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INTRODUCTION

Nonholonomic systems? Among the others...

rolling manipulation
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what is nonholonomy?

due to the presence of wheels, a WMR cannot move sideways

this is the rolling without slipping constraint, a special case of nonholonomic behavior

in general: a nonholonomic mechanical system cannot move in arbitrary directions in
its configuration space
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problems:

e Our everyday experience indicates that WMRs are controllable, but can it be proven?

— we need a mathematical characterization of nonholonomy

e in any case, if the robot must move between two configurations, a feasible path is
required (i.e., a motion that complies with the constraint)

— we need appropriate path planning techniques

e the feedback control problem is much more complicated, because:
¢ a WMR is underactuated: less control inputs than generalized coordinates

¢ a WMR is not smoothly stabilizable at a point

— we need appropriate feedback control techniques
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Kinematic Constraints

e the configuration of a mechanical system can be uniquely described by an n-dimensional
vector of generalized coordinates

g=(1 ¢ ... q)7T

e the configuration space Q9 is in general an n-dimensional smooth manifold, locally
diffeomorphic to IR"

e the generalized velocity at a generic point of a trajectory ¢(t) C Q is the tangent
vector

¢=(1 G2 ... )T

e geometric constraints may exist or be imposed on the mechanical system
hz(q):O izl,...,k

restricting the possible motions to an (n — k)-dimensional submanifold

G. Oriolo Control of Nonholonomic Systems — Lecture 1



e a2 mechanical system may also be subject to a set of kinematic constraints, involving
generalized coordinates and their derivatives; e.g., first-order kinematic constraints

a;(qg,q) =0 t=1,...,k

e iN Most cases, the constraints are Pfaffian
al(q)¢g=0 i=1,... k or Al (¢)¢g=0
i.e., they are linear in the velocities

e kinematic constraints may be integrable, that is, there may exist k functions h; such
that

Oh;(q(t))
dq
in this case, the kinematic constraints are indeed geometric constraints

=al (q) i=1,...,k

a set of Pfaffian constraints is called holonomic if it is integrable (a geometric limitation);
otherwise, it is called nonholonomic (a kinematic limitation)
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holonomic/nonholonomic constraints affect mobility in a completely different way:

for illustration, consider a single Pfaffian constraint

a'(¢)¢=0

e if the constraint is holonomic, then it can be integrated as
h(q) =c
oh

with e a’'(g) and ¢ an integration constant

U

the motion of the system is confined to lie on a particular level surface (leaf) of h,
depending on the initial condition through ¢ = h(qo)

e if the constraint is nonholonomic, then it cannot be integrated

U

although at each configuration the instantaneous motion (velocity) of the system
is restricted to an (n — 1)-dimensional space (the null space of the constraint
matrix a’(q)), it is still possible to reach any configuration in Q
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a canonical example of nonholonomy: the rolling disk

y -0
T
e generalized coordinates g = (x,vy,0)
e pure rolling nonholonomic constraint xsing —ycosd =0 (% = tan 0)

e feasible velocities are contained in the null space of the constraint matrix

cos 6
a’(q) = (sin@ —cosf® 0) =S N(al'(¢)) = span sing |,
0
e any configuration ¢y = (zy,yys,0¢) can be reached:
1. rotate the disk until it aims at (zf,yy)
2. roll the disk until until it reaches (zf,yy)

3. rotate the disk until until its orientation is 60y
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nonholonomy in the configuration space of the rolling disk

-
v q q steering
‘ 1 2
|
X driving

-

e at each ¢, only two instantaneous directions of motion are possible

e to move from ¢;1 to ¢> (parallel parking) an appropriate maneuver (sequence of moves)
iSs needed; one possibility is to follow the dashed line
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a less canonical example of nonholonomy: the fifteen puzzle

14

e generalized coordinates ¢ = (q1,...,q15)

e cach ¢; may assume 16 different values corresponding to the cells in the grid; legal
configurations are obtained when ¢; # ¢q; for i %= j

e depending on the current configuration, a limited number (2 to 4) moves are possible

e any configuration with an even number of inversions can be reached by an appropriate
sequence of moves
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Integrability of Kinematic Constraints

e when is a single kinematic Pfaffian constraint

a"(9)g="> a;(¢)4; =0

j=1
integrable as h(q) = 07
o — Oh | . |
since h(q) = Za—qj = 0, integrability requires
—. 04j
=1

1@ay@) = @) G=1,.m
d;j

with v(q) # 0 integrating factor, or equivalently

d(yar) _ 0(7ay)
0q; oqr
where a system of PDE’'s must be solved

5, k=1,...,n

e for k kinematic Pfaffian constraints, one must check integrability not only of each
constraint but also of independent combinations

k
Y i(@al ()¢ =0
i=1

even if each constraint is not integrable by itself, a subset (or even the whole set) of
them may be integrablel
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e if there exist p < k functions h; such that, Vq

Oh1 oh
span ¢ —(q),...,——(q) ¢ Cspan{a;(q),...,a; ()}
dq dq
then the system motion is restricted to the (n—p)-dimensional manifold of level surfaces

of the h;'s
{q : hi(q) =c1,...,hp(q) = cp}

e motion reduction due to kinematic constraints

p=k <= holonomic
O<p< k <= partially holonomic
p=0 <= (completely) nonholonomic

e assessing integrability is not obvious: complete (N&S conditions) and constructive
answers are obtained by differential geometric tools
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A Control Viewpoint

e holonomy/nonholonomy of constraints may be conveniently studied through a dual
approach: look at the

directions in which motion is allowed
rather than
directions in which motion is prohibited

e there is a strict relationship between

capability of accessing every configuration
and
nonholonomy of the velocity constraints

e the interesting question is:

given two arbitrary points ¢; and gy,
when does a connecting trajectory q(t) exist
which satisfies the kinematic constraints?

U

... this is indeed a controllability problem!
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associate to the set of kinematic constraints a basis for their null space, i.e. a set of
vectors g; such that

al(Q)gi(¢) =0 i=1,....k j=1,...,n—k
or in matrix form
AT (9)G(g) =0

feasible trajectories of the mechanical system are the solutions ¢(t) of

§=Y gi(@u; = G(Qu ()

=1

for some input u(t) € IR™, m = n — k (u: also called pseudovelocities)

(%) is a driftless (i.e., u=0=¢=0) nonlinear system known as the kinematic model
of the constrained mechanical system

controllability of its whole configuration space is equivalent to nonholonomy of the
original kinematic constraints
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Dynamics versus Kinematics

e use Lagrange formalism to obtain the dynamics of a mechanical system with n degrees
of freedom, subject to k Pfaffian kinematic constraints

Al(@)g=0

e Lagrangian = Kinetic Energy — Potential Energy

£(a,d) =T(q, @) ~ U(a) = d"B(a)d ~ U(a)

with inertia matrix B(qg) > 0

e Euler-Lagrange equations
d (oc\’ [oc\"
— =] == = A(g)\+ S
dt(&j) (8q) (DX + S(g)T
where

— S(q) is a nxm matrix mapping the m external inputs 7 into forces/torques performing
work on the generalized coordinates ¢ (m =n — k)

— A€ IR™ is the vector of Lagrange multipliers
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e the dynamic model of the mechanism subject to constraints is

B(@)§+n(g,q) = A(DX~+ S(g)T (o)
AT(q)¢ = 0
with
T T

e to eliminate the Lagrange multipliers, being

A (¢)G(g) =0
multiply (o) by G'(g) to obtain a reduced set of m = n—k differential equations

G"(q) (B(¢)d + n(q,4)) = G"(q)S(g)T

e assume now an hypothesis of ‘enough control’

det G"(¢)S(q) # 0
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e Mmerge the kinematic and dynamic models into the reduced state-space model

¢ = G(qv
M(q)v+m(qg,v) = G (¢)S(QT
where v € IR™ are the pseudovelocities and
M(q) = G'(¢9)B(9)G(q) >0
m(q,v) = G'(q)B(q)G(q)v+ G"(9)n(q, G(q)v)

where

. _~~ (. 9y .

