does not have a winning strategy, i.e., the agent has to use either a
be-strategy or a mbe-strategy.

In TRIANGLETIRE benchmarks, we considered the following
types of LTL; goals:

O(O(at-br) V- - - VO (at-¢y)) (D
Olat-Li) A« A O(at-£;) )
O(O(--- (Ofat-£:) - -)) 3)
Slat-by A O(at-la AS(--- A S(atbn)---)) @)

Where atom at-¢ denotes that the agent is in location ¢. To reach a
location /, the agent must select a path and navigate it until reach-
ing ¢ should the environment cooperate, i.e., not cause the agent to
have a flat tire in a location that does not contain a spare tire. How-
ever, there is a significant difference between mbe- and be-strategies:
mbe-strategies select paths where the agent relies the least on the
environment’s cooperation; be-strategies may select paths where the
agent relies too much on the environment’s cooperation, see, e.g.,
Theorem 4. The size of the domain scales with the length of its side,
which ranges between 2 < n < 11. Formulas (1), (2), and (4) scale
in n. Formulas (3) scale with k, the number of nested O operators,
which we set to half of n rounded down. We have 10 instances of
each formula type, for a total of 40 instances.

. Coverage Avg. RT (secs)
Domain ‘ I ‘ MBE | BE ‘ MBE | BE
TRIANGLETIRE-1 10 10 10 2.82 0.71
TRIANGLETIRE-2 10 7 9 82.8 89.32

TRIANGLETIRE-3 10 10 10 0.94 0.88

TRIANGLETIRE-4 10 8 10 58.17 70.53
COFFEE-1 15 13 12 109.59 | 42.15
COFFEE-2 15 15 15 0.51 0.34
COFFEE-3 15 12 12 42.07 57.36
COFFEE-4 15 15 15 0.28 0.26
| Total | 100 | 90 | 93 | - |-

Table 1. Number of solved instances and average runtime (in seconds) of
the mbe- and be-strategy synthesizers in COFFEE and TRIANGLETIRE
benchmarks. Column I is the number of instances for each formula type.

In COFFEE benchmarks, we considered the following types of

LTLy goals:
Oo1) A AO(on) )]
O(C(01) V-V O(on)) 2)
O(0(---(0(0i) ---)) 3)
S(o1 AN C(02 AO(-+- A O(on) -+ +))) “)

Where o, denotes that the agent delivered a coffee in office . To de-
liver a coffee, the agent must prepare the coffee in the kitchen and
navigate to the office where it will deliver the coffee should the en-
vironment cooperate, i.e., not cause the agent to fail to deliver the
coffee. In the context of COFFEE benchmarks, the mbe-strategies are
exactly the be-strategies: we only use these benchmarks for the pur-
poses of the experimental analysis. The size of the domain in COF-
FEE benchmarks grows with the number of offices, which ranges be-
tween 7 < n < 21. Formulas (1), (2), and (4) scale in n; formulas (3)
scale in k, the number of nested O operators, which we set to n. We
have 15 instances for each formula type, for a total of 60 instances.

Experiment Setup. All experiments were run on a laptop with an
operating system 64-bit Ubuntu 20.04, 1.80 GHz CPU, and 15.5 GiB
of memory. Time-out was set to 1000 seconds.

Experimental Results. Table 1 shows the performance compar-
ison of the mbe- and be-strategy synthesizers on the considered
benchmarks. In TRIANGLETIRE benchmarks, the mbe-strategy syn-
thesizer managed to solve almost all instances solved by the be-
strategy synthesizer; in the solved TRIANGLETIRE instances, the
average runtime of the mbe- and be-strategy are comparable. In
COFFEE-benchmarks, the mbe-strategy synthesizer solved all in-
stances solved by the be-strategy synthesizer and even one more
COFFEE-1 instance; in the solved COFFEE instances, the average
runtime of the mbe-strategy synthesizer is comparable to that of the
be-strategy synthesizer, except for COFFEE-1 benchmarks: the differ-
ence stems since the mbe-strategy synthesizer almost times out in the
hardest COFFEE-1 instances it solves, which results in an increase in
its average runtime. These results confirm that the mbe-strategy syn-
thesis brings a minimal overhead compared to be-strategy synthesis
— which shows the effectiveness of our mbe-synthesis algorithm.

7 Conclusion

We introduced mbe-strategies for LTL; goals in FOND domains. An
mbe-strategy follows, from every history consistent with it, the strat-
egy induced by a mj-strategy, and ensures that the agent: (i) does
its best to achieve the goal; (ii) relies the least on the environment’s
cooperation. We showed that a mbe-strategy always exists; provided
a correct and optimal game-theoretic algorithm to compute it; and
showed that computing a mbe-strategy brings a minimal overhead
compared to computing a standard be-strategy.



There are many open questions regarding mbe-strategies, which
we plan to investigate in future work and include: the exact relation
between mbe-strategies and dominant strategies [1]; how to adapt
replanning and forward-search techniques used by state-of-the-art
FOND planners and LTL y synthesizers [26, 24,22, 17, 25] to compute
mbe-strategies; and how to compute mbe-strategies in the setting of
synthesis with LTL/LTL s goals and environment assumptions [27, 28,

1].
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