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a low-level specification of the agent, both represented as basic action theories. A refinement
mapping specifies how each high-level action is implemented by a low-level ConGolog program
and how each high-level fluent can be translated into a low-level formula. We define a notion of
sound abstraction between such action theories in terms of the existence of a suitable bisimulation
between their respective models. Sound abstractions have many useful properties that ensure
that we can reason about the agent’s actions (e.g., executability, projection, and planning) at the
abstract level, and refine and concretely execute them at the low level. We also characterize
the notion of complete abstraction where all actions (including exogenous ones) that the high
level thinks can happen can in fact occur at the low level. To facilitate verifying that one has
a sound/complete abstraction relative to a mapping, we provide a set of necessary and sufficient
conditions. Finally, we identify a set of basic action theory constraints that ensure that for any low-
level action sequence, there is a unique high-level action sequence that it refines. This allows us
to track/monitor what the low-level agent is doing and describe it in abstract terms (i.e., provide
high-level explanations, for instance, to a client or manager).

1. Introduction

Autonomous agents often operate in complex domains and have complex behaviors. Reasoning about such agents and even
describing their behavior can be difficult. One way to cope with this is to use abstraction [77]. In essence, this involves developing
an abstract model of the agent/domain that suppresses less important details. The abstract model allows us to reason more easily
about the agent’s possible behaviors and to provide high-level explanations of the agent’s behavior. To efficiently solve a complex
reasoning problem, e.g. planning, one may first try to find a solution in the abstract model, and then use this abstract solution as a
template to guide the search for a solution in the concrete model. Systems developed using abstractions are typically more robust to
change, as adjustments to more detailed levels may leave the abstract levels unchanged.

In this paper, we develop a general framework for agent abstraction based on the situation calculus [63,75] and the ConGolog
[27] agent programming language. We assume that one has a high-level/abstract action theory, a low-level/concrete action theory,
and a refinement mapping between the two. The mapping associates each high-level primitive action to a (possibly nondeterministic)
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ConGolog program defined over the low-level action theory that “implements it”. Moreover, it maps each high-level fluent to a state
formula in the low-level language that characterizes the concrete conditions under which it holds.

In this setting, we define a notion of a high-level theory being a sound abstraction of a low-level theory under a given refinement
mapping. The formalization involves the existence of a suitable bisimulation relation [66,67] relative to the mapping between the
models of the low-level and high-level theories. To have a sound abstraction, every model of the low-level theory must be bisimilar
to some model of the high-level theory relative to the mapping. In essence, a high-level model is bisimilar to a low-level model
relative to the mapping if all executions of high-level actions at the high level can be simulated at the low level by executions of their
refinements and vice versa. With a sound abstraction, whenever the high-level theory entails that a sequence of actions is executable
and achieves a certain condition, then the low level must also entail that there exists an executable refinement of the sequence such
that the “translated” condition holds afterwards. Moreover, whenever the low level thinks that a refinement of a high-level action
(perhaps involving exogenous actions) can occur (i.e., its executability is satisfiable), then the high level does as well. Thus, sound
abstractions can be used to perform effectively several forms of reasoning about action, such as planning, agent monitoring, and
generating high-level explanations of low-level behavior.

In addition, we define a dual notion of a high-level theory being a complete abstraction of a low-level theory under a refinement
mapping. This requires that every model of the high-level theory must be bisimilar to some model of the low-level theory relative to
the mapping. With a complete abstraction, we have that whenever the low-level theory entails that some refinement of a sequence
of high-level actions is executable and achieves a “translated” high-level condition, then the high level also entails that the action
sequence is executable and the condition holds afterwards. Moreover, whenever the high level thinks that an action can occur (i.e.,
its executability is satisfiable), then there exists a refinement of the action that the low level thinks can happen as well.

We also provide a set of necessary and sufficient conditions for having a sound and/or complete abstraction relative to a mapping.
These essentially say that the low-level models ensure that the executability of refinements of high-level actions and their effects on
high-level fluents are as specified by the high-level theory. These necessary and sufficient conditions can be used to verify that one
has a sound/complete abstraction.

Finally, we identify a set of basic action theory constraints that ensure that for any low-level action sequence, there is a unique
high-level action sequence that it refines. This allows us to track/monitor what the low-level agent is doing and describe it in abstract
terms (i.e., provide high-level explanations [35]) e.g., to a client or manager. This can have applications in Explainable Al

In the past, many different approaches to abstraction have been proposed in a variety of settings such as planning [76,36,51],
automated reasoning [44,70], model checking [20], and data integration [53]. In [44] abstraction is formalized as syntactic mappings
between formulas of a concrete and a more abstract first-order theories, while [70] present a semantic theory of abstraction. In model
checking, abstraction techniques are widely used to deal with very large state spaces (e.g., [19]). In planning, several notions of
abstraction have been investigated. These include precondition-elimination abstraction, first introduced in the context of ABSTRIPS
[76]1, Hierarchical Task Networks (HTNs) (e.g., [36]1), which abstract over a set of (non-primitive) tasks, macro operators (e.g.,
[51]1), which represent meta-actions built from a sequence of action steps, and generalized planning (e.g., [56]) where planning
solutions generalize over a set of planning instances. With the exception of work on abstraction in planning, these approaches do not
deal with dynamic domains. Previous work on abstraction in planning focuses on the planning task and often incorporates important
representational restrictions [40,41]. In contrast, our approach provides a generic framework that can be applied to different reasoning
tasks in dynamic domains represented in an expressive first-order framework. We discuss related work in more details in Section 8.

This work revises and extends [6]. We add some new results (e.g., Lemma 5 and Corollary 22), provide proofs, include a compre-
hensive survey of related work, and discuss work that has extended and adapted our abstraction framework since publication in [6].
We have also expanded the preliminaries section and cover the ConGolog Semantics in the appendix.

The paper is organized as follows. In the next section, we review the basics of the situation calculus and ConGolog. Then in
Section 3, we define a notion of refinement mapping between a high-level and a low-level basic action theory. Section 4 introduces
our notion of bisimulation with respect to a mapping that relates models at the abstract and concrete levels. Then in Sections 5 and 6,
we define the notions of sound and complete abstractions respectively, showing how they allow the abstract theory to be exploited in
reasoning. In Section 7, we discuss how our framework can be used in monitoring what the low-level agent is doing and explaining
it in abstract terms. This is followed by a discussion of related work in Section 8. In Section 9 we provide an overview of some of the
adaptations and extensions to our abstraction framework. Finally in Section 10, we conclude by summarizing our main contributions
and discussing future work.

2. Preliminaries

In this section, we provide an overview of the situation calculus [63,75], basic action theories [73,75], and the high-level pro-
gramming language ConGolog [27].

The situation calculus and basic action theories. The situation calculus is a well known predicate logic language for representing and
reasoning about dynamically changing worlds [63,75]. All changes to the world are the result of actions, which are terms in the
language. A possible world history is represented by a term called a situation. The constant .S, is used to denote the initial situa-
tion. Sequences of actions are built using the function symbol do, such that do(a, s) denotes the successor situation resulting from
performing action « in situation s. Predicates and functions whose value varies from situation to situation are called fluents, and are
denoted by symbols taking a situation term as their last argument. For example, we may have that Doorl is not open in the initial
situation Sy, i.e., ~IsOpen(Doorl, S;) holds, but is open in the situation that results from doing the action open(Doorl) in S, i.e.,
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IsOpen(Door1,do(open(Doorl), Sy) holds. s C s’ means that s is a predecessor situation of s’, and s C s’ stands for s =" v sC s’. The
abbreviation do([ay, ..., a,], s) stands for do(a,,do(a .,do(ay,s)...)); also for an action sequence @, we often write do(d, s) for
do([al, s).

Within this language, one can formulate action theories that describe how the world changes as a result of the available actions.
Here, we concentrate on basic action theories as proposed in [73,75]. We also assume that there is a finite number of action types A.
Moreover, we assume that the terms of object sort are in fact a countably infinite set N of standard names for which we have the
unique name assumption and domain closure.! For simplicity, and w.l.0.g., we assume that there are no functions other than constants
and no non-fluent predicates. As a result, a basic action theory D is the union of the following disjoint sets of first-order (FO) and
second-order (SO) axioms:

=15+

Dy, : (FO) initial situation description axioms describing the initial configuration of the world (such a description may be complete
or incomplete);

D,s5: (FO) precondition axioms of the form

Poss(A(R),s) = ¢F5 (3, 5),

one per action type, stating the conditions ¢§”” (X, s) under which an action A(X) can be legally performed in situation s; these
use a special predicate Poss(a, s) meaning that action a is executable in situation s; ¢ 4(X, s) is a formula of the situation calculus
that is uniform in s?;

Dy,,: (FO) successor state axioms of the form

F(X,do(a,s)) = ¢3°(X, a, ),

one per fluent, describing how the fluent changes when an action is performed; the right-hand side (RHS) ¢f§"(5€, a, s) is again
a situation calculus formula uniform in s; successor state axioms encode the causal laws of the world being modeled; they take
the place of the so-called effect axioms and provide a solution to the frame problem;

D,,: (FO) unique name axioms for actions and (FO) domain closure on action types;

D.,.: (SO) unique name axioms and domain closure for object constants in N;

+ 2: (SO) foundational, domain independent, axioms of the situation calculus [73].

The abbreviation Executable(s) is used to denote that every action performed in reaching situation s was possible in the situation
in which it occurred. When executability of situations is taken into consideration, we use < instead of C to indicate precedence
on situations; consequently, s < s" indicates that s’ is a successor situation of s and that every action between s and s’ is in fact
executable.

A key feature of BATs is the existence of a sound and complete regression mechanism for answering queries about situations resulting
from performing a sequence of actions [73,75]. In a nutshell, the regression operator R* reduces a formula ¢ about a particular future
situation to an equivalent formula R*[¢] about the initial situation S,, essentially by substituting fluent relations with the right-hand
side formula of their successor state axioms. Another key result about BATs is the relative satisfiability theorem [73,75]: D is satisfiable
if and only if Dg UD,,, is satisfiable, the latter being a purely first-order theory (here, D,,, is the set of unique names axioms for
actions). This implies that we can check if a regressable formula ¢ is entailed by D, by checking if its regression R*[¢] is entailed
by Dg, UD,,, only.

High-level programs. To represent and reason about complex actions or processes obtained by suitably executing atomic actions,
various so-called high-level programming languages have been defined, starting with Golog [57], and subsequently ConGolog [27], an
extension that supports concurrent processes. Here we concentrate on (a fragment of) ConGolog that includes the following constructs:

8ii=al@?]8136,16118, | mx.5|5% | 8,16,

In the above, «a is an action term, possibly with parameters, and ¢ is a situation-suppressed formula, i.e., a formula with all situation
arguments in fluents suppressed. We denote by ¢[s] the formula obtained from ¢ by restoring the situation argument s into all fluents
in @. The test action ¢? checks if condition ¢ holds in the current situation. The sequence of program &, followed by program 6, is
denoted by 6;;6,. Program 6, |5, allows for the nondeterministic choice between programs §; and §,, while zx.5 executes program &
for some nondeterministic choice of a legal binding for variable x (observe that such a choice is, in general, unbounded). §* performs
6 zero or more times. Program 6, ||, expresses the concurrent execution (interpreted as interleaving) of programs 4, and 6,. We also
use nil, an abbreviation for True?, to represent the empty program, i.e., when nothing remains to be performed.

Formally, the semantics of ConGolog is specified in terms of single-step transitions, using the following two predicates [27]: (i)
Trans(8,s,8',s"), which holds if one step of program § in situation s may lead to situation s’ with §’ remaining to be executed; and

1 This makes it easier to relate the high-level and low-level action theories. One of the main consequences of assuming standard names is that quantification can be
considered substitutionally; for instance, 3x.P(x) is true just in case P(n) is true for some standard name ».

2 A formula of the situation calculus is uniform in s if and only if it does not mention the predicates Poss or C, it does not quantify over variables of sort situation,
it does not mention equality on situations, and whenever it mentions a term of sort situation in the situation argument position of a fluent, then that term is s [75].
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Fig. 1. Transport Logistics Example.

(i) Final(8,s), which holds if program 6 may legally terminate in situation s. The definitions of T'rans and Final we use are as in
[32], where the test construct ¢? does not yield any transition, but is final when satisfied (see Appendix B for details). Predicate
Do(6,s,s") means that program &, when executed starting in situation s, has as a legal terminating situation s’, and is defined as
Do(6,s,s") =38 Trans*(8,s,8",s") A Final(6',s") where Trans* denotes the reflexive transitive closure of Trans. In the rest, we use
C to denote the axioms defining the ConGolog programming language.

We say that ConGolog program § is situation-determined (SD) in a situation s [29] if and only if for every sequence of transitions,
the remaining program is determined by the resulting situation, i.e.,

SituationDetermined(5, s) =Vs',8',6".
Trans*(8,s,8',s") ATrans*(6,s,8",s') > 6' =46".

For example, program (a; b) | (a; c¢) is not SD, while a; (b | ¢) is (assuming the actions involved are always executable). Thus, a (partial)
execution of a SD program is uniquely determined by the sequence of actions it has produced.

3. Refinement mappings

In this section, we define a notion of refinement mapping between a high-level action theory and a low-level action theory. We
also introduce a running example which illustrates the notion.

Suppose that we have a basic action theory D, and another basic action theory D,. We would like to characterize whether D,, is
a reasonable abstraction of D;. Here, we consider D, as representing the low-level (LL) (or concrete) action theory/agent and D), the
high-level (HL) (or abstract) action theory/agent. We assume that D, (resp. D,) involves a finite set of primitive action types .4, (resp.
A,;) and a finite set of primitive fluent predicates 7, (resp. F,). For simplicity, we assume that D, and D,, share no domain specific
symbols except for the set of standard names for objects N'.

We want to relate expressions in the language of D), and expressions in the language of D,.

