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Outline

• introduce the controllability and observability matrices

• define controllable and observable system

• solve an eigenvalue placement problem for a controllable system (Ackermann formula)

• study the non fully controllable case and define stabilizable systems
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What we know

• ¸i  controllable ,

• if all the eigenvalues are controllable, the system is controllable

• if all the eigenvalues are observable, the system is observable

• ¸i  observable ,

rank
⇥
A� �iI B

⇤
= n

rank

"
A� �iI

C

#
= n

implies the corresponding mode will appear in the state impulsive response

implies the corresponding mode will appear in the output transition matrix 

an uncontrollable mode gives rise to hidden dynamics with eigenvalue ¸i

an unobservable mode gives rise to hidden dynamics with eigenvalue ¸i

e
At
B = H(t)

CeAt =  (t)

ẋ = Ax+Bu

y = Cx
<latexit sha1_base64="60UvxLb5UZVYvglyBeuICwmOBso=">AAACJXicbVDLSgMxFM34rPVVdenmYlFEocxUxC4Uqm5cKlgrdErJpLdtaCYzJBlpGfozbvwVNy4sIrjyV0xrBV8HAodzzk1yTxALro3rvjlT0zOzc/OZhezi0vLKam5t/UZHiWJYYZGI1G1ANQousWK4EXgbK6RhILAadM9HfvUOleaRvDb9GOshbUve4owaKzVyx36AbS5TKnhb7g0A/GZkoAc7J3Dag304S6zkQ38kwLk1fJTNr3Qjl3cL7hjwl3gTkicTXDZyQ3s9S0KUhgmqdc1zY1NPqTKcCRxk/URjTFmXtrFmqaQh6no63nIA21ZpQitS9kgDY/X7REpDrfthYJMhNR392xuJ/3m1xLRK9ZTLODEo2edDrUSAiWBUGTS5QmZE3xLKFLd/BdahijJji83aErzfK/8lN8WCd1A4vCrmy6VJHRmySbbILvHIESmTC3JJKoSRe/JInsnQeXCenBfn9TM65UxmNsgPOO8fmKKhlA==</latexit>

given the system (S)
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rank
⇥
B AB A2B . . . An�1B

⇤
= nsystem is controllable ,

equivalent controllability condition (Kalman) but different perspective

(A, B  ) controllable

• controllability characterises a property of the input-state interaction and does not depend on C

,

P =
⇥
B AB A2B . . . An�1B

⇤
is defined as the controllability matrix

, all eigenvalues are controllable

• if a system is controllable there always exists an input that will transfer any state xa in any 
other state xb in finite time (new characterization, no proof)

system is controllable , controllability matrix is nonsingular 

equivalent to
non-singular
controllability
matrix for
SISO systems
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system is observable ,

equivalent observability condition (Kalman) but different perspective

(A, C  ) observable

• observability characterises a property of the state-ouput interaction and does not depend on B

,

is defined as the observability matrix

, all eigenvalues are observable

• if a system is observable it is always possible to deduce the initial state from the output ZIR, 
or equivalently starting from two different initial conditions and applying the same input for 
the same finite time, the ZIR will end in two different states (new characterization, no proof)

system is observable , observability matrix is non-singular 

equivalent to non-singular
observability matrix for 
SISO systems

rank

2

666664

C
CA
CA2

...
CAn�1

3

777775
= n

O =

2

6664

C

CA

...
CA

n�1

3

7775

<latexit sha1_base64="3VkIGjddbbi8XJbPp8jAnjh1X2E=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQ3lhkf2I1S6cadFewDOrVkMrdtaCYzJJliGfo3bvwVN4KK6NI/MX0g2nog4eTcc8m9x4s4U9q2P625+YXFpeXUSnp1bX1jM7O1XVFhLCmUachDWfOIAs4ElDXTHGqRBBJ4HKpetzisV3sgFQvFre5H0AhIW7AWo0QbqZm5uMbn2PWgzUTiBURLdj/ARey6uHg5vN2eH2o1ft8l4tAZuCD8H2szk7Vz9gh4ljgTkkUTlJqZF9cPaRyA0JQTpeqOHelGQqRmlMMg7cYKIkK7pA11QwUJQDWS0Z4DvG8UH7dCaY7QeKT+7khIoFQ/8IzTzNdR07Wh+F+tHutWvpEwEcUaBB1/1Io51iEehoZ9JoFq3jeEUMnMrJh2iCRUm2jTJgRneuVZUjnKOce505uTbCE/iSOFdtEeOkAOOkMFdIVKqIwoekBP6BW9WY/Ws/VufYytc9akZwf9gfX1DcS7pLM=</latexit>
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P =
⇥
B AB A2B . . . An�1B

⇤
controllability matrixwe defined the matrix

rank(P ) = n

we now study the two cases: 

• controllable system:  rank (P  ) = n and

• uncontrollable (or not fully controllable) system: rank (P  ) = m < n

if 1 input case P  nonsingular square matrix P�1 exists

let ° be the last row of P�1 and define the matrix T as 

T =

2

6664

�
�A
...

�An�1

3

7775
• T is nonsingular (no proof) 

• T is such that TAT�1 = Ac TB = Bc

Bc =

2

6664

0
...
0
1

3

7775
Ac =

2

6664

0 1 . . . 0
...

. . . 0
0 0 . . . 1

�a0 �a1 . . . �an�1

3

7775

pA(�) = �n + an�1�
n�1 + · · ·+ a1�+ a0with

controller

canonical


form

Controllability

w = Txthat is we define a change of coordinates



Lanari: CS - State space design 7

w = Tx ẇ = Acw +Bcu

u = Fcw + v = FcTx+ v = Fx+ v

ẇ = (Ac +BcFc)w +Bcv

+

+

v u

F

x

S

effect of a state feedback

Acl = Ac +BcFc

Fc =
⇥
f0 f1 . . . fn�1

⇤

Ac +BcFc =

2

6664

0 1 . . . 0
...

. . . 0
0 0 . . . 1

�a0 �a1 . . . �an�1

3

7775
+

2

6664

0
...
0
1

3

7775
⇥
f0 f1 . . . fn�1

⇤

• state feedback in w          in x
in the new coordinates w = Tx, the 
effect of the state feedback is more 
evident

dynamic matrix of the
closed-loop system

assuming

we have
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Ac +BcFc =

2

6664

0 1 . . . 0
...

