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Outline

• introduce the concept of reachable states

• the controllability matrix P

• Kalman decomposition w.r.t. controllability

• undistinguishable and unobservable states

• observability matrix

• Kalman decomposition w.r.t. observability

• case study: 2-mass and linear actuator system
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Let us consider a 2-dimensional system characterized by the matrices (A, B) with distinct 
eigenvalues ¸1 and ¸2 and their corresponding right (u1, u2) and left (v1T, v2T) eigenvectors 
such that viT  uj = ±ij. 
The state impulsive response is then

<latexit sha1_base64="N3ZiU7887V/Dfm6MTxjhj1eJUv8=">AAACJ3icbVDJSgNBFOyJW4xb1KOXxiAIQpgJLrkoMV48RsgiJJOhp6eTNOlZ6H4TCEP+xou/4kVQET36J3aWQ0wsaCiqXvH6lRsJrsA0v43Uyura+kZ6M7O1vbO7l90/qKswlpTVaChC+egSxQQPWA04CPYYSUZ8V7CG278b+40Bk4qHQRWGEbN90g14h1MCWnKyN6yd3MKojK+xZi2hkx5xLAyj2LEGjtWulvHZvFWYWIWBU2hXcdnJ5sy8OQFeJtaM5NAMFSf71vJCGvssACqIUk3LjMBOiAROBRtlWrFiEaF90mVNTQPiM2UnkztH+EQrHu6EUr8A8ESdTyTEV2rou3rSJ9BTi95Y/M9rxtAp2gkPohhYQKeLOrHAEOJxadjjklEQQ00IlVz/FdMekYSCrjajS7AWT14m9ULeusxfPJznSsVZHWl0hI7RKbLQFSqhe1RBNUTRE3pB7+jDeDZejU/jazqaMmaZQ/QHxs8v1E6kCg==</latexit>

eAtB = e�1tu1v
T
1 B + e�2tu2v

T
2 B

Hyp: Let us assume also that only ¸1 is controllable and therefore v2TB = 0. 

Problem:
we want to determine the set of states xR that are reachable from the origin at some (finite) 
time interval T or, equivalently, the states xR for which there exists an input u(t) such that at 
some finite time T the state, starting from the zero initial condition, satisfies x(T ) = xR 

Reachable states: an example

9 u, T ?
x1

x2x(T )

0

<latexit sha1_base64="poOo6Ebqb6G9ANX2E4sWgAzgpgI="></latexit>(
xR : 9u(·), xR =

Z T

0
eA(T�⌧)Bu(⌧)d⌧

)
reachable set at T
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Reachable states: an example

Since we start from the zero initial condition the state response is the ZSR
<latexit sha1_base64="cVSpWlvFAPI4/oVmUtyJxLD50+I=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAILWKZES/dCFU3Liv0Br2RSdM2NJMZkjNiGfoQbnwVNy4UcevCnW9jOu1CqwdCPv7/HJLzu4HgGmz7y0osLC4tryRXU2vrG5tb6e2dqvZDRVmF+sJXdZdoJrhkFeAgWD1QjHiuYDV3eD3xa3dMae7LMowC1vJIX/IepwSM1Ekf3mfLOXyBm1xCx26XWTu6zJaPmkDC3PgKh9mYcHdyddIZO2/Hhf+CM4MMmlWpk/5sdn0aekwCFUTrhmMH0IqIAk4FG6eaoWYBoUPSZw2DknhMt6J4qTE+MEoX93xljgQcqz8nIuJpPfJc0+kRGOh5byL+5zVC6BVaEZdBCEzS6UO9UGDw8SQh3OWKURAjA4Qqbv6K6YAoQsHkmDIhOPMr/4Xqcd45y5/enmSKhVkcSbSH9lEWOegcFdENKqEKougBPaEX9Go9Ws/Wm/U+bU1Ys5ld9Kusj2/20JxH</latexit>

x(T ) =

Z T

0
eA(T�⌧)Bu(⌧)d⌧

which for the considered system, being v1TB and u(¿) scalars, can be written 
<latexit sha1_base64="ekN4bKI6CikG8W3yS3R8Y01XzWQ="></latexit>

xR = x(T ) =

Z T

0
e�1(T�⌧)u1v

T
1 Bu(⌧)d⌧ = vT1 B

 Z T

0
e�1(T�⌧)u(⌧)d⌧

!
u1

and since v1TB and the integral are nonzero (for a nonzero input) the set of reachable 
states is the eigenspace (consisting in all the vectors parallel to u1) relative to the 
controllable eigenvector ¸1 

