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Abstract. The problem of LTL¢ reactive synthesis is to build a trans-
ducer, whose output is based on a history of inputs, such that, for every
infinite sequence of inputs, the conjoint evolution of the inputs and out-
puts has a prefix that satisfies a given LTL¢ specification.

We describe the implementation of an LTLs synthesizer that outperforms
existing tools on our benchmark suite. This is based on a new, direct
translation from LTL¢ to a DFA represented as an array of Binary De-
cision Diagrams (MTBDDs) sharing their nodes. This MTBDD-based
representation can be interpreted directly as a reachability game that is
solved on-the-fly during its construction.

1 Introduction

Reactive synthesis is concerned with synthesizing programs (a.k.a. strategies)
for reactive computations (e.g., processes, protocols, controllers, robots) in ac-
tive environments [45130026], typically, from temporal logic specifications. In AI,
Reactive Synthesis, which is related to (strong) planning for temporally extended
goals in fully observable nondeterministic domains [T6JBIAUTAIGI3A2TIT5], has
been studied with a focus on logics on finite traces such as LTL¢ [33I712223].
In fact, LTL¢ synthesis [23] is one of the two main success stories of reactive syn-
thesis so far (the other being the GR(1) fragment of LTL [44]), and has brought
about impressive advances in scalability [G3/SIT8I20].

Reactive synthesis for LTL¢ involves the following steps [23]: (1) distinguish-
ing uncontrollable input (Z) and controllable output (O) variables in an LTL¢
specification ¢ of the desired system behavior; (2) constructing a DFA accepting
the behaviors satisfying ¢; (3) interpreting this DFA as a two-player reachability
game, and finding a controller winning strategy. Step (2) has two main bottle-
necks: the DFA is worst-case doubly-exponential and its propositional alphabet
Y = 2790 is exponential. The first only happens in the worst case, while the
second blow-up — which we call alphabet explosion — always happens.

Mona [39] addresses the alphabet-explosion problem, which happens also in
MSO, by representing a DFA with Multi-Terminal Binary Decision Diagrams
(MTBDDs) [36]. MTBDDs are a variant of BDDs [12] with arbitrary terminal
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values. If terminal values encode destination states, an MTBDD can compactly
represent all outgoing transitions of a single DFA state. A DFA is represented,
through its transition function, as an array of MTBDDs sharing their nodes.

The first LTL¢ synthesizer, Syft [53], converted LTL¢ into first-order logic in
order to build a MTBDD-encoded DFA with Mona. Syft then converted this
DFA into a BDD representation to solve the reachability game using a symbolic
fixpoint computation. Syft demonstrated that DFA construction is the main
bottleneck in LTLs synthesis, motivating several follow-up efforts.

One approach to effective DFA construction uses compositional techniques,
decomposing the input LTLs formula into smaller subformulas whose DFAs can
be minimized before being recombined. Lisa [8] decomposes top-level conjunc-
tions, while Lydia [19] and LydiaSyft [29] decompose every operator.

Compositional methods construct the full DFA before synthesis can pro-
ceed, limiting their scalability. On-the-fly approaches [50] construct the DFA
incrementally, while simultaneously solving the game, allowing strategies to be
found before the complete DFA is built. The DFA construction may use vari-
ous techniques. Cynthia [20] uses Sentential Decision Diagrams (SDDs) [I7] to
generate all outgoing transitions of a state at once. Alternatively, Nike [28] and
MoGuSer [51] use a SAT-based method to construct one successor at a time.
The game is solved by forward exploration with suitable backpropagation.

Contributions and QOutline In Section [3] we propose a direct and efficient
translation from LTL¢ to MTBDD-encoded DFA (henceforth called MTDFA). In
Section[d] we show that given an appropriate ordering of BDD variables, LTL¢ re-
alizability can be solved by interpreting the MTBDD nodes of the MTDFA as the
vertices of a reachability game, known to be solvable in linear time by backpropa-
gation of the vertices that are winning for the output player. We give a linear-time
implementation for solving the game on-the-fly while it is constructed. For more
opportunities to abort the on-the-fly construction earlier, we additionally back-
propagate vertices that are known to be winning by the input player. We imple-
mented these techniques in two tools (1t1f2dfa[#4 and 1t1fsynt[4) that com-
pare favorably with other existing tools in benchmarks from the LTL¢-Synthesis
Competition. To meet space limits, Section [5| only reports on the LTL¢ realiz-
ability benchmark, and we refer readers to our artifact for the other results [24].

2 Preliminaries
2.1 'Words over Assignments

A word over o of length n over an alphabet X' is a function ¢ : {0,1,...,n—1} —
Y. We use L™ (resp. X* and Y1) to denote the set of words of length n (resp.
any length n > 0 and n > 0). We use |o| to represent the length of a word o.
For 0 € X™ and 0 < i < n, o(..i) denotes the prefix of o of length i 4 1.