. . . 0
0 0 . . . 1

f0 � a0 f1 � a1 . . . fn�1 � an�1

3

7775

{�⇤
1,�

⇤
2, . . . ,�

⇤
n}

p⇤A(⇥) = (⇥� ⇥⇤
1) . . . (⇥� ⇥⇤

n) = ⇥n + �n�1⇥
n�1 + · · ·+ �1⇥+ �0

• closed-loop dynamic matrix

• if desired eigenvalues which can be seen as solutions of the polynomial

fi = ai � �i i = 0, . . . , n� 1

• back in the original coordinates u  = F x  with F  = Fc T

but things get even simpler:
we can get a simple formula
directly in the x original
coordinates without going
through w

choosing we assign the n eigenvalues

+

+

v u

Fc

w

S
+

+

v u

F
x

S

desired closed loop

polynomial
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Th. Caley-Hamilton

Let A have the characteristic polynomial 

pA(�) = �n + an�1�
n�1 + · · ·+ a1�+ a0

then A satisfies its own characteristic polynomial that is

pA(A) = An + an�1A
n�1 + · · ·+ a1A+ a0I = 0

from
Caley-Hamilton

this is not equal 
to 0 since the 

Caley-Hamilton 
theorem

does not hold
p*(¸) is not the characteristic polynomial of A

applied to our problem

p⇤(A) = An + ↵n�1A
n�1 + · · ·+ ↵1A+ ↵0I

<latexit sha1_base64="pdypHK6Lkb7+1xQ3J7kEduWMgF8="></latexit>

An = �an�1A
n�1 � · · ·� a1A� a0I

<latexit sha1_base64="edcCcOmZiyP9EraFUy+7rwXtxdk=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEgsjRIeogtSKxbYikQfUptGjuu0Vh0nsh2kKupfsPArLAwgxAobf4ObZoCWI1n36Jx7bd/jx4xKZdvfxtLyyuraemGjuLm1vbNr7u03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOWPrqd+64EISSN+r8YxcUM04DSgGCkteaZV63F4BcvIS3nZmdR6WYFlCLv9SElNkOfAWlZteOuZJduyM8BF4uSkBHLUPfNL34OTkHCFGZKy49ixclMkFMWMTIrdRJIY4REakI6mHIVEumm21wQea6UPg0jowxXM1N8TKQqlHIe+7gyRGsp5byr+53USFVTclPI4UYTj2UNBwqCK4DQk2KeCYMXGmiAsqP4rxEMkEFY6yqIOwZlfeZE0Ty3nzLq4Oy9VK3kcBXAIjsAJcMAlqIIbUAcNgMEjeAav4M14Ml6Md+Nj1rpk5DMH4A+Mzx+7uJs6</latexit>

<latexit sha1_base64="0yl9BmIOqXXNrXOGuwOTtQfT4lw="></latexit>

=) p⇤(�)�An = ↵n�1�
n�1 + · · ·+ ↵1A+ ↵0I
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F  = Fc T

F =
⇥
a0 � �0 a1 � �1 · · · an�1 � �n�1

⇤

2

6664

⇥
⇥A
...

⇥An�1

3

7775

= ⇥
⇥
a0I + a1A+ · · ·+ an�1A

n�1

�(�0I + �1A+ · · ·+ �n�1A
n�1)

⇤

= ⇥ [�An � (p⇤(A)�An)]

= �⇥p⇤(A)

F = ��p⇤(A) Ackermann
formula

let’s compute F in the original coordinates

to assign a set of desired eigenvalues {�⇤
1,�

⇤
2, . . . ,�

⇤
n} solutions of the polynomial p⇤A(�)

<latexit sha1_base64="fQSJzLWqJCnrSKydcjoADFu6FvE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkriA7usuHFZwT6giWEymbRDJw9mJkqp/RQ3LhRx65e482+ctllo64GBwzn3cO8cP+VMKsv6Ngorq2vrG8XN0tb2zu6eWd5vyyQThLZIwhPR9bGknMW0pZjitJsKiiOf044/vJ76nQcqJEviOzVKqRvhfsxCRrDSkmeWU+/q3sFSVR2uUwE+8cyKVbNmQMvEzkkFcjQ988sJEpJFNFaEYyl7tpUqd4yFYoTTScnJJE0xGeI+7Wka44hKdzw7fYKOtRKgMBH6xQrN1N+JMY6kHEW+noywGshFbyr+5/UyFdbdMYvTTNGYzBeFGUcqQdMeUMAEJYqPNMFEMH0rIgMsMFG6rZIuwV788jJpn9bss9rF7XmlUc/rKMIhHEEVbLiEBtxAE1pA4BGe4RXejCfjxXg3PuajBSPPHMAfGJ8/chiTcg==</latexit>

to the matrix A+BF, we can compute (for the controllable system case) the last row ° of 
the inverse of the controllability matrix and use the Ackermann formula
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what happens when the system is not controllable?

rank(P ) = m < n dim Range (P  ) = dim Image (P  ) = dim Im (P  ) = m

Im (P  ) = subspace generated by m independent vectors

we can choose as base of Im (P  ) the m linearly independent
columns of P  which we call {v1, v1, ..., vm}

Im (P  ) = gen {v1, v1, ..., vm}

define a change of coordinates T (nonsingular) such that

T�1 =
⇥
v1 v2 · · · vm vm+1 · · · vn

⇤

base of P completion:
choose the remaining n-m 
n-dimensional vectors such that 
all the columns of T 

-1 are linearly
independent

note that, by construction,
no vector vk, for k = m+1, …, n (vector of the completion) belongs to Im (P  )

n components
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A =

2

4
�2 0 3
0 0 2
�1 0 2

3

5

<latexit sha1_base64="nmAX8JfczHKAFsuce2JfqUENRgA=">AAACLnicbVBdSwJBFJ21L7Mvq8dehqToRdnVIl8CI4IeDVIDV2R2vOrg7OwyMxvJ4i/qpb9SD0FF9NrPaFYtKrtw4dxz7+Hee7yQM6Vt+9lKzc0vLC6llzMrq2vrG9nNrboKIkmhRgMeyGuPKOBMQE0zzeE6lEB8j0PDG5wl/cYNSMUCcaWHIbR80hOsyyjRhmpnz0/xCXY96DERez7Rkt2O8kW8j22TJey6Y5BkMSnyzlflguh8K9rZnF2wx4FngTMFOTSNajv76HYCGvkgNOVEqaZjh7oVE6kZ5TDKuJGCkNAB6UHTQEF8UK14/O4I7xmmg7uBNCk0HrM/FTHxlRr6npk09/XV315C/tdrRrpbbsVMhJEGQSeLuhHHOsCJd7jDJFDNhwYQKpm5FdM+kYRq43DGmOD8fXkW1IsFp1Q4ujzMVcpTO9JoB+2iA+SgY1RBF6iKaoiiO/SAXtCrdW89WW/W+2Q0ZU012+hXWB+fzN+iUg==</latexit>

