Autonomous and Mobile Robotics
Solution of Midterm Class Test, 2020/2021

Solution of Problem 1

(a) FALSE. Such constraint is always holonomic, because it can be integrated as A'q = ¢.

(b) TRUE. With n = 2 generalized coordinates and k£ = 1 constraint, the kinematic model
contains a single (n — k = 1) input vector field g. Since [g,g] = 0 always, the
dimension of the accessibility distribution remains 1 (one also says that the distribution
is involutive). This means that the robot is not controllable and the constraint can be
always integrated.

(c) FALSE. It is (SO(2))°.

(d) TRUE. A unicycle can follow any geometric path in z,y by simply stopping and reori-
enting at angular points (the reorientation has no visible effect on the Cartesian path).
This is impossible for a car-like robot, that cannot change its orientation on the spot.

(e) FALSE. Thanks to the redundancy, a given end-effector trajectory can be realized by an
infinity of joint trajectories. State reconstructability is then impossible.



Solution of Problem 2

A unicycle can be put in (2,3) chained form

21 = U1
22 = Vs
Z3 = Z9U1

using the following coordinate transformation

21:9
29 = xcosf + ysind

23 = xsinf — ycosf
and input transformation

VT = W

Vg =V — 23W

Using the chained form transformation to design the controller requires to express the control
problem in the chained form coordinates z, 29, z3; then find a control law in the chained form
inputs vy, v9; and finally map it back to the unicycle coordinates x,y, # and inputs v, w.

(1) The requirement of reaching the x axis with orientation parallel to the y axis means that
the set-point is y; = 0, 85 = 7/2 (the final value of z is irrelevant). Plugging these
values in the coordinate transformation, we deduce that the set-point for the chained
form is 214 = /2, 2949 = 0 (the final value of z3 is irrelevant). Since the dynamics of
both z; and z5 is represented by simple integrators, it is sufficient to set

vy = ki(7/2 — )

vy = —kazo

with ki, ks > 0, to drive both variables exponentially to the desired set-point. This
control law can be written in terms of the original inputs and coordinates as

v = Vg + 2301 = —kg(x cosO + ysin®) + ky(zsinf — ycosh)(w/2 — 0)
w = =k(n/2-0)

(2) The requirement of reaching the y axis with orientation parallel to the x axis means that
the set-point is 4 = 0, 5 = 0 (the final value of y is irrelevant). Plugging these values
in the coordinate transformation, we deduce that the new set-point is z14 = 0, 294 = 0
(the final value of z3 is irrelevant). The controller is then exactly the same as above
with 0 in place of any occurrence of /2.



Solution of Problem 3

The kinematic model of the mobile manipulator is readily obtained by augmenting the
model of a differential-drive platform (generalized coordinates z,y, ) with two integrators
representing the velocity-controlled 2R arm (relative joint coordinates ¢, ¢2):

T = vcosf
Yy = vsinf
0=uw
G = u
G2 = uz

where v, w are a well-known function of the wheel angular velocities wy, wg, and uy, us are
the joint velocities.
Using Euler integration, a discrete-time motion model is written as

Tpy1 = T + Ts vy cos b

Yrt1 = Y + Tsvpsin b

Orr1 = O + T wy,
Qi1 = Qi+ Tsurg

Gr+1 = Qo + Tsuag

where T} is the sampling interval.

The current wheel encoder measurements A¢; and A¢gr are used to reconstruct the
actual values of v, and wy as follows. First, we compute the traveled length and orientation
change

r r
As = §(A¢L +A¢r) A= E(ACbR — Ady)
where r is the wheel radius and d is the distance between the two wheels. Then, we set

As A6
Vi = TS Wg = TS

As for the actual values of u; ; and ug, they are directly provided by the joint tachometers.
For the measurement model, the vision system returns the position of the end-effector,
which is expressed as a function of the system state variables as follows:

- ( x) + beos O + 04 cos(Or + qi i) + 2 cos(0k + qri + Gok) >
: Y + bsin Oy + 0 sin(r, + q1 i) + Losin(0, + ¢k + q2.)

The rest of the solution is straightforward: linearize the motion and measurement models
and then write the EKF equations.

In the block scheme, the wheel encoders and joint tachometers will be used in the pre-
diction stage of the filter, while only the vision system will be used for the correction stage.