Let P be a finite set of Boolean variables (a.k.a. atomic propositions). We use
B” to denote the set of all assignments, i.e., functions P — B mapping variables
to values in B = {1, T}.

Given two disjoint sets of variables P; and Ps, and two assignments w; € B*
and wy € BP2, we use wy Llws : (P; UPy) — B to denote their combination.
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In a system modeled using discrete Boolean signals that evolve synchronously,
we assign a variable to each signal, and use a word o € (B¥)* over assignments
of P to represent the conjoint evolution of all signals over time.

We extend U to such words. For two words ;1 € (B71)", o5 € (B72)™ of length
n over assignments that use disjoint sets of variables, we use o1 Llgy € (BP1V72)7
to denote a word such that (o1 Uo2)(i) = 01(¢) U oa(i) for 0 <4 < n.

2.2 Linear Temporal Logic over Finite, Nonempty Words.
We use classical LTL¢ semantics over nonempty finite words [22].

Definition 1 (LTL¢ formulas). An LTL¢ formula o is built from a set P of vari-
ables, using the following grammar wherep € P, and ® € {A\,V, =, 4>, ...} is any
Boolean operator: ¢ == tt | ff | p| ¢ | o0 | Xo | X0 | oUp | oRp | Gp | Fo.

Symbols tt and [f represent the true and false LTL¢ formulas. Temporal op-
erators are X (weak next), X' (strong next), U (until), R (release), G (globally),
and F (finally). LTL¢(P) denotes the set of formulas produced by the above gram-
mar. We use sf(p) to denote the set of subformulas for . A maximal temporal
subformula of ¢ is a subformula whose primary operator is temporal and that is
not strictly contained within any other temporal subformula of .

The satisfaction of a formula ¢ € LTL¢(P) by word o € (BF)T of length
n > 0 at position 0 < i < n, denoted 0,1 |= ¢, is defined as follows.

gt <= i<n gifEXe <= (i+1=n)V(gi+1lE)
oiEff < i=n oiE=Xp = (i+1<n)A(o,i+1Ep)
oifEp < peo(i oiEFp <= Jjeli,n), o0 jkFe

oiE—p <= —(oiE¢) oiEGp < VjEli,n),ojEve
0l 1O g2 = (0,if= 1) ©(0,i = ¢2)
0,1 =1 Uy < Jj€li,n), (0,] | p2) A (VKE[L, j), 0.k = ¢1)
0,1 E o1 Rpy < Vj€li,n), (0,] | ¢2) V (3k€E[i, ), o,k E 1)
The set of words that satisfy ¢ € LTL¢(P) is L(p) = {0 € (BF)T | 0,0 | »}.

Ezample 1. Consider the following LTL¢ formulas over P = {ig,1,%2,01,02}:
Wl = G((ZO — (01 < 11)) A (("7;0) — (01 L d iQ))), and q/g = (GFOQ) < (F’LQ) If
we interpret ig, 1,42 as input signals, and 01,02 as output signals, formula ¥,
specifies a 1-bit multiplexer: the value of the signal o; should be equal to the
value of either i1 or i depending on the setting of i¢g. Formula ¥, specifies that
the last value of oo should be T if and only if iy was T at some instant.

Definition 2 (Propositional Equivalence [27]). For ¢ € LTL¢(P), let pp be
the Boolean formula obtained from ¢ by replacing every maximal temporal subfor-
mula 1 by a Boolean variable x,. Two formulas o, € LTL¢(P) are proposition-
ally equivalent, denoted o = 3, if ap and Bp are equivalent Boolean formulas.

Ezample 2. Formulas o = (Gb) V ((Fa) A (Gb)) and 8 = Gb are propositionally
equivalent. Indeed, ap = xgp V (T, A TGp) = zgp = Bp-
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Note that o = 8 implies Z(a) = Z(8), but the converse is not true in
general. Since = is an equivalence relation, we use [a]=z € LTL¢(P) to denote
some unique representative of the equivalence class of o with respect to =.

2.3 LTLf Realizability
Our goal is to build a tool that decides whether an LTL¢ formula is realizable.

Definition 3 ([2337]). Given two disjoint sets of variables T (inputs) and O
(outputs), a controller is a function p : IT* — O, that produces an assignment of
output variables given a history of assignments of input variables.

Given a word of n input assignments o € (BX)™, the controller can be used
to generate a word of n output assignments o, € (BT)™. The definition of Tp
may use two semantics depending on whether we want to the controller to have
access to the current input assignment to decide the output assignment:

Mealy semantics: 0,(i) = p(co(..7)) for all 0 < i < n.
Moore semantics: 0,(i) = p(o(..i — 1)) for all 0 <i < n.