<latexit sha1_base64="RaPXOsOdLOSWyYTNlnO+ebtPQqE="></latexit>

↵ = vT1 B

 Z T

0
e�1(T�⌧)u(⌧)d⌧

!

N.B. the result is independent from the specific value of T, therefore

 if a state is reachable at T it is also reachable at any finite time

the set of reachable states is a linear subspace

The input u(t) that steers the state from the origin to 
a state xR = ®  u1 parallel to u1 is such that
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Reachable states: an example

we could also ask which states xC are controllable to the origin, that is for which there exists 
an input that drives the system from the state xC to the origin in time T

<latexit sha1_base64="/LPmsEsodEGO/1MdrQakAZlbmlQ="></latexit>

0 = eATxC +

Z T

0
eA(T�⌧)Bu(⌧)d⌧

<latexit sha1_base64="Dp7zGBaALXDa7xvBOLEfN/J55mM="></latexit>

xC = �
Z T

0
e��1⌧u1v

T
1 Bu(⌧)d⌧ = �vT1 B

 Z T

0
e��1⌧u(⌧)d⌧

!
u1

in our example

that is

if a state is reachable from the origin it is also controllable to the origin

controllability studies how the input influences the state and is independent of the 
choice of the output

we can generate any point along u1

therefore this is the subspace of 
reachable states 

<latexit sha1_base64="CTtCOR8+bdwB3UXpa8Zb73Y2rYY="></latexit>

xC = �e�AT

Z T

0
eA(T�⌧)Bu(⌧)d⌧ = �

Z T

0
e�A⌧Bu(⌧)d⌧
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Controllability matrix

• the subspace of controllable states is given by Im(P ) where P is the controllability matrix

P =
⇥
B AB A2B . . . An�1B

⇤

• the image of a matrix M is a subspace generated by the linearly independent columns of M

• if all the states are controllable the system is said to be controllable

• system is controllable ,

(A, B  ) controllable,

, all eigenvalues are controllable

,
<latexit sha1_base64="2rHFc3IQ4R/Bns4WD6988w8rk6E=">AAAB9XicbVDLSgNBEJyNryS+ol4EL4NBiJewK6g5Br14jGAekI1hdrY3GTI7u87MKjEE/AwvHhTxKvgp3gQ/xsnjoIkFDUVVN91dXsyZ0rb9ZaUWFpeWV9KZ7Ora+sZmbmu7pqJEUqjSiEey4REFnAmoaqY5NGIJJPQ41L3e+civ34JULBJXuh9DKyQdwQJGiTbSteuDLlQOsSvgBtvtXN4u2mPgeeJMSb68e/+defg4q7Rzn64f0SQEoSknSjUdO9atAZGaUQ7DrJsoiAntkQ40DRUkBNUajK8e4gOj+DiIpCmh8Vj9PTEgoVL90DOdIdFdNeuNxP+8ZqKDUmvARJxoEHSyKEg41hEeRYB9JoFq3jeEUMnMrZh2iSRUm6CyJgRn9uV5UjsqOifF40uTRglNkEZ7aB8VkINOURldoAqqIookekTP6MW6s56sV+tt0pqypjM76A+s9x/wUJR3</latexit>