Definition 1 (Refinement Mapping). We say that a function m is a refinement mapping from D,, to D, if and only if:

1. for every high-level primitive action type A in A, m(A(X)) = §,(x), where 5 4(X) is a ConGolog program over the low-level theory
D, whose only free variables are X, the parameters of the high-level action type; intuitively, & ,(X) represents how the high-level
action A(X) can be implemented at the low level; since we use programs to specify the action sequences the agent may perform,
we require that 6 4(X) be situation-determined, i.e., the remaining program is always uniquely determined by the situation;

2. for every high-level primitive fluent F(X) (situation-suppressed) in F,, m(F(¥)) = ¢5(x), where ¢ (X) is a situation-suppressed
formula over the language of D,, and the only free variables are X, the object parameters of the high-level fluent; intuitively
¢ ;(X) represents the low-level condition under which F(X) holds in a situation.

Note that we can map a fluent in the high-level theory to a fluent in the low-level theory, i.e., m(F,(X)) = F;(X), which effectively
amounts to having the low-level fluent be present in the high-level theory. Similarly, one can include low-level actions in the high-level
theory.

We can extend the mapping to an arbitrary high-level situation-suppressed formula ¢ by taking m(¢) to be the result of substituting
every fluent F(X) in ¢ by m(F(X)). Also, we can extend the mapping to sequences of high-level actions by taking: m(ay,...,q,) =
m(ay); ... ;m(a,) for n>1 and m(e) = nil.

Example. For our running example, we use a simple logistics domain. There is a shipment with ID 123 that is initially at a warehouse
(W), and needs to be delivered to a cafe (Cf), along a network of roads shown in Fig. 1.3

High-level BAT D;g . At the high level, we abstract over navigation and delivery procedure details. We have actions that represent
choices of major routes and delivering a shipment.

First we have to specify the action preconditions. The action take Route(sID, r,0,d) can be performed to take shipment with ID s/D
from origin location o to destination location d via route r (see Fig. 1), and is executable when the shipment is initially at o0 and route

3 Warehouse and cafe images are from freedesignfile.com.
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r connects o to d; moreover, priority shipments cannot be sent by route Rty (note that we refer to route X in Fig. 1 as Rty). Action
deliver(sID) can be performed to deliver shipment s/D and is executable when sID is at its destination. To specify this, D?® includes

h
the following precondition axioms (throughout the paper, we assume that free variables are universally quantified from the outside):

Poss(takeRoute(sID,r,0,d),s) =0 #d A At (sID, 0, s)A
CnRouteg;(r,0,d,s) A(r= Rtg D= Priority(sID, s))
Poss(deliver(sID), s) = 3l.Dest gy (sID, [, s) A At g1 (sID, 1, 5).

D;g also includes the following successor state axioms (SSAs) to specify how the domain state changes:

Aty (sID,1,do(a, s)) = 3l',r.a = takeRoute(sID, r,I',1) v
Aty (sID,1,5) AVI',r.a # takeRoute(sID,r,1,1")
Delivered(sID,do(a, s)) = a = deliver(sID) V Delivered(sID, s).

The first axiom says that shipment s/D is at location / after performing action a in situation s if and only if, either action a was
the takeRoute action which moved the shipment from a previous location !’ to location / via route r, or, the shipment was already
at location / in situation s, and no take Route action was performed that would move the shipment to a new location /' through any
routes. The second axiom says that shipment sID is delivered after performing action « in situation s if and only if, either action a
was the deliver action which delivered the shipment, or, the shipment was already delivered. For the other fluents, we have SSAs
specifying that they are unaffected by any action.

In the initial situation, the shipment 123 is at the warehouse, and the destination is the cafe. Route Rf, connects the warehouse
to location L2, and routes Rty and Rt connect location L2 to the cafe. Note that it is not known whether 123 is a priority shipment.
Thus D;g also contains the following initial state axioms:

Dest 1 (123,Cf,Sy), Aty (123, W,S)),
CnRoutep (Rt 4,W,L2,S,), CnRoutey;(Rtg, L2,Cf,S),
CnRoutep; (Rtc, L2,Cf,Sy).

Low level BAT ng . At the low level, we model navigation and delivery in a more detailed way. The agent has a more detailed map
with more locations and roads between them. He also takes road closures into account. Performing delivery involves unloading the
shipment and getting a signature.

Thus we have the action takeRoad(sID,t,0,d), where the agent takes shipment s/D from origin location o to destination d via
road t, is executable provided that ¢ connects o to d, sID is at o, and ¢ is not closed; moreover, a road to L3 cannot be taken if the
weather is bad or sID is an express shipment as this would likely violate quality of service requirements. The action unload(sID) to
unload shipment s/D can be performed if the agent is at the shipment’s destination. Action getSignature(sID) is executable if s/D has
been unloaded. To specify this, the low-level BAT D;g includes the following action precondition axioms:

Poss(takeRoad(sID,t,0,d),s)=0#d A

At (sID,0,5) ACnRoad(t,0,d,s) A —Closed(t,s) A

(d = L3 D ~(BadW eather(s) V Express(sID, s)))
Poss(unload(sID), s) = Al.Dest ; (sID,1,s) A Aty (sID,,s)
Poss(getSignature(sID), s) = Unloaded(sID, s).

The low-level BAT includes the following SSAs:

Unloaded(sID,do(a, s)) = a = unload(sID) V Unloaded(sID, s)
Signed(sID,do(a, s)) = a = getSignature(sID) V Signed(sID, s).

The SSA for At ; is like the one for Aty ; with take Route replaced by takeRoad. For the other fluents, we have SSAs specifying
that they are unaffected by any actions. Note that we could easily include exogenous actions for road closures and change in weather,
new shipment orders, etc.

D{® also contains the following initial state axioms:

—BadW eather(S,)), Closed(r,Sy) =r= Rd,,
Express(123,Sy), Dest;;(123,Cf,Sy), Aty (123, W,S),

together with a complete specification of CnRoad and CnRoute;; as in Fig. 1. We refer to road x in the figure as Rd, .

Refinement mapping m®s. We specify the relationship between the high-level and low-level BATs through the refinement mapping
m® given below. Under mapping m®, the high-level action of taking route Rt , is refined to first taking a road from the origin o
to location L1 and then taking another road from L1 to the destination d. For the other two routes, the refinement mapping is
similar except a different intermediate location must be traversed. Note that we could easily write programs to specify refinements
for more complex routes, e.g., that take a sequence of roads from o to d going through intermediate locations belonging to a given
set. The high-level action deliver(sID) is mapped to a sequence of two low-level actions, first unload the shipment s/D and then get
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the recipient’s signature for it. We refine the high-level fluent Priority(sID) to the condition where either the weather is bad or the
shipment is express. The high-level fluent Delivered(sID) is mapped to a conjunction: the shipment has been unloaded and signed
for.

me8(take Route(sID,r,0,d)) =
(r=Rty ACnRoutey; (Rt ,,0,d))?;
nt.takeRoad (sID,t,0, L1); nt' .takeRoad(sID,t', L1,d) |
(r=Rtp ACnRoutey; (Rtg,0,d))?;
wt.takeRoad (sID, t, 0, L3); nt’ .takeRoad(sID,t', L3,d) |
(r=Rtc ACnRoutey; (Rtc,0,d))?;
nt.takeRoad(sID,t, 0, L4); nt’' take Road(sID,t', L4,d)

me8(deliver(sID)) = unload(sID); getSignature(sID)
me8(Priority(sID)) = Bad W eather vV Express(sID)
m¢(Delivered(sID)) = Unloaded(sID) A Signed(sID)
m®8 (At 1 (sID, loc)) = Aty ; (sID, loc)
m®8(CnRoutep(r,0,d)) = CnRoutey;(r,0,d)
m®8(Dest 1 (sID, 1)) = Dest; (sID,l). []

4. m-bisimulation

In this section, we define our notion of bisimulation with respect to a refinement mapping, which relates models at the abstract
and concrete levels. We also prove some basic properties of models that are bisimilar relative to a mapping. For some background on
bisimulation, see Section 8.

Let M, be a model of the high-level BAT D;, M, a model of the low-level BAT D, U C, and m a refinement mapping from D, to
D,.

We first define a local condition for the bisimulation.

Definition 2 (m-isomorphism). We say that situation s, in M, is m-isomorphic to situation s; in M, written s, :Z’*”M
if

!"s;, if and only

M, vls/s,] F F(X,s) if and only if M}, v[s/s;]1F m(F(X))[s],

for every high-level primitive fluent F(X) in ), and every variable assignment v (v[x/e] stands for the assignment that is like v except
that x is mapped to e), i.e., s, and s, interpret all high-level fluents the same.

Definition 3 (m-bisimulation). A relation B C Ag{” X A?’ (where Ag” stands for the situation domain of M) is an m-bisimulation

relation between M, and M, if (s;,,s;) € B implies that:

1. sy :,[:I"’M’ s, i.e., s, in M, is m-isomorphic to situation s; in M;;

2. for every high-level primitive action type A in A,,, if there exists s;Z such that M,,, v[s/sy, s'/s;l] E Poss(A(X), s)A s’ =do(A(X), s),
then there exists 5] such that M, v[s/s;,s'/s]]E Do(m(A(X)),s,s") and (s},s]) € B, i.e., if A(X) is executable in the high-level
model at s;, then the program that implements A(X) must be executable in the low-level model at s;, and the resulting pair of
situations s’ and s’ must be bisimilar;

h 1

3. for every high-level primitive action type A in A, if there exists s; such that M, v[s/s;,s’/ s;] E Do(m(A(X)), s, s"), then there

exists s;l such that M, v[s /sy, s’/s;l] E Poss(A(X),s)A s’ =do(A(%X), s) and <S;;’ s;) € B, i.e., if the program that implements A(X)
is executable in the low-level model at s;, then A(X) must be executable in the high-level model at s, and the resulting pair of

situations s;l and s; must be bisimilar.

We say that M, is bisimilar to M, relative to refinement mapping m, i.e., m-bisimilar, written M, ~,, M/, if and only if there exists an

m-bisimulation relation B between M}, and M, such that (S, k, S, 'y € B. A situation s, in M}, is m-bisimilar to situation s; in M,

written s, NW,M”’M’ s;, if and only if there exists an m-bisimulation relation B between M, and M, and (s, s;) € B.

Given these definitions, we immediately get the following results. First, we can show that m-isomorphic situations satisfy the same
high-level situation-suppressed formulas*:

M

Lemma 4. If s, :,1:1 !"s,, then for any high-level situation-suppressed formula ¢, we have that:

My, vls/s,] E ¢ls] if and only if M;,vls/s;] E m(@)ls].

4 For proofs of all our results, see Appendix A.
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We can also show that in m-bisimilar models, the same sequences of high-level actions are executable, and that the resulting
situations are m-bisimilar:

Lemma 5. If M), ~,, M, then for any sequence of high-level actions @, we have that

if M,,uls'/s;) E Do(m(@), Sy, s"), then there exists s, such that

M, vls' /s, E s’ =do(a, Sy) A Executable(s’) and s, ~,j:,4"’M’ s

and

if My, vls'/sp) E s, =do(@, Sy) A Executable(sy,),
then there exists s, such that M,,v[s' /5,1 E Do(m(@), Sy, s') and s, ~ ™! s,.

Given the above results, it is straightforward to show that in m-bisimilar models, the same sequences of high-level actions are
executable, and in the resulting situations, the same high-level situation-suppressed formulas hold:

Theorem 6. If M, ~,, M, then for any sequence of ground high-level actions & and any high-level situation-suppressed formula ¢, we have
that

M; E 35" .Do(m(a), Sy, s") Am(p)[s']  if and only if
My, E Executable(do(@, Sy)) A ¢pldo(a, Sp)].

5. Sound abstraction

This section defines our notion of a high-level BAT being a sound abstraction of a low-level BAT relative to a mapping, shows
some useful properties of sound abstractions that facilitate reasoning at the high level and refining the results at the low level, and
identifies necessary and sufficient conditions for having a sound abstraction.

When we have a high-level action theory D,, that is a sound abstraction of a low-level theory D, with respect to a mapping m,
it should be the case that the high-level theory D,’s conclusions about when high-level actions are executable and what effects they
achieve are correct with respect to when their refinements are executable and what high-level effects they achieve at the low level. If
we had this, it would allow us to reason with the high-level theory and get conclusions that are correct with respect to the low level.
To get this, the high level theory D,, should be consistent with the low-level theory D, regarding executions of high-level actions and
their effects on high-level fluents relative to the mapping m. To ensure this, we require that for every model of the low-level theory,
there is an m-bisimilar structure that is a model of the high-level theory.

Definition 7 (Sound Abstraction). We say that D), is a sound abstraction of Dj relative to refinement mapping m if and only if, for every
model M, of D, U C, there exists a model M, of D), such that M), ~, M,.

Example Cont. Returning to our example of Section 3, it is straightforward to show that it involves a high-level theory D;g thatis a
sound abstraction of the low-level theory ng relative to the mapping m®¢. We discuss how we prove this later. []

Sound abstractions have many interesting and useful properties. First, from the definition of sound abstraction and Theorem 6, we
immediately get the following result, which states that if the low-level agent/theory thinks that a refinement of @ (perhaps involving
exogenous actions) may occur (with m(¢) holding afterwards), the high-level agent/theory also thinks that @ may occur (with ¢
holding afterwards). If we observe that such a refinement actually occurs it will thus be consistent with the high-level theory.

Corollary 8. Suppose that D, is a sound abstraction of D relative to mapping m. Then for any sequence of ground high-level actions & and for
any high-level situation-suppressed formula ¢, if D; U C U {3s.Do(m(@), Sy, s) Am(p)[s]} is satisfiable, then D, U { Executable(do(a, Sy)) A
dldo(a, Sy)1} is also satisfiable. In particular, if D; U C U {3s.Do(m(a), Sy, s)} is satisfiable, then D;, U { Executable(do(a, Sy))} is also
satisfiable.

We can also show that if the high-level theory entails that some sequence of high-level actions a is executable, and that in the
resulting situation, a situation-suppressed formula ¢ holds, then the low-level theory must also entail that some refinement of a is
executable and that in the resulting situation m(¢) holds:

Theorem 9. Suppose that D, is a sound abstraction of D, relative to mapping m. Then for any ground high-level action sequence & and for
any high-level situation-suppressed formula ¢, if D), F Executable(do(a, Sy)) A ¢pldo(@, Sy)], then D; U C k Is. Do(m(@), Sy, s) A m(¢p)[s].