B =

2

4
1
0
1

3

5

<latexit sha1_base64="QcdPPR9a41rm/20cwOOMlDVbT/E=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpnxgd0IRTcuK9gHdIaSSW/b0ExmSDJiGfoRbvwVNy4UcevCnX9jph1EWw8kHM65l3vv8SPOlLbtLyu3sLi0vJJfLaytb2xuFbd3GiqMJYU6DXkoWz5RwJmAumaaQyuSQAKfQ9MfXqV+8w6kYqG41aMIvID0BesxSrSROsWjS3yBXR/6TCR+QLRk92MHuy62089xQXR/9E6xZJftCfA8cTJSQhlqneKn2w1pHIDQlBOl2o4daS8hUjPKYVxwYwURoUPSh7ahggSgvGRy1BgfGKWLe6E0T2g8UX93JCRQahT4ptLsN1CzXir+57Vj3at4CRNRrEHQ6aBezLEOcZoQ7jIJVPORIYRKZnbFdEAkodrkWDAhOLMnz5PGcdk5KZ/dnJaqlSyOPNpD++gQOegcVdE1qqE6ougBPaEX9Go9Ws/Wm/U+Lc1ZWc8u+gPr4xvG0J1p</latexit>

P =

2

4
1 1 1
0 2 2
1 1 1

3

5

<latexit sha1_base64="H8sRDDy4ojjEZ780v3iFxTEiR4I=">AAACLXicbVDLSgMxFM3UV62vqks3waK4KjNVsRuhoAuXFewDOkPJpLdtaCYzJBmxDP0hN/6KCC4q4tbfMJ2Woq0XLpyccw+59/gRZ0rb9tjKrKyurW9kN3Nb2zu7e/n9g7oKY0mhRkMeyqZPFHAmoKaZ5tCMJJDA59DwBzcTvfEIUrFQPOhhBF5AeoJ1GSXaUO38bRVfY9eHHhOJHxAt2dPIwad42q6LbQNKaZvHXMm5IDpzQztfsIt2WngZODNQQLOqtvNvbiekcQBCU06Uajl2pL2ESM0oh1HOjRVEhA5ID1oGChKA8pL02hE+MUwHd0NpWmicsr8dCQmUGga+mTT79dWiNiH/01qx7pa9hIko1iDo9KNuzLEO8SQ63GESqOZDAwiVzOyKaZ9IQrUJOGdCcBZPXgb1UtE5L17eXxQq5VkcWXSEjtEZctAVqqA7VEU1RNEzekVj9GG9WO/Wp/U1Hc1YM88h+lPW9w83BaIH</latexit>

example

controllability 
matrix

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
1
2
1

3

5

9
=

;
<latexit sha1_base64="zk2UXhdIlpKV6/7NsWVIoda5DqY="></latexit>

therefore
the same 

subspace is 
generated by

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
0
1
0

3

5

9
=

;
<latexit sha1_base64="epGoBTfHdbdjuiKWTRj7OxWg3Lc="></latexit>

since

2

4
0
1
0

3

5

<latexit sha1_base64="Qai3c4gAn+H0UWUn6eK0EjvkFl8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJL4wC4LblxWsA9oQplMb9uhk0mYmYgl9CPc+CtuXCji1oU7/8ZJG1BbD8xwOOde7r0niDlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC6yvzWHUjFInGrxzH4IRkI1meUaCN17RMvgAETaRASLdn9BDvY87CLs98peSB6P1bXLjsVZwq8SNyclFGOetf+9HoRTUIQmnKiVMd1Yu2nRGpGOUxKXqIgJnREBtAxVJAQlJ9Oj5rgI6P0cD+S5gmNp+rvjpSESo3DwFSaBYdq3svE/7xOovtVP2UiTjQIOhvUTzjWEc4Swj0mgWo+NoRQycyumA6JJFSbHEsmBHf+5EXSPK24Z5WLm/NyrZrHUUQH6BAdIxddohq6RnXUQBQ9oCf0gl6tR+vZerPeZ6UFK+/ZR39gfXwDUZOdEw==</latexit>

can be generated as

2

4
0
1
0

3

5 = �0.5

2

4
1
0
1

3

5+ 0.5

2

4
1
2
1

3

5

<latexit sha1_base64="Y6zSlXWN1LEoiSvar3cE02nTn3s="></latexit>

T�1 =

2

4
1 1 0
0 2 0
1 1 1

3

5

<latexit sha1_base64="jPrIn8rIPVBdLVCDgsFsNw228fc="></latexit>

T�1 =

2

4
1 0 0
0 1 0
1 0 1

3

5

<latexit sha1_base64="97cYC11H3+X2K/o9nTbCIkwGG6A="></latexit>

T�1 =

2

4
1 0 1
0 1 0
1 0 0

3

5

<latexit sha1_base64="9aMpMfjBv5v/PELW63JTNDH/SL4="></latexit>

T�1 =

2

4
1 0 �2
0 1 3
1 0 4

3

5

<latexit sha1_base64="XsawX1ZCmb2y4pJtOVOGUUdPnOU="></latexit>

we can choose 
different changes of 
coordinates

different base of Im(P ) different completion but always such 
that the matrix T is nonsingular
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under this change of coordinates z = Tx

Ã = TAT�1 =

"
Ã11 Ã12

0 Ã22

#
B̃ = TB =

"
B̃1

0

#
m

m m

n - m

n - m n - m

C̃ = CT�1 =
⇥
C̃1 C̃2

⇤ no special structure 
(controllability depends only upon A and B )

controllable

rank
⇥
B̃1 Ã11B̃1 Ã2

11B̃1 . . . Ãm�1
11 B̃1

⇤
= m

(Ã11, B̃1)

eig
n
Ã
o
= eig

n
Ã11

o [
eig

n
Ã22

o

Kalman decomposition w.r.t. controllability

such that

•  

•  that is

•  
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• property of Im (P  ) : invariance w.r..t A 