G =3 (w5 @) 6

e define external input 7 as a nonlinear feedback law from the state (g, v)

-1
= (G"(¢)S(q)) " (M(q)a+ m(q,v)) (A)
where a € IR™ is a vector of pseudoaccelerations

e in the absence of constraints, (A) reduces to the computed torque law = linear &
decoupled closed-loop dynamics (double integrators)
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due to the presence of constraints, the resulting system is

g = G(¢)v kinematic model
a dynamic extension

v

letting z = (¢,v) and a = u, the state-space model of the closed-loop system is
rewritten in compact form as

i = f(z) + g(z)u = (G<g>“) n (;;) y

i.e., a nonlinear control system with drift also known as the second-order kinematic
model of the constrained mechanism

Y

an invertible feedback control law can eliminate dynamic parameters

moving from kinematics to dynamics essentially requires some input smoothness
assumptions (need a = v)

most nonholonomic problems can be addressed at a first-order kinematic level
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More General Nonholonomic Constraints

e Oone may also find Pfaffian constraints of the form
al()i=ci, i=1,....,k or Al(g)g=c

with constant ¢;

e these constraints are differential but not of a kinematic nature; for example, this form
arises from conservation of an initial non-zero angular momentum in space robots

e the mechanism subject to constraint is transformed into an equivalent control system
by describing the feasible trajectories ¢(¢) as solutions of

= 1)+ g(Qu
1=1

i.e., a nonlinear control system with drift, where ¢1(q),...,g9m(q) are a basis of the null
space of AT(q) and the drift vector f is computed through pseudoinversion

(@) = A*(q)e = A(q) (AT(9)A(@)) ¢
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MODELING EXAMPLES

source of nonholonomic constraints on motion:

e bodies in rolling contact without slipping

— wheeled mobile robots (WMRs) or automobiles (wheels rolling on the ground with
no skid or slippage)

— dextrous manipulation with multifingered robot hands (rounded fingertips on grasped
objects)
e angular momentum conservation in multibody systems
— robotic manipulators floating in space (with no external actuation)

— dynamically balancing hopping robots, divers or astronauts (in flying or mid-air
phases)

— satellites with reaction (or momentum) wheels for attitude stabilization
e special control operation
qg = G(q)u geR" ue R (m<mn)
— non-cyclic inversion schemes for redundant robots (m task commands for n joints)

— floating underwater robotic systems
(m = 4 velocity inputs for n = 6 generalized coords)
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Wheeled Mobile Robots

unicycle

y -0
T
e generalized coordinates ¢ = (x,vy,0)
e nonholonomic constraint xsSing —ycosd =0

e a matrix whose columns span the null space of the constraint matrix is

cosfd O
G(q)=<sin9 0>=(91 g2)
0 1

e hence the kinematic model

¢ = G(q)u = g1(q)u1 + g2(q)u2

with w; = driving, u> = steering velocity inputs

G. Oriolo Control of Nonholonomic Systems — Lecture 2
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unicycle dynamics

e define
m = mass of the unicycle
I = inertia around vertical axis at contact point
u1 = driving force
up = Steering torque

e the general dynamic model
B(q)d +n(q,q) = a(g)X + S(q)T

being B(q) = B, n = 0 particularizes in this case to
m O O x siné cosf O
0 m O|[4|=|—cosd |A+ | sing O (Tl>
O 0 I/)\0 0 o 1/\7
subject to a’(¢)g =0
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from the reduction procedure, being

G(q) = S(q)
G'(9)S(q) = Iax2
G'"(¢)BG(g) = 0
we obtain the reduced state-space model
g = G
G'(¢9)BG(q)v = T
or the five dynamic equations
r = COSHuvi
y = sinfuv;
0 = v
muvy, = T
ITvo = 1

that can be put in the form

X = f(X)+ g1(X)711 4+ g2(X)72
with X = (z,vy,0,v1,v2)
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car-like robot

e ‘bicycle’ model: front and rear wheels collapse into two wheels at the axle midpoints
e generalized coordinates g = (x,v,0,¢) ¢: steering angle

e nonholonomic constraints

iy sin(0 4+ ¢) — 4y cos(f + ¢)
xSinf —ycos6

0 (front wheel)
0 (rear wheel)

e being the front wheel position
xy=x+ £Cosb yr =1y +4£sind
the first constraint becomes

zsin(@ + ¢) —ycos(0 + ¢) —0Lcosp =0
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the constraint matrix is

_(sin(04+¢) —cos(@+¢) —fcos¢ O
AT(Q)_< sin 6 — cos¥f 0 O>

there are two physical alternatives for the controls:

(RD) choosing

cos 6 0]
sind 0 .

G(g) = | 1 = g = g1(@Qui + g2(q)u2
Zt%n¢ 2

where u; = rear driving, us> = steering inputs

¢ a ‘control singularity’ at ¢ = +x/2, where vector field g; diverges

(FD) choosing

cosfcosg O
infcosgp O :
Gla)=| "1 = §¢=g1()u1 + g2(Q)us
ngngb Cl)

where u; = front driving, u, = steering inputs

¢ no singularities in this case!
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N-trailer system

e an FD car-like robot with N trailers, each hinged to the axle midpoint of the previous

e generalized coordinates ¢ = (z,y, ¢, 00,601, ...,0N) € RV T4
x,y = position of the car rear axle midpoint
¢ = steering angle of the car (w.r.t. car body)
0o = orientation angle of the car (w.r.t. z-axis)
0; = orientation angle of i-th trailer (w.r.t. x)

e the car is considered as the O-th trailer

do ¢ = car length
d; = -th trailer length (hinge to hinge)

G. Oriolo Control of Nonholonomic Systems — Lecture 2

25



nonholonomic constraints:

steering wheel
zysin(fo + ¢) — yycos(bo + ¢) =0
with
xy = x + £COSlp yr =1y + £sinbg

all other wheels
x;Ssinf; —y;cosf; =0 1=20,1,...,N

being

) )
xizaz—ZdeOSQj yizy—Zdjsian
j=1

=1

the constraints become

zsin(fg + ¢) — ycos(fg + ¢) —Opfcos¢p = O

|
o
~
|

& sin 0; — v cos 6; + Z 0;d;cos(0; — 0;)
=1
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e the null space of the N + 2 constraints is spanned by the two columns g1, go of

G(q) =

COSs O
Sin O
o)
Ztan ¢
_dll Siﬂ(91 — 90)
— 4 cos(01 — 6o) sin(62 — 61)

_d% (H;_zll cos(0; — 93‘—1)) sin(0; — 6;—1)

\__

(Hj'vz_ll cos(6; — éj—l)) sin(fy — On-1)

e the kinematic model is ¢ = g1(q)u1 + g2(q)u>
with u; = (rear) driving, up, = steering inputs for the front car

e an alternative way to derive kinematic equations

: 1
0 = 7 sin(6; — 6;—1)vi—1
1=1,...,N
vV, = Vj-1 COS(Q@' — 97;_1)
with v; = linear (forward) velocity of the i-th trailer (vg = u1)
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other wheeled mobile robots

e firetruck

I

6 configuration variables, 3 differential constraints, 3 control inputs (car driving and
steering, trailer steering)

e /N-trailer system with nonzero hooking

T 1
= a

a
when a # 0 and N > 2, this system cannot be converted in chained form (later)
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Space Robots with Planar Structure

()

body 1

inertial frame

body 20 T — i fi—d;
\
body 1 ~
T Tei
joint N—1
Tco body N

e N planar bodies actuated at the N — 1 joints (internal forces only)

e for the i-th body, let:

m, I;
Ti, U;

Wi

mass and inertia matrix

position and velocity of the center
of mass

angular velocity

e assume the center of mass of each body is located on the body axis
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e no external forces (gravity), no dissipation

Y

1. conservation of linear momentum (assumed to be initially zero)

N

N
g m;v; = O = E mM;T; = MTc0

i.e., two scalar holonomic constraints in the planar case

2. conservation of angular momentum (= zero)