We can immediately relate the above result to planning. In the situation calculus, the planning problem is usually defined as follows
[75]:



B. Banihashemi, G. De Giacomo and Y. Lespérance
Artificial Intelligence 348 (2025) 104407

Given a BAT D, and a situation-suppressed goal formula ¢, find a ground action sequence a such that D k Executable(do(a, Sy)) A
¢ldo(a, Sy)].

Thus, Theorem 9 means that if we can find a plan @ to achieve a goal ¢ at the high level, i.e., D, F Executable(do(a, Sy)) A¢pldo(@, Sy)],
then it follows that there exists a refinement of & that achieves ¢ at the low level, i.e., D, UC F 3s.Do(m(a), Sy, s) A m(¢)[s]. However,
note that the refinement could in general be different from model to model. But if, in addition, we have complete information at the
low level, i.e., a single model for D,, then, since we have standard names and domain closure for objects and actions, we can always
obtain a plan to achieve the goal ¢ by finding a refinement in this way, i.e., there exists a ground low-level action sequence a such
that D, U C E Do(m(a), Sy, do(a, Sy)) A m(p)[do(a, Sy)]. The search space of refinements of @ would typically be much smaller than
the space of all low-level action sequences, thus yielding important efficiency benefits.

We can also show that if D, is a sound abstraction of D, with respect to a mapping, then the different sequences of low-level
actions that are refinements of a given high-level primitive action sequence all have the same effects on the high-level fluents, and
more generally on high-level situation-suppressed formulas, i.e., from the high-level perspective they are deterministic:

Corollary 10. If D, is a sound abstraction of D; relative to mapping m, then for any sequence of ground high-level actions @ and for any
high-level situation-suppressed formula ¢, we have that

D, U CEVsYs'.Do(m(@), Sy, s) A Do(m(@), Sy, s") D (m(¢)[s] = m(Pp)[s']).
An immediate consequence of the above is the following:

Corollary 11. If D, is a sound abstraction of D; relative to mapping m, then for any sequence of ground high-level actions & and for any
high-level situation-suppressed formula ¢, we have that

D, UCk (3s.Do(m(@), Sy, s) Am(@)[s]) D (Vs.Do(m(a), Sy, s) D m(Pp)[s]).

It is also easy to show that if some refinement of the sequence of high-level actions @ is executable, then there exists a refinement
of B that is executable after executing any refinement of a:

Theorem 12. If D, is a sound abstraction of D; relative to mapping m, then for any sequence of ground high-level actions a and for any
ground high-level action B, we have that

D, U C E 3s.Do(m(@p), Sy, s) D (Vs.Do(m(a), Sy, s) D 3s’.Do(m(p), s, s")).
Notice that this applies to all prefixes of @, so using Corollary 11 as well, we immediately get that:

Corollary 13. Suppose that Dy, is a sound abstraction of D, relative to mapping m. Then for any ground high-level action sequence ay, ..., @,
and for any high-level situation-suppressed formula ¢, then we have that:

D, UCE@3s.Do(m(ay,...,a,),Sy,s) Am(@)[s]) D
((Vs.Do(m(ay, ... ,a,),Sq,s) D m(p)[s]) A
(3s.Do(m(ay), Sy, s)) A
Na<i<n(Vs.Do(m(ay, ..., 1), Sp,8) D
3s".Do(m(a;), 5, 5"))).

These results mean that if a ground high-level action sequence achieves a high-level condition ¢, we can choose refinements of
the actions in the sequence independently and be certain to obtain a refinement of the complete sequence that achieves m(¢). We can
exploit this in planning to gain even more efficiency. If we can find a plan «, ..., , to achieve a goal ¢ at the high level, then there
exists a refinement of «,, ..., a, that achieves m(¢) at the low level, and we can obtain it by finding refinements of the high-level
actions a; for i : 1 <i <n one by one, without ever having to backtrack. The search space would typically be exponentially smaller
in the length of the high-level plan n. If we have complete information at the low level, then we can always obtain a refined plan to
achieve m(¢) in this way.

Example Cont. In our running example we can show that the action sequence @ = [fakeRoute(123, Rt 4, W, L2),take Route(123,
Rtc, L2,Cf),deliver(123)] is a valid high-level plan to achieve the goal ¢g = Delivered(123) of having delivered shipment
123, i.e., ng E Executable(do(d@, Sy)) A ¢gldo(@,Sp)]. Since ng is a sound abstraction of the low-level theory Dleg relative to
the mapping m®, we know that we can find a refinement of the high-level plan & that achieves the refinement of the goal
m®(¢,) = Unloaded(123) A Signed(123). In fact, we can show that ng U C k Do(m®(a), So,do(EBE, So) A meg(qbg)[do(ﬁzé', Sy)] for
a = [takeRoad(123, Rd,,,W, L1), takeRoad(123, Rd,, L1, L2)], b= [take Road (123, Rd,, L2,L4), takeRoad (123, Rd,, L4,CYf)], and
¢ = [unload(123), getSignature(123)]. [
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Now, let us define some low-level programs that characterize the refinements of high-level action/action sequences:

ANYIHL= |4 ey, zxX.m(A;(X))
i.e., do any refinement of any one HL primitive action,

ANYSEQHL = ANY1HL*
i.e., do any sequence of refinements of HL actions.

How does one verify that one has a sound abstraction? The following result identifies necessary and sufficient conditions for
having a sound abstraction:

Theorem 14. D" is a sound abstraction of D' relative to mapping m if and only if

(a) Dgo uD!, uD. Em(g), foral e Dho,

(b) D' UC k Vs.Do(ANYSEQHL, S, s) D
Aaenr V)?-(m(¢f:’“(>?))[5] = 35" Do(m(A;(X)), 5,5")),
(¢) D' UC EVs.Do(ANYSEQHL, S, s) D
/\AieAh VX, s’ .(Do(m(A;(%)),s,s") D
Nrern V?(m(¢j%f’Ai(f, X)[s] = m(F,(3)Ls'D),

where qﬁif’” (X) is the right hand side (RHS) of the precondition axiom for action A;(X), and ¢}, (¥,X) is the RHS of the successor state

axiom for F; instantiated with action A;(X) where action terms have been eliminated using Dﬁ'a.

The above provides us with a way of showing that we have a sound abstraction by proving that properties (a), (b), and (c) are
entailed by the low-level theory. That is, D" is a sound abstraction of D' with respect to m if and only if (a) the low-level initial

state axioms together with the unique name and domain closure axioms D’S0 U Di Y Di oo €Ntail the mapped high-level initial state

axioms in Dg , (b) the low-level theory entails that after any sequence of refinements of high-level actions (i.e., in any situation s
where Do(ANYSEQHL, S, s) holds), the mapped conditions for a high-level action to be executable (from the precondition axioms of
D™) correctly capture the executability conditions of their refinements, and (c) the low-level theory entails that after any sequence
of refinements of high-level actions, the mapped high-level successor state axioms capture how any refinement of a high-level action
affects the mapped high-level fluents.

In the general first-order case, verifying that one has a sound abstraction is undecidable and requires using theorem proving
techniques. One possible approach to doing this is to use Theorem 14 and try to verify properties (a), (b), and (c). Note that while (a)
is a first-order property, (b) and (c) are essentially properties of programs. We need to show that the right hand side (RHS) holds in
any situation produced by an arbitrary sequence of refinements of high-level actions. One can try to identify state constraints that hold
for all such situations and use them to prove the RHS. In (b), the RHS essentially involves the weakest precondition for a refinement
of the high-level action. Similarly in (c), the RHS essentially involves the weakest condition for a refinement of the high-level action
to make the fluent hold afterwards (for the left to right direction, and similarly for the converse). There are well known techniques
to try to compute these (see [61] for a formalization of regression over Golog programs).

A notable special case is when one has a finite object domain and complete information about the initial state in the low-level action
theory, i.e., a unique model M! of D'. Then one can use model checking techniques [4] to do the verification. One approach would
be to use Theorem 14 and try to model check the three properties in the theorem. An alternative approach would be to use model
checking techniques to directly check that the high-level and low-level models are m-bisimilar.

Returning to our running example, it is straightforward to show that it involves a high-level theory D;g that is a sound abstraction
of the low-level theory D/® relative to the mapping m®:

Proposition 15. D;* is a sound abstraction of D;* wrt m*s.

DIS‘) entails the “translation” of all the facts about the high-level fluents CnRoutey;;, Desty; and Aty that are in Di”. For in-
stance, in the high level theory, we have that D;g F Desty;(123,Cf,Sy). We have that Dest; (sID) is mapped to Dest;; (sID,1)
and furthermore, in the low-level theory, we have that D;* F Dest;; (123,Cf, Sp). Moreover, D;* entails that the mapping of the
preconditions of the high-level actions deliver and take Route correctly capture the executability conditions of their refinements. For
example, high-level action deliver(sID) is mapped to the program unload(sID); getSignature(sID) in the low-level theory. Also, the
precondition of deliver(sID) maps to 3/.Dest; ; (sID,l,s) A Aty ; (sID,1, s) which is the precondition for of unload(sID) and this in turn
ensures the precondition for action getSignature(siD). ng also entails that the mapped high-level successor state axioms hold at the
low level for refinements of high-level actions. For instance, consider the high-level fluent Delivered(sID, s'), which is only affected
by action deliver(sID). Given that deliver(sID) is mapped to the program unload(sID); getSignature(sID) and Delivered(sID) maps to
Unloaded(sID) A Signed(sID) in the low-level theory, we can use the successor state axioms of Unloaded(sID, s") and Signed(sID, s")
to show that the result holds. For high-level fluent At ;, which is only affected by the rake Route action, the proof is similar. Thus,
D'¥ is a sound abstraction of D;* relative to m*. For more details, see the proof in Appendix A. []
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6. Complete abstraction

This section defines a notion of a high-level BAT being a complete abstraction of a low-level BAT relative to a mapping, shows
some useful properties of complete abstractions, and identifies necessary and sufficient conditions for having a complete abstraction.

When we have a sound abstraction D), of a low-level theory D, with respect to a mapping m, the high-level theory D,,’s conclusions
are always sound with respect to the more refined theory D,, but D, may have less information than D, regarding high-level actions
and conditions. D), may consider it possible that a high-level action sequence is executable (and achieves a goal) when D, knows it
is not. The low-level theory may know/entail that a refinement of a high-level action sequence achieves a goal without the high level
knowing/entailing it. We can define a stronger notion of abstraction that ensures that the high-level theory knows everything that
the low-level theory knows about high-level actions and conditions.

Definition 16 (Complete Abstraction). We say that D, is a complete abstraction of D; relative to refinement mapping m if and only if, for
every model M, of D, there exists a model M, of D, U C such that M, ~,, M.

From the definition of complete abstraction and Theorem 6, we immediately get the following converses of Corollary 8 and
Theorem 9:

Corollary 17. Suppose that D), is a complete abstraction of D relative to m. Then for any sequence of ground high-level actions & and for any
high-level situation-suppressed formula ¢, if D, U { Executable(do(a, Sy)) A pldo(a, Sy)1} is satisfiable, then D; U C U {Is.Do(m(a), Sy, s) A
m(¢)[s]} is satisfiable. In particular, if D), U { Executable(do(a, Sy))} is satisfiable, then D; U C U {3s.Do(m(a), S, s)} is satisfiable.

Theorem 18. Suppose that D, is a complete abstraction of D relative to mapping m. Then for any ground high-level action sequence & and
any high-level situation-suppressed formula ¢, if D; U C k 3s.Do(m(@), Sy, s) A m(¢)[s], then D;, E Executable(do(a, Sy)) A pldo(a, Sy)].

Thus when we have a high-level theory D), that is a complete abstraction of a low-level theory D, with respect to a mapping m,
if D; knows/entails that some refinement of a high-level action sequence @ achieves the refinement of a high-level goal ¢, then D,
knows/entails that @ achieves ¢. It follows that we can find all high-level plans to achieve high-level goals using Dj,.

Note as well that with a complete abstraction that is not a sound abstraction, we no longer get that high-level actions are deter-
ministic at the low level with respect to high-level fluents, i.e., Corollary 10; this happens because D, U C may have models that are
not m-bisimilar to any model of D, and where different refinements of a high-level action yield different truth-values for m(F), for
some high-level fluent F.

Complete abstractions can constrain the search space that is used in automated reasoning (e.g., planning) and thus speed up
finding solutions to problems. But if we don’t have soundness, we need to check that the result actually holds at the low level.

Definition 19 (Sound and Complete Abstraction). We say that D), is a sound and complete abstraction of Dj relative to refinement mapping
m if and only if D,, is both a sound and a complete abstraction of D, relative to m.

Example Cont. Returning to our running example, the high-level theory does not know whether shipment 123 is high priority, i.e.,
D}E i Priority(123)[Sy] and Dj¥ ¥ = Priority(123)[S], but the low-level theory knows that it is, i.e., D;* F m*8(Priority(123))[Sy].
Thus D;* has a model where = Priority(123)[Sy] holds that is not m*-bisimilar to any model of D{¥, and thus D}¥ is a sound
abstraction of Dle'g with respect to m®8, but not a complete abstraction. For instance, the high-level theory considers it possible that
the shipment can be delivered by taking route A and then route B, i.e., D;"lg U { Executable(do(a, Sy)) A (o [do(a, Sy)]} is satisfiable
for @ = [takeRoute(123, Rt 4, W, L2),take Route(123, R, L2,Cf),deliver(123)] and ¢g = Delivered(123). But the low-level theory
knows that @ cannot be refined to an executable low-level plan, i.e., ng U C E =3s.Do(m®8(a), Sy, s). If we add Priority(123)[.S,] and
a complete specification of CnRoute; to DZg , then it becomes a sound and complete abstraction of ng with respect to m®é. The

plan @ is now ruled out as D;g U { Priority(123, Sy)} U { Executable(do(a, S))} is not satisfiable. []

We can show that if we have a sound abstraction relative to a mapping m, then the abstraction is also complete if and only if for
every model of the initial situation at the high level, there is a m-isomorphic model at the low level, thus ensuring that the high-level
knows as much as the low level about the high-level fluents in initial situation:

Theorem 20. If D" is a sound abstraction of D' relative to mapping m, then D" is also a complete abstraction of D' with respect to mapping
m if and only if for every model M, of D’;O UD" UD" | there exists a model M, of D'SO uD! uD!  suchthat Séw h zf:,l”’M’ Séw h

This result provides a method to verify that one has a sound and complete abstraction.
We also have the following result that characterizes complete (but not necessarily sound) abstractions:

Theorem 21. D" is a complete abstraction of D' relative to mapping m if and only if for every model M, of D", there exists a model M,
of D' U C such that

10
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(a) SMh :thMI SMI
0 m 0’
(b) M, EVs.Do(ANYSEQHL, S, s) D
Asyenn VXm(@}2 ()51 = 35" Dom(A;(3)). 5.5)),
(c) M, kFVs.Do(ANYSEQHL, S, s) D
/\A,eAh VX,s".(Do(m(A;(X)),s,s") D
Nrern V?(m(¢s;i‘;i (3, X))s] = m(F,(3)s']),

where qbi?‘“(i) and ¢3¢ A,@’ X) are as in Theorem 14.