Kalman decomposition w.r.t. controllability (partial proof)

if v belongs to Im (P  ) then Av also belongs to Im (P  )

v 2 Im(P ) ) Av 2 Im(P )
<latexit sha1_base64="ZPNaq98oo2YqS4+o9OdK7pT/D8M=">AAACKnicbVDLTgIxFO34RHyNunTTSEwwMWTGR2QJcaM7NPJImAnplAINbWdsOxgy4Xvc+CtuWGiIWz/EArNQ8CRNTs45N7f3BBGjSjvOxFpZXVvf2MxsZbd3dvf27YPDmgpjiUkVhyyUjQApwqggVU01I41IEsQDRupB/3bq1wdEKhqKJz2MiM9RV9AOxUgbqWWXB9CjAiae5PCej2C+cga95xi1ofdIuz2NpAxfUqXsncPleMvOOQVnBrhM3JTkQIpKyx577RDHnAiNGVKq6TqR9hMkNcWMjLJerEiEcB91SdNQgThRfjI7dQRPjdKGnVCaJzScqb8nEsSVGvLAJDnSPbXoTcX/vGasO0U/oSKKNRF4vqgTM6hDOO0NtqkkWLOhIQhLav4KcQ9JhLVpN2tKcBdPXia1i4J7Wbh+uMqVimkdGXAMTkAeuOAGlMAdqIAqwOAVvIMP8Gm9WWNrYn3NoytWOnME/sD6/gEamKSU</latexit>

if v belongs to Im (P  ) then it can be expressed as a linear combination of the base of Im (P  ) 

v 2 Im(P ) ) v =
mX

i=1

�ivi
<latexit sha1_base64="S8+/XUgZJyFHrPwndMUMw2K8w9s="></latexit>

in the z coordinates, w = T v belongs to Im (P  ) and therefore, being    

v = T�1w 2 Im(P ) and v =
mX

i=1

�ivi ) w =

2

666666664

�1
...

�m

0
...
0

3

777777775

<latexit sha1_base64="3l/QAL2iyCzq/RGmioTaC0oN8mg="></latexit>

i.e. if w belongs to Im (P  ) 

then its last n-m components are 

equal to 0 in the new coordinates
w = T x
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Kalman decomposition w.r.t. controllability (partial proof)

if Im (P  ) is invariant w.r..t A it is also invariant w.r.t. Ac = TA T 
-1 (coordinate independent)

• in the new coordinates w = T x if w belongs to Im (P  ) it has the last n-m 
components equal to 0 

w 2 Im(P ) ) w =


⇤
0

�

<latexit sha1_base64="H3BXrEI6CrGljJ+L/ZeAaxsk+IQ="></latexit>

• if w belongs to Im (P  ) then also Ac w belongs to Im (P  ) and therefore also Ac w has 
the last n-m components equal to 0 

Ac w 2 Im(P ) ) Ac w =


?
0

�

<latexit sha1_base64="i3kvPZJKz93ApPK6Ag06I8I3EAI="></latexit>

• then, for a generic Ac the invariance of w belonging to Im (P  ) w.r.t. Ac to means that 
the fowling relationship must hold for any vector [ ]


Ac11 Ac12

Ac21 Ac22

� 
[ ]
0

�
=


?
0

�
) Ac21.[ ] = 0 ) Ac21 = 0

<latexit sha1_base64="LwIPgJyJb5jZoZFRfygCEGze7EM="></latexit>

• note that B belongs to Im (P  ) then Bc also belongs to Im (P  ) and therefore has its 
last n-m components equal to 0
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partition z  accordingly z = Tx =

"
z1

z2

#

8
>><

>>:

ż1 = Ã11z1 + Ã12z2 + B̃1u

ż2 = Ã22z2

y = C̃1z1 + C̃2z2

m

n - m

ż1 = · · ·

ż2 = · · ·

controllable
subsystem

uncontrollable
subsystem

input u output

two sets of equations
can be viewed as two 

subsystems, (S1) with 
state z1 and (S2) with
state z2

the state evolution of this subsystem
is not influenced, either directly or 
indirectly through z1, by the input u

dimensions

Kalman decomposition w.r.t. controllability

inputs of (S1)

(S2) is autonomous
(no inputs)
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controllable
subsystem

uncontrollable
subsystem

input m controllable
eigenvalues ¸i

n - m uncontrollable
eigenvalues ¸j

• effect of a state feedback  
   (system is no more fully controllable so the previous result on eigenvalue assignment is not
    applicable)

u = F̃ z + v = F̃ Tx+ v =
⇥
F̃1 F̃2

⇤ z1
z2

�
+ v

hidden dynamics
(hidden modes)

Kalman decomposition w.r.t. controllability

partitioned
accordingly to z
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closed-loop system

+

+

v u

z

S

ż = Ãz + B̃u = (Ã+ B̃F̃ )z + B̃v

F̃2 = 0we can set since it does not affect the eigenvalues

(Ã+ B̃F̃ ) =

"
Ã11 Ã12

0 Ã22

#
+

"
B̃1

0

#
⇥
F̃1 F̃2

⇤

=

"
Ã11 + B̃1F̃1 Ã12 + B̃1F̃2

0 Ã22

#

eig
n
Ã+ B̃F̃

o
= eig

n
Ã11 + B̃1F̃1

o [
eig

n
Ã22

o

effect is evident in
the new coordinates z 

F̃
<latexit sha1_base64="OEOOA3kIlHpkGK10VD3SYwX99Qw=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV0fmGNAEI8RzAOSJczO9iZDZmfXmV4hhPyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmOTR4IhPdDpgBKRQ0UKCEdqqBxYGEVjC8mfqtJ9BGJOoBRyn4MesrEQnO0ErtLgoZAr3tlcpuxZ2BLhMvJ2WSo94rfXXDhGcxKOSSGdPx3BT9MdMouIRJsZsZSBkfsj50LFUsBuOPZ/dO6KlVQhol2pZCOlN/T4xZbMwoDmxnzHBgFr2p+J/XyTCq+mOh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8i8rV/WW5Vs3jKJBjckLOiEeuSY3ckTppEE4keSav5M15dF6cd+dj3rri5DNH5A+czx+Gq4+b</latexit>
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controllable(Ã11, B̃1)

the eigenvalues of the uncontrollable subsystem are fixed, no state-feedback is able to 

move them 

if we want to make the closed-loop system asymptotically stable (or stabilize the 

closed loop system) with a state feedback, either the eigenvalues of the 

uncontrollable subsystem (if any) are already with negative real part (the system is 

said to be stabilizable) or the problem has no solution

applying the result for controllable systems, we can 

arbitrarily assign the m eigenvalues of the 

controllable subsystem through a state feedback (for 

example with the Ackermann formula)

