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Outline

e specifications

* open-loop shaping principle
* |ead and lag controllers

* 4 basic situations

e sketch of PID controllers
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Specifications (closed-loop)

Static or at steady state

e desired behavior w.r.t. order £ inputs in terms of a maximum allowed absolute error

e desired attenuation level w.r.t. constant disturbances acting on the forward loop

e tracking of a sinusoidal reference

e attenuation of sinusoidal disturbances and measurement noise

Dynamic

* |ocation of eigenvalues/poles in the complex plane

e time domain specifications on the step response (mainly on the reference to output behavior)
* frequency domain specifications through the resonance peak and the bandwidth (mainly on the

reference to output behavior)

Stability
* |ocation of eigenvalues/poles in the complex plane

* robustness in terms of gain and/or phase margin
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Specifications

CLOSED-LOOP System

Static

or steady state equivalent to

Dynamic
bandwidth B; (and rise time ¢,)

resonant peak M, (and overshoot M)
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OPEN-LOORP System

presence of a sufficient number of poles in s = (
and/or at the reference/disturbance angular
frequency + sufficiently high gain (in absolute value)

Necessary conditions require the following
structure in the controller

I%e 1 e for sinusoidal
i ( ) reference or

disturbance

—> | w, crossover frequency . taken care by

— PM phase margin R(s)

generic structure of the

controller provided R(s)
does not alter the satisfaction C(s) = &R(s)
of the steady-state requirements

(may have extra imaginary poles
for sinusoidal reference)



d1 d2
C(s)
r e K """" m4d 0 ——igp vty
R (s — P(s —>é >
—O—{ v = 5 2O ri -
""""""""""""""""""" P(s) +
?<
+
n
necessary part of the controller
K. |
— 5 P(s) —> P(s) extended/modified plant
controller R (s) —> still to be chosen in order to satisfy the dynamic specifications
eeeenonnees ' and stability
_____ controller plant
. E K. :
Loop function L(s) = | (R (s) — P(s)
' S
dynamic satic
specifications specifications
+
stability
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open-loop shaping: basic idea

Basic idea: being the plant P(s) fixed, choose the controller C'(s) to shape the loop function

frequency response L (jw) such that the closed-loop satisfies the specifications

C(s) / N

such that
. . Mmagds %] wr
closed-loop stability will be guaranteed by the u’

I( with some desired
(jw) -
characteristics

\ 4

phase 4

7
Bode stability theorem provided it can be applied —>Q—> | 4

* for the same reason, we will not introduce poles with Re [.] > 0 through the controller

* a part of the desired shape of the loop function is determined by the necessary steady-state
requirements (poles in s = (0, minimum value for the loop gain, ...)

C'(s) = Ci1(s)R(s) with

either | K| free
C1(s) necessary part for static specs —> &
Y P P Sh or | Kc| Z Kc,mz’n
R(s) dynamic performance specs —> to be defined
+ stability (lead/lag compensators)
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open-loop shaping: steady-state specifications

Loop function L(s) = R(s) Ehc P(s) > Loop (generalized) gain K = K. K K,
S

the (static) gain K, of R(s) can be:

* if a steady state specification requires a sufficiently high loop gain | K| > K ..
which is guaranteed choosing | K.| > K

c,min

then K, can only be greater equal than 1, for example to achieve some amplification

e if the steady state specifications do not imply a specific requirement for the loop gain

(except for its sign) then we have a unique controller gain K K, which can be chosen

(in magnitude) freely, for example in order to achieve (if necessary) some attenuation
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open-loop shaping: steady-state specifications

hyp: the necessary part of the controller C(s) has been already determined so we have the
extended/modified plant I
P(s) = Ci(s)P(s) = - P(s)

we need to determine C'(s), and therefore R (s), so to satisfy also the dynamic specifications
and ensure closed loop stability

+ dynamic specifications

[wc* desired crossover frequency at which we want to have a phase margin of at least PM*]

from the extended plant frequency response we need to check which action is necessary

both in terms of magnitude and phase by comparing the actual value of the magnitude and
phase at the future crossover frequency w.*

([ Amplification: we need to increase the magnitude at some frequency
Magnitude <

| Attenuation: we need to decrease the magnitude at some frequency

(

Lead: we need to increase the phase at some frequency
Phase <

| Lag: phase can be decreased at some frequency if necessary

we want in w.* PM > PM™ so if we have extra phase we can keep it
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4 possible actions in terms of magnitude and phase at some frequency
(typically at the desired crossover frequency w:™ )