The conditions in the theorem are necessary and sufficient to ensure that M, and M, are m-bisimilar; see the proof in Appendix A
for details.

Example. Let D" be

Poss(A,s)=True
Poss(B,s)= False
P(do(a,s))=a= AV P(s)
0O(do(a,s)) = 0(s)

R(do(a, s)) = R(s)

2 P(Sp) A =Q(Sp) A R(Sp),

and let D' be

Poss(A,s)=True

Poss(B,s) = R(s)
P(do(a,s))=a= AV P(s)

0O(do(a, s)) = O(s)
R(do(a,s))=(a=AANQ0(s))V R(s)
= P(Sy) A R(S)),

with the mapping m being

m(A)=A,m(B)=B
m(P)=P,m(Q)=0,m(R)=R.

Then, D" is a complete but not sound abstraction of D! wrt m. D" has a single model (up to isomorphism) M, where Q is false
initially. We can show that D' has a model M, that is m-bisimilar to M,. We have M, F R(do(a, s)) = R(s) because Q remains
false in all situations in M,. Thus R also remains false in all situations in M,. It follows that M, E Poss(B,s) = False. D" is not a
sound abstraction of D' wrt m because D' also has a model M I’ where Q is true initially, and D" has no such model. We have that
M,’ ¥ R(do(a, s)) = R(s) and M,’ ¥ Poss(B,s)= False. []

For the special case where Dgo is a complete theory, we also have the following result:

Corollary 22. If D’S'0 is a complete theory (i.e., for any situation suppressed formula ¢, either Dgo E @[Sy or D'S'O E=¢[SyD and D' is
satisfiable, then if D" is a sound abstraction of D' with respect to m, then D" is also a complete abstraction of D' with respect to m.

7. Monitoring and explanation

In this section, we identify constraints that allow a low-level action sequence to be mapped back into a unique high-level action
sequence that it refines, which allows one to monitor the agent’s low level behavior and describe it in abstract terms.

A refinement mapping m from a high-level action theory D, to a low-level action theory D; tells us what are the refinements of
high-level actions into executions of low-level programs. In some application contexts, one is interested in tracking/monitoring what
the low-level agent is doing and describing it in abstract terms, e.g., to a client or manager. If we have a ground low-level situation term
S, such that D; U { Executable(S))} is satisfiable, and D, U { Do(m(), Sy, S;)} is satisfiable, then the ground high-level action sequence
@ is a possible way of describing in abstract terms what has occurred in getting to situation .S;. If D, U { Executable(do(a, Sy))} is
also satisfiable (it must be if D,, is a sound abstraction of D, with respect to m), then one can also answer high-level queries about
what may hold in the resulting situation, i.e., whether D;, U { Executable(do(a, Sy)) A ¢p(do(a, Sy))} is satisfiable, and what must
hold in such a resulting situation, i.e., whether D, U { Executable(do(a, Sy))} F ¢p(do(a, Sjy)). One can also answer queries about what
high-level action # might occur next, i.e., whether D, U { Executable(do(ap, Sy))} is satisfiable.

11
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In general, there may be several distinct ground high-level action sequences a that match a ground low-level situation term .S;;
even if we have complete information and a single model M, of D, UC, i.e., we may have M, F Do(m(,), S, S;) A Do(m(a,), Sy, S})
and Dy, Fa; # a,.°

In many contexts, this would be counter-intuitive and we would like to be able to map a sequence of low-level actions performed
by the low-level agent back into a unique abstract high-level action sequence it refines, i.e., we would like to define an inverse mapping
function m™!. Let’s see how we can do this. First, we introduce the abbreviation Ip,,(s,s’), meaning that s’ is a largest prefix of s that
can be produced by executing a sequence of high-level actions:

Ip,(s,s") = Do(ANYSEQHL, Sy, s’ ) As" < s A
Vs (s < 5" <s D 7 Do(ANYSEQHL, S, s")).

We can show that the relation /p,,(s, s") is actually a total function:

Theorem 23. For any refinement mapping m from D, to D,, we have that:

1. D;UCEVs.3s'.Ip,(s,s"),
2. D;UCEVsVs Vs,.0p,(s,s1) Alp,(s,5) Ds; =55.

Given this result, we can introduce the notation /p,,(s) = s’ to stand for Ip,,(s, s").
To be able to map a low-level action sequence back to a unique high-level action sequence that produced it, we need to assume
the following constraint:

Constraint 1. For any distinct ground high-level action terms « and &’ we have that:

(@) D,UCEkVs,s".Do(m(a),s,s") D =35.Trans*(m(a’),s,8,s"),
(b) D, UCEVs,s' .Do(m(a),s,s') D ~Fa3s.Trans*(m(a),s,s,do(a,s")),
(¢) D;UCEVs,s" .Do(m(a),s,s’) Ds<s.

Part (a) ensures that different high-level primitive actions have disjoint sets of refinements, (b) ensures that once a refinement of
a high-level primitive action is complete, it cannot be extended further, and (c) ensures that a refinement of a high-level primitive
action will produce at least one low-level action. Together, these three conditions ensure that if we have a low-level action sequence
that can be produced by executing some high-level action sequence, there is a unique high-level action sequence that can produce it:

Theorem 24. Suppose that we have a refinement mapping m from D), to D, and that Constraint 1 holds. Let M, be a model of D, U C. Then
for any ground situation terms S, and S, such that M, F Do(ANYSEQHL, S|, S,), there exists a unique ground high-level action sequence a
such that M; E Do(m(a), S, S,).

Since in any model M, of D, U C, for any ground situation term .S, there is a unique largest prefix of .S that can be produced by
executing a sequence of high-level actions, S’ = Ip,,(.S), and for any such S’, there is a unique ground high-level action sequence
@ that can produce it, we can view @ as the value of the inverse mapping m~! for S in M. For this, let us introduce the following
notation:

m;}I(S) =a=M,;k3s'Ip,(S)=s" A Do(m(@), Sy,s"),

where m is a refinement mapping from D, to D, and Constraint 1 holds, M, is a model of D, UC, S is a ground low-level situation
term, and « is a ground high-level action sequence.

Constraint 1 however does not ensure that any low-level situation .S can in fact be generated by executing a refinement of some
high-level action sequence; if it cannot, then the inverse mapping will not return a complete matching high-level action sequence
(e.g., we might have mz_wl, (S) = €). We can introduce an additional constraint that rules this out®:

Constraint 2.

D, U C E Vs.Executable(s) D 36.Trans*(ANYSEQHL, S, 6, 5).

5 For example, suppose that we have two high level actions A and B with m(A) = (C | D) and m(B) = (D | E). Then the low-level situation do(D, S,) is a refinement
of both A and B (assuming all actions are always executable).

® One might prefer a weaker version of Constraint 2. For instance, one could write a program specifying the low level agent’s possible behaviors and require that
situations reachable by executing this program can be generated by executing a refinement of some high-level action sequence. We discuss the use of programs to
specify possible agent behaviors in the conclusion.
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With this additional constraint, we can show that for any executable low-level situation s, what remains after the largest prefix
that can be produced by executing a sequence of high-level actions, i.e., the actions in the interval between s” and s where Ip,,(s,s"),
can be generated by some (not yet complete) refinement of a high-level primitive action:

Theorem 25. If m is a refinement mapping from D, to D, and constraint 2 holds, then we have that:

D, UCEVs,s'.Executable(s) A lp,,(s,s') D 38.Trans*(ANYIHL,s', 5, s).

Example Cont. Going back to the example of Section 3, assume that we have complete information at the low level and a single model
M, of D;’g , and suppose that the sequence of (executable) low-level actions @ = [fake Road (123, Rd,, W, L1),takeRoad(123, Rd,, L1,
L2)] has occurred. The inverse mapping allows us to conclude that the high-level action a = take Route(123, Rt 4, W', L2) has occurred,
since m;}[(do(ﬁ, Sp)) = @.” Since D;g E Aty (123,L2,do(a, Sy)), we can also conclude that shipment 123 is now at location L2. As

well, since D:lg U { Poss(takeRoute(123, Rt g, L2, Cf), do(a, Sy))} is satisfiable, we can conclude that high-level action takeRoute(
123, Rt g, L2, Cf) might occur next. Analogously, we can also conclude that high-level action take Route(123, Rt -, L2, Cf) might occur
next. However, since D;g E Aty (123,Cf, do(a, Sy)), i.e., agent’s current location is not the cafe, the high-level action Deliver(123)
is not executable and cannot occur next. []

8. Related work

In this section, we review related work in the areas of abstraction of static logical theories, planning, and model checking. We
also briefly discuss previous work involving bisimulation.

Given the importance of abstraction in Al, it is unsurprising that there has been much previous work on the topic. Among logical
theories of abstraction, Plaisted [74] is perhaps the first to propose a general theory of abstraction focused on theorem proving (and in
particular on resolution) in a first-order language. He proposed a notion of abstraction as a mapping from a set of clauses B to a simpler
(i.e., more abstract) set of clauses A that satisfied certain properties with respect to the resolution mechanism. Resolution proofs from
B map onto (possibly) simpler resolution proofs in A. Plaisted introduced different types of syntactic abstraction mappings, including
renaming predicate and function symbols, where several predicates (resp. functions) could be renamed to the same predicate (resp.
function) in the abstract clause. Plaisted was aware that this approach could yield an abstract theory that produces inferences that
are not sanctioned by the base theory,® and called this issue the “false proof” problem; in fact one might even create an inconsistent
abstract theory from a consistent base theory.

Tenenberg [85] focused on predicate mapping abstractions, which can be considered as a special case of Plaisted’s renaming predicate
and function symbols mapping abstractions. To ensure that the abstract theory remains consistent, he proposed restricted predicate
mappings, where in essence, the clauses from the base theory that distinguish the predicates being conflated are not mapped. More
precisely, this is achieved by requiring that for each clause C in the abstract level, there exists a predicate (or clause) D in the concrete
level clause set such that D maps into C and either C is a positive clause or for every D that maps to such C it is the case that D can
be derived from the low-level clause set.

Giunchiglia and Walsh [44] consider abstractions as syntactic mappings between two representations of a problem modeled as
axiomatic formal systems. A formal system is defined as a triple £ = (L,®, A), where © is a set of axioms in the language L, and A
is the deductive machinery of X (i.e., set of inference rules). An abstraction f : X, = X, is defined as a mapping between formal
systems X, (i.e., the ground space) and X, (i.e., the abstract space), with languages L,,, and L, respectively, and an effective,
total function f; : L,,,, = L, Which is referred to as the mapping function.

This approach classifies abstractions based on their effects on provability; that is, whether the set of theorems of the high-level theory
TH(Z,,) are equal to, a subset, or a superset of the set of theorems of the low-level theory TH(Z;,,,). An abstraction f : X;,., = Z
is said to be (i) a theorem-increasing (TI) abstraction if and only if, for any well formed formula (wff) «a, if « € TH(Z,,,,) then
fr(a) € TH(Z,,), (ii) a theorem-decreasing (TD) abstraction if and only if, for any wff a, if f; (@) € TH(Z ;) then a € TH(Z,,,.),
and (iii) a theorem-constant (TC) abstraction if it is both a TI and a TD abstraction. It is clear that our notions of sound abstraction,
complete abstraction, and sound and complete abstraction are related to Giunchiglia and Walsh’s notions of TD abstraction, TI
abstraction, and TC abstraction respectively, as they have similar properties with respect to theorems/entailments.

Giunchiglia and Walsh [44] take certain subclasses of TI abstractions to be useful, especially in applications where the abstract
space is used to help find a proof in the ground space. For instance, ABSTRIPS [76] uses a TI abstractions that admit false proofs and
are used as heuristics to guide search to speed up problem solving. [44] reconstructed a number of previous approaches to abstraction
in their framework and analyzed their properties; examples include planning with ABSTRIPS [76], common sense reasoning [46], as
well as the predicate abstractions of Plaisted and Tenenberg.

Nayak and Levy [70] point out that while the syntactic theory of abstraction proposed in [44] captures important aspects of
different types of abstractions, and enables their use in reasoning by theorem provers, such a theory fails to explicitly capture the

7 If we do not have complete information at the low level, m/_w] (@) may be different for different models M of D,. To do high level tracking/monitoring in such
cases, we need to consider all the possible mappings or impose additional restrictions to ensure that there is a unique mapping. We leave this problem for future work.

8 For example, if the base theory contains JapaneseCar(x) D Reliable(x) and EuropeanCar(x) D Fast(s), and we rename both JapaneseCar and EuropeanCar to
ForeignCar, we may unjustifiably infer that a EuropeanCar instance is Reliable (see [85,70]).
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underlying justifications or assumptions that lead to the abstraction. Hence [70] proposed a semantic theory of abstraction which
focuses on a mapping between the models of concrete and abstract theories. Abstraction is viewed as a two-step process: in the first
step, the intended domain model is abstracted; and in the second step, a set of (abstract) formulas is constructed that capture the
abstracted domain model. In general, an abstraction mapping is a function = that maps a model/interpretation M,,,, of a theory
Ty,se in the base language L, to an interpretation 7(M,,,) of the abstract language L . For first-order languages, an abstraction
mapping can be specified by giving formulas of the base language that define the universe and the denotation of predicate and
function symbols of 7(M,,,) in terms of that in M,,: (i) a wff my(x) which defines the universe of 7(M,,,,) as the set of entities
that satisfy my(x) in M,,,, (ii) a wif zx(xy,...,x,) (with n free variables) for each n-ary abstract relation R, where the denotation
of R in 7(M,,,,) is the relation defined by 7z(xy,...,x,) in M, (the set of entity n-tuples that satisfy it) restricted to universe of
w(My,,,), and (iii) similar wffs that specify the denotations of abstract function symbols and constants. Nayak and Levy also define
the class of model increasing (MI) abstractions, which is a strict subset of TD abstractions and yield no false proofs. Moreover, as an
MI abstraction can be weaker than the intended model-level abstraction, they also define the notion of strongest MI abstraction of a
base theory. This would yield an abstract theory that precisely implements the intended model-level abstraction. Notice that Nayak
and Levy’s notion of MI abstraction is closely related to our notion of sound abstraction and their notion of strongest MI abstraction
is related to our notion of sound and complete abstraction.