F̃1 = ��̃1p
⇤
1(Ã11)

in the original coordinates F = F̃ T =
⇥
��̃1 p⇤1(Ã11) 0

⇤
T

F̃1
<latexit sha1_base64="3qXgW0elK3jUdA+xaXvOzcbMh3U=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDgniMYB6YLGF2tjcZMju7zMwKIeQvvHhQxKt/482/cZLsQaMFDUVVN91dQSq4Nq775RRWVtfWN4qbpa3tnd298v5BSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAej65nffkSleSLvzThFP6YDySPOqLHSQ89wESK56Xv9csWtunOQv8TLSQVyNPrlz16YsCxGaZigWnc9NzX+hCrDmcBpqZdpTCkb0QF2LZU0Ru1P5hdPyYlVQhIlypY0ZK7+nJjQWOtxHNjOmJqhXvZm4n9eNzNRzZ9wmWYGJVssijJBTEJm75OQK2RGjC2hTHF7K2FDqigzNqSSDcFbfvkvaZ1VvfPq5d1FpV7L4yjCERzDKXhwBXW4hQY0gYGEJ3iBV0c7z86b875oLTj5zCH8gvPxDbDnkD8=</latexit>

F̃2
<latexit sha1_base64="MRTlTNRkx9PltEDfyGBNEaJoZbw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGxRwDgniMYB6YLGF2tpMMmZ1dZmaFEPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzDhBP6IDyfucUWOlx67hIkRy26v0iiW37M5BVomXkRJkqPeKX90wZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzC+ekjOrhKQfK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndT0q/6EyyQ1KNliUT8VxMRk9j4JuUJmxNgSyhS3txI2pIoyY0Mq2BC85ZdXSbNS9i7KV/eXpVo1iyMPJ3AK5+DBNdTgDurQAAYSnuEV3hztvDjvzseiNedkM8fwB87nD7JrkEA=</latexit>
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alternatively we can say that a system (or a pair (A,B  )) is stabilizable with state feedback 

if every eigenvalue with positive or null real part is controllable i.e.

rank
�
A� �iI B

�
= n 8�i / Re[�i] � 0

note that stabilizability is a weaker requirement w.r.t. controllability (we need controllability 

only for those eigenvalues which do not have negative real part)
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Observability

Given a system S with state x described by (A,B,C  ) we want to find a dynamical 
system So with state » which reconstructs asymptotically the system’s state x that is, 
defining the error as e = » - x, we want 

lim
t!1

e(t) = lim
t!1

[�(t)� x(t)] = 0

t

x (0)

» (0)

e (t)

ẋ = Ax+Bu

y = Cx
Plant

unknown plant’s 
initial condition

initial condition 
for So
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ẋ = Ax+Bu

y = Cx
Plant

First idea: since we know (A,B,C  ) we just use a copy of the plant driven by the same input

Copy

How does the reconstruction error e = » - x change in time?

ė = �̇ � ẋ = A� +Bu�Ax�Bu = A(� � x) = Ae

• either I know the initial state (too strong assumption) of the plant and I initialize 

the copy in » (0) =  x (0) so that e (0) =  0

• or the plant is asymptotically stable and therefore the error tends to zero with a 

convergence rate that depends only on the system (also a restrictive assumption)

�̇ = A� +Bu

unsatisfactory solution

We assume to know the system model (A,B,C,D  ) the input u and the output y 
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A

Z x
B C

+

+

yu

A

Z
B

+

+

»

Plant

Copy

in our previous idea we did not use 
the measured output y yet

<latexit sha1_base64="+7HvOYLPsMLU+0e3WNXteW+fVSw=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy4r2Ae0Q8mkmTY0kxmTO2IZ+hNuXCji1t9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm8QI+k9iX654lbdOcgq8XJSgRyNfvnLRlkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/k5kNDJmEgV2MqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9a6q7t1lpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY/FaMHJM8fwB87nD8fBj8Q=</latexit>

⇠̇

<latexit sha1_base64="7ee/yGFkIKZK+4zFtRghRd0hj3c=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy4r2Ae0Q8mkmTY2kxmSO2IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilVm8QI3nqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN34233ZKzqwyIGGs7VNI5urvREYjYyZRYCcjiiOz7M3E/7xuimHNz4RKUuSKLT4KU0kwJrPTyUBozlBOLKFMC7srYSOqKUNbUMmW4C2fvEpaF1XvqureXVbqtbyOIpzAKZyDB9dQh1toQBMYPMAzvMKbEzsvzrvzsRgtOHnmGP7A+fwBToqO6w==</latexit>

ẋ
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we add a term which is proportional to the reconstructed output error (Cx - C»)

A

Z x
B C

+

+

yu

A

Z
B

+

+

»

K

C
yo

+
-

+

asymptotic observer �̇ = A� +Bu+K(Cx� C�)

yo = C�

true output 
(measurable)

reconstructed output
yo = C»

reconstructed output
error (y - yo )

K : (n x 1)

<latexit sha1_base64="+7HvOYLPsMLU+0e3WNXteW+fVSw=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy4r2Ae0Q8mkmTY0kxmTO2IZ+hNuXCji1t9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTm8QI+k9iX654lbdOcgq8XJSgRyNfvnLRlkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/N9p+TMKgMSxto+hWSu/k5kNDJmEgV2MqI4MsveTPzP66YY1vxMqCRFrtjiozCVBGMyO54MhOYM5cQSyrSwuxI2opoytBWVbAne8smrpHVR9a6q7t1lpV7L6yjCCZzCOXhwDXW4hQY0gYGEZ3iFN+fBeXHenY/FaMHJM8fwB87nD8fBj8Q=</latexit>

⇠̇

<latexit sha1_base64="7ee/yGFkIKZK+4zFtRghRd0hj3c=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYpcFNy4r2Ae0Q8mkmTY2kxmSO2IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilVm8QI3nqlytu1Z2DrBIvJxXI0eiXv2yQpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN34233ZKzqwyIGGs7VNI5urvREYjYyZRYCcjiiOz7M3E/7xuimHNz4RKUuSKLT4KU0kwJrPTyUBozlBOLKFMC7srYSOqKUNbUMmW4C2fvEpaF1XvqureXVbqtbyOIpzAKZyDB9dQh1toQBMYPMAzvMKbEzsvzrvzsRgtOHnmGP7A+fwBToqO6w==</latexit>

ẋ
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the error now evolves as

ė = �̇ � ẋ = A� +Bu+K(Cx� C�)�Ax�Bu

= (A�KC)(� � x) = (A�KC)e

and therefore the error converges asymptotically to zero if and only if all the eigenvalues of 

the matrix (A - KC) have negative real part

• either the plant S is asymptotically stable and we can choose K = 0 but 

then the convergence rate is fixed

• or we can use K ( n x 1 vector) to assign the eigenvalues of (A - KC) 

and therefore choose the convergence rate at which the error tends to 

zero. We need to understand under which conditions this is possible and 

then how to choose K  to assign the convergence rate arbitrarily, i.e., the 

eigenvalues of the matrix (A - KC)
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remember that for a generic square matrix M