. attenuation needed

w maghnitude

P(jw)|as

- maximum lag we can tolerate

g eenen e n et
: > .
; I‘ 5 ... lead (phase increase) needed
4) o
—
¥ SR :
v TN :
: phase
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summary

1) « if |P(jw?) < 0 we have to amplify at w.™ by exactly — ‘ﬁ(]w:) o
therefore IR (s) needs to be such that  |R(jw.)|;5 = — |ﬁ(]w:) o > 0

2) o if ‘ﬁ(]w:) o > (0 we have to attenuate at w.™ by exactly — |16(]w:) . <0
therefore 12 (s) needs to be such that  |R(jw})|, 5 = — |}3(]w§) < 0

3) e if LP(jw')+7 < PM*
we have to increase the phase at w.* by at least PM™* — Aﬁ(jw:) —7m >0
therefore R (s) needs to be such that /R(jw’) > PM* — ZP(jw’) — 7 > 0

4) o if LP(jw!)+7>PM*
we can tolerate to decrease the phase at w.* by at most PM™ — Lﬁ(jw:) —7m <0

therefore R (s) needs to be such that /R(jw*) > PM* — /P(jw’) — 7 < 0

in both cases phase margin requirement is /R(jw’) + ZP(jw’) + 1 > PM*

but magnitude and phase are not independent (except for gain term)
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Remember that the static specifications have already been met (if we ensure stability) and

therefore we do not want to alter this first step.

Therefore, in general, we are not going to use a

* zeroin s = () to obtain a phase lead

* polein s = ( to attenuate at some frequency

* a gain smaller than 1 in magnitude to attenuate if we have a constraint on the loop gain of
the form K| > K7™ from the static requirements (while we may use a gain greater

than 1 to amplify)

elementary functions that can provide these magnitude and phase contributions

a >0

lead Ra(S) _ 1+ 7,8 T,
compensator 1+ %S ma > 1
compensator i(s) =~ i mi > 1

both have unit gain so no magnitude change in w = 0

Names come from their effect on the phase

Lanari: CS - Loop shaping N



Lead compensator

magnitude and phase contributions of a lead compensator (or function)

20

(dB)

Magnitude
|
o

90 AL

(deqg)

0

Phase

here

Mo = 8 wob
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To > 0 zero cut-off frequency 1

Mg > 1 Ta

Mg
pole cut-off frequency —  to the right of the zero

amplification

in a frequency
range

g5b I A e

—45 i

l

phase lead




Lag compensator

magnitude and phase contributions of a lag compensator (or function)

Zero in

1+ ms 7 >0 zero cut-off frequency & to the

14+ 7;s mi > 1
pole cut-off frequency —

20

(dB)
o

Magnitude
|
o

Yo} N 0 S U 0 A P A T A s

45k R

(deg)

0

here

Phase

_45 | e T e

m; = 8 ok
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right of the pole

attenuation

T

in a frequency
range

l

phase lag



Choice of R(s)

we assume (1 (s) (static specs) has already been chosen.Therefore we need to

* by evaluating the actual values of the extended plant magnitude and phase at the desired
crossover frequency w.™, understand what action needs to be undertaken:
» amplification or attenuation at w.*
» phase lead or maximum allowed phase lag at w.*

e choose the elementary function(s) R.(s) and/or R;(s) (since multiple actions can be
combined) needed
» choose m, (or m;) and the normalized frequency wr

» deciding to obtain the desired action at w.™ choose 7, (or 7;) so that

W e =|wT (or we* T = wr)
4 N
frequency chosen
at which we ~ we solve
want to obtain in 74

the desired action (orin 7;)
1
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Universal diagrams

14+ 7,58
R (s) = |+ Tag
Mq

Ta>0

Ma > 1

for different values of my

for Ri(s) just change sign
to the ordinates
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Case |

N
o

(dB)
S

- {IP(w)las

Magnitude

3k ;
i(’QCfffffff
: ] —

|

,|

|

I

107 107 10° 10'

frequency (rad/s)

(deq)

ase

frequency (rad/s)