Ghidini and Giunchiglia [43] propose a semantic formalization of the notion of abstraction based on the Local Models Semantics
[42]. They associate to each of the concrete and abstract languages a set of interpretations (i.e., context). The abstraction mapping is
formalized as a compatibility relation that defines how meaning is preserved when moving from the concrete to abstract representations.

In Model theory [47,84], an interpretation of a structure A; in another structure A, (whose signature may be unrelated to A,)
is a well established notion that approximates the idea of representing A; inside A,. Starting with A,, it is possible to build A; by
defining the domain D, of A, as well as all the labeled relations and functions of A, as relations definable in A, by certain formulas
(with parameters). A further refinement involves finding a definable equivalence relation on D; and considering the domain of A
to be set of equivalence classes of this relation. A typical example is the interpretation of the group Z of integers in the structure N
which consists of natural numbers 0, 1,2, ... with labels for 0, 1 and +. Interpreting structure A, in a structure A, results in the ability
to translate every first-order statement about A into a first-order statement about A,; this means that all of A; can be read from A,.
If it is possible to generalize this notion to interpreting a family of models of a theory 7,, always using the same defining formulas,
then the resulting structures will all be models of a theory T; that can be read from 7, and the defining formulas. Then we can say
that theory T; is interpreted in theory 7,. This also shows that T is reducible to 7,.

Our work is clearly distinct from all of the approaches discussed above, which formalize abstraction of static logical theories. We
instead focus on abstraction of dynamic domains. In our approach we have assumed that the high-level and the low-level have the
same domain/universe; this is mainly for simplicity and we leave exploring object abstraction for future work. As mentioned, Nayak
and Levy [70] handle object abstraction by introducing a special formula that designates which of the low-level objects exist in the
high-level theory. Object abstraction is also considered in [46], with the help of an indistinguishability relation, which can be defined
by means of a set of relevant predicates (i.e., subset of predicates of the theory that are considered to be relevant to the situation at
hand). In this approach, objects x and y are indistinguishable if no relevant predicate distinguishes between them.

Abstraction techniques are widely used in model checking to deal with very large state spaces. A popular approach is
counterexample-guided abstraction refinement (CEGAR) [19], which works by using automated techniques to iteratively construct
and refine abstractions until a desired precision level is reached. The approach starts by computing an abstraction which is an upper
approximation. In this setting, when a specification ([19] uses ACT L*, a fragment of CT L* which only permits universal quan-
tification over paths, as specification language) holds in the abstract model, it also holds in the concrete model. However, when a
counterexample is found in the abstract model, it must be checked to see whether it is reproducible at the concrete level, or it is
spurious, and needs to be excluded by refining the abstraction. The initial abstraction is obtained by partitioning the domain of values
of variable clusters into classes that are equivalent with respect to the satisfaction of atomic conditions that determine system transi-
tions or appear in the specification and using one representative value from each equivalence class. When a spurious counterexample
is obtained, the abstraction is refined by splitting an equivalence class to eliminate it. The approach was extended by Shoham and
Grumberg [81] to verify arbitrary CT L specifications and avoid the need to check if a potential counterexample found in the abstract
system also holds in the concrete system by using a three-valued semantics.

The abstractions studied in this paper are quite different. They are defined by the user rather than by some automatic technique.
They involve new high-level fluents and actions that are meaningful to the users and can be used to express many high-level goals
and tasks/programs of interest. They can be used to speed up planning and to give high-level explanations of system behavior.

There is also work showing decidability of model checking of temporal properties in infinite state/object domain systems where
the “active domain”, i.e., the set of objects that are in the extension of a predicate in the state, remains bounded [30]. Decidability is
shown by constructing a finite abstract transition system that is bisimilar to the original infinite one. This kind of abstraction is also
quite different from ours. First, it is not defined by a designer, but it is automatically computed by leveraging the properties of bounded
theories. Second, it is essentially based on finding a finite number of proxies for real objects and then reusing the proxies, exploiting
a locality principle that only objects in the current active domain and in the next state’s active domain need to be distinguished.

In planning, several notions of abstraction have been investigated. Among the first approaches to abstraction in planning was
precondition elimination abstraction, which was initially introduced in context of ABSTRIPS [76]. Hierarchical Task Networks (HTNs)
(e.g., [36]), abstract over a set of (non-primitive) tasks. Encodings of HTNs in ConGolog with enhanced features like exogenous
actions and online executions have been studied by Gabaldon [38]. In contrast to our approach, [38] uses a single BAT; also it does
not provide abstraction for fluents.
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Planning with macro operators (e.g., [51]), is another approach to abstraction which represents meta-actions built from a sequence
of action steps. Mcllraith and Fadel [65], and Baier and Mcllraith [5] investigate planning with complex actions (a form of macro
actions) specified as Golog programs. Differently from our approach, [65,5] compile the abstracted actions into a new BAT that contains
both the original and abstracted actions. Also, they only deal with deterministic complex actions and do not provide abstraction for
fluents. Our approach provides a refinement mapping (similar to that of Global-As-View in data integration [53]) between an abstract
BAT and a concrete BAT.

Generalized planning (e.g., [56,49,83,17]) studies the characterization and computation of planning solutions that can generalize
over a set of planning instances. An influential work by Bonet and Geffner [17] proposed a notion of abstract actions, which abstract
over concrete actions in different instances of a generalized planning problem, and capture the effect of actions on the common set
of (Boolean and numerical) features. They show that if the abstraction is sound, then an abstract policy which is a solution in the
abstract space, can always be instantiated to provide a solution in the original space. Other work in the area uses abstraction, for
instance, Aguas et al. [2], which proposed hierarchical finite state controllers for generalized planning. Another related work is [60],
which proposes to represent general strategies to solve a class of possibly infinitely many games that have similar structures by a
finite state automaton encoded in a BAT with edges labeled by Golog programs. They then show how to use counterexample-guided
local search for invariants to verify that the strategy is a solution. We discuss other generalized planning work that builds on our
abstraction framework in the next section.

Hierarchical planning approaches mainly focus on improving planning efficiency. Generalized planning works often use abstrac-
tions but focus on obtaining general strategies that solve a class of planning problems. Our work instead provides a general framework
for abstracting an agent’s action repertory and how it affects the domain. It supports various forms of reasoning, not just planning. It
can also be used to explain low-level behavior in high-level terms and can be applied in many ways.

Our notion of abstraction between action theories is based on the existence of a bisimulation relation relative to a refinement
mapping between the theories’ models. Bisimulation [66,67] is a core notion used in the study of concurrent processes in formal
methods. Processes, often specified in some process calculus/algebra, can be modeled as labeled transition systems. A process simulates
another if it can mimic, i.e., go through a matching sequence of transitions, for all executions of the latter. Processes are equivalent
if they can simulate each other, i.e., are bisimilar. Bisimulation is also commonly used to analyze the relationship between logics.
For instance, a key result in modal logic is van Benthem’s characterization theorem, which essentially states that propositional modal
logic is the fragment of first-order logic that is invariant under bisimulation [15,16]. Note that in our notion of bisimulation relative to
a mapping m, a transition at the high level usually corresponds to several transitions at the low level and that the resulting situations
need only be m-isomorphic.

9. Adaptations and extensions of the abstraction framework

Since it first appeared in [6], our abstraction framework has been adapted, used, and extended in various directions. We summarize
such work in this section.

Some work has addressed the issue of automated verification and synthesis of abstractions. In [62], Luo et al. investigate the
relationship between our account of agent abstraction and the well-known notion of forgetting in first-order/second-order logic. They
also address the problem of synthesizing a sound and complete abstraction given a low-level BAT and a refinement mapping. They show that
one can use forgetting (of low-level fluent and action symbols) to obtain second-order theory that is a sound and complete abstraction
of a low-level BAT for a given mapping, provided that the mapping is nondeterministic uniform (NDU) with respect to the low-level
BAT, i.e., such that different refinements of a high-level action sequence are indistinguishable in the high-level language.® In general,
the result of this method may not have the form of a BAT. But it is also shown that if the mapping is “Markovian” with respect to the
low-level BAT, i.e., such that the executability and effects of refinements of high-level actions only depend on the values of the high-
level fluents in the current situation, whenever such a situation is the result of executing a refinement of high-level action sequence,
then a sound and complete abstraction in the form of a generalized BAT, i.e., where the initial database, action preconditions and
successor state descriptions can be second-order formulas, can be obtained. Finally, they show that in the propositional case, under
the Markovian restriction, a sound and complete abstraction is always computable.

Luo [59] studies automated verification of the existence of a propositional agent abstraction given a low-level finite-state labeled
transition system (LTS) and a refinement mapping that maps high-level atoms into low-level state formulas and high-level actions into
loop-free low-level programs. Notions of sound/complete abstractions over such LTS are defined. Note that actions in the high-level
LTS need not be deterministic as in our approach. Luo then shows that the propositional agent abstraction existence problem (for
both deterministic and non-deterministic LTSs) can be reduced to a CTLK (an extension of CTL with epistemic operators [72]) model
checking problem. The idea behind this is that low-level states reached by executions of the same high-level actions are epistemically
indistinguishable for the high-level agent. Given the low-level LTS and mapping, an induced epistemic transition system (ETS) is
obtained. It is shown that a propositional agent abstraction exists if this ETS satisfies certain properties. If the low-level LTS is
represented symbolically as a propositional STRIPS planning domain, a symbolic induced ETS can also be obtained. However this
symbolic ETS includes all the propositional variables that were present in the given low-level LTS, and so is it not fully abstract.
The approach has been implemented in a system that uses the MCMAS [58] model checker. Experiments on several domains from

9 Note that it follows our Theorem 20 that their NDU condition is satisfied whenever a sound abstraction BAT exists for the given low-level BAT and mapping.
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classical planning show that the system can verify the existence of sound and complete propositional abstractions in reasonable time
for medium size domain instances. Synthesizing abstract LTS/planning domains is left for future work.

As mentioned in the previous section, much work in generalized planning exploits abstraction to generate a (typically iterative)
general plan/strategy that solves a set of similar planning problems. Inspired by [17], Cui et al. [24] extend our framework to develop a
uniform abstraction framework for generalized planning. They consider abstractions that involve nondeterministic actions as in fully-
observable nondeterministic (FOND) planning, and seek strong cyclic solutions that achieve the goal under a fairness assumption.
They use Golog programs to represent non-deterministic actions. To deal with the issue of termination of generalized plans under
fairness constraints, they use an extended situation calculus with infinite histories [79]. The framework is also extended with counting
(following [52]) and transitive closure (following [50]). In this setting, a generalized planning problem (GPP) is formalized as a triple
of a BAT, a trajectory constraint and a goal. They define notions of sound/complete abstractions with respect to a mapping m at
the level of models by introducing notions of m-simulation and m-back simulation that are weaker than m-bisimulation.'® They then
use these to define notions of sound/complete abstractions (at the theory level) for GPPs. They show that if a high-level GPP is a
sound abstraction of a low-level GPP, and a high-level program 6 is a strong solution to the high-level GPP, then m(d) is a strong
solution to the low-level GPP, where m(5) is obtained by replacing all high-level fluents and actions in § by their mapped value.
To be a strong solution to a GPP, a program ¢ must be guaranteed to achieve the goal under the trajectory constraint unless the
execution aborts/blocks. Note that this is a rather weak notion of strong solution given that § and m(6) may be nondeterministic and
have executions that block. A number of existing approaches to generalized planning such as [17] are formalized in the proposed
abstraction framework and compared.

In later work, Cui et al. [23] extended this approach to support automatic verification that one has a sound abstraction for a
GPP, where the abstraction model is a qualitative numerical planning (QNP) problem, a common approach. They assume that the
QNP abstraction is “bounded”, i.e., integer variables can only be incremented or decremented by one. To do this, they first obtain a
“proof-theoretic” characterization of their notion of sound abstraction for GPPs (along the lines of our Theorem 14), and then identify
a sufficient condition for having a sound abstraction when high-level action implementations are deterministic and loop-free. They
then develop a sound abstraction verification system that checks the sufficient condition based on the SMT solver Z3. Experiments
showed that the system was able to successfully verify hand-crafted QNP abstractions for several GPP domains in reasonable time.

Dong et al. [34] develops an automatic method for generating sound and complete bounded qualitative numeric planning (BQNP)
abstractions for generalized planning from classical planning problem instances with baggable types. BQNP is a generalization of
classical planning with non-negative real variables that can be increased or decreased by one. The refined solutions to the abstract
problem are solutions to the generalized planning problem whose instances share the same bags with the given instance but the sizes
of the bags might be different. The abstraction method works by introducing a counter for each bag of indistinguishable tuples of
objects. One limitation is that BQNP is undecidable; a sound but incomplete solver has been developed. Their notion of sound and
complete abstraction is taken from [24].

Fang et al. [37] develops an automated method for synthesizing a high-level action theory D, that is a sound and complete
abstraction for a given a low-level action theory D, with respect to a restricted type of refinement mapping m under certain conditions.
The method works for low-level BATs in a situation calculus extended with transitive closure and integer-valued fluents. The high-
level theory is expressed in a propositional situation calculus with integer valued fluents and linear integer arithmetic formulas.
The mapping is quite restricted in that a (parameter-less) high-level action must be mapped into a single closed guarded low-level
action. The high-level abstract action theory can be obtained by syntactic manipulation. But some of the conditions for correctness
are defined semantically. They use our definition of sound and complete abstraction, with some extensions to the classes of BATs
involved.