N
Z (Iiwi —|— m@-(m X ’Uz)) =0
1=1

i.e., a scalar nonholonomic constraint in the planar case
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e it is convenient to place the inertial frame in the center of mass of the whole system
(reco =0, ri =17¢)

e for a N-body system with Kinetic energy
1

T = EQTB(Q)Q

and U = constant, the vector of generalized momenta is

p= B(¢)¢ € RY

e for a planar system, each component

Di = b?(Q)q

represents an angular momentum along the z axis (orthogonal to the zy plane); thus,
conservation of (zero) angular momentum can be expressed as a Pfaffian constraint:

N N
Y =) b ()i=1"B(q)¢ = A"(¢)¢ =0,
1=1 1=1

where 1 = (1,1,...,1)
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2-body space robot

from the two vector equations

Tela B COs 01 COS 6>
(Tcly) + (L —dy) ( Sin 61 ) +d> ( sin 6>

[
7~ N\

mi Tclx +m2 T'c2x — 0
Tcly T'c2y
one solves for
Telp COSs 61 COS 6>
) ) (G e (2
Te2 Te2x COS 04 COS 6>
T'c2y k21 ( Sin 04 ) T k2o ( Sin 6>
where (setting m:; = m1 + m»)
P _m2(€1 —d1) hro — _ mada
me my
/1 —d d
ko1 = m1(fy 1) koo = e
my my
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e Kinetic energy of the system T = Ty + 15, with

1 1 .
ﬂ:—m@Tz;TC@—F—IZZZQZQ 1= 1,2
2 2
so that
1 . : I b12(02 — 01) 01
T=—(6 6 2 ‘
2( 1 62) (512(92—91) I> 0>
where
Ii = L.+ mik3; + moks, i=1,2
bio = (mikiikiz + mokoi1kon) cos(6r — 61)

e since T is only a function of ¢; = 6>—601, the conservation of momentum can be written
as the differential constraint

(1 1) <512€1¢1) bl?}f”) (G) 01 + (?) $1) =0

b — I> + b12(¢1)
1= —= —
It + 1> 4 2b12(¢1)

from which

1
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e taking the single joint velocity gbl — u as input and using as generalized coordinates

{61 base angle (absolute orientation)
T= ¢ relative angle (shape)

the kinematic model describing all the system feasible trajectories is

_ I_2_-|_b12(¢1)
G = g(q)u = ( Il+12+2b12<¢1)> u
1

e it may be shown (see later) that such system is not controllable; thus, the constraint
expressing conservation of the angular momentum is in this case integrable

in particular, if I = I

) 1. 1
01 = ——= = 0 = —— k
1 2¢1 1 2¢1-|-

e angular momentum conservation is a holonomic constraint for a planar space robot
with N = 2 bodies

e this mechanical system cannot be controlled through u so as to achieve an arbitrary
pair of absolute orientation and internal shape
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N-body space robot

inertial frame
at center of mass

e follow the same steps as before, with the inertial reference frame placed at the system
center of mass and 6; = absolute angle of ¢-th body

e position of center of mass of -th body

Tcix — Z;\[zl kij Cos ej
Tciy Z;V:l k‘@'j Sin «9j

where
’m%(e Iz 1mh+(£ dym;) (G <)
kij =4 o (d Sisimn — (G —di) Y mk) (7 =1)
L ( OGN — djmj) G > 14)
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e Kinetic energy of -th body
1 1

T, = —mitide+ =1..;07
27’)’L reTr + 2 3
1 N N
— 5 m; Z Z kijkin cOS(0n — 0;)010;

h=1j=1

e kinetic energy of the system

1, .
T=>) T = 5eTB(e)e
=1

with elements of inertia matrix B = {b;;(0; — 6;)}
ST mpknikn; cos(8; — ;)

th:]_ mhk%h + Izzi
depending only on relative angles between bodies

bij =

o let
¢i = Oiy1—0; i=1,...,N
= » = Po
where P is a (N — 1) x N matrix
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e redefine generalized coordinates as g = (01, ¢)

1 0 0
—1 1 0
T
q=(1PO )0— 0 —1 1
0
with the inverse mapping
1 0 0 ..
1 1 0 o,
6= 11 1 1 0 =

o o o (¢>

1 ... 1 1 1

where S is a N x (N — 1) matrix

e conservation of angular momentum becomes

1"B(¢) (161 4+ S¢) =0
from which
17"B(¢)S
T1TB(O)1
where ¢ = v are the robot joint velocities

1:
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e the kKinematic model of the N-body space robot is then

qz(é;>:(sl(¢> s2() - sN1<¢)>U
¢ In_1

in which
_ s;(®)
si(¢) = — m

where the positive denominator is given by

ZI +§V‘§V‘§V‘mlkljklhcos <Z¢>

=1 r=1 [=1
h#j

with

and the numerator is

N N N j—1
si(@) =Y (fj + > mukijki cos (Z @))

j=i+1
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e.g., in the case of N = 3 bodies

si = Ix+ I3+ h12COS ¢1 + 2ho3 COS ¢ + hi13 COS(Pp1 + ¢2)
sh = I3+ ho3Cos¢r + hizcos(pr + ¢2)
and
1"B(¢)1 = L+DL+1:+
2 (h12COS ¢1 + h23 COS ¢ + h13COS(¢1 + ¢2))
with
I_l — mlk%l + kagl + m3k§1 + 1.1
I, = miki, + moks, + mak3, + Lo
Iz = mikis + mokss + msk3s + L3
hio = maikii1kio + mokoi1koo + m3k3iksz
hiz = maiki1k13z + mokoi1kos + m3ksikss
hos = maikioki13z + mokookos + m3ksokss

with the k;;'s and m; depending on the inertial parameters
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e the dynamic model of the N-body space robot is
B(0)0 +n(0,0) = Pl'r
where m = torques at the N—1 robot joints, with

1TB(0)6 =0

e the reduced dynamic model (in the ‘shape space') consists of 2N — 1 first-order
differential equations

G — lTB((b)S
b7 TITB(p)L
¢ = v
v = M N(¢)(—m(g,v) + 1)
where
M(¢) = PB(¢)P" )
. 1
m(¢,v) = M(¢)”‘§a_¢ (v M (¢)v)

e the right hand side of the above is independent of 6,

Y

in this case, the mechanical system is referred to as a nonholonomic Caplygin system
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TOOLS FROM DIFFERENTIAL GEOMETRY

e a smooth vector field f: R" — T,IR" is a smooth mapping from each point of IR" to
the tangent space T,IR"

e if f defines the rhs of a differential equation

q¢ = f(q)

the flow gb{(q) of the vector field f is the mapping which associates to each ¢ the
solution evolving from g, i.e., it satisfies

d
d—qb;z‘ (@) = F(¢! (@)
t
with the group property qbf o ¢ = ¢{+S

in linear systems, f(q) = Aq, the flow is ¢; = e

e considering two vector fields g1 and g» as in

¢ = g1(qQ)u1 + g2(q)uz

the composition of their flows (obtained by taking wi = {1,0} and ur, = {0,1}) is
non-commutative

o g # ¢ o of
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e starting at go, an infinitesimal flow of time ¢ along g1, then go, then —g;, and finally
—3g2, yields (R. Brockett: ‘a computation everybody should do once in his life’)

q(4e) = ¢.% 0 .9 0 ¢% 0 ¢ (qo) = qo + €° (%—f g1(qo) — %—%QQ(QO)) + O(e)

43

e*[g,,9,] ;\’7
9, 12
9,

=

€9,
892
4,
e Lie bracket of two vector fields g1, go
g2 dg1
l91,92](@) = —=g1(q) — = 92(q)
dq dq

e g1 and go commute if [g1, g2] = O; moreover,

[g1,920] =0 = q(4¢) = qo (zero net flow)
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e properties of Lie brackets

[f, g9l = —lg, f] skew-symmetry
[f, [g, R]] + [h, [f, gl] + [g,[h, f]] = O Jacobi identity

and the chain rule
laf, Bg) = aBlf, gl + a(LB)g — B(Lg) f
with o, 8: IR" — IR and the Lie derivative of « along g defined as

O

Lya(q) = 8_q g(q)

in linear single input systems, f(q) = Aq, g(q) = b,

[f7 g] = -—Ab [f7 [fa g]] — AQb
[f7 [f7 [fag]]] — _A3b .