A formula ¢ € LTL{(ZUQO) is said to be Mealy-realizable or Moore-realizable
if there exists a controller p such that for any word o € (BT)“ there exists a
position k such that (o Uo,)(..k) € L (p) using the desired semantics.

Ezample 3. Formula ¥; (from Example [1)) is Mealy-realizable but not Moore-
realizable. Formula W5 is both Mealy and Moore-realizable.

2.4 Multi-Terminal BDDs

Let S be a finite set. Given a finite set of variables P = {po,p1,...,pn—1} (that
are implicitly ordered by their index) we use f : B” — S to denote a function
that maps an assignment of all those variables to an element of S. Given a vari-
able p € P and a Boolean b € B, the function fp—y : BP\{P} — S represents a
generalized co-factor obtained by replacing p by b in f. When § = B, a func-
tion f : BY — B can be encoded into a Binary Decision Diagram (BDD) [11].
Multi-Terminal Binary Decision Diagrams (MTBDDs) [4243132]39], also called
Algebraic Decision Diagrams (ADDs) [549], generalize BDDs by allowing arbi-
trary values on the leaves of the graph.

A Multi- Terminal BDD encodes any function f : B — S as a rooted, di-
rected acyclic graph. We use the term nodes to refer to the vertices of this graph.
All nodes in an MTBDD are represented by triples of the form (p, ¢, h). In an
internal node, p € P and /¢, h point to successors MTBDD nodes called the low
and high links. The intent is that if (p, £, h) is the root of the MTBDD represent-
ing the function f, then ¢ and h are the roots of the MTBDDs representing the
functions f,—1 and f,—1, respectively. Leaves of the graph, called terminals,
hold values in S. For consistency with internal nodes, we represent terminals
with a triple of the form (o0, s,00) where s € S. When comparing the first ele-
ments of different triplets, we assume that co is greater than all variables. We
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use MTBDD(P,S) to denote the set of MTBDD nodes that can appear in the
representation of an arbitrary function B” — S.

Following the classical implementations of BDD packages [ITII], we assume
that MTBDDs are ordered (variables of P are ordered and visited in increasing
order by all branches of the MTBDD) and reduced (isomorphic subgraphs are
merged by representing each triplet only once, and internal nodes with identical
low and high links are skipped over). Doing so ensures that each function f :
B?” — S has a unique MTBDD representation for a given order of variables.

Given m € MTBDD(P,S) and an assignment w € B”, we note m(w) the
element of S stored on the terminal of m that is reached after following the
assignment w in the structure of m. We use |m| to denote the number of MTBDD
nodes that can be reached from m.

Let my € MTBDD(P,S;) and mga € MTBDD(P,S3) be two MTBDD nodes
representing functions f; : BY — S;, and let ©® : S; x Sy — Ss, be a binary
operation. One can easily construct ms € MTBDD(P, S3) representing the func-
tion f3(po,---sPn-1) = f1(Poy---sPn-1) © f2(Po,---,Pn-1), by generalizing the
apply2 function typically found in BDD libraries [32]. We use m; ®ms to denote
the MTBDD that results from this construction.

For m € MTBDD(P,S) we use leaves(m) C S to denote the elements of S
that label terminals reachable from m. This set can be computed in O(|m]).

2.5 MTBDD-Based Deterministic Finite Automata

We now define an MTBDD-based representation of a DFA with a propositional
alphabet, inspired by Mona’s DFA representation [36139].

Definition 4 (MTDFA). An MTDFA is a tuple A = (Q, P, 1, A), where Q is a
finite set of states, P is a finite (and ordered) set of variables, ¢ € Q is the initial
state, A : Q — MTBDD(P, Q x B) represents the set of outgoing transitions of
each state. For a word o € (B7)* of length n, let (gi,bi)o<i<n be a sequence
of pairs defined recursively as follows: (qo,bo) = (¢, L), and for 0 < i < |o],
(gi,b;) = A(gi—1)(0(i — 1)) is the pair reached by evaluating assignment o (i — 1)
on A(g;—1). The word o is accepted by A iff b, = T. The language of A, denoted
Z(A), is the set of words accepted by A.

Example 4. Figure shows an MTDFA where Q C LTL¢({io,¢1,%2,01,02}). The
set of states Q are the dashed rectangles on the left. For each such a state g € Q,
the dashed arrow points to the MTBDD node representing A(g). The MTBDD
nodes are shared between all states. If, starting from the initial state ¢ at the top-
left, we read the assignment w = (ig—T,i1—T,i2—T,01—T,00—T), we should
follow only the high links (plain arrows) and we reach the ¥; A (GFos) accepting
terminal. If we read this assignment a second-time, starting this time from state
U3 A (GFog) on the left, we reach the same accepting terminal. Therefore, non-
empty words of the form www ...w are accepted by this automaton.