In this paper, we have ignored the issue of sensing and knowledge acquisition. Banihashemi et al. [7] extend our abstraction
framework to the case where the agent is executing online i.e., may acquire new knowledge while executing (e.g., by sensing) [33,78].
This means that the knowledge base that the agent uses in its reasoning needs to be updated during the execution. A sufficient property
is identified which allows sound abstraction to persist in online executions. This property ensures that the low level has learned as much
as the high level did when a refinement of the high-level action was performed, which ensures that every low-level model still has
an m-bisimilar high-level model. Abstraction can also be exploited to support planning for agents that execute online. To achieve its
goals, such an agent may need to select different courses of action depending on the results of sensing actions (or the occurrence
of exogenous actions). This work adapts definition of ability to perform a task/achieve a goal (e.g., [69,55]) to its model of online
executions. To be able to achieve a goal, an agent needs to have a strategy that ensures reaching the goal no matter how the environment
behaves and how sensing turns out. Ability is similar to the concept of conditional or contingent planning [18,3,39]. The main result
of this work shows that under some reasonable assumptions, if one has a sound abstraction and the agent has a strategy by which it is
able to achieve a goal at the high level, then one can refine it into a low-level strategy by which the agent is able to achieve the refinement
of the goal. Furthermore, the low-level strategy can be obtained piecewise/incrementally, by finding a refinement of each step of the
high-level strategy individually. This makes reasoning about agents’ abilities much easier.

Many agents operate in nondeterministic environments where the agent does not fully control the outcome of its actions (e.g.,
flipping a coin where the outcome may be heads or tails). In more recent work, [9,10] extend our framework to abstract the behavior of

10 Such notions are interesting and allow one to get interesting results about the existence of plans in models, but m-bisimulation is a simpler and more intuitive
notion. If one has perfect information and a single model, then one would expect to have m-bisimilar models at different levels of abstraction. If instead one has
imperfect information and multiple models, but the information one has at the high and low levels is consistent, then our notion of sound (and possibly also complete)
abstraction defined in terms of m-bisimulation seems sufficient to get the results that we want. More analysis of these issues would be worthwhile.
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an agent that has nondeterministic actions based on nondeterministic situation calculus [26] action theories. In this setting, each high-
level action is considered as being composed of an agent action and an (implicit) environment reaction. As a consequence, the agent
action (without the environment reaction) is mapped into a low-level agent program that appropriately reflects the nondeterminism
of the environment, and the complete high-level system action, including both the agent action and the environment reaction, is
mapped into a low-level system program that also relates the high-level environment reaction to the low-level ones. A constraint is
defined to ensure that the mapping is proper, i.e., that agent actions and system actions are mapped in a consistent way. This allows
our notion of m-bisimulation to extend naturally to this new setting, which supports strategic reasoning and strategy synthesis, by
allowing one to quantify separately on agent actions and environment reactions. It is shown that if the agent has a (strong FOND)
plan/strategy to achieve a goal/complete a task at the abstract level, and it can always execute the nondeterministic abstract actions
to completion at the concrete level even if it does not control their outcomes, then there exists a refinement of it that is a (strong
FOND) plan/strategy to achieve the refinement of the goal/task at the concrete level. Our framework was also recently extended along
similar lines to abstract agent behavior in multi-agent synchronous game structures and support verification of strategic properties of
coalitions in [54]. Our notion of sound abstraction in the nondeterministic situation calculus has also been extended to support linear
temporal logic (LT L) constraints and objectives in [28], which uses this to construct propositional abstractions to solve generalized
planning problems.

Related to this is work on using BAT abstraction in supervisory control of agents. In [8], constraints on the agent’s behavior are
specified in the language of the abstract BAT. A high-level maximally permissive supervisor (MPS) is first obtained that enforces these
constraints on the behavior of a high-level agent while leaving the agent with as much freedom to act/autonomy as possible. The
task is then to synthesize an MPS for the concrete agent. To support mapping an abstract supervision specification to a concrete one,
[8] extend the refinement mapping to map any situation-determined high-level program to a situation-determined low-level program
that implements it (concurrency is allowed at the high level, but the implementations of high-level actions cannot be interleaved to
maintain bisimulation). A low-level MPS based on the concrete specification is then obtained, and it is shown that the high-level MPS
is the abstract version of the low-level MPS. Moreover, a hierarchically synthesized MPS may be obtained by taking the abstract MPS
and refining its actions piecewise.

Belle [13] extends our abstraction approach to probabilistic relational models, assuming a weighted model counting reasoning
infrastructure, and focusing on static models where there are no actions. He assumes that one defines a refinement mapping that
associates each high-level atom to a (propositional) formula over the language of the low-level model/theory. Isomorphism between
a high-level model and a low-level model relative to a mapping is defined essentially as in our account. This is then used to define a
notion of weighted sound abstraction relative to a mapping between such models which ensures that high-level sentences that have
a non-zero probability at the low level must also have a non-zero probability at the high level, and high-level sentences that have
probability 1 at the high level must also have probability 1 at the low level. A weighted complete abstraction ensures the converse.
Finally, a weighted exact abstraction is a weighted sound and complete abstraction where the probability of any high-level sentence
is the same at the high level and low level. The paper also discusses techniques for automated synthesis of weighted abstractions.

Hofmann and Belle [48] extend this approach to support abstraction of probabilistic dynamical systems. The high-level and low-
level action theories are defined in the DSG logic (which extends DS [14]), a first-order modal version of the situation calculus that
supports probabilistic belief (B(a : r) means that « is believed with probability r), stochastic/noisy observations and actions, and
Golog programs ([6]a means that a holds after every execution of program §). Their notion of m-bisimulation relates epistemic states
in the high-level and low-level theories; the base condition is epistemic m-isomorphism, which requires not only that the states be
m-isomorphic, but also that the degrees of belief in high-level sentences be exactly the same. It is then shown that m-bisimilar states
satisfy the same bounded (i.e., without the “always” operator) high-level DSG formulas. This is then extended to theories by defining
notions of sound/complete abstraction as usual. The framework is used to show one can abstract away the stochastic aspects of the
domain and obtain a non-probabilistic high-level domain theory while keeping guarantees that refinements of the high-level actions
and plans achieve their goals. One limitation is that DSG does not support strategic reasoning: one cannot say that the agent has
a strategy to execute a program to termination and achieve a goal no matter how the environment behaves, i.e., no matter how it
selects sensing results and action outcomes. The requirement that degrees of belief in high-level sentences be exactly the same in
epistemic m-isomorphism may also be too strict in some applications.

Applying abstraction to smart manufacturing, De Giacomo et al. [25] focus on manufacturing as a service in which manufactur-
ing facilities “bid” to produce (previously unseen and complex) products. A facility, consists of a set of configurable manufacturing
resources (e.g., robots, tools, etc.). Given a product recipe, which outlines the abstract (i.e., resource independent) tasks required
to manufacture a product, a facility decides whether to bid for the product if it can synthesize, “on the fly”, a process plan con-
troller that delegates abstract manufacturing tasks in the supplied process recipe to the appropriate manufacturing resources. The
operations in manufacturing processes are described by basic action theories, and the processes as ConGolog programs over such
action theories. The facility basic action theory is obtained by combining the resources’ basic action theories, and the facility pro-
cess results from the concurrent, synchronous execution of the processes of each resource. Moreover, another basic action theory
represents a common, resource independent information model of the data and objects that the recipes can manipulate and based
on which they are designed. A set of mappings relate the common abstract resource-independent BAT with the resource-dependent
facility BAT. Based on this representation, this work formalizes when a process recipe can be realized by facility. Two decidable
cases of finite domains and bounded action theories are identified, for which techniques to actually synthesize the controller are
provided.
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10. Conclusion

In this paper, we proposed a general framework for agent abstraction based on the situation calculus and ConGolog. We defined
a notion of a high-level basic action theory (BAT) being a sound and/or complete abstraction of a low-level BAT with respect to a
given mapping between their respective languages. This formalization involved the existence of a bisimulation relation relative to the
mapping between models of the abstract and concrete theories. Furthermore, we identified a set of necessary and sufficient conditions
for checking if one has a sound and/or complete abstraction with respect to a mapping. We have shown that sound abstractions
have many useful properties that ensure that we can reason about the agent’s actions (e.g., executability, projection, and planning)
at the abstract level, and refine and concretely execute them at the low level. Finally, we identified a set of BAT constraints that
ensure that for any low-level action sequence, there is a unique high-level action sequence that it refines. This is useful for monitoring
and providing high-level explanations of behavior. Our framework is based on the situation calculus, which provides a first-order
representation of the state and can model the data/objects that the agent interacts with.

In this work, for simplicity, we focused on a single layer of abstraction, but the framework supports extending the hierarchy to
more levels. Our approach can also support the use of ConGolog programs to specify the possible behaviors of the agent at both the
high and low level, as we can follow [31] and “compile” such a program into the BAT D to get a new BAT D’ whose executable
situations are exactly those that can be reached by executing the program.

There are some limitations of the abstraction framework presented in this paper. Being based on the standard version of the
situation calculus, it does not handle actions with nondeterministic effects, sensing and knowledge acquisition by the agent, as well
as domains that involve multiple agents and imperfect information. But as mentioned in the previous section, there has already been
work on addressing some of these limitations. Another limitation is that, for simplicity, we assume that the object domain is the
same at the abstract and concrete levels and do not support object abstraction. It should be possible to adapt the approach of [70]
to handle this. Another limitation is that our notion of sound abstraction is quite strict: all the high-level actions and fluents must be
mapped and every model of the low level theory must be bisimilar to some model of the high-level theory relative to the mapping m.
However, note that one can restrict attention to a narrow range of actions and situations at the high level and specify the mapping to
embody these restrictions, for instance, by having strict conditions for refinements of high-level actions to be executable. Also, one
need not have a complete abstraction, i.e., some high-level models need not have m-bisimilar low-level models and the high-level
theory can have less information than the low-level one, even when restricting attention to high-level fluents and actions. It would
be interesting to investigate less strict notions of abstraction, for instance, where the high-level theory does not accurately model the
probability distribution over action outcomes that hold at the low level; see [13,48] for work along these lines.

A key topic for future work is how one can construct abstraction mappings and abstract action theories. This could be done in the
context of designing a new agent system or to enhance an existing one, for instance to support monitoring, adaptation, and evolvability.
Note that there may be many different abstractions of a concrete action theory, each of which may be useful for a different purpose.
We need to identify how such requirements would be specified. Once we have such requirements, one could generate an abstract
language/ontology, i.e., fluents and action types, and a mapping for them that satisfies the requirements. After that, one could check
that there exists a high-level theory that is a sound and/or complete abstraction for such a mapping and a given low-level theory,
and if so, synthesize one and verify that it is indeed a sound and/or complete abstraction. Many of these steps could be automated
to a significant extent. But a human designer would likely need to be involved to refine/revise the requirements and help adjust the
high-level language and mapping to ensure that a sound/complete abstraction is obtained. For example, if different refinements of a
high-level action can produce situations that are not m-isomorphic, then we can either switch to more abstract high-level fluents to
ensure the resulting situations are indeed m-isomorphic, or split the high-level action into several for which we do have m-isomorphic
results. We plan to investigate methodologies and develop tools for this process. Note that in the above, we assumed that one wants to
obtain an abstract action theory given a concrete one, i.e., obtain an abstraction bottom up. In other cases, one may already have the
abstract action theory and be interested in obtaining a concrete one. In this case one could try to adapt well known formal methods
techniques for refinement-based software development [1].

As mentioned in the previous section, there has been some work on checking whether a sound/complete abstraction exists for a
given low-level BAT and mapping, and on synthesizing a high-level BAT when it does, focusing on the propositional case [62,59].
For verifying that a high-level BAT is a sound abstraction of a low-level BAT with respect to a mapping in the general infinite-states
case, one can try to use general first-order and higher-order logic theorem proving techniques and tools as discussed in Section 5;
for instance, one could build upon Shapiro’s work [80]. Another possibility is to restrict attention to bounded basic action theories
[30]. These are action theories where it is entailed that in all situations, the number of object tuples that belong to the extension of
any fluent is bounded, although the object domain remains infinite and an infinite run may involve an infinite number of objects. In
[30], it is shown that verifying a large class of temporal properties over bounded BATs is decidable. Finally, for the case where one
has a finite object domain, one can use model checking techniques as discussed in Section 5.

Pre-trained large language models have also been used to help in defining planning domains [45,82]. Given this and the fact
that they embed wide ranging world knowledge, it would seem promising to try to exploit them to help generate useful abstractions.
Banihashemi et al. [11] explore the generation of an abstract planning domain and problem instance in the Planning Domain Definition
Language (PDDL) [64] based on a concrete domain and problem instance and a purpose of abstraction using large language models.
Note that for any domain and problem in the ADL [71] fragment of PDDL, we can obtain an equivalent BAT as shown in [21]; this
BAT must have a finite object domain and the initial situation description must be complete, i.e., completely specify which tuples of
objects are in the extension of every fluent initially. We plan on exploring the generation of useful abstractions using large language
models.
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As already mentioned, we have already extended our agent abstraction framework to deal with nondeterministic domains and
contingent planning [9,10], as well as agents that perform sensing and acquire new knowledge at execution time [7]. Lespérance et
al. [54] also extends the framework to multi-agent domains and supports strategic reasoning. Further work in these areas is indicated,
in particular to support multiple environment models involving a range of contingencies. We would also like to explore how agent
abstraction can be used in verification, where there is some related work [68,12].
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Appendix A. Proofs

A.1. m-bisimulation

M,

Lemma 4. If s, zfz[ !"s,, then for any high-level situation-suppressed formula ¢, we have that:

M, vls/s,lE @ls] if and only if M;,v[s/s;]Em(P)[s].
Proof. By induction of the structure of ¢, using the definition of m-isomorphic situations. []

Lemma 5. If M, ~,, M,, then for any sequence of high-level actions @, we have that

if M;,vls"/s;1F Do(m(@), Sy, s"), then there exists s, such that:

M, 0ls' /s s, = do(@, Sy) A Executable(sy) and s, ~m"™ s,

and
if My, vls' /syl E s, =do(a,Sy) A Executable(s),)
then there exists s; such that M, v[s' /s;] E Do(m(@), Sy, s") and s, ~f)f’l'M' s;.