⇥?K / eig(A�KC) = {�⇤
1,�

⇤
2, . . . ,�

⇤
n}

eig(M) = eig(MT )

eig((A�KC)) = eig((A�KC)T ) = eig(AT � CTKT )

therefore

and defining
Ā = AT B̄ = CT F̄ = �KT

eig(A�KC) = eig(Ā+ B̄F̄ )

�? F̄ / eig(Ā+ B̄F̄ ) = {�⇤
1,�

⇤
2, . . . ,�

⇤
n}⇥?K / eig(A�KC) = {�⇤

1,�
⇤
2, . . . ,�

⇤
n} ,

(Ā, B̄)

therefore the question is equivalent to requiring if

we know that we can assign n 
arbitrarily eigenvalues to
iff the pair             is controllable

<latexit sha1_base64="MfFsfUMDbJU4d6IJh45TEetxViE=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsgiCUGVHssiqIywr2Au1QMmmmDc1khiQjlLELX8WNC0Xc+hrufBvT6Sy09UDIx/+fQ05+P+ZMacf5thYWl5ZXVgtrxfWNza1te2e3oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eD3xmw9UKhaJez2KqRfivmABI1gbqWvvd3ws0SU6QRlcTa+brl1yyk5WaB7cHEqQV61rf3V6EUlCKjThWKm268TaS7HUjHA6LnYSRWNMhrhP2wYFDqny0mz/MToySg8FkTRHaJSpvydSHCo1Cn3TGWI9ULPeRPzPayc6qHgpE3GiqSDTh4KEIx2hSRioxyQlmo8MYCKZ2RWRAZaYaBNZ0YTgzn55HhqnZfe87NydlaqVPI4CHMAhHIMLF1CFW6hBHQg8wjO8wpv1ZL1Y79bHtHXBymf24E9Znz+oPpPo</latexit>

Ā+ B̄F̄
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controllable is equivalent to(Ā, B̄)

rank(M) = rank(MT )
since in general

⇥K / eig(A�KC) = {�⇤
1,�

⇤
2, . . . ,�

⇤
n}

if and only if 

(A,C  ) is observable or equivalently the plant is observable

rank
⇥
B̄ ĀB̄ · · · Ān�1B̄

⇤
= rank

⇥
CT ATCT

· · · A(n�1)TCT
⇤

= rank

2

6664

C
CA
...

CAn�1

3

7775
= rank

⇥
O
⇤
= n

is the observability matrixO
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how do we choose K  s.t. eig(A�KC) = {�⇤
1,�

⇤
2, . . . ,�

⇤
n}

F̄ = ��̄p⇤(Ā)

and since for any invertible matrix

• moreover, being

p⇤(Ā) = p⇤(AT ) = [p⇤(A)]T

K = p⇤(A)�̄T

�̄T is the last column of the observability matrix inverse O
�1

⇥
B̄ ĀB̄ . . . Ān�1B̄

⇤�1
=

⇥
CT ATCT . . . (AT )n�1CT

⇤�1
=

⇥
O

T
⇤�1

<latexit sha1_base64="kuQxP/9OtNZgNuD65dxb2EXi+ic="></latexit>

⇥
O

T
⇤�1

=
⇥
O

�1
⇤T

<latexit sha1_base64="WA4DwrdQLDaGHBqHOVe9+ofA0m0=">AAACKHicbVDLSgMxFM34rPVVdekmWAQ3lhkf2I1YcOPOCn3BzLRk0kwbmnmQ3BHK0M9x46+4EVGkW7/EdFpBWw8EDuecy809Xiy4AtMcG0vLK6tr67mN/ObW9s5uYW+/oaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uJ34zUcmFY/CGgxj5gakF3KfUwJa6hRuHMF8sHHqUCLw/ahdw47kvT647fTUGuFrPB/I5J9MrVMomiUzA14k1owU0QzVTuHN6UY0CVgIVBClbMuMwU2JBE4FG+WdRLGY0AHpMVvTkARMuWl26Agfa6WL/UjqFwLO1N8TKQmUGgaeTgYE+mrem4j/eXYCftlNeRgnwEI6XeQnAkOEJ63hLpeMghhqQqjk+q+Y9okkFHS3eV2CNX/yImmclazz0uXDRbFSntWRQ4foCJ0gC12hCrpDVVRHFD2hF/SOPoxn49X4NMbT6JIxmzlAf2B8fQPnNaU/</latexit>

�̄ the last row of 

F̄ = �KT ) K = �F̄T =
⇥
p⇤(Ā)

⇤T
�̄T = p⇤(A)�̄T

<latexit sha1_base64="Me/NQtmstgEdpMg9q0rLkmhG9K4="></latexit>

• therefore

• first we have that

to assign n desired eigenvalues, solutions of the desired polynomial          , to the 
matrix A-KC which governs the observation error dynamics, the design matrix 
K has to chosen as

p⇤A(�)
<latexit sha1_base64="fQSJzLWqJCnrSKydcjoADFu6FvE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkriA7usuHFZwT6giWEymbRDJw9mJkqp/RQ3LhRx65e482+ctllo64GBwzn3cO8cP+VMKsv6Ngorq2vrG8XN0tb2zu6eWd5vyyQThLZIwhPR9bGknMW0pZjitJsKiiOf044/vJ76nQcqJEviOzVKqRvhfsxCRrDSkmeWU+/q3sFSVR2uUwE+8cyKVbNmQMvEzkkFcjQ988sJEpJFNFaEYyl7tpUqd4yFYoTTScnJJE0xGeI+7Wka44hKdzw7fYKOtRKgMBH6xQrN1N+JMY6kHEW+noywGshFbyr+5/UyFdbdMYvTTNGYzBeFGUcqQdMeUMAEJYqPNMFEMH0rIgMsMFG6rZIuwV788jJpn9bss9rF7XmlUc/rKMIhHEEVbLiEBtxAE1pA4BGe4RXejCfjxXg3PuajBSPPHMAfGJ8/chiTcg==</latexit>

where
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We can build an asymptotic observer So 

{�⇤
1,�

⇤
2, . . . ,�

⇤
n}

such that the observation error e = » - x decays exponentially to zero with assigned rate given 

by the set of desired eigenvalues

if and only if the plant S is observable

The matrix K is given by K = p⇤(A)�̄T

�̄T being the last column of the observability matrix inverse O
�1

plant S

asymptotic
state

observer

»

yu

�̇ = A� +Bu+K(Cx� C�) = (A�KC)� +Bu+Ky
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What happens if the plant S is not observable? 