An MTDFA can be regarded as a semi-symbolic representation of a DFA
over propositional alphabet. From a state ¢ and reading the assignment w, the
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WA ((GFOQ)(—)(FZ'()))‘

((Foz A GFos)<»(Fio)) |

!p1 AN (GFOQ)

,,,,,,,,,,,,,,,,

A ((GFo2) A (Foy)) |
Fig.1. An MTDFA where P = {io,1,%2,00,01} and Q C LTL¢(P). Following clas-
sical BDD representations a BDD node (p, ¢, h) is represented by @\: Il; A termi-

nal (0o, (@, b),00) is represented by [a]if b = L, or if b = T. Finally, MTBDD
m = A(a) representing the successors of state o is indicated with "o - -> m. Subfor-
mula ¥; abbreviates G((io — (01 <> 1)) A ((mio) — (01 4> 12))).

automaton jumps to the state ¢’ that is the result of computing (¢’, b) = A(q)(w).
The value of b indicates whether that assignment is allowed to be the last one of
the word being read. By definition, an MTDFA cannot accept the empty word.

MTDFASs are compact representations of DFAs, because the MTBDD repre-
sentation of the successors of each state can share their common nodes. Boolean
operations can be implemented over MTDFAs, with the expected semantics, i.e.,

LA 0 M) = {0 € (BP)* | (0 € L(A1)) © (0 € Z(A2)}.

3 Translating LTL; to MTBDD and MTDFA

This section shows how to directly transform a formula ¢ € LTL¢(P) into an
MTDFA A, = (Q,P, ¢, A) such that £ (¢) = Z(Ay). The translation is rem-
iniscent of other translations of LTL¢ to DFA [22120], but it leverages the fact
that MTBBDs can provide a normal form for LTL¢ formulas.

The construction maps states to LTL¢ formulas, i.e., @ C LTL¢(P). Terminals
appearing in the MTBDDs of A, will be labeled by pairs («,b) € LTL¢(P) x B,
so we use term(a,b) = (o0, (a, b), 00) to shorten the notation from Section

The conversion from ¢ to A, is based on the function tr : LTL¢(P) —
MTBDD(P, LTL¢(P) x B) defined inductively as follows:

tr(ff) = term(ff, L) tr(Xa) = term(o, T)
tr(tt) = term(tt, T) tr(X'a) = term(a, 1)
tr(p) = (p, term(ff, L), term(¢t,T)) for pe P tr(—a) = —tr(a)
tr(a ® B) = tr(a) @ tr(B) for any ® € {A,V,—, <>, D}

tr(a U B) =tr(B) V (tr(a) Aterm(a U 8, L)) tr(Fa) = tr(a) V term(Fa, 1)
tr(ae R B) =tr(B) A (tr(a) Vterm(a R 3, T)) tr(Ga) = tr(a) Aterm(Ga, T)
Boolean operators that appear to the right of the equal sign are applied on

MTBDDs as discussed in Section Terminals in LTL¢(P) x B are combined
with: (a1,b1) ® (a2,b2) = (Jo1 © az2]=,b1 @ b2) and —(a, b) = ([~a]=, —b).



Engineering an LTL¢ Synthesis Tool 7

Theorem 1. For ¢ € LTL¢(P), let A, = (Q,P,t,A) be the MTDFA obtained
by setting L = [p]=, A = tr, and letting Q be the smallest subset of LTL¢(P) such
that v € Q, and such that for any q € Q and for any («,b) € leaves(A(q)), then
a € Q. With this construction, |Q| is finite and £L(p) = L (A,).

Proof. (sketch) By definition of tr, Q contains only Boolean combinations of
subformulas of ¢. Propositional equivalence implies that the number of such
combinations is finite: |Q| < 22" The language equivalence follows from the
definition of LTL¢, and from some classical LTL¢ equivalences. For instance the

rule for tr(a U ) is based on the equivalence .Z(aUB) = Z(BV (aAX (aUp))).

Ezample 5. Figure[l]is the MTDFA for formula ¥; AWs, presented in Example
Many more examples can be found in the associated artifact [24].

The definition of tr(-) as an MTBDD representation of the set of succes-
sors of a state can be thought as a symbolic representation of Antimirov’s linear
forms [2] for DFA with propositional alphabets. Antimirov presented linear forms
as an efficient way to construct all (partial) derivatives at once, without having to
iterate over the alphabet. For LTL¢, formula progressions [20] are the equivalent
of Brozozowski derivatives [I3]. Here, tr(-) computes all formulas progressions at
once, without having to iterate over an exponential number of assignments.