e a smooth distribution A associated with a set of smooth vector fields {gi,...

assigns to each point g a subspace of its tangent space defined as

A span{gi,...,gm}

I <1

A, span{g1(q),...,gm(q)} C T4R"
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e a distribution is regular if dim A, = const, Vq

e a distribution is involutive if it is closed under the Lie bracket operation

A involutive << Vg,g €A lgi,g;]] €A

e the involutive closure A of a distribution A is its closure under the Lie bracket
operation

e the set of smooth vector fields on IR™ with the Lie bracket operation is a Lie algebra
e a Lie algebra is nilpotent if all Lie brackets of order > k (finite integer) vanish

e a regular distribution A on IR" of dimension k is integrable when there exist n — k
independent functions h; such that, Vg and Vg; € A

Oh;
Ly, hi =
dq

gi(q) =0 i=1,...,n—k

e the hypersurfaces defined as the level sets

{q : hl(Q) — Cly..., hn—k(Q) — Cn—k:}
are integral manifolds of A
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Frobenius Theorem

a regular distribution is integrable if and only if it is involutive

e = a distribution of dimension 1 (i.e., associated to a single vector field) is always
integrable

e the proof of sufficiency is constructive

e if the distribution A of dimension k is involutive, then its integral manifolds (level sets
of functions h;) are leaves of a foliation of IR"

e.d. the distribution A = span{g1, g2} with

1 1
g1(q) = <q2> g2(q) = <O>
0 q3

[91,92](q) = O

is involutive, because

it induces a foliation of IR3 according to

q1 — 109(g2q3) = ¢ ce R
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Integrability of Pfaffian Constraints

e a smooth one-form is a mapping a’: R" — T;lR", the dual space of linear forms on

NB: one forms are represented in local coordinates as row vectors (hence the transpose

notation!)
a'(q) = (a1(g) a2(q) ... an(q))
e an exact one-form w7 is the differential of a smooth function A
7 Oh Oh Oh oh
dq 0q1  0q2 Oqn

e a smooth codistribution AT assigns to each point ¢ a subspace of the dual of its
tangent space and can be defined by a set of smooth one-forms a?f

1

AT span{al,... al}

<=l

AT

! span{ai(q),...,a;(q)} C T/ IR"
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e distribution annihilating a codistribution
given a set of smooth independent one-forms

al'(q) i =,...,k

which define a codistribution AT, there exist smooth independent vector fields
gi(q) j=1,....n—k=m
defining a distribution A = (AT)L such that
al(q)-gj(Q) =0  Vi,j
i.e., distribution A annihilates codistribution A7

Y

A set of Pfaffian constraints is integrable
if and only its annihilating distribution is involutive
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CONTROL PROPERTIES
Controllability of Nonholonomic Systems

consider a nonlinear control system

i = f(z) + ) gi(x)uy (NCS)

j=1
with state x € M ~ IR", and input in the class U of piecewise-continuous time functions
e denote its unique solution at time ¢t > 0 by z(¢, 0, zg,u), with input u(-), and xz(0) = z¢

e (NCS) is controllable if Vxi1,20 € M, 3T < oo, Ju: [0,T] - U : x(T,0,z1,u) = x>

e the set of states reachable from zg within time T > 0, with trajectories contained in
a neighborhood V of zg, is denoted by

Ri(z0) = | RY (20, 7)

T<T

where RY (zo,7) = {x € M | (7,0, x0,u) = z,Vt € [0, 7], 2(¢t,0,20,u) € V}
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e (NCS) is locally accessible (LA) from zg if VYV, a neighborhood of zg, and VI' > 0
RY(zo) D R, with  some non-empty open set .
0

Ry ()

e (NCS) is small-time locally controllable (STLC) from zo if VV, a neighborhood of
xo, and Y1I' >0

RY(zo) D W, with W some neighborhood of xg

Rr(wp)
e STLC = controllability = LA (not vice versa)
e LA is checked through an algebraic test
— let C be the involutive closure of the distribution associated with {f,g1,92,...,9m}

— Chow Theorem (1939): (NCS) is LA from zg if and only if
dim C(xzg) = n accessibility rank condition

— an algorithmic test:

5 k . CO:Span{f,gl,---,gm}
C = span {velyoc} with { ck = ck=1 4 span{[f,v],[g;,v],7 = 1,..,m : v € Ck-1}
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e only sufficient conditions exists for STLC , e.g., [Sussmann 1987]

e however, for driftless control systems:

LA <= controllability «— STLC

e this equivalence holds also whenever

f(x) € span {g1(x),...,gm(z)} Ve e M
(‘trivial’ drift)

e if the driftless control system

m
=3 o)
=1

is controllable, then its dynamic extension

Tz = Zgi(ac)vi
i=1

1}7; — Uy z=1,...,m

is also controllable (and vice versa)
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e in the linear case ©* = Az + > 7_, bju; = Az + Bu, all controllability definitions are

equivalent and the associated tests reduce to the well-known Kalman rank condition:

rank (B AB A?B ... A"'B)=mn

e a controllability test is a nonholonomy test!

a set of k Pfaffian constraints A(g)g = 0 is nonholonomic if and only if the
associated kinematic model

§=G(Qu=>) g(Qui m=n—k
=1

is controllable, that is
dimC =n
being C the involutive closure of the distribution associated with g1,..., gm

U

for a nonholonomic system, it is always possible to design open-loop commands that
drive the system from any state to any other state (nonholonomic path planning)
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Stabilizability of Nonholonomic Systems

for a nonlinear control system

&= f(x)+ ) gi(@)u; = f(2) + g(z)u

j=1
one would like to build a feedback control law of the form

u = ax) + B(z)v
in such a way that either

a) a desired closed-loop equilibrium point z. is made asymptotically stable, or

b) a desired feasible closed-loop trajectory z4(t) is made asymptotically stable

e feedback laws are essential in motion control to counteract the presence of disturbances
as well as modeling inaccuracies

e in linear systems, controllability directly implies asymptotic (actually, exponential)
stabilizability at z. by smooth (actually, linear) state feedback

a(zx) = K(x — x.)
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e if the linear approximation of the system at x.
Sx = Adx + Béu dxr = — xe, du = Kox

is controllable, then the original system can be locally smoothly stabilized at z.
(a sufficient condition)

e in the presence of uncontrollable eigenvalues at zero, nothing can be concluded
(except that smooth exponential stability is not achievable)

e for kinematic models of nonholonomic systems ¢ = G(q)u, the linear approximation
around x. has always uncontrollable eigenvalues at zero since

A=0 and rankB=rankG(g) =m<n

e however, there are necessary conditions for the existence of a CP-stabilizing state
feedback law (next slide)

e whenever these conditions fail, two alternatives are left:
a) discontinuous feedback u = a(z), a € C°

b) time-varying feedback u = a(z,t), a €C?
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Brockett stabilization theorem (1983)

if the system

z = f(z,u)

is locally asymptotically Cl-stabilizable at z., then the image of the map

fiMxU— IR"

contains some neighborhood of x. (a necessary condition)

a special case: the driftless system

m
T = Zgz(a:)uz
i=1

with linearly independent vectors g;(z.), i.e.,

rank (gi(we) ga2(xe) ... gm(xe)) =m

is locally asymptotically C!-stabilizable at z. if and only if m > n

Y

nonholonomic mechanical systems
(either in kinematic or dynamic form)
cannot be stabilized at a point by smooth feedback
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Classification of Nonholonomic Distributions

e the equivalence between a set of Pfaffian constraints

al (q)g=0 i =1,...,k
and the associated kinematic model

m
=) gi(@uy  m=n—k
j=1

i.e., in matrix format
A'(q)¢=0 — g = G(q)u

in the light of controllability (LA) conditions gives

dimC =n < completely nonholonomic constraints (distribution)
m < dimC < n < partially nonholonomic constraints (distribution)
dimC =m <— holonomic constraints (distribution)

e Frobenius Theorem =

if C is regular of dimension n — p, there exist p functions h; such that
hil@)=¢; G=1,...,p) & al(9)qi=0 (i=1,...,k)
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e one may show that the complexity of the path planning problem is related to
the level of Lie bracketing needed to span IR"