det(P ) 6= 0

<latexit sha1_base64="SJblzu1ylxKuhVI0cQQvi5r8tMQ=">AAAB+3icbVDLSgNBEOz1mcRXjBfBy2AQ4iXsCmouQtCLxwjmAckSZieTZMjs7DIzK4nLgl/ixYMingR/xJvgxzh5HDSxoKGo6qa7yws5U9q2v6yl5ZXVtfVUOrOxubW9k93N1VQQSUKrJOCBbHhYUc4ErWqmOW2EkmLf47TuDa7Gfv2OSsUCcatHIXV93BOsywjWRmpnc62+FwxjicUgKVSO0QUyYt4u2hOgReLMSL68f/+dfni/rLSzn61OQCKfCk04Vqrp2KF2Yyw1I5wmmVakaIjJAPdo01CBfarceHJ7go6M0kHdQJoSGk3U3xMx9pUa+Z7p9LHuq3lvLP7nNSPdLbkxE2GkqSDTRd2IIx2gcRCowyQlmo8MwUQycysifSwx0SaujAnBmX95kdROis5Z8fTGpFGCKVJwAIdQAAfOoQzXUIEqEBjCIzzDi5VYT9ar9TZtXbJmM3vwB9bHDw79lsM=</latexit>

rank(P ) = n

• what happens to the controllability matrix when we perform a change of coordinates z = T x ?
<latexit sha1_base64="FbSyd4khNGCO8J7SQ9TBBunRAV0="></latexit>

(A,B) ! Ã = TAT�1, B̃ = TB ! Ãk = TAkT�1

• controllability is a structural property of the system (independent from the particular coordinates)

, the controllability PBH test is verified for all eigenvalues

<latexit sha1_base64="vHbPQtkmqdWMPQrN6Rm+PVA3W9I="></latexit>

P̃ =
⇥
B̃ ÃB̃ . . . Ãn�1B̃

⇤
=

⇥
TB TAB . . . TAn�1B

⇤
= TP

being T invertible, the rank of  is the same as that of P. P̃



Lanari: CS - Controllability & Observability 7

A =

2

4
�2 0 3
0 0 2
�1 0 2

3

5

<latexit sha1_base64="nmAX8JfczHKAFsuce2JfqUENRgA=">AAACLnicbVBdSwJBFJ21L7Mvq8dehqToRdnVIl8CI4IeDVIDV2R2vOrg7OwyMxvJ4i/qpb9SD0FF9NrPaFYtKrtw4dxz7+Hee7yQM6Vt+9lKzc0vLC6llzMrq2vrG9nNrboKIkmhRgMeyGuPKOBMQE0zzeE6lEB8j0PDG5wl/cYNSMUCcaWHIbR80hOsyyjRhmpnz0/xCXY96DERez7Rkt2O8kW8j22TJey6Y5BkMSnyzlflguh8K9rZnF2wx4FngTMFOTSNajv76HYCGvkgNOVEqaZjh7oVE6kZ5TDKuJGCkNAB6UHTQEF8UK14/O4I7xmmg7uBNCk0HrM/FTHxlRr6npk09/XV315C/tdrRrpbbsVMhJEGQSeLuhHHOsCJd7jDJFDNhwYQKpm5FdM+kYRq43DGmOD8fXkW1IsFp1Q4ujzMVcpTO9JoB+2iA+SgY1RBF6iKaoiiO/SAXtCrdW89WW/W+2Q0ZU012+hXWB+fzN+iUg==</latexit>

B =

2

4
1
0
1

3

5

<latexit sha1_base64="QcdPPR9a41rm/20cwOOMlDVbT/E=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpnxgd0IRTcuK9gHdIaSSW/b0ExmSDJiGfoRbvwVNy4UcevCnX9jph1EWw8kHM65l3vv8SPOlLbtLyu3sLi0vJJfLaytb2xuFbd3GiqMJYU6DXkoWz5RwJmAumaaQyuSQAKfQ9MfXqV+8w6kYqG41aMIvID0BesxSrSROsWjS3yBXR/6TCR+QLRk92MHuy62089xQXR/9E6xZJftCfA8cTJSQhlqneKn2w1pHIDQlBOl2o4daS8hUjPKYVxwYwURoUPSh7ahggSgvGRy1BgfGKWLe6E0T2g8UX93JCRQahT4ptLsN1CzXir+57Vj3at4CRNRrEHQ6aBezLEOcZoQ7jIJVPORIYRKZnbFdEAkodrkWDAhOLMnz5PGcdk5KZ/dnJaqlSyOPNpD++gQOegcVdE1qqE6ougBPaEX9Go9Ws/Wm/U+Lc1ZWc8u+gPr4xvG0J1p</latexit>