Finally, note that while this construction works with any order for P, different
orders might produce a different number of MTBDD nodes.

Optimizations The previous definitions can be improved in several ways.

Our implementation of MTBDD actually supports terminals that are the
Boolean terminals of standard BDDs as well as the terminals used so far. So we
are actually using MTBDD(P, (LTL¢(P) xB)UB), and we encode term(ff, L) and
term(¢t, T) directly as L and T respectively. With those changes, apply2 may
be modified to shortcut the recursion depending on the values of my, mo, and ©.
For instance if © = A and m; = T, then ms can be returned immediately. Such
shortcuts may be implemented for MTBDD(P, S UB) regardless of the nature of
S, so our implementation of MTBDD operations is independent of LTL;.

When combining terminals during the computation of tr, one has to compute
the representative formula [@; ® as]=. This can be done by converting a; p and
agp into BDDs, keeping track of such conversions in a hash table. Two propo-
sitionally equivalent formulas will have the same BDD representation. While
we are looking for a representative formula, we can also use the opportunity to
simplify the formula at hand. We use the following very simple rewritings, for
patterns that occur naturally in the output of tr:

(QUB)VB~ aUB, (aRB)AB~aRB, (FB)V B~ FB, (GB)AB~ GB.

Once A, has been built, two states ¢,¢" € Q such that A(q) = A(¢’) can be
merged by replacing all occurrences of ¢’ by ¢ in the leaves of A.

Ezxample 6. The automaton from Figure [I] has two pairs of states that can be
merged. However, if the rule (G8) A 8 ~ Gf3 is applied during the construction,
then the occurrence of (GFo2)A(Foz) will already be replaced by GFos, producing
the simplified automaton without requiring any merging.
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N
¥ A ((GF02)<—>(F20)) ‘

0y A ((Foz A GFo2)¢+(Fio))|

7 A ((GFoa) A (FOQ))\
J

Fig. 2. Interpretation of the MTDFA of Figure 1| as a game with Z = {io, 1,42},
O = {01, 02}. Each MTBDD node of the MTDFA is viewed as a vertez of the game, with
terminal of the form (a, L) looping back to A(a). Player 0 decides where to go from

diamond and rectangular vertices and wants to reach the green vertices corresponding
to accepting terminals. Player 1 decides where to go from round vertices and wants to
reach ff or avoid green vertices.

4 Deciding LTL; Realizability

LTL¢ realizability (Def. is solved by reducing the problem to a two-player
reachability game where one player decides the input assignments and the other
player decides the output assignments [23]. Section presents reachability
games and how to interpret the MTDFA as a reachability game, and Section [4.2
shows how we can solve the game on-the-fly while constructing it.

4.1 Reachability Games & Backpropagation

Definition 5 (Rechability Game). A Reachability Game is G = (V = Vo H WV,
E,Fo), whereV is a finite set of vertices partitioned to player output (abbrevi-
ated 0) and player input (abbreviated 1), € CV xV is a finite set of edges, and
Fo CV is the set of target states. Let E(v) = {(v,v’) | (v,v") € E}. This graph
1s also referred to as the game arena.

A strategy for player O is a cycle-free subgraph (W,c) C (V, &) such that (a)
for every v € W we have v € Fo or E(v)No # O and (b) if v € W NV, then
E(v) Co. A vertex v is winning for O if v € W for some strategy (W, o).

Such a reachability game can be solved by backpropagation identifying the max-
imal set W in a strategy. Namely, start from W = F,. Then W is iteratively
augmented with every vertex in V, that has some edge to W, and every (non
dead-end) vertex in V, whose edges all lead to WW. At the end of this backpropa-
gation, which can be performed in linear time [35, Theorem 3.1.2], every vertex
in W is winning for 0, and every vertex outside W is losing for 0. Notice that
every dead-end that is not in F, cannot be winning. It follows that we can iden-
tify some (but not necessarily all) vertices that are losing by setting L as the set
of all dead-ends and adding to L every V, vertex that has some edge to L and
every V, vertex whose edges all lead to L.

Let A, = (Q,ZW 0,1, A) be a translation of ¢ € LTL{(Z W O) (per Th.
such that variables of Z appear before O in the MTBDD encoding of A.



Engineering an LTL¢ Synthesis Tool 9

Definition 6 (Realizability Game). We define the reachability game G, =
YV =VuV,, & Fo) in which ¥V C MTBDD(Z & O) corresponds the set of nodes
that appear in the MTBDD encoding of A. V, contains all nodes (p, £, h) such
that p € O or p = oo (terminals), and V; contains those with p € Z. The
edges & follows the structure of A, i.e., if A, has a node r = (p,{,h), then
{(r,0),(r,h)} C E. Additionally, for any terminal t = (o0, (e, L), 00) such that
a # ff, € contains the edge (t, A(«)). Finally, Fo is the set of accepting termi-
nals, i.e., nodes of the form (oo, (a, T),00).