N

wc* — We

specifications

PM > PM~

actions needed:

which, as a by-product also gives some
amplification, therefore we need to choose
the pair (M4, wT) such that the lead function
provides the desired phase lead but almost
no amplification
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magnitude: as small amplification as
possible in order not to move the
current crossover frequency which
coincides with the desired one
phase:increase the phase, in this

case of exactly PM*

i

provided by a lead function



case | example: imagine we

70 T
" phase
60 RN Ny
BN .
50
S N8N
- SR N6\
g 40T SRR / N
step g Y /4 aE
@2 . £ 30 Y7
5 ----4;--------:--:--}: :EE-EE-------E -- SR IR AN e
RSNy /745 2
desired i /sy
phaselead :.°_~"
v ?0 | %16‘) 1(I)l 10>
we have Chosen ::Q : normal-i;é&.fféquenc-y ______
Mg — ].6 ..........
25 T T ; LR Y j
wr = 0.5 1 magnitude r
therefore to obtain 200 By 22T
: o y
this lead of 25° together o il
. . : g 15) o 4 §
with the amplification of = o L
= R : L :
2 S =
1 dBatw:* = 0.3 radls 2} -, 3
we choose 7, as i
S5t S
TCL — 0.5/0.3
O_______.__._ __._:____.___:___._._._:Tr ____________________
107" 10° 10' 10°
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normalized frequency

need a phase lead of 25° with the smallest amplification possible

several choices of m, are
possible (at different
normalized frequencies),
we need to find one
which is compatible with
the magnitude
requirement

0.5 is the smallest (for
these plots) normalized
frequency at which we

obtain the desired phase
lead (for mq, = 16)

@

smallest amplification
obtainable (around 1 dB)



case | example

40

30 R
N o - Raljw)
08 N S BRI - FEPEY
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chosen lead function

- desired crossover frequency

resulting
loop function

new crossover frequency, slightly larger than the desired

- one due to the small amplification introduced by Rq(s)

chosen lead function

having chosen the normalized frequency to the left
of the “bell-shaped” phase, leads to an increase in
phase lead for higher values of the frequency which
partially compensates the typical decreasing phase
plot of the modified plant thus achieving robustness
w.r.t. the crossover frequency

resulting loop function: the phase margin needs to be
verified at the final crossover frequency



Case Il

(dB)
S

Magnitude

P RS S HH I S S R
10 10° 1072 1q”
frequency (rad(s)

(deqg)

Phase

frequency (rad/s)

specifications w.* and PAM > PM*

actions needed:

* magnitude: attenuation of \f’(jw;")\dg

e phase:since

A

LP(jw;) +m>PM"

we can tolerate at most a lag of

A

/P(jw*) + 1 — PM*
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(dB)

Magnitude

(deg)

Phase

40

30

20

10

=270

10” 107 10

-1 0 1

frequency (rad/s)

1072 107 10

frequency (rad/s)
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case Il example: imagine we need an attenuation of 17 dB and can tolerate a maximum lag of 7°

; R |
-1 0

= 25 ; .
negative 5 16-
values i i
step - 20t 10
@ required attenuation ; ‘
2
we have chosen 2 1o 3
wT = 60 o
. ) 107" 10° 10' 10
this attenuation of 17 dB normalized frequency ~ WT7
together with a lag
smaller than 7° =70 — -
negative R -
at w:.* = 0.1 rad/s values - 6o} e
we choose T; as - 50} 0N
7 = 60/0.1
g N :
9 4 g
£ 30 N
maximum allowed lag S
10
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10 10"
normalized frequency

WT;

several choices of m; are
possible (at different
normalized frequencies),
we need to find one
which is compatible with
the phase requirement

@

- 60 is the smallest (for
these plots) normalized
frequency at which we
obtain the desired
attenuation (for m; = 8)

20



case Il example

40

30

20

10

(dB)

AAAAA
o=
-

Magnitude

P S 1 S RS S S S R S UH |
_ _2 _
10 10

frequency (rad/s)

1

(deg)

Phase

-270

1

107 10

frequency (rad/s)

10 10
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desired crossover frequency

chosen lag function

resulting loop function achieves exactly the desired
crossover frequency

chosen lag function

the lag introduced by the chosen lag function in w.™ is
compatible with the desired phase margin, i.e., the
phase of R;(jw) at the desired crossover frequency is
greater than the maximum allowed lag

the phase at the crossover frequency of the modified
plant has no interest
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case lI: on the choice of the normalized frequency

basic consideration (see sensitivity functions): we usually want open-loop high gain at low
frequency, therefore anything that gives an unnecessary attenuation at low frequency should be

avoided if possible

case Il with two alternative choices of thewr (both give the same attenuation at the desired
frequency) ’