P =

2

4
1 1 1
0 2 2
1 1 1

3

5

<latexit sha1_base64="H8sRDDy4ojjEZ780v3iFxTEiR4I=">AAACLXicbVDLSgMxFM3UV62vqks3waK4KjNVsRuhoAuXFewDOkPJpLdtaCYzJBmxDP0hN/6KCC4q4tbfMJ2Woq0XLpyccw+59/gRZ0rb9tjKrKyurW9kN3Nb2zu7e/n9g7oKY0mhRkMeyqZPFHAmoKaZ5tCMJJDA59DwBzcTvfEIUrFQPOhhBF5AeoJ1GSXaUO38bRVfY9eHHhOJHxAt2dPIwad42q6LbQNKaZvHXMm5IDpzQztfsIt2WngZODNQQLOqtvNvbiekcQBCU06Uajl2pL2ESM0oh1HOjRVEhA5ID1oGChKA8pL02hE+MUwHd0NpWmicsr8dCQmUGga+mTT79dWiNiH/01qx7pa9hIko1iDo9KNuzLEO8SQ63GESqOZDAwiVzOyKaZ9IQrUJOGdCcBZPXgb1UtE5L17eXxQq5VkcWXSEjtEZctAVqqA7VEU1RNEzekVj9GG9WO/Wp/U1Hc1YM88h+lPW9w83BaIH</latexit>

example

controllability 
matrix

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
1
2
1

3

5

9
=

;
<latexit sha1_base64="zk2UXhdIlpKV6/7NsWVIoda5DqY="></latexit>

therefore
the same 

subspace is 
generated by

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
0
1
0

3

5

9
=

;
<latexit sha1_base64="epGoBTfHdbdjuiKWTRj7OxWg3Lc="></latexit>

since

2

4
0
1
0

3

5

<latexit sha1_base64="Qai3c4gAn+H0UWUn6eK0EjvkFl8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJL4wC4LblxWsA9oQplMb9uhk0mYmYgl9CPc+CtuXCji1oU7/8ZJG1BbD8xwOOde7r0niDlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC6yvzWHUjFInGrxzH4IRkI1meUaCN17RMvgAETaRASLdn9BDvY87CLs98peSB6P1bXLjsVZwq8SNyclFGOetf+9HoRTUIQmnKiVMd1Yu2nRGpGOUxKXqIgJnREBtAxVJAQlJ9Oj5rgI6P0cD+S5gmNp+rvjpSESo3DwFSaBYdq3svE/7xOovtVP2UiTjQIOhvUTzjWEc4Swj0mgWo+NoRQycyumA6JJFSbHEsmBHf+5EXSPK24Z5WLm/NyrZrHUUQH6BAdIxddohq6RnXUQBQ9oCf0gl6tR+vZerPeZ6UFK+/ZR39gfXwDUZOdEw==</latexit>

can be generated as

2

4
0
1
0

3

5 = �0.5

2

4
1
0
1

3

5+ 0.5

2

4
1
2
1

3

5

<latexit sha1_base64="Y6zSlXWN1LEoiSvar3cE02nTn3s="></latexit>

Basis of Image of P - example
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Controllability Grammian (optional)

the following matrix M(T ) is called Controllability Grammian
<latexit sha1_base64="0rz8EpqUYXXTi8xBXNbnDW9m3uE="></latexit>

M(T ) =

Z T

0
eA(T�⌧)BBT eA

T (T�⌧)d⌧

we then have the following result (no proof)

the system is controllable if and only if M(T ) is nonsingular

if the system is controllable, an input that steers any state xa to any state xb at T is

<latexit sha1_base64="p2YafKdG6uAcr15M7QavOZZO+nU="></latexit>

u(t) = BT eA
T (T�t)M�1(T )