Theorem 2. Vertex A(r) is winning for 0 in G, iff ¢ is Mealy-realizable.

Moore realizability can be checked similarly by changing the order of Z and O
in the MTBDD encoding of A.

Ezxample 7. Figure 2| shows how to interpret the MTDFA of Figure[l| as a game,
by turning each MTBDD node into a game vertex. The player owning each
vertex is chosen according to the variable that labels it. Vertices corresponding
to accepting terminals become winning targets for the output player, so the game
stops once they are reached. Solving this game will find every internal node as
winning for 0, so the corresponding formula is Mealy-realizable.

The difference with DFA games [23|20/28)51] is that instead of having player 1
select all input signals at once, and then player O select all output signals at once,
our game proceeds by selecting one signal at a time. Sharing nodes that represent
identical partial assignments contributes to the scalability of our approach.

4.2 Solving Realizability On-the-fly

We now show how to construct and solve G, on-the-fly, for better efficiency. The
construction is easier to study in two parts: (1) the on-the-fly solving of reach-
ability games, based on backpropagation, and (2) the incremental construction
of G, done with a forward exploration of a subset of the MTDFA for ¢.
Algorithm [I] presents the first part: a set of functions for constructing a
game arena incrementally, while performing the linear-time backpropagation
algorithm on-the-fly. At all points during this construction, the winning status
of a vertex (winner|x]) will be one of O (player 0 can force the play to reach Fo,
i.e., the vertex belongs to W), I (player I can force the play to avoid Fo, i.e.,
the vertex belongs to L), or U (undetermined yet), and the algorithm will back-
propagate both O and 1. At the end of the construction, all vertices with status
U will be considered as winning for 1. Like in the standard algorithm for solving
reachability games [35, Th. 3.1.2] each state uses a counter (count, lines[7[15)) to
track the number of its undeterminated successors. When a vertex z is marked
as winning for player w by calling set_winner (z,w), an undeterminated prede-
cessor p has its counter decreased (line , and p can be marked as winning for
w (line if either vertex p is owned by w (player w can choose to go to x) or
the counter dropped to 0 (meaning that all choices at p were winning for w).
To solve the game while it is constructed, we freeze vertices. A vertex should
be frozen after all its successors have been introduced with new_edge. The
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var: owner|]; // map each vertex to one of {o,1}
var: pred|[; // map vertices to sets of predecessor vertices
var: count[]; // map vertices to # of undeterminated successors
var: winner|[; // map vertices to one of {o,I1,U}
var: frozen|; // map vertices to their frozen status (a Boolean)

Function new_vertex(z € V, own € {0,1}) // new vertex owned by own
owner[z] < own; pred[z] < 0; count[z] < 0; frozen|x] + L;
winner|[x] < U; // undeterminated winner

Function new_edge (src € V, dst € V)

assert (frozen[src] = L);

if winner[dst] = U then

| count|src] < count(src] + 1; pred[dst] < pred[dst] U {src};

else if winner[dst] = owner[src] then set_winner (src, owner[src]);

// ignore the edge otherwise, it will never be used

o Function freeze_vertex(z € V) // promise not to add more successors

W g O A W N

10 frozen[z] < T; // next line, we assume —I =0 and "0 =1
11 if winner[z] = U A count[n] = 0 then set_winner(z, ~owner[z]) ;

12 Function set_winner(z € V,w € {0,1}) // with linear backprop.

13 assert (winner[z] = U); winner|z] < w;

14 foreach p € pred[z] such that winner[p| = U do

15 count[p] < countlp] — 1;

16 L if owner[p] = w V (count[p] = 0 A frozen[p]) then set_winner (p,w);

Algorithm 1: API for solving a reachability game on-the-fly. Construct the
game arena with new_vertex and new_edge. Once all successors of a vertex
have been connected, call freeze vertex. Call set_winner at any point to
designate vertices winning for one player.

counter dropping to 0 is only checked on frozen vertices (lines since
it is only meaningful if all successors of a vertex are known.

Algorithm [2] is the second part. It shows how to build G, incrementally. It
translates the states « of the corresponding MTDFA one at a time, and uses the
functions of Algorithm [I| to turn each node of tr(«) into a vertex of the game.
Since the functions of Algorithm [If update the winning status of the states as
soon as possible, Algorithm [2| can use that to cut parts of the exploration.