Ri(s) mi=8 wr="70

Ri2(s) m; =8 wr =200 starts attenuating before strictly needed

A

‘\‘80

S L I 0

01 NN
B0L NN

L NANONG
0F o < R R

VL N LGN,
o L) N NP0

10

(dB)
7/

/
(deqg)
8

Magnitude
Phase

-180
-200

10 10 107 10~ 10 10

frequency (rad/s) \ ,*" frequency (rad/s)
'Y L4

both compensators solve the specifications
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Case Il

(dB)

Magnitude

frequency

107
(rad/s):

(deqg)

Phase

frequency

(rad/s)

specifications w.* and PAM > PM*

actions needed:

e magnitude: amplification of —\P(jw:)\dg

e phase:since

/P(jwl) +m < PM*

we need to obtain a phase lead of

PM* — (zﬁ(jwz) + w)
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(dB)

Magnitude

(deg)

Phase

Rl

-180

-200

=270

10

frequency

(rad/s)

frequency

(rad/s)
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example imagine we need an amplification of 20 dB and a phase lead of at least 25°

two choices

e find a lead compensator that will give simultaneously the required amplification and phase
lead
» usually requires a choice of the normalized frequency on the right-hand side of the
phase “bell-shape” which gives poor robustness w.r.t. increases in the crossover
frequency since the phase of both the extended plant and the compensator are
decreasing at the chosen frequency
» may be not easy to find
* find a lead compensator that gives the required lead and gives some amplification,
integrate the required amplification with an additional gain K2 greater that 1.

This is usually possible since the static requirement (if any) asks for a loop gain sufficiently
high.
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example imagine we need an amplification of 20 dB and a phase lead of at least 25°

70

K02Ra(8)

N D
) )
T T

N
(@]
T

phase (deg)

301

25° -5

"0t
desired

phase lead
we can choose v oo

10t

several choices of m, are
possible (at different
normalized frequencies),
we just keep the choice of
the normalized frequency
on the left of the “bell-
shape”

ma:3

10'
normalized frequency

10

WT = 09 25
therefore to obtain

201

this lead of 25° together
with the amplification of

2.5 dB at w.* = 0.2 rad/s

we choose 7, as

—
W
T

magnitude (dB)

—
]
T

we can obtain an
amplification of 2.5 dB

oo 2.5 dB
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normalized frequency

10°

25



about the robustness issue

case lll revisited with two alternative solutions for the choice of the normalized frequency wr

(the gains have been chosen appropriately)

70
60 16 3 :
KClRal (](U) 50t ; : KC2RCL2 (]CU)
—_ 6
Mg — 6 ?;/40 / Mg — 6
wr = 0.8 - V/ | wr = 17.5
left-hand side of the bell (more ' . .
o (more 7 I S NN right-hand side of the bell (less
robust w.r.t. variations in w¢) - A B e o
TS g 3 o robust w.r.t. variations in wc)
normalized frequency
40 é T é T
50 Raa(jw) . Rai(jw)
§ 30} - ; § §§ § i
0 — =
- = Wrtanincrease of the
s ~ o | crossover frequency
o | % ,_____—\LQ(J(J)) | . R : A
S -10f | -90 o -
5 | : o
£, -20 8 —
g l =
l o ;; ;f; -180 .
: il
-50 = N\
—60 i P i PR i ML VR M _270 i PR i P i P
107 107 10° 10’ 107 10”" 10° 10'
frequency (rad/s) ; frequency (rad/s)

solution 1 is more robust w.r.t. uncertainties in the w.
Lanari: CS - Loop shaping 26



Case IV

40

(dB)
8
—~
@)
~—
SH
o

|Ro(jw)la

Magnitude

(dB)

0]
ko]
i , |
. |Ri(jw)|ap |
g 20r |
R =
o [
% -30 [
[
0]
o 40 + P -
< ga [
B0 gp -
L = R;R,P |
-60 L I T S S R R | L R T S S R | | I
frequency (rad/s) 1078 107 107
frequency (rad/s)
L] L] *
specifications w.* and PM > PM
SO oL L L L g
o L)

actions needed:

* magnitude: attenuation of \f’(jw;")\dg

(deg)

e phase:since

Phase

/P(jwl) +m < PM*

we need to obtain a phase lead of at least

PM* — (zﬁ(jwz) + w)

frequency (rad/s)
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example imagine we need an attenuation of 8 dB and a phase lead of at least 25°

we need to use both lead and a lag compensators but in the proper order
* we choose the lead compensator first in such a way to obtain a phase increase of the

required 25° plus an extra (for example of 8°) in order to compensate the lag that will be

introduced by the lag compensator

This lead function will also introduce, at the chosen frequency, an amplification of exactly
|Ro(jwi)lap
e the lag compensator will be chosen so to introduce an attenuation of
8dB + |]%a(jw;k)‘d3

and a lag smaller than the extra 8° previously introduced

Ma = 8 34° m; = 3.2 -10.5 dB

wr = 0.8 2.5 dB wT = 20 < &°

(these numbers are just for illustration purposes and have not been verified)

Lanari: CS - Loop shaping
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some remarks

* we may be tempted when requiring a high phase increase (lead) to choose a lead function with

very high value of m, but this may create multiple crossover frequencies (so that Bode’s stability

theorem cannot be used anymore and therefore ensuring closed loop stability becomes more

complicated)

this plot shows how a lead function with large m, 2
may cause multiple crossover frequencies compared ol
with a small m, (of course the phase contribution is

different) 3
we may try to obtain the same phase increase with 20t
multiple lead functions and smaller m, and without w0

generating multiple crossover frequencies)

Loop functions magnitude with different lead functions
30 — T T — e

—m, = 20|

104

* if we have the presence of some necessary poles in the controller (either in 0 or purely

imaginary), we could alternatively use just a negative zero (that is with positive 7 ) to increase

the phase.The resulting controller needs to be at most proper (not improper)

1+0.1s

example: (C(s) = ©
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---->this zero gives 45° phase lead at 10 rad/s
---->necessary part for steady state requirements
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PID controllers

3 basic heuristic actions
Proportional: the control action is set to be directly proportional to the system error (present)
Integral: the control action is set to be proportional to the system error integral (past)

Derivative: the control action is set to be proportional to the system error derivative (future)

t
output of the . m(t) = Kpe(t) + KI/ e(T)dr + Kpé(t)
0

controller
e(s) m(s) m(s K K
4)| Crip(s) —> Cpip(s) = e((s)) = Kp+ ?I + Kps T = ?P
with !
ideal PID controller _ Kp (1 4 L 4 TDS> T @
transfer function 17s PT K P

- widely spread
- fixed structure with 3 tunable parameters Kp Kp Ki(or KpIp 1Y)
- can be tuned automatically even with scarce knowledge of the (simple) plant

- basic tuning refers only to static specifications
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Derivative action is physically not realizable (improper transfer function) we need to approximate

—> add a high-frequency pole in

N

60

40

(dB)

20

s M — S — — — ]

approx :

Magnitude

- [=="N-10, 20, 50, 100}

-2

10 10 10 10

frequency (rad/s)

ideal derivative

Phase
N
o
T

— — N =10, 20, 50, 100

-2
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107

10° 10’ 10° 10

frequency (rad/s)

approximated
derivative action
for various values of V
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T
r e +
’Q ; 1 .
+ _ : )‘ Kis n P
+
E TDS
|+ %)

Basic PID feedback control scheme

typical configurations
* proportional
e proportional + derivative (approximate)

e proportional + integrative

Lanari: CS - Loop shaping
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PD configuration BN

(dB)

equivalent to a Lead compensator Ta

Magnitude

frequency (rad/s)

N1 ol
1 -+ (TD—+) S 150’2 107" 10° 10" 10° 10°
+1

m T L
@ Ma > 1 1072 107" 10° 10° 10° 10°

frequency (rad/s)

PI configuration

(dB)

Magnitude

1 )  Kp (14 Trs)

C =Kp |1+ — B R
pite) } ( ' sl 17 S S N R

frequency (rad/s)

zeroins = -1/T7+ poleins =0

(deqg)

v
compensates the phase lag introduced by the pole in s = 0

Phase

" " MR | " " MR | " " MR P
- 10° 10" 10 10
frequency (rad/s)
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Vocabulary

English Italiano

lead compensator

funzione anticipatrice

lag compensator

funzione attenuatrice

phase lead

anticipo di fase

phase lag

ritardo di fase

attenuation

attenuazione

amplification

amplificazione

open-loop shaping

sintesi per tentativi
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