�
xb � eATxa

�

Proof

this is the minimum energy input that steers xa to xb at T  

<latexit sha1_base64="IAss+9KWPufktAjGXs/aBh03v9Y="></latexit>

x(T ) = eATxa +

Z T

0
eA(T�⌧)BBT eA

T (T�⌧)M�1(T )
�
xb � eATxa

�
d⌧

= eATxa +M(T )M�1(T )
�
xb � eATxa

�
= xb
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what happens when the system S is not controllable?

rank(P ) = m < n dim Range (P  ) = dim Image (P  ) = dim Im (P  ) = m

Im (P  ) = subspace generated by m independent vectors

we can choose as basis of Im (P  ) the m linearly independent
columns of P  which we call {v1, v1, ..., vm}

Im (P  ) = gen {v1, v1, ..., vm}

define a change of coordinates T (nonsingular) such that

T�1 =
⇥
v1 v2 · · · vm vm+1 · · · vn

⇤

basis of P completion:
choose the remaining n-m 
n-dimensional vectors such that 
all the columns of T 

-1 are linearly
independent

note that, by construction,
no vector vk, for k = m+1, …, n (vector of the completion) belongs to Im (P  )

n components

Kalman decomposition w.r.t. controllability
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A =

2

4
�2 0 3
0 0 2
�1 0 2

3

5

<latexit sha1_base64="nmAX8JfczHKAFsuce2JfqUENRgA=">AAACLnicbVBdSwJBFJ21L7Mvq8dehqToRdnVIl8CI4IeDVIDV2R2vOrg7OwyMxvJ4i/qpb9SD0FF9NrPaFYtKrtw4dxz7+Hee7yQM6Vt+9lKzc0vLC6llzMrq2vrG9nNrboKIkmhRgMeyGuPKOBMQE0zzeE6lEB8j0PDG5wl/cYNSMUCcaWHIbR80hOsyyjRhmpnz0/xCXY96DERez7Rkt2O8kW8j22TJey6Y5BkMSnyzlflguh8K9rZnF2wx4FngTMFOTSNajv76HYCGvkgNOVEqaZjh7oVE6kZ5TDKuJGCkNAB6UHTQEF8UK14/O4I7xmmg7uBNCk0HrM/FTHxlRr6npk09/XV315C/tdrRrpbbsVMhJEGQSeLuhHHOsCJd7jDJFDNhwYQKpm5FdM+kYRq43DGmOD8fXkW1IsFp1Q4ujzMVcpTO9JoB+2iA+SgY1RBF6iKaoiiO/SAXtCrdW89WW/W+2Q0ZU012+hXWB+fzN+iUg==</latexit>

B =

2

4
1
0
1

3

5

<latexit sha1_base64="QcdPPR9a41rm/20cwOOMlDVbT/E=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpnxgd0IRTcuK9gHdIaSSW/b0ExmSDJiGfoRbvwVNy4UcevCnX9jph1EWw8kHM65l3vv8SPOlLbtLyu3sLi0vJJfLaytb2xuFbd3GiqMJYU6DXkoWz5RwJmAumaaQyuSQAKfQ9MfXqV+8w6kYqG41aMIvID0BesxSrSROsWjS3yBXR/6TCR+QLRk92MHuy62089xQXR/9E6xZJftCfA8cTJSQhlqneKn2w1pHIDQlBOl2o4daS8hUjPKYVxwYwURoUPSh7ahggSgvGRy1BgfGKWLe6E0T2g8UX93JCRQahT4ptLsN1CzXir+57Vj3at4CRNRrEHQ6aBezLEOcZoQ7jIJVPORIYRKZnbFdEAkodrkWDAhOLMnz5PGcdk5KZ/dnJaqlSyOPNpD++gQOegcVdE1qqE6ougBPaEX9Go9Ws/Wm/U+Lc1ZWc8u+gPr4xvG0J1p</latexit>