Instead of using A(p) = tr(p) as initial vertex of the game, as in Theorem
we consider init = term(¢p, L) as initial vertex (line[3): this makes no theoretical
difference, since term(ip, L) has tr() as unique successor. Lines 5|l9) and[32]
implements the exploration of all the LTL¢ formulas « that would label the states
of the MTDFA for ¢ (as needed to implement Theorem [1). The actual order in
which formulas are removed from todo on line is free. (We found out that han-
dling todo as a queue to implement a BFS exploration worked marginally better
than using it as a stack to do a DFS-like exploration, so we use a BF'S in practice.)

Each « is translated into an MTBDD tr(«) representing its possible suc-
cessors. The constructed game should have one vertex per MTBDD node in
tr(a). Those vertices are created in the inner while loop (lines . Func-
tion declare_vertex is used to assign the correct owner to each new node ac-
cording to its decision variable (as in Def. @ as well as adding those nodes to the
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Function realizability(y € LTL¢(Z W O))

1
2 configure the MTBDD library to put variables in Z before those in O;
3 init < term(y, L); new_vertex (init,1);

4 V < {init}; // nodes created as game vertices
5 Q <+ 0; // LTLs formulas processed by main loop on line
6 Function declare_vertex(r € MTBDD(Z W O,LTL¢(Z W O) x B))
7 (p,€,h) + 7; if p=o0oVp € Z then own <« 1 else own <+ 0;
8 new_vertex(r, own); V <~ VU {r}; to_encode < to_encode U {r};
9 todo < {p};

10 while todo # 0 A winner[init] = U do

11 a <+ todo.pop-any(); Q + QU {a};

12 [optional: add one-step (un)realizability check here, see Sec. ;
13 a < term(a, L); m < tr(a);

14 if m € V then // m has already been encoded

15 L new_edge (a, m); freeze_vertex(a); continue to line
16 to_encode < 0; leaves + 0;

17 declare_vertex(m); new_edge(a, m); freeze vertex(a);

18 if winner[a] # U then continue to line

19 while to_encode # () do

20 r  to_encode.pop_any();

21 (p, €, h) « 7;

22 if p =00 then // this is a terminal labeled by ¢

23 (B,b) + ¢

24 if b then set_winner(r,0);

25 else if § = ff then set_winner(r,1);

26 else if 8 ¢ Q then leaves < leaves U {3};

27 else

28 if { € V then declare vertex({);

29 if h ¢ V then declare_vertex(h);

30 new_edge (r,£); new_edge(r, h); freeze _vertex(r);

31 if winner[a] # U then continue to line 10}

32 todo + todo U leaves;

33 return winner|init] = o;

Algorithm 2: On-the-fly realizability check with Mealy semantics (for Moore
semantics, swap the order of Z and O on the first line).

to_encode set processed by this inner loop. Terminal nodes are either marked as
winning for one of the players (lines or stored in leaves (line .

Since connecting game vertices may backpropagate their winning status, the
encoding loop can terminate early whenever the vertex associated to term(a, L)
becomes determined (lines and [31)). If that vertex is not determined, the
leaves of « are added to todo (line [32)) for further exploration.

The entire construction can also stop as soon as the initial vertex is deter-
mined (line [10). However, if the algorithm terminates with winning[init] = v,
it still means that O cannot reach its targets. Therefore, as tested by line
formula ¢ is realizable iff winning[init] = O in the end.

Theorem 3. Algorithm[3 returns tt iff ¢ is Mealy-realizable.
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5 Implementation and Evaluation

Our algorithms have been implemented in Spot [25], after extending its fork of
BuDDy [40] to support MTBDDs. The release of Spot 2.14 distributes two new
command-line tools: [1t1f2dfa[® and 1tlfsynt l'_,/', implementing translation
from LTLs to MTDFA, and solving LTL¢ synthesis. We describe and evaluate
1tlfsynt in the following.

Preprocessing Before executing Algorithm [2] we use a few preprocessing tech-
niques to simplify the problem. We remove variables that always have the same
polarity in the specification (a simplification used also by Strix [4§]), and we
decompose the specifications into output-disjoint sub-specifications that can be
solved independently [31]. A specification such as ¥; AWs, from Example|l] is not
solved directly as demonstrated here, but split into two output-disjoint speci-
fications ¥; and W, that are solved separately. Finally, we also simplify LTL¢
formulas using very simple rewriting rules such as X(a) AX(8) ~» X(a A ) that
reduce the number of MTBDD operations required during translation.