S is not observable the observability matrix is singular  

the kernel or nullspace has dimension n - m 

recall that

T�1 =
⇥
w1 · · · wm v1 v2 · · · vn�m

⇤

choose T such that

base ofcompletion
(such that all the columns
are linearly independent)

linear subspaceker(O) = gen {v1, v2, . . . , vn�m}

ker(O)

rank(O) = m < n
<latexit sha1_base64="0zjokB2I8qCCcMDtlm4DDFCDCHE=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSDES9j1gTkoBLx4M4J5QLKE3skkGTIzu8zMCmHJyYu/4sWDIl79Bm/+jZNkD5pY0FBUddPdFUScaeO6387C4tLyympmLbu+sbm1ndvZrekwVoRWSchD1QhAU84krRpmOG1EioIIOK0Hg+uxX3+gSrNQ3pthRH0BPcm6jICxUjt3kLSUwArkYIQLSYsAx7ejY3yFBb7E1s+7RXcCPE+8lORRiko799XqhCQWVBrCQeum50bGT0AZRjgdZVuxphGQAfRo01IJgmo/mbwxwkdW6eBuqGxJgyfq74kEhNZDEdhOAaavZ72x+J/XjE235CdMRrGhkkwXdWOOTYjHmeAOU5QYPrQEiGL2Vkz6oIAYm1zWhuDNvjxPaidF77R4fneWL5fSODJoHx2iAvLQBSqjG1RBVUTQI3pGr+jNeXJenHfnY9q64KQze+gPnM8fPB2XAQ==</latexit>

ker(M) = {v |Mv = 0}
<latexit sha1_base64="c2aZ7k3/xmiTFlbdGVFavGCoA0I=">AAACGnicbVDJSgNBEO2Je9yiHr00BiFCCDMu6EUQvHgRIhgV0iH0dGqSJj0L3TWBMOY7vPgrXjwo4k28+Dd2loMaH1TxeK+K7np+oqRB1/1ycjOzc/MLi0v55ZXVtfXCxuaNiVMtoCZiFes7nxtQMoIaSlRwl2jgoa/g1u+eD/3bHmgj4+ga+wk0Qt6OZCAFRys1C17GdEi7oAelyz16SpmCAFlGe6zMyvSe2nbZs7pLmZbtDrJBs1B0K+4IdJp4E1IkE1SbhQ/WikUaQoRCcWPqnptgI+MapVAwyLPUQMJFl7ehbmnEQzCNbHTagO5apUWDWNuKkI7UnxsZD43ph76dDDl2zF9vKP7n1VMMThqZjJIUIRLjh4JUUYzpMCfakhoEqr4lXGhp/0pFh2su0KaZtyF4f0+eJjf7Fe+gcnR1WDw7mcSxSLbJDikRjxyTM3JBqqRGBHkgT+SFvDqPzrPz5ryPR3POZGeL/ILz+Q2QIJ4N</latexit>
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under this change of coordinates z = Tx

m n - m

Kalman decomposition w.r.t. observability

Ã = TAT�1 =

"
Ã11 0

Ã21 Ã22

#
B̃ = TB =

"
B̃1

B̃2

#

C̃ = CT�1 =
⇥
C̃1 0

⇤

rank

2

664

C̃1

C̃1Ã11

. . .
C̃1Ã

m�1
11

3

775 = m (Ã11, C̃1)

no special
structure

eig
n
Ã
o
= eig

n
Ã11

o [
eig

n
Ã22

o

n - m

m

m n - m

observable,
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z = Tx =

"
z1

z2

#
m

n - m

8
>><

>>:

ż1 = Ã11z1 + B̃1u

ż2 = Ã21z1 + Ã22z2 + B̃2u

y = C̃1z1

ż1 = · · ·

ż2 = · · ·

observable
subsystem

unobservable
subsystem

input output

partition z  accordingly

two sets of equations
can be viewed as two 

subsystems, (S1) with 
state z1 and (S2) with
state z2

the state evolution of this subsystem
does not influence the output y, 
neither directly nor indirectly 
through z1

Kalman decomposition w.r.t. observability
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observable
subsystem

unobservable
subsystem

m observable
eigenvalues ¸i

n - m unobservable
eigenvalues ¸j

output

hidden dynamics
(hidden modes)

what happens if we try to built an observer?

first note that since now we are in the z coordinates, the observer built with the matrices 
obtained in this decomposition will try to reconstruct z so the new error will be

ẽ = �̃ � z

Kalman decomposition w.r.t. observability
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(Ã� K̃C̃) =

"
Ã11 0

Ã21 Ã22

#
�
"
K̃1

K̃2

#
⇥
C̃1 0

⇤

=

"
Ã11 � K̃1C̃1 0

Ã21 � K̃2C̃1 Ã22

#

eig
n
Ã� K̃C̃

o
= eig

n
Ã11 � K̃1C̃1

o [
eig

n
Ã22

o

we can set since it does not affect the eigenvaluesK̃2 = 0

˙̃� = Ã�̃ + B̃u+ K̃(C̃z � C̃ �̃) = (Ã� K̃C̃)�̃ + B̃u+ K̃y

yo = C̃ �̃

˙̃e = · · · = (Ã� K̃C̃)ẽ

tentative observer

the reconstruction error (in the new coordinates) evolves as

with the new dynamic matrix

unaffected by K̃
<latexit sha1_base64="9JckpbFTqg/rfPWSYEfiyJJEUaA=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV0fmGPAi+AlgnlAsoTZ2d5kyOzsOtMrhJCf8OJBEa/+jjf/xkmyB00saCiquunuClIpDLrut7Oyura+sVnYKm7v7O7tlw4OmybJNIcGT2Si2wEzIIWCBgqU0E41sDiQ0AqGN1O/9QTaiEQ94CgFP2Z9JSLBGVqp3UUhQ6B3vVLZrbgz0GXi5aRMctR7pa9umPAsBoVcMmM6npuiP2YaBZcwKXYzAynjQ9aHjqWKxWD88ezeCT21SkijRNtSSGfq74kxi40ZxYHtjBkOzKI3Ff/zOhlGVX8sVJohKD5fFGWSYkKnz9NQaOAoR5YwroW9lfIB04yjjahoQ/AWX14mzfOKd1G5ur8s16p5HAVyTE7IGfHINamRW1InDcKJJM/klbw5j86L8+58zFtXnHzmiPyB8/kDjj+PoA==</latexit>