Proof. The result follows easily by induction on the length of a using the definition of m-bisimulation. []

Theorem 6. If M}, ~,, M, then for any sequence of ground high-level actions & and any high-level situation-suppressed formula ¢, we have
that:

M, k35’ Do(m(a), Sy, s") Am(p)[s']  if and only if
M, E Executable(do(@, Sy)) A pldo(@, Sp)].
Proof. The result follows immediately from Lemma 4 and Lemma 5. []

A.2. Sound abstraction

Theorem 9. Suppose that D,, is a sound abstraction of D, relative to mapping m. Then for any ground high level action sequence a and for
any high level situation suppressed formula ¢, if D), E Executable(do(a, Sy)) A pldo(@, Sy)], then D; U C E Is. Do(m(a), Sy, s) A m($)[s].

Proof. Assume that D, is a sound abstraction of D, wrt m and that Dj, F Executable(do(a, Sy)) Apldo(a, Sy)]. Take an arbitrary model
M, of D;UC. Since D,, is a sound abstraction of D; wrt m, there exists a model M, of D, such that M, ~, M,. Given our assumption,
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it follows that M), E Executable(do(a, Sy)) A ¢pldo(a, Sy)]. It then follows by Theorem 6 that M; F 3s.Do(m(a), Sy, s) A m(Pp)[s]. M,
was an arbitrarily chosen model of D, U C, so the result follows. []

Corollary 10. If D, is a sound abstraction of D, relative to mapping m, then for any sequence of ground high-level actions a and for any
high-level situation-suppressed formula ¢, we have that:

D, U C E Do(m(@), Sy, s) A Do(m(@), Sy, s") D (m(p)[s]1 = m($)[s']).

Proof. By contradiction. Suppose that there exist M; and v such that M;,v F D; U C U { Do(m(@), Sy, s) A Do(m(@), Sy, s") A m($)[s] A
—m(¢)[s']}. Since D, is a sound abstraction of D, relative to mapping m, by Corollary 8, it follows that D, U { Executable(do(a, Sy)) A
Pldo(@, Sy)l A ~¢ldo(a, Sy)1} is satisfiable, a contradiction. []

Theorem 12. If D), is a sound abstraction of D, relative to mapping m, then for any sequence of ground high-level actions @ and for any
ground high-level action f, we have that:

D, U CE3s.Do(m(@p), Sy, s) D (Vs.Do(m(@), Sy, s) D Is".Do(m(B), s, s)).

Proof. Take an arbitrary model M, of D; U C and valuation v and assume that M;,v F 3s.Do(m(ap), Sy, s). It follows that there
exists s; such that M;,v[s/s;] £ Do(m(@), Sy, s) A As’.Do(m(B),s,s’). Since D, is a sound abstraction of D, wrt m, there exists a
model M, of D, such that M, ~, M,. Then by Lemma 5, it follows that there exists a situation s, such that M,,v[s/s,]F s =
do(@,Sy) A Executable(s) A Poss(f,s). Take an arbitrary situation s; and suppose that M, v[s/s;] E Do(m(a), S, s). Then it follows

by Lemma 5 that s, ~,1,\14h’M’ s;. Since we also have that M,  Poss(f,do(a, Sy)), it follows that M|, u[s/s;] E 3s’.Do(m(p),s,s’). Since
s; was chosen arbitrarily, it follows that M;, v E Vs.Do(m(@), Sy, s) D 3s’.Do(m(p),s,s’). [

To prove Theorem 14 (and Theorem 21), we start by showing some lemmas.

Lemma 26. If M, E D" for some high-level BAT D" and M, k D' U C for some low-level BAT D' and M, ~,, M, for some mapping m, then

(a) M, EVs.Do(ANYSEQHL,S,,s) D
Aa,enn V?c‘(m(qﬁﬁf”(i))[S] = 35’ Do(m(A;(%)), 5,5")),
(b) M, FVs.Do(ANYSEQHL, S, s) D
/\A,eAh VX, s'.(Do(m(A;(X)),s,s") D
Nrern Vﬁ(m(rb}ff’,,i(i X)[s] = m(F;,(3)Ls' D),

where ¢£?55 (X) is the right hand side of the precondition axiom for action A,(X), and ¢, (¥,%) is the right hand side of the successor state

axiom for F; instantiated with action A;(X) where action terms have been eliminated using Dfa.

Proof. By contradiction. Assume that M, is a model of a high-level BAT D" and M, is a model of a low-level BAT D' U C and
M, ~,, M;. Suppose that condition (a) does not hold. Then there exists a ground high-level action sequence @, a ground low-level
situation term S, and a ground high-level action A;(xX) such that M, F Do(m(a), S,.S) and either (*) M, F m(¢i?“ (X)[S] and M, ¥

3s’.Do(m(A;(X)), S,s") or (**) M, Vm(¢’:f’”(>?))[S] and M; E 3s’.Do(m(A;(X)), S,s’). In case (*), by Theorem 6, since M, ~,, M|, it
follows that M, E Executable(do(a, S@)/\d)if’”(%)[dO(&, Sy)]. Since M, E D", we must also have that M), F Poss(A;(¥),do(d, S)),

Poss’

and thus that M, F Executable(do([@, A;(X)],S;)). Thus by Theorem 6, M, £ Do(m(a), Sy, .S) A 3s’ Do(m(A;(X)), S, s’), which contra-
dicts (*). Case (**) can be shown to lead to a contradiction by a similar argument.

Now suppose that condition (b) does not hold. Then there exists a ground high level action sequence @, a ground high-level ac-
tion A;(X), and ground low-level situation terms S and S’ such that M; E Do(m(a), Sy, .S) A Do(m(A;(X)),S,S’) and either (*)
M, Em($, (3,X)[S] and M, ¥ m(Fy(¥)LS'] or (**) M; ¥ m(¢}3¢, (5,X))[S] and M, E m(F;(3)[S']. In case (*), by Theorem 6,
since M), ~,, M,, it follows that M), F Executable(do(@, Sy)) A ¢3*, (¥, X)ldo(@, Syl A Poss(A;(X),do(a, Sy)). Since M, F Dﬁ‘sa, we
must also have that M, E F;()[do([@, A;(X)], Sy)]. Thus by Theorem 6, M, F Do(m(a), Sy, S) A Do(m(A;(X)), .S, S)A m(F;(¥)[S’],
which contradicts (*). Case (**) can be shown to lead to a contradiction by a similar argument. []

The above lemma implies that if D" is a sound abstraction of D' wrt m, then D' must entail the mapped high-level successor state
axioms and entail that the mapped conditions for a high-level action to be executable (from the precondition axioms of D") correctly
capture the executability conditions of their refinements.

We also prove another lemma:

Lemma 27. Suppose that M, £ D" for some high-level BAT D" and M, E D' U C for some low-level BAT D' and m is a mapping between
the two theories. Then if
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(@ S} =y M,
(b) M,k Vs.Do(ANYSEQHL, S, s) D

/\A[eAh V5c'.(m(¢§f’”(5c'))[s] =35’ Do(m(A;(X)), s, s")) and
(c) M E Vs.Do(ANYSEQHL,S'o,s) D

/\A,-eAh VX, s".(Do(m(A;(X)),s,s") D

N IHm@s, G.%)(s1= m(F G D),

then M, ~,, M,
where ¢§7”()‘c’) is the right hand side of the precondition axiom for action A,(X), and ¢;§“’ A (¥, X) is the right hand side of the successor state

axiom for F; instantiated with action A;(X) where action terms have been eliminated using Dfa.

Proof. Assume that the antecedent holds. Let us show that M, ~,, M,. Let B be the relation over Agf" X Ag”’ such that

(sp.5)EB
if and only if
there exists a ground high-level action sequence @
such that M;, v[s/s;]1 E Do(m(a), Sy, s)
and s, = do(a, Sy)Mn.

Let us show that B is an m-bisimulation relation between M, and M,. We need to show that if (s;,s;) € B, then it satisfies the three
conditions in the definition of m-bisimulation. We prove this by induction on #, the number of actions in s,.

Base case n = 0: By the definition of B, s, = Séu", a=e¢,ands; = Séu’. By (a) we have that Séw" :ﬁ:”"M’ Séu’, so condition 1 holds. By
Lemma 4, it follows that M, v[s/s,] F ¢/’:”” (X)[s] if and only if M, v[s/s,1F m((j)ﬁ"” (X))[s] for any high-level primitive action type
A € A,,. Thus by the action precondition axiom for A, M, v[s/s,]F Poss(A(X), s) if and only if M, v[s/s;]1F m(¢§°5“'(5c'))[s]. By condi-
tion (b), we have that M;,v[s/s;]1E m(¢§‘”*"(5c’))[s] if and only if M;,v[s/s;1E 3s".Do(m(A(X)), s, s"). Thus M,,,v[s/s;,] E Poss(A(X),s)
if and only if there exists s; such that M;, v[s/s;, s’/s;] E Do(m(A(X)), s, s'). By the way B is defined, (do([&, A(X)], Sp)Mn", s;) € Bif
and only if M, v[s/s;, s’/ s;] E Do(m(A(X)), s;, s;) (note that we have standard names and domain closure for objects and actions, so
we can always ground X). Thus conditions (2) and (3) hold for (s, s;) = (Séu”, Séwl ).

Induction step: Assume that if (s, s,) € B and the number of actions in s, is no greater than n, then (s, s;) satisfies the three condi-
tions in the definition of m-bisimulation. We have to show that this must also hold for any (s, s;) € B where s, contains n+ 1 actions.
First we show that condition 1 in the definition of m-bisimulation holds. If (s;,s;) € B and s, contains n + 1 actions, then due to the
way B is defined, there exist situations s;, and s;, a ground high-level action sequence @ of length n, and a ground high-level action
A(G), such that s, = do(A(C), do(@, Sp)Mr, 5| = do(@, Sp)M», M,,v[s/s)] F Do(m(@), S, s), and (s),s)) € B. s} contains n actions

so by the induction hypothesis, (s;l, s;) satisfies the three conditions in the definition of m-bisimulation, in particular s;7 o, s;.

By Lemma 4, it follows that M, U[S/S;l] E ¢j§‘/’4(fz,5’)[s] if and only if M, U[S/S;] E m(d)}s‘;()—/’, ©))[s] for any high-level fluent F € F,.

Thus by the successor state axiom for F, M}, v[s/s;l] F F(y,do(A(c), s)) if and only if M, U[S/S;] E m(qﬁ}mA(}, ©))[s]. By condition (c),

we have that M, U[S/S;] Em(¢ (5,0)[s] if and only if M}, v[s/s;] F m(F(¥))[s]. Thus M, U[S/S;Z] E F(¥,do(A(7), s)) if and only if
M, vls/s;1 E m(F())[s]. Therefore, s, ~"™! 5, i.., condition 1 in the definition of m-bisimulation holds.
We can show that (s, s;), where s, contains n+ 1 actions, satisfies conditions 2 and 3 in the definition of m-bisimulation, by exactly

the same argument as in the base case. []
With these lemmas in hand, we can prove our main result:

Theorem 14. D" is a sound abstraction of D' relative to mapping m if and only if

@ D uD,, UD,, km(p), foral p €D,
(b) D' U C k Vs.Do(ANYSEQHL, S0, 5) D

Aa,enn Vi.(m(¢f:’”(>?))[S] = 35’ Do(m(A;(X)), 5,5")),
(c) D' UC EVs.Do(ANYSEQHL, Sy, s) D

/\A,»eAh VX, s".(Do(m(A;(X)),s,s") D

Ngern T3, (5.2)[s1=m(FGsD),

where ¢§”” (X) is the right hand side (RHS) of the precondition axiom for action A;(X), and PR A,(S’: X) is the RHS of the successor state

axiom for F; instantiated with action A;(X) where action terms have been eliminated using D" .

Proof. (=) By contradiction. Assume that D, is a sound abstraction of D, wrt m. Suppose that condition (a) does not hold, i.e.,
there exists ¢ € Dgo such that Dlsﬂ U Di .Y D! ¥ m(¢). Thus there exists a model M l’ of Dgﬂ U Di .Y D! such that M 1, ¥ m(¢). By

coa coa
the relative satisfiability theorem for basic action theories [73,75], this model can be extended to a model M, of D, U C such that
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M, ¥ m(¢). Since Dy, is a sound abstraction of D, wrt m, there exists a model M, of D,, such that M, ~, M,. By Theorem 6, it follows
that M, ¥ ¢. Thus D, ¥ Df’go, contradiction.

Now suppose that condition (b) does not hold. Then there exists a model M, of D, U C such that M, falsifies condition (b). Since D,,
is a sound abstraction of D, wrt m, there exists a model M, of D, such that M, ~,, M,. But then by Lemma 26, M, must satisfy
condition (b), contradiction.

We can prove that condition (c) must hold using Lemma 26 by the same argument as for condition (b).

(<) Assume that conditions (a), (b), and (c) hold. Take a model M, of D'UC.Let M », be a model of the high-level language such
that

(i) M), has the same object domain as M, and interprets all object terms like M/,

(i) M,ED",
(iii) M,FZ,
@(v) M, vE F(X,do(a,Sy)) if and only if M;,v F 3s.Do(m(a), Sy,s) A m(F(X))[s] for all fluents F € F" and all ground high-level

action sequences @,
(V) M,k Poss(A(X),do(a, Sy)) if and only if M, F 3s.Do(m(@), Sy, s) A s’ Do(m(A(X)), s, s").
. . h h .. . M, MM, M s

It follows immediately that M;, FXUD; UD; . By condition (iv) above, we have that S ™" ~, S, '- Thus by condition (a) and
Lemma 4, we have that M, F Dgo. By condition (b) of the Theorem and conditions (iv) and (v) above, M, F D’;,m. By condition (c)

of the Theorem and condition (iv) above, M, F D" . Thus M, F D".
Now M, and M, satisfy all the conditions for applying Lemma 27, by which it follows that M ~,, M;,. []

Proposition 15. D;* is a sound abstraction of D;* wrt m%.