One-step (un)realizability checks An additional optimization consists in perform-
ing one-step realizability and one-step unrealizability checks in Algorithm[2] The
principle is to transform the formula « into two smaller Boolean formulas «,. and
a,, such that if a,. is realizable it implies that « is realizable, and if «,, is un-
realizable it implies that « is unrealizable [50, Theorems 2-3]. Those Boolean
formulas can be translated to BDDs for which realizability can be checked by
quantification. On success, it avoids the translation of the larger formula «. The
simple formula ¥; A ¥, of our running example is actually one-step realizable.

Synthesis After deciding realizability, 1t1fsynt is able to extract a strategy
from the solved game in the form of a Mealy machine, and encode that into an
And-Invert Graph (AIG) [10]: the expected output of the Synthesis Competition
for the LTL¢ synthesis tracks. The conversion from Mealy to AIG reuses prior
work [46l47] developed for Spot’s LTL (not LTLs) synthesis tool. We do not detail
nor evaluate these extra steps here due to lack of space.

FEvaluation We evaluated the task of deciding LTL¢ reachability over specifica-
tions from the Synthesis Competition [38]. We took all t1sf-fin specifications
from SyntComp’s repository [, excluded some duplicate specifications as well as
some specifications that were too large to be solved by any tool, and converted
the specifications from TLSF v1.2 [37] to LTLs using syfco [37].

We used BenchExec 3.22 [9] to track time and memory usage of each tool.
Tasks were run on a Core i7-3770 with Turbo Boost disabled, and frequency
scaled down to 1.6GHz to prevent CPU throttling. The computer has 4 physical
cores and 16GB of memory. BenchExec was configured to run up to 3 tasks in
parallel with a memory limit of 4GB per task, and a time limit of 15 minutes.

Figure [3| compares five configurations of 1t1fsynt against seven other tools.
We verified that all tools were in agreement. Lydia 0.1.3 [19], SyftMax (or Syft
2.0) [52] and LydiaSyft 0.1.0-alpha [29] are all using Mona to construct a DFA
by composition; they then solve the resulting game symbolically after encoding


https://spot.lre.epita.fr/ltlf2dfa.html
https://spot.lre.epita.fr/ltlfsynt.html
https://github.com/SYNTCOMP/benchmarks/tree/447beee22384dba/tlsf-fin
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Fig. 3. Cactus plots comparing time and memory usage of different configurations.

it using BDDs. Lisa [8] uses a hybrid compositional construction, mixing explicit
compositions (using Spot), with symbolic compositions (using BuDDy), solving
the game symbolically in the end. Cynthia 0.1.0 [20], Nike 0.1.0 [28], and Mo-
GuSer [51] all use an on-the-fly construction of a DFA game that they solve
via forward exploration with backpropagation, but they do not implement back-
propagation in linear time, as we do. Yet, the costly part of synthesis is game
generation, not solving. Cynthia uses SDDs [I7] to compute successors and rep-
resent states, while Nike and MoGuSer use SAT-based techniques to compute
successors and BDDs to represent states. Nike, Lisa, and LydiaSyft were the
top-3 contenders of the LTL¢ track of SyntComp in 2023 and 2024.
Configuration 1t1fsynt:bfs-nopre corresponds to Algorithm 2] were todo is
a queue: it already solves more cases than all other tested tools. Suffix -nopre in-
dicates that preprocessings of the specification are disabled (this makes compar-
ison fairer, since other tools have no such preprocessings). The version with pre-
processings enabled is simply called 1t1fsynt:bfs. Variants with “~os” adds the
one-step (un)realizability checks that LydiaSyft, Cynthia, and Nike also perform.
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We also include a configuration 1t1fsynt:full-N that corresponds to first
translating the specification into a MTDFA using Theorem [T} and then solving
the game by linear propagation. The difference between 1tlfsynt:full and
1tlfsynt:bfs shows the gain obtained with the on-the-fly translation: although
that look small in the cactus plot, it is important in some specifications.

Data Availability Statement Implementation, supporting scripts, detailed anal-
ysis of this benchmark, and additional examples are archived on Zenodo [24].

6 Conclusion

We have presented the implementation of 1tlfsynt, and evaluated it to be
faster at deciding LTL¢ realizability than seven existing tools, including the win-
ners of SyntComp’24. The implementation uses a direct and efficient translation
from LTL¢ to DFA represented by MTBDDs, which can then be solved as a
game played directly on the structure of the MTBDDs. The two constructions
(translation and game solving) are performed together on-the-fly, to allow early
termination.

Although 1tlsynt also includes a preliminary implementation of LTLf syn-
thesis of And-Inverter graphs, we leave it as future work to document it and
ensure its correctness.

Finally, the need for solving a reachability game while it is discovered also oc-
curs in other equivalent contexts such as HornSAT, where linear algorithms that
do not use “counters” and “predecessors” (unlike ours) have been developed [41].
Using such algorithms might improve our solution by saving memory.
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