P =

2

4
1 1 1
0 2 2
1 1 1

3

5

<latexit sha1_base64="H8sRDDy4ojjEZ780v3iFxTEiR4I=">AAACLXicbVDLSgMxFM3UV62vqks3waK4KjNVsRuhoAuXFewDOkPJpLdtaCYzJBmxDP0hN/6KCC4q4tbfMJ2Woq0XLpyccw+59/gRZ0rb9tjKrKyurW9kN3Nb2zu7e/n9g7oKY0mhRkMeyqZPFHAmoKaZ5tCMJJDA59DwBzcTvfEIUrFQPOhhBF5AeoJ1GSXaUO38bRVfY9eHHhOJHxAt2dPIwad42q6LbQNKaZvHXMm5IDpzQztfsIt2WngZODNQQLOqtvNvbiekcQBCU06Uajl2pL2ESM0oh1HOjRVEhA5ID1oGChKA8pL02hE+MUwHd0NpWmicsr8dCQmUGga+mTT79dWiNiH/01qx7pa9hIko1iDo9KNuzLEO8SQ63GESqOZDAwiVzOyKaZ9IQrUJOGdCcBZPXgb1UtE5L17eXxQq5VkcWXSEjtEZctAVqqA7VEU1RNEzekVj9GG9WO/Wp/U1Hc1YM88h+lPW9w83BaIH</latexit>

example

controllability 
matrix

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
1
2
1

3

5

9
=

;
<latexit sha1_base64="zk2UXhdIlpKV6/7NsWVIoda5DqY="></latexit>

therefore
the same 

subspace is 
generated by

Im(P ) = gen

8
<

:

2

4
1
0
1

3

5 ,

2

4
0
1
0

3

5

9
=

;
<latexit sha1_base64="epGoBTfHdbdjuiKWTRj7OxWg3Lc="></latexit>

since

2

4
0
1
0

3

5

<latexit sha1_base64="Qai3c4gAn+H0UWUn6eK0EjvkFl8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJL4wC4LblxWsA9oQplMb9uhk0mYmYgl9CPc+CtuXCji1oU7/8ZJG1BbD8xwOOde7r0niDlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC6yvzWHUjFInGrxzH4IRkI1meUaCN17RMvgAETaRASLdn9BDvY87CLs98peSB6P1bXLjsVZwq8SNyclFGOetf+9HoRTUIQmnKiVMd1Yu2nRGpGOUxKXqIgJnREBtAxVJAQlJ9Oj5rgI6P0cD+S5gmNp+rvjpSESo3DwFSaBYdq3svE/7xOovtVP2UiTjQIOhvUTzjWEc4Swj0mgWo+NoRQycyumA6JJFSbHEsmBHf+5EXSPK24Z5WLm/NyrZrHUUQH6BAdIxddohq6RnXUQBQ9oCf0gl6tR+vZerPeZ6UFK+/ZR39gfXwDUZOdEw==</latexit>

can be generated as

2

4
0
1
0

3

5 = �0.5

2

4
1
0
1

3

5+ 0.5

2

4
1
2
1

3

5

<latexit sha1_base64="Y6zSlXWN1LEoiSvar3cE02nTn3s="></latexit>

T�1 =

2

4
1 1 0
0 2 0
1 1 1

3

5

<latexit sha1_base64="jPrIn8rIPVBdLVCDgsFsNw228fc="></latexit>

T�1 =

2

4
1 0 0
0 1 0
1 0 1

3

5

<latexit sha1_base64="97cYC11H3+X2K/o9nTbCIkwGG6A="></latexit>

T�1 =

2

4
1 0 1
0 1 0
1 0 0

3

5

<latexit sha1_base64="9aMpMfjBv5v/PELW63JTNDH/SL4="></latexit>

T�1 =

2

4
1 0 �2
0 1 3
1 0 4

3

5

<latexit sha1_base64="XsawX1ZCmb2y4pJtOVOGUUdPnOU="></latexit>

we can choose 
different changes of 
coordinates

different basis of Im(P ) different completion but always such 
that the matrix T is nonsingular

Basis of Image of P - example
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under this change of coordinates z = Tx matrices A and B have a special structure

Ã = TAT�1 =

"
Ã11 Ã12

0 Ã22

#
B̃ = TB =

"
B̃1

0

#
m

m m

n - m

n - m n - m

C̃ = CT�1 =
⇥
C̃1 C̃2

⇤ no special structure 
(controllability depends only upon A and B