Y

classify nonholonomic systems accordingly

e the filtration {C;} generated by the distribution C = span{gi1,...,gm} is defined as

Ci1 = C
C; Ci—1+ [C1,Ci1] i>2

where
[Cl,Ci_l] = sSpan {[gj,v] 1 g5 € Ci,v € Ci—l}

e a filtration is regular in a neighborhood V (qo) if dim C;(¢q) = dim C;(q0), Vq € V(qo)

e if {C;} is regular, the degree of nonholonomy of C is the smallest integer s such that

dim Cx41 =dim Cq,

e — nonholonomy conditions in terms of x: a set of k Pfaffian constraints is
1. completely nonholonomic if dim C, = n
2. partially nonholonomic if m < dim C, < n

3. holonomic if dim Cx=m (m =n — k)
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Examples of Classification
e unicycle kinematics (n = 3)
cos 6 0 —siné
g1 =1 sin@ g=10 93 = lg1,92] = | cosé
0 1 0
degree of nonholonomy « = 2, dimC = 3 for all g

e unicycle dynamics (n = 5)

Ccos 6 vy 0 0]
Sin 6 vy 0 0
J = V2 g1 = 0 g2 = 0
0 1/m 0
0 0 1/1
cosf/m 0 —sin@/ml
sinf/m 0 cosf/mlI
[glaf] — o) [927f] — 1/I [927 [f7 [gl7f]]] — o)
0 0 0
0 0 0

degree of nonholonomy k = 3; satisfies both the LA and STLC conditions since

g1 92 lg1, f1 lo2, f1 g2, [f, 91, f1]]

span IR, and the sequence is ‘good’ [Sussmann]
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e car-like robot (RD) (n=4)
cos 6 0]
. sin @ _| O
91 = | tana/¢ 2= 1o
0 1
0
. . 0
gz — [91792] — —]_/ECOSQQb
0
—sin@/fcos? ¢
cos 0 /¢ cos?
ga = lg1,93] = /o i

0
degree of nonholonomy x = 3, dim C = 4 away from the singularity at ¢ = +7/2 of g1
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e car-like robot (FD) (n=4)

COS 6 Ccos ¢ 0
| sinfcoso 10
=1 sing/e 2= 10
0 1
cosfsing
. | sinfsing
g3 = [91792] - —COSQb/E
0
—sing/¢
cosf /¢
ga = lg1,93] = o/
0

degree of nonholonomy x = 3, dimC = 4 for all ¢

e N-trailer system (n= N+ 4)
for a slightly modified version of this mobile robot the degree of nonholonomy is n

e all the previous WMRs are STLC; none of these is smoothly stabilizable
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e 3-body space robot (n = 3)
<51(¢)> <82(¢)>
g1 = 1 go = 0
0 1

0s2(¢) _ 0s1(¢)
el 092
0

0

g3 — [91792] —

but g3 = 0 for some combinations of ¢1 and ¢->
— the filtration is not regular: thus, the degree of nonholonomy is not well defined

— using higher order brackets, dimC = 3 for all ¢ and the system is controllable

e N-body space robot dynamics (n =2N — 1)

the system satisfies the conditions for LA, STLC, but not the necessary condition for
stabilizability via Cl-feedback
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NONHOLONOMIC MOTION PLANNING

the objective is to build a sequence of open-loop input commands that steer the
system from g; to gy satisfying the nonholonomic constraints

the degree of nonholonomy gives a good measure of the complexity of the steering
algorithm

there exist canonical model structures for which the steering problem can be solved
efficiently

— chained form
— power form

— Caplygin form

interest in the transformation of the original model equation into one of these forms

such model structures allow also a simpler design of feedback stabilizers (necessarily,
non-smooth or time-varying)

we limit the analysis to the case of systems with two inputs, where the three above
forms are equivalent (via a coordinate transformation)
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Chained Forms [Murray and Sastry 1993]

e a2 (2,n) chained form is a two-input driftless control system

in the following form

z = g1(2)v1 + g2(2)v2

z1
22
23
z4

Zn

e denoting repeated Lie brackets as ad! g»

adg, g2 = [91, g2]

one has

1
(1)
Z2
Z3

g1

.y

g2

in which (=1)* is the (k 4+ 2)-th entry

(0}

1
0
0

L0/

V1
V2
X
Z3V1

Zn—171

ad’;lgz = [guadlgflgz]
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e a one-chain system is completely nonholonomic (controllable) since the n vectors

{91, 92, ...,ad} g2,..} i=1,...,n—2
are independent

e its degree of nonholonomy is k =n—1
e v IS called the generating input, z1 and z> are called base variables

e if v1 is (piecewise) constant, the system in chained form behaves like a (piecewise)
linear system

e chained systems are a generalization of first- and second-order controllable systems for
which sinusoidal steering from z; to zy minimizes the integral norm of the input

e different input commands can be used, e.q.
— sinusoidal inputs
— piecewise constant inputs

— polynomial inputs
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steering with sinusoidal inputs

e it is a two-phase method:
I. steer the base variables z; and z; to their desired values z¢; and zs, (in finite time)

II. for each z,40, k > 1, steer z,4o to its final value z 4o using
v1 = aSinwt vo = [ COS kwt
over one period T'= 27w /w, where «, 3 are such that
_aB
k'(2w)k
this guarantees z;(T) = 2z;(0) = z4; for i < k

= 2§ jp42(T) — 242(0)

in phase II, this step-by-step procedure adjusts one variable at a time by exploiting the
closed-form integrability of the system equations under sinusoidal inputs
e phase Il can be executed also all at once, choosing

v1 = ao-+ aiSinwt
v = bo+bicoswt+ ...+ b, ocos(n— 2)wt

and solving numerically for the n+ 1 unknowns in terms of the desired variation of the
n — 2 states
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steering with piecewise constant inputs

e an idea coming from multirate digital control, with the total travel time T divided in
subintervals of length 6 over which constant inputs are applied

’01(7') — U1k

7€ [(k—1)8,kb)
UQ(T) — V2

e it is convenient to keep v; always constant and take n — 1 subintervals so that

T=(n-—1)5 Ul:w

T
and the n — 1 constant values of input v»

'UQ,]_, ’02’2, L] ’U2,n_1

are obtained solving a triangular linear system coming from the closed-form integration
of the model equations

e if zy1 = 201, an intermediate point must be added

e for small 6, a fast motion but with large inputs
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steering with polynomial inputs

e idea similar to piecewise constant input, but with improved smoothness properties
w.r.t. time (remember that kinematic models are controlled at the (pseudo)velocity

level)

e the controls are chosen as
sign(zf1 — 2zo1)
co+cit+ ...+ Cn_gtn_z

with T = z¢1 — 201 and co,...,c, Obtained solving the linear system coming from the
closed-form integration of the model equations

U1

U2

Co Zf2
M((T) Czl + m(z,T) = 2{3
Cn—2 Zfn

with M (T) nonsingular for T' # 0

e if zy1 = 201, an intermediate point must be added

e for small T', a fast motion but with large inputs
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transformation into chained form

e there exist necessary and sufficient conditions for transforming a control system

¢d=g1(Qui+ ...+ gn(q)um ge R"
into chained form via input transformation and change of coordinates

v=p3(Qu  z=T(q)

o for m = 2, C = span{gi, go}, define the filtrations

FEq C Fi =C
E> E1 + [E1, Eq] F> = 1+ [F1, Fy]

E,+1 = E;+ [E;, E{] Fiy1 = F; + [F;, 1]

e the system can be transformed in chained form if and only if

dimFE,=dmF, =14+ 1 1=1,...,.n—1

nonholonomic systems up to order n = 4 can be always be put in chained form!
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e a simpler constructive sufficient condition: define the distributions