Kalman decomposition w.r.t. observability
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observable we can apply the result for observable systems

• the eigenvalues of the unobservable subsystem are fixed in the observer

(Ã11, C̃1)

K̃1 = p⇤(Ã11)�̄
T
1

Ã11 � K̃1C̃1

by choosing

˙̃� = Ã�̃ + B̃u+ K̃(C̃z � C̃ �̃) = (Ã� K̃C̃)�̃ + B̃u+ K̃y

• since

Observer design - unobservable case

• if we want to reconstruct asymptotically the state of the plant, either the 
eigenvalues of the unobservable subsystem (if any) are already with negative real 
part (the system is said to be detectable) or the problem has no solution

• alternatively we can say that a system (or a pair (A,C  )) is detectable if every eigenvalue 
with positive or null real part is observable i.e.

rank

✓
A� �iI

C

◆
= n 8�i / Re[�i] � 0

note that detectability is a weaker condition w.r.t. observability

and arbitrarily assign the m eigenvalues of the matrix

where is the last column of the inverse of the�̄T
1

<latexit sha1_base64="mdS9N9iyHUM2MFABzmGQJmuUUOk=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRIf2GXBjcsKfUETw8100g6dScLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPmHKmtON8W2vrG5tb26Wd8u7e/kHFPjzqqCSThLZJwhPZC0FRzmLa1kxz2kslBRFy2g3HtzO/+0ilYknc0pOU+gKGMYsYAW2kwK54IUjsDUEICNyHVmBXnZozB14lbkGqqEAzsL+8QUIyQWNNOCjVd51U+zlIzQin07KXKZoCGcOQ9g2NQVDl5/PDp/jMKAMcJdJUrPFc/T2Rg1BqIkLTKUCP1LI3E//z+pmO6n7O4jTTNCaLRVHGsU7wLAU8YJISzSeGAJHM3IrJCCQQbbIqmxDc5ZdXSeei5l7Wru+vqo16EUcJnaBTdI5cdIMa6A41URsRlKFn9IrerCfrxXq3Phata1Yxc4z+wPr8AeM7kpA=</latexit>

observability matrix associated to the observable subsystem, i.e., to (Ã11, C̃1)
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observable,

if the system is detectable we can therefore build an observer such that 

• the reconstruction error relative to the observable subsystem can be made 
decaying to zero with arbitrary rate of convergence

• the reconstruction error relative to the unobservable subsystem has a rate of 
convergence fixed and given by the unobservable eigenvalues (which are all with 
negative real part since the system is detectable)

in the original coordinates, since z = T x, we also have 

(Ã11, C̃1) K̃1 = p⇤(Ã11)�̄
T
1

Ã11 � K̃1C̃1

�̃ = T �

�̇ = T�1 ˙̃� = T�1(TAT�1 � K̃CT�1)T � + T�1TBu+ T�1K̃y

= (A� T�1K̃C)� +Bu+ T�1K̃y

= (A�KC)� +Bu+Ky

K = T�1K̃with and therefore

K = T�1

"
p̃⇤(Ã11)�̄T

1

0

#

Observer design - unobservable case

where, being assigns m desired eigenvalues

to
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We have seen that for a controllable and observable system we can

• design a state feedback u = F  x which assigns the eigenvalues to A + BF 

i.e. we want x(t) to tend to 0 asymptotically

• design a dynamic system, the observer, which asymptotically reconstructs the 

plant’s state (i.e. the state »  tends to x or, equivalently, the error e = » - x 

tends to 0) at a desired rate since we can assign the eigenvalues to the matrix 

A - KC  which governs the observation error dynamics 

the state is usually not measurable (at least not all its components) and therefore not 

available for the feedback u = F  x. We could try to use the state estimate » instead of 

the real state in the feedback law, that is

u = F  xu = F  » instead of

with

�̇ = (A�KC)� +Bu+Ky

What happens?

Separation principle
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plant S

observer
»

yu
F

dynamic compensator

closed-loop system
ẋ = Ax+BF �

�̇ = KCx+ (A+BF �KC)�

"
A BF

KC A+BF �KC

#

dynamic matrix no helpful structure 

output feedback

Separation principle
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we do a change of coordinates, from (x, ») to (x, e) with e = » - x

ẋ = Ax+BF (x+ e)

ė = �̇ � ẋ = KCx+ (A+BF �KC)(x+ e)� [Ax+BF (x+ e)]

ẋ = (A+BF )x+BFe

ė = (A�KC)e

"
A+BF BF

0 A�KC

#

eig(A+BF )
[

eig(A�KC)

the dynamic output feedback controller can be designed by separately choosing F as if we 

were solving a state feedback stabilization problem and K to make the estimation error decay 

with a prescribed rate: this is the separation principle

Separation principle

closed-loop system

dynamic matrix



Lanari: CS - State space design 40

Separation principle

ẋ = (A+BF )x+BFe

ė = (A�KC)e

Analysing the closed-loop system

we have obtained that

• the reconstruction error e goes to zero asymptotically with assigned rate of convergence

• the evolution of the state x is governed by an asymptotically stable matrix A+BF with 
assigned eigenvalues and is forced by an input e which tends to zero asymptotically: the 
ZIR tends to zero as well as the ZSR and therefore the state x will tend to zero 
asymptotically with assigned rate of convergence plus a forced response which tends to 0

typically one chooses the desired eigenvalues of A-KC ten times “faster” than those of A+BF
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plant S

observer
»

yu
F

dynamic compensator

if we rewrite the asymptotic observer system as

output feedback

Separation principle

and note that the output of the dynamic compensator is u = F  » we can compute the transfer 

function from y to u of the controller (dynamic compensator) as  

⇠̇ = (A+BF �KC)⇠ +Ky
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C(s) = F [sI � (A+BF �KC)]�1 K
<latexit sha1_base64="hZoVYhGOgZ/oNMVHqFoKIzcME0Q="></latexit>
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extras (not published)

• uncontrollable eigenvalues are not changed by a state feedback (see inv-sub.pdf p. 

6.20-6.21). This is a dual point of view w.r.t. “if a system is controllable, a state feedback u = Fx 

+ v does not alter controllability” in the sense that

(A,B) controllable iff (A+BF,B) controllable for every F

(proof with PBH)
rk

⇥
A� �I B

⇤
= rk

⇢⇥
A� �I B

⇤  I 0
F I

��
= rk

⇥
A+BF � �I B

⇤

<latexit sha1_base64="/X0YK5pkzGx1xOxtYmdfUS5Ra/E="></latexit>

• observability is affected by state feedback (choose an assigned eigenvalues coincident with a 

system zero)