Proof. We prove this using Theorem 14.
(a) It is easy to see that D’So uD! uD. Em(g),forall ¢e Dgo.

coa
(b) For the deliver high-level action, we need to show that:

D' U C E Do(ANYSEQHL, S, s) D
VsID.(m(3l.Dest g1 (sID, 1, s) A At 1 (sID, 1, s5))
= 3s’ Do(m(deliver(sI D)), s, s")),

ie.,

D' U C F Do(ANYSEQHL, S, s) D VsID.
(3l.Dest;(sID,1,s) A Aty (sID, 1, s)
= 35’ Do([unload (sID); getSignature(sID)], s, s')).

It is easy to check that the latter holds as 3I.Dest;; (sID,l,s) A Aty (sID,l,s) is the precondition of unload(sID) and unload(sID)
ensures that the precondition of getSignature(sID) holds.
For the takeRoute action, we need to show that:

D' U C E Do(ANYSEQHL, Sy, s) D VsID, r,0,d.
m(o#d A Aty (sID,0,s) ACnRouteg(r,0,d,s) A
(r= Rt D~ Priority(sID, 5)))
=35’ Do(m(takeRoute(sID,r,0,d)), s, s"),

ie.,

D' U C E Do(ANYSEQHL, S, s) D VsID, r,0,d.
o#d A Aty (sID,o0,s) ACnRoutep;(r,0,d,s) A
(r=Rtg D ~(BadW eather(s)V Express(siD, s)))
= 3s' Do(m(takeRoute(sID, r,0,d)), s, s").

It is easy to show that the latter holds as the left hand side of the = is equivalent to m(take Route(sID, r,0,d)) being executable in s.
First, we can see that the left hand side of the = is equivalent to the preconditions of first rake Road action in m(take Route(sID, r,0,d)),
noting that in the case where r = Rtp, takeRoute(sID,r,0,d) is mapped into takeRoad to destination L3, and that the only road that
is closed is Rd,; the latter can be proved to always remain true by induction on situations. Moreover, the preconditions of the second
take Road action in m(take Route(sID, r,0,d)) must hold given this and that the first fake Road has occurred.

(c) For the high-level action deliver we must show that:

D' U C E Do(ANYSEQHL, S, 5) D
VsID, s’ (Do(m(deliver(sID)), s, s') D
/\Fierh V}(m@}i?de,wer@, sID))[s]1 = m(F;(3)[s']).

For the high-level fluent Delivered, we must show that
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D' U C E Do(ANYSEQHL, S, s) D

VsiID, s’ (Do(m(deliver(sID)), s, s') D
VsID' ((sID' = sID Vv Unloaded(sID', s") A Signed(sID', s")) =
Unloaded(sID',s") A Signed(sID', s")).

This is easily shown given that m®$(deliver(sID)) = unload(sID); getSignature(sID), using the successor state axioms for Unloaded
and Signed. For the other high-level fluents, the result follows easily as m®é(deliver(sID)) does not affect their refinements.
For the action take Route we must show that:

D' U C F Do(ANYSEQHL, S, 5) D
VsID,r,0,d, s’ .(Do(m(takeRoute(sID,r,0,d)),s,s) D
/\F,EF" Vyi(m( SstmkeRou,e()_i sID, r,0,d))[s] = m(F;,(H))[s'])).

For the high-level fluent Aty ;, we must show that

D' U C E Do(ANYSEQHL, Sy, 5) D
VsID,r,0,d, s’ .(Do(m(take Route(sID,r,0,d)),s,s") D
VsID', 1.(Aty [ (sID',1,5")) =
(ID' =sIDAl=d)V
Aty (SID',1,5) A(sID" = sID Ao =1)).

This is easily shown given how take Route is refined by m®8, using the successor state axioms for At ; . For the other high-level fluents,
the result follows easily as m®é(take Route(sID,r,0,d)) does not affect their refinements. []

A.3. Complete abstraction

Theorem 18. Suppose that D, is a complete abstraction of D, relative to mapping m. Then for any ground high level action sequence a and
any high level situation suppressed formula ¢, if D; U C F 3s. Do(m(a@), Sy, s) A m(¢p)[s], then D, F Executable(do(@, Sy)) A p[do(@, Sp)].

Proof. Assume that D, is a complete abstraction of D; wrt m and that D, U C k 3s.Do(m(@), Sy, s) Am(¢)[s]. Take an arbitrary model
M,, of D,,. Since D, is a complete abstraction of D, wrt m, there exists a model M, of D, UC such that M), ~, M. It must be the case
that M, F 3s.Do(m(@), Sy, s) A m(¢)[s]. Therefore by Theorem 6, we must also have that M, F Executable(do(a, Sy)) A pldo(@, Sp)].
Since M, was an arbitrarily chosen model of D,,, the thesis follows. []

Theorem 20. If D" is a sound abstraction of D' wrt mapping m, then D" is also a complete abstraction of D' wrt mapping m if and only if
for every model M, of D}bl"o UD" UD! | there exists a model M, of D’S0 uD! uD! suchthat Sé” h z,],\,/[” Mi Séw !

coa’ coa

Proof. Assume that D" is a sound abstraction of D' wrt mapping m.

(=) Suppose that D" is a complete abstraction of D' wrt mapping m. Take an arbitrary model of M, of Dgo uD! uD" . By the

coa

relative satisfiability theorem for basic action theories of [73,75], M/, can be extended to satisfy all of D", Since D" is a complete

abstraction of D' wrt m, by definition, there exists a model M, of D, such that M, ~,, M,,. It follows by the definition of m-bisimulation
My, MpM; oM,

that S;" =, Syt

(<) Suppose that for every model M/, of Dgo U Dfa U Dﬁ’aa, there exists a model M, of D’SO U Di v Di »a Such that Séw h z,}:’ M, S(;W L

Take an arbitrary model M, of D". Since M, is also a model of Dgo UD" UD" | then there exists a model M, of Dgo uD, uD!

coa’ coa
such that Séw h 2,1:,4’7 Mi Séw !. Clearly, M, can be extended to satisfy all of D' by the relative satisfiability theorem for basic action
theories of [73,75]. Moreover, M, can be extended to satisfy C (by the results in [27]). Since D" is also a sound abstraction of D'

wrt m, by Theorem 14 it follows that:

M, E Do(ANYSEQHL, S, s) D
/\A[eAh V?c.(m(¢§:’”(?c))[s] =35’ Do(m(A;(X)), s,s"))
and
M, E Do(ANYSEQHL, S, s) D
/\A,eA" VX, s (Do(m(A;(X)),s,s") D
Nrepn Y m@Le, (5. %)s]1= m(F;(F)Is'D),
where qﬁgf’“ (X) and Ly (¥,%) are as in Theorem 14. Thus by Lemma 27, it follows that M}, ~,, M,. Thus D" is a complete abstraction
of D/ wrtlm, by the de%ir;ition of complete abstraction. []

Theorem 21. D" is a complete abstraction of D' relative to mapping m if and only if for every model M, of D", there exists a model M,
of D' U C such that
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(@) S om0
(b) M, EVs.Do(ANYSEQHL, S, s) D
/\A,eAh VJ?.(m(q.')Z’”(%))[s] = 35' Do(m(A;(X)), s, 5")),
() M,k Vs.Do(ANYSEQHL, S, s) D
/\A,eAh VX, s'.(Do(m(A;(X)),s,s") D
Nrern Vf(m(d’}sif'Ai (3.3)s1 = m(F,(3)s'D),

where q’)’:f’” (X) and ¢3¢, (¥,%) are as in Theorem 14.

Proof. (=) Suppose that D" is a complete abstraction of D' wrt mapping m. Take an arbitrary model of M}, of D". Since D" is a
complete abstraction of D' wrt m, by definition, there exists a model M, of D, such that M, ~,, M,,. It follows by the definition of

M
—-m

m-bisimulation that Séw h M, S(I)w !, Furthermore, by Lemma 26, it follows that:

M, EVs.Do(ANYSEQHL, S, 5) D
/\A,-eA" V)?.(m(qbil"“()?))[s] =35’ Do(m(A;(X)), s,s"))
and
M, EVs.Do(ANYSEQHL, S, 5) D
/\A[eAh VX, s".(Do(m(A;(X)),s,s") D
Nrern V¥m@e, (3, %)[s] = m(E;(G)Is'D),
where ¢§”” (¥) and qb;f” A,(S’: X) are as in Theorem 14.
(<) The tlhesis follows !irrimediately from Lemma 27 and the definition of complete abstraction. []

Corollary 22. If Dg’_o is a complete theory (i.e., for any situation suppressed formula ¢, either Dgo E @[Sy] or D’é’,0 F=p[Sy]) and D' is
satisfiable, then if D" is a sound abstraction of D' wrt m, then D" is also a complete but abstraction of D' wrt m.

Proof. D' is satisfiable, so it has a model M,, and since D" is a sound abstraction of D' wrt m, D" has a model M 5, such that
M, ~,, M. By the definition of m-bisimilar model, this implies that Sé\/[ oMMy Séw !. Take an arbitrary model M), of D, Since Dgo

M/
is a complete theory, we have that M k ¢[.Sy] iff M), k ¢[.S] for all situation suppressed formulas ¢. It follows that S, h zf:,lh’M’ Séu L,

Then by Theorem 20, we have that D" is a complete abstraction of D' wrt m. []
A.4. Monitoring and explanation

Theorem 23. For any refinement mapping m from D, to D,, we have that:

1. D,UCEVs.3s .Ip,(s,s"),
2. D;UCEVsYs Vs,.0p,(s,s1) Alp,(s,57) D s; =55.

Proof. (1) We have that D, U C E Do(ANYSEQHL, S}, ) since ANYSEQHL is a nondeterministic iteration that can execute 0 times. So
even if there is no s” such that S, < s’ <s A Do(ANYSEQHL, Sy, s''), the result holds.

(2) Take an arbitrary model M, of D; U C and assume that M,,v k Ip,,(s,s,) A Ip,(s,s,). We have that D; UC k Ip,,(s,s') D s’ <s.
Moreover, we have a total ordering on situations s’ such that s’ < s. If M;,vF 5, <s,, then s, can’t be the largest prefix of s that can
be produced by executing a sequence of high-level actions, and we can’t have M, v Ip,(s,s,). Similarly if M,,vF s, <s;, we can’t
have M;,vEIp,(s,s,). It follows that M;,vEs; =s,. [J

Theorem 24. Suppose that we have a refinement mapping m from D), to D, and that Constraint 1 holds. Let M, be a model of D; U C. Then
for any ground situation terms S and S, such that M; F Do(ANYSEQHL, S, S,), there exists a unique ground high-level action sequence @
such that M; E Do(m(@), S, S,).

Proof. Since, M, E Do(ANYSEQHL, S|, S,), there exists a n € N such that M, F Do(ANY1HL", S,.S). Since we have standard names
for objects, it follows that there exists a ground high-level action sequence & such that M; F Do(m(a), S, S,). Now let’s show by
induction on the length of @ that there is no ground high-level action sequence @’ # @ such that M, k¥ Do(m(a@’), S, S,). Base case
@ = ¢: Then M, E Do(m(a), S, S,) implies M, k.S, = S, and there isno @’ # e such that M, F Do(m(@’), S;, S,), since by Constraint 1(c)
D, U CE Do(m(p),s,s') D s < s for any ground high-level action term B. Induction step: Assume that the claim holds for any @ of
length k. Let’s show that it must hold for any @ of length k + 1. Let @ = fy. There exists S; such that Do(m(f),S,,S;) A S; < S,.
By Constraint 1(a), there is no p’ # § and S/ such that Do(m(f'),S,,S/) A S| < .S,. By Constraint 1(b), there is no S # S; such
that Do(m(f), SO,SI.’) AS l’ < S. Then by the induction hypothesis, there is no ground high-level action sequence ¥’ # 7 such that
M,k Do(m(7'), S;,S,). O
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Theorem 25. If m is a refinement mapping from D,, to D, and Constraint 2 holds, then we have that:

D, UCEVs,s'.Executable(s) Alp,,(s,s') D
35.Trans*(ANYIHL,s', 5, s).

Proof. Take an arbitrary model M, of D; U C and assume that M;,v k Executable(s) A Ip,,(s,s"). Since M;,vE Ip,,(s,s"), we have
that M,,v F Do(ANYSEQHL, Sy, s’) and thus that M, v F Trans*(ANYSEQHL, S, ANYSEQHL, s’). Since M,,v F Executable(s), by Con-
straint 2 we have that M;, v k 356.Trans*(ANYSEQHL, Sy, 6, s). Thus, it follows that M;, v F 36.Trans*(ANY1HL,s',8,s). []

Appendix B. Additional details on ConGolog semantics

The definitions of Trans and Final for the ConGolog constructs used in this paper are as in [32]. Note that since Trans and Final

take programs (that include tests of formulas) as arguments, this requires encoding formulas and programs as terms; see [27] for

det:

ails.
The predicate Trans is characterized by the following set of axioms:

Trans(a,s,8',s")=s" =do(a,s) A Poss(a,s) A& =True?
Trans(p?,s,8',s') = False
Trans(5,;6,,5,6',s") =

Trans(8y, s, 6;,s’) A& = 51;52 Vv

Final(6;,s) ATrans(6,,s,6',s")
Trans(6,16,,s,8',s")=Trans(5,,s,6',s") vV Trans(5,,s,5',s")
Trans(rx.8,s,6',s'") =3x.Trans(5,s,8',s")
Trans(6%,s,6',s")=Trans(8,s,8",s") N6’ =6";6*
Trans(6,16,,5,8",s") =

Trans(5, s,&i,s’) A& = 6; 16, v

Trans(8,, s, 6;, sSHYANS' =6, ||5;

The predicate Final is characterized by the following set of axioms:

Final(a,s) = False

Final(¢?,s) = ¢[s]

Final(6,;6,,s) = Final(6,s) A Final(6,, s)
Final(6,16,, s) = Final(6,,s)V Final(6,,s)
Final(zx.6,s) = 3x.Final(6,s)

Final(6*,s) = True

Final(6,||6,,5) = Final(6,,s) A Final(6,,s)

These are in fact the usual ones [27], except that, following [22], the test construct ¢? does not yield any transition, but is final when
satisfied. Thus, it is a synchronous version of the original test construct (it does not allow interleaving).

(¢

Da

Also, note that the construct if ¢ then 6, else §, endIf is defined as [¢?;6,] | [-¢?; 6,] and while ¢ do 5§ endWhile is defined as
1 8)* 2.
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