AO = Span {917 g2, ad91927 ceey adgl_QQQ}
A1 = span {g2,adyg>,...,ad} *g}
Ny = span {g2,adygz,...,ad} >go}

if, for some open set, one has (i) dim Aq = n (ii) A1, A, are involutive (iii) there exists
a function h; such that

dhi1- A1 =0 dhi-g1 =1
then the system can be transformed into chained form

e the change of coordinates is given by

z1 = h1
zZo = Lgl_QhQ
with ho independent from hi and such that
dh> - A> =10
e the input transformation is given by
V1 = U1
Vy = (Lgl_lh2> ur + (L92L31_2h2> U
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WMRS in Chained Form

e unicycle

the change of coordinates

zZ1 = x
z>» = tand
z3 - vy
and input transformation
u; = wv1/C0S6
us = wv5COS°H
yield
zZ1 = 1
zZo = Vo
23 = 2oU1

other, globally defined transformations are possible

e unicycle with N trailers

the sufficient conditions are not satisfied but an ‘ad hoc’ transformation can be found
(it starts using as (z,y) the position of the last trailer instead of the position of the
trailing car)
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e car-like robot (RD)

scaling first u1 by cos#é

r = U1
y = wuitand
: 1
0 = Zulsecetanqb
¢ = up
then setting
zZ1 = x
1 3
zo = Zsec 6 tan ¢
zz3 — tand
Z4 = VY
and
Uy = v
3 a2 1 3 2
Uy = —Zvlsecﬁsm q5—|—zv2cos 6 Cos” ¢
yields
z1 = V1
Zo = U
zz3 = 27U1
Za = z3V1
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Path Planning for the Unicycle

simulation 1: ¢; = (-1, 3,150°), ¢ = (0,0,90°)

sinusoidal inputs

2.5

1.5}

0.5r

-0.5

-15
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simulation 2: ¢; = (1,3,150°), ¢; = (0,0,90°)

sinusoidal inputs
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A General Viewpoint: Differential Flatness [Fliess et al. 1995]

a nonlinear control system Zz = f(z) 4+ G(z)v is differentially flat if there exists a
set of outputs y (flat outputs) such that the state and the input can be expressed
algebraically in terms of y and a certain number r of its derivatives

Z(y7 y? y? ¢t ’y[r])
,U(y7 y? y? c 7y[7‘])

z

v

for driftless systems, flatness is equivalent to chained-form transformability; the flat
outputs of a chained form are z1, z, (i.e., the z,y coordinates of the robot for a WMR)

for example, for the (2,3) chained form equivalent to a unicycle, the flat outputs are
z1, 23; one has
23 . 2123 — 2123
20 = — and v1 =21, V2= -
21 z7]

for systems with drift, flatness is equivalent to dynamic feedback linearizability

flatness is particularly useful for path planning: once the flat outputs are identified
(a nontrivial task), any interpolation scheme can be used to join their initial and final
values (with the appropriate boundary conditions); the evolution of the other variables
as well as the control inputs are then computed through the algebraic transformations
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FEEDBACK CONTROL OF NONHOLONOMIC SYSTEMS

Basic Problems

e target system: unicycle
— the kinematic models of most single-body WMRSs can be reduced to a unicycle

— most of the presented design techniques can be systematically extended to chained-
form transformable systems

e basic motion tasks

(a) point-to-point motion (PTPM) goal

start

trajectory

(b) trajectory following (TF)
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e PTPM via feedback: posture stabilization

w.l.0.g., the origin (0,0,0) is assumed to be the desired posture
a nonsquare (g€ IR3, uweIR?) state regulation problem
need to use discontinuous/time-varying feedback in view of Brockett Theorem

poor, erratic transient performance is often obtained (inefficient, unsafe in the
presence of obstacles)

e T F via feedback: asymptotic tracking

the desired trajectory g4(t) must be feasible, i.e., comply with the nonholonomic
constraints

a square (e, € IR?, uc IR?) error zeroing problem

in this case, smooth feedback can be used because the linear approximation along
a nonvanishing trajectory is controllable (see later)

Y

asymptotic tracking is easier (and more useful) than
posture stabilization for nonholonomic systems
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Asymptotic Tracking

e a reference output trajectory (z4(t),yq(t)) is given

e control action: feedforward + error feedback

error may be defined w.r.t. the reference output (output error) or the associated
reference state (state error)

e given an initial posture and a desired trajectory (z4(t),ys(t)) there is a unique associated
state trajectory q4(t) = (x4(t),yq(t),04(t)) which can be computed in a purely algebraic
way as

this is due to the fact that (x,y) is a flat output for the unicycle

e feedforward command generation: being § = ATAN2 (y,z) + kn, k= 0,1, we get

/220 + 530

Ya(t)zqa(t) — £q(t)ya(t)
3 (t) + 93 (t)

uq1 ()

uq2(1)
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— the choice of sign for ug41(t) produces forward or backward motion

— to be exactly reproducible, (z4(t),yq(t)) should be twice differentiable

— 04(t) may be computed off-line and used in order to define a state error

— ifug1(t) = 0 for some t (e.g., at a cusp)

neither ug>(t) nor 04(t) are defined

= a continuous motion is guaranteed by keeping the same orientation attained at ¢t~
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asymptotic tracking: controllability

linear approximation along q4(t) = (x4(t), yq(t), 04(t))

e define:
ug1, ugo the inputs associated to ¢4(t)
q = q — qq the state tracking error
U1 = u1 — ugy and ur = uo> — ugo the input variations

e the linear approximation along g4(t) is

' O O —wugy Sinby cosf,; O ~
g=| 0 0 wgy cosb; |G+ | sing; O (E’:l)
0 0 0 0o 1 u2

a time-varying system

= the N&S controllability condition is that the controllability Gramian is nonsingular

e a simpler analysis can be performed by ‘rotating’ the state tracking error

cosf; sin6d; O
qr = —sind; cosf; O q
0 0 1

according to the reference orientation 0,
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e we get

| 0 wup O 1 0 /-
dgr=| —ue2e O wugq1 |gr+1| O O (a1>
0 0O O 0 1 2

e when the inputs ug; and ug> are constant, the linearization becomes time-invariant and
controllable, since

1 0 0 0 —u? UgiUa
(B AB AQB) — 0O O —Ug2 Udl 0 0
O 1 O 0 0 0

has rank 3 provided that either u4; or ugo iS nonzero

= the kinematic model of the unicycle can be locally asymptotically stabilized by
linear feedback along trajectories consisting of linear or circular paths executed at a
constant velocity

(actually: the same can be proven for any nonvanishing trajectory)
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linear control design [Samson 1992]
e designed using a (slightly different) linear approximation along the reference trajectory

e define the state tracking error e as

e1 cosf sind O Tg— T
<e2> —sin® cosf O (yd—y>
e3 0 0 1 0, — 6

e uUSe a nonlinear transformation of velocity inputs

uy = ugp COSse3z — V1
U2 = Udp — V2
e the error dynamics becomes
0] Ug2 0 0] 1 0
e=| —up 0 0 |e+|sines |lug+| 0 O (“1)
0 0 0 0 0 1 v2

e linearizing around the reference trajectory, one obtains the same linear time-varying
equations as before, now with state e and input (vi,v2)
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e define the ‘linear’ feedback law

—kqeq
—kosign(ugi1(t)) eo — ks es

U1

U2
with gains
a? — ugo(t)?
|uq1 (1)

ki = ks = 2Ca ko =

e the closed-loop characteristic polynomial is (A+2¢a)(A\2+2¢ar+a?), (¢€(0,1) a>0

e a convenient gain scheduling is achieved letting

a=a(t) = \/’U%z(t) +bug(t) == ki=ks= 2@\/“52(15) +bugi(t), k2 = blug(t)]

these gains go to zero when the state trajectory stops (and local controllability is lost)

e the actual controls are nonlinear and time-varying

e even if the eigenvalues are constant, local asymptotic stability is not guaranteed as the
system is still time-varying

= a Lyapunov-based analysis is needed
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nonlinear control design [Samson 1993]

for the previous error dynamics, define
vi = —ki1(ug1(t),uq(t))er

Sine
3 e> — k3(uq1(t), uq2(t)) es

vo = —koug(t)
€3

with constant k> > 0 and positive, continuous gain functions ki1(-,-) and k3(, ")

theorem if ug1, ugo, ug1 wgx are bounded, and if ug1(t) 4~ 0 or ugp(t) 4~ 0 ast — oo, the
above control globally asymptotically stabilizes the origin e = 0O

proof based on the Lyapunov function
_ k2 2 2 6%
=5 (el -+ 62) + 5

nonincreasing along the closed-loop solutions
V = —klEge% — k3e§ <0
= |le(t)|| is bounded, V(t) is uniformly continuous, and V(t) tends to some limit value

= using Barbalat lemma, V(¢) tends to zero

= analyzing the system equations, one can show that (u3; + u3,)e? (i = 1,2,3) tends to
zero so that, from the persistency of the trajectory, the thesis follows m
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dynamic feedback linearization [Oriolo et al., 2002]

e define the output as n = (x,y); differentiation w.r.t. time yields

._(xz\ _ [ cosf O u1
T=\1g) =\ sine o uo
= cannot recover us from first-order differential information

e add an integrator on the linear velocity input

w=¢  €=a = ﬁ=£<cos‘))

new input a is the unicycle linear acceleration
. [ cosf —&sinf a
T=1\ sing £cosé U
e assuming £ #+= 0, we can let

a) __ [ cosf® —£sind T
ux )\ sinf £coso V2
- 7.7.1 _ ’U]_
1= ()= ()
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e the resulting dynamic compensator is

£ = w1 cosf—+uvrsind
uy = &

v> COSH — v1 SinNG
Uy =

£

e as the dynamic compensator is 1-dim, we have n + 1 = 4, equal to the total number
of output differentiations

= Iin the new coordinates

zZ1 = x
2 = Yy
z3 = x = £cCo0sb
za = y = £sinf
the system is fully linearized and described by two chains of second-order input-output
integrators
zZ1 = wi
Zo = U
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e the dynamic feedback linearizing controller has a potential singularity at £ = u; = 0,
i.e., when the unicycle is not rolling

a singularity in the dynamic extension process is structural for nonholonomic systems

e for the (exactly) linearized system, a globally exponentially stabilizing feedback is
Zq(t) + kp1(za(t) — x) + ka1 (za(t) — 2)

Ya(t) + kpa(ya(t) —y) + kax(ga(t) — v)

with PD gains k,; > 0O, kg; > 0O, for 1 =1,2

U1

U2

— the desired trajectory (z4(t),yqs(t)) must be smooth and persistent, i.e.,

2 — 5.2 "2
ug; = T3 + y7 must never go to zero

— cartesian transients are linear

— x and y can be computed as a function £ and 8; alternatively, one can use estimates
of z and y obtained from odometric measurements

— for exact tracking, one needs ¢(0) = ¢4(0) and £(0) = u41(0) (= pure feedforward)
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experiments with SuperMARIO

a two-wheel differentially-driven vehicle (with caster)

the aluminum chassis measures 46 x 32 x 30.5 cm (I/w/h) and contains two motors,
transmission elements, electronics, and four 12 V batteries; total weight about 20 kg

each wheel independently driven by a DC motor (peak torque =~ 0.56 Nm); each motor
equipped with an encoder (200 pulse/turn) and a gearbox (reduction ratio 20)

typical nonidealities of electromechanical systems: friction, gear backlash, wheel slip-
page, actuator deadzone and saturation

due to robot and motor dynamics, discontinuous velocity commands cannot be realized
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two-level control architecture

control
algorithms

(ULA,WR

|
PC : ROBOT

serial
port

radio
modem

radio
link

::ACDL-V
Adp

e control algorithms

sampling time of T, = 50 ms on a remote server

communication [=

boards

wr,

PID

" | microcontroller

| power
" | electronics

wheel

"] motor

Agy

encoder [=

Wr

Aoy

as above

;

left wheel
(incl. gearbox)

right wheel
(incl. gearbox)

(with reference generation) are written in CT+ and run with a

e the PC communicates through a radio modem with the serial communication boards

on the robot

e actual commands are the angular velocities wgr and wy, of right and left wheel (instead
of driving and steering velocities u1 and wuy):

r (Wr + wr)

with d = axle length, » = wheel radius

Ul —

2

r (wWr — wr)

d

e reconstruction of the current robot state based on encoder data (dead reckoning)
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experiments on an eight-shaped trajectory

0.81

0.6

0.41

0.21

-0.2 |

-04 1

-0.6 |-

-0.8 |

e the reference trajectory

t t
t) = sin — t) = sin — te 0,T
r(t) =sinco  w(t) =sin_o  t€[0,T]

starts from the origin with 6,;,(0) = n/6 rad

e a full cycle is completed in T'=27-20~ 125 s

e the reference initial velocities are
ug1(0) ~ 0.1118 m/s,

G. Oriolo Control of Nonholonomic Systems — Lecture 6

ugo(0) = 0 rad/s.

88



experiment 1: the robot initial
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experiment 2: the robot initial state is off the reference trajectory
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Posture Stabilization: A Bird’'s Eye View

e the main obstruction is the non-smooth stabilizability of WMRs at a point

e two main approaches

— time-varying stabilizers: an exogenous time-varying signal is injected in the
controller [Samson 1991]

— discontinuous stabilizers: the controller is time invariant but discontinuous at the
origin [Sgrdalen 1993]

e drawbacks: slow convergence (time-varying), oscillatory transient (both)

e improvements

— mixed time-varying/discontinuous stabilizers
[Pomet and Samson 1993; Murray and M'Closkey 1995, Lucibello and Oriolo 2001]

— non-Lyapunov, discontinuous stabilizers: through coordinate transformations
that circumvent Brockett's obstruction [Aicardi et al. 1995; Astolfi 1995] or via
dynamic feedback linearization [Oriolo et al. 2002]

— excellent transient performance!
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OPTIMAL TRAJECTORIES FOR WMRs
(by M. Vendittelli)

e the main objective is to determine an optimal control law steering the kinematic
model of the nonholonomic system between any two points of the configuration space

e a first step is to obtain a family of trajectories containing an optimal solution to the
steering problem

e Pontryagin's Maximum Principle (PMP) can be used to this end providing necessary
conditions for trajectories to be optimal

e characterization of optimal trajectories is not easy essentially due to the local nature
of PMP

e |ocal information needs to be completed by global study based on geometric reasoning
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Minimum-Time Problems

e objective: compute the control law (if it exists) that steers the nonholonomic system

g=G(q@Qu, qgeM~R"', weUCR"

from ¢; to gy minimizing the functional

tr
J=/ dt
ti

e theorem (existence of optimal trajectories)

under the usual assumptions for existence and uniqueness of solution of an ordinary
differential equation and the additional hypothesis

U compact convex subset of IR™ (A)

any two points ¢;,qr € M that can be joined by an admissible trajectory can be joined
by a time-optimal trajectory
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e consider the Hamiltonian

H(Y,q,u) = (¢, G(q)u)

where ¢ € IR" and (.,-) is the inner product in IR"

o if u(t): [ti,tf] — U is an admissible control law and ¢(t) : [t;, tf] — M the corresponding
trajectory,

a vector function ¢ : [t;,t;] — IR" is an adjoint vector for (¢,u) if it satisfies

BT = —%—f@(t), a(t), u(t)) Vit € [t 7]

e Note that

either ¥ (t) # 0 Vt € [t;,t¢] (nontrivial )
or Y(t) =0 Vit € [ti, ty] (trivial ¢)

due to the linearity of H (= of ¢) w.r.t. ¥
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PMP for time-optimal control

consider an admissible control law u(t) and the corresponding trajectory ¢(t); a necessary
condition for ¢(t) to be time-optimal is that there exist a nontrivial adjoint vector (t) and
a constant ¢ < 0 s.t.

H(p(t),q(t),u(t)) = max{H(4(t),q(t),v)} = —vo (%)

Vit € [t;, tf]

e a control law wu(t) satisfying condition (x) is called an extremal control law

e denoting by g,v the trajectory and the adjoint vector corresponding to the extremal
control law u, the triple (gq,u,) is called extremal

e an extremal triple (q,u,v) s.t. Yo = 0 is called abnormal

e a control law u(t) is called singular if there exist a nonempty subset W C U and a
nonempty interval I C [t;,tf] such that

H(t),q(t),u(t)) = H(p(t),q(t), w(t))
Viel, Vw(t) e W
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Application to WMRSs

e target system: unicycle
¢ = g1(Q)u1 + g2(Q)uz  (u1,u2) € U C IR?

cos 6 0]
with ¢ = (z,y,0) ¢1(q) = | sinéd g2(q) =1 O
0 1

e new terminology based on control domains
U= [—kl,kl] X [—kg,kg] unicycle
U= {—ki,k1} X [-k2,k2] Reeds and Shepp’s car

U=FKk X [—kz,kz] Dubins’ car

with k1, ks > 0

unicycle and Reeds and Shepp’'s car are STLC
Dubins’ car is controllable but not STLC

e unicycle and Dubins’ car verify the conditions for existence of optimal trajectories

e Reeds and Shepp’s car does not verify condition (A); existence of optimal trajectories
has been established as a byproduct of the analysis of the optimal control problem for
the unicycle
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unicycle

(ui,up) e U =[-1,1] x [-1,1] (w.l.0.9.)
the corresponding Hamiltonian is

H = ’gbl cosOuy + ”QDQ sin Ouy + ¢3uQ

it is convenient to define the switching functions

$1 = (Y, g1) = P1COSO + Y2Sinh, ¢ = (Y, g2) = Y3

and write the Hamiltonian as
H = ¢1u1 + ¢pou>
the switching functions determine the sign changes of ui,u> (see later)

applying PMP

—o = H (1), q(t), u(t)) = max(H(4(1),¢(t),v)) = max ($1v1 + dov2)

V1,V2)€

where

(1) = —%—Ij(w(t),q(t),u(t)) - —é%(qblul + douz)

G. Oriolo Control of Nonholonomic Systems — Lecture 7

(1)

o7



extracting information from PMP

e maximization of the Hamiltonian (i.e. cond. (1)) implies that on extremal trajectories

u1 = Sign(¢1) wup = sign(¢») (2)

where

1ifs>0
sign(s) = —1ifs<O
any number in [—1,1] if s=0

e oOn any subinterval of [¢;,t;] where ¢; = 0 (j={1,2}) u; is bang (i.e. maximal or minimal)

e a necessary condition for ¢t to be a switching time for w;(t) is that ¢;(t) =0

o if $;(t) = 0 on a nonempty interval I C [t;,tf] the corresponding control u;(¢) is singular
on [
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e to characterize the structure of extremals

define

$3 = <¢7 [92791]>

compute
b1 = uz - (¥, [g2, 91]) = w23

2
¢3

—ui- <¢> [92791]> — —U1¢3

— U201

e from (1), (2)
| ¢1 |+ [ d2 | +90=0

e from 1 # 0 4+ controllability
1|+ + 3]0

e (2), (3), (4), (5) are called Switching Structure Equations
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lemma 1 nontrivial abnormal extremals do not exist
proof: use (4), (5), (3)

lemma 2 for a nontrivial optimal extremal, ¢; and ¢, cannot have a common zero
proof: use (4)

lemma 3 along an extremal, k = ¢7 + ¢3 is constant and k =0 <= ¢1 =0
proof: use lemma 2, (3)

lemma 4 along an extremal, either all the zeros of ¢; are isolated and s.t. gbl exists and is
#*=0or ¢1 =0
proof: use lemma 3, lemma 2, (3)

Y

there exist two Kinds of extremal trajectories

A trajectories with a finite number of switchings

B trajectories along which ¢;1 =0 and either up =1 or up, = —1
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to simplify the geometric description of the extremals it is useful to introduce the following

notation
Ca arc of circle of length a
Sa straight line segment of length a

C|C arcs of circle connected by a cusp
i) forward (backward) left motion along the arc of length a
frj(_) forward (backward) right motion along the arc of length a

sj(_) forward (backward) motion along the straight line segment of length «
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type A trajectories
the integration of the adjoint system

o OH _

Y1 = -5, =

o _OH _

P2 =~ =

3 = —Y = o1 sin Gus — 12 COSOur = Y1y — o

implies (w.l.o.g. z(t;) = y(t;) = 0)
- 11 and o constant

- 3(t) = Y3(ti) + Y1y — Yoz = ¢Po(t)

o if p1 = 0 (switch of uy), (1) implies ¢ous + Yo = Y3us + g = 0
— if up = 1 the cusp point is on the line
Dt giy(t) — vox(t) + ¥s(ti) + o = O
—1 the cusp point is on the line
D™ ry(t) — ox(t) + ¥3(ti) — ¢o = O
e if o = 0 (switch of uy) the inflection point lies on the line
Do : Pry(t) — ox(t) + ¥3(t;) = O
o if ¢po(t) vanishes on a nonempty interval I C [t;,tf] from (1)
Y1 cos(0(t)) + 2sin(0(t)) + o = 0

from lemma 2, ¥1 and ¥, cannot be both zero then # must remain constant on [

— if uo
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summarizing:

e type A trajectories are sequences of

— arcs of circle (C) of radius 1 corresponding to regular control laws (u; = +1,us =
+1)

— straight segments (S) corresponding to the singularity of us (u1 = £1,u» = 0)
e straight line segments and points of inflection are on Dy

e cusp tangents are perpendicular to Dt and D~

e lemma trajectories of type A and with no cusps are necessarily of one of the following
kinds

—C, 0<a<m
— C,Ch O<a§%,0<b
— CySC, d>0,0<a<

D—
D
D0+ /

e to refine the large family of trajectories implied by type A a global geometric study
would be needed

o
.
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e a boundary trajectory is a trajectory q : [t;,tf] — M such that q(¢y) belongs to the
boundary of the set of all reachable points from q(t;)

PMP for boundary trajectories
if g : [ti,ty] — M is a boundary trajectory, then it has a nontrivial adjoint vector ¢ (t) verifying
(*) with g =0

type B trajectories
type B trajectories correspond to the singularity of the control component w1 and their
characterization requires geometric reasoning plus the application of PMP for boundary

trajectories

lemma the search for optimal trajectories of type B can be restricted to the sufficient family
of path types

IY1r or rfryrd with 0<a,be<m

e
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in conclusion:

sufficient family of optimal trajectories for the unicycle (PMP 4+ geometric reasoning)

(1) Xl 1F or rfryrt

(&

(ID)(IIT) Cu|CyCe o CoCy|Ce

(IV) C,Ch|CyC
(V) Cu|CrCy|Ce
(VI) C(Ilcﬂ'/QSdCT(/2|Cb

(VII)(VIII) Ca|C7T/QSdCb or CbSlCW/2|Ca

(IX) CaSaCh

e sSince w1 = *1 for all the path types contained in this family, they are admissible for
the Reeds and Shepp’s car; this implies that the family is also sufficient for the Reeds

0<a<m, 0<b<m, O0<e<m

0<a<b, 0<e<bh, 0<b<m/2

0<a<b, 0<e<b,0<b<m/2

0<a<b, 0<e<b,0<b<m/2

0<a<w/2, 0<b<w/2, 0<d

0<a<m, 0<b<m/2,0<d

0<a<n/2, 0<b<m/2, 0<d

and Shepp’s time-optimal control problem

e time-optimal trajectories for the Reeds and Shepp’s car are paths of minimal length

(recall that for Reeds and Shepp’'s car u; = +1)
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OPEN PROBLEMS

the techniques so far presented are fairly standard now, and the associated theoretical
problems can be considered as solved

but: from an application viewpoint, many important issues deserve further research:

e path planning in the presence of obstacles: classical motion planning methods do
not apply to WMRSs because they ignore nonholonomic constraints

e inclusion of dynamics: for massive vehicles and/or at high speeds, consideration of
robot dynamics is necessary for realistic control design

e robust control design: cope with disturbances and model perturbations (e.g., slipping)

e uUse of exteroceptive feedback: most control schemes require the measure of the
WMR state; however, proprioceptive sensors, such as encoders, become unreliable in
the long run = close the feedback loop with exteroceptive sensors providing absolute
information about the robot localization in its workspace (e.g., vision)

¢ W MRS not transformable in chained form: such as a unicycle towing two or more
trailers hitched at some distance from the midpoint of the previous wheel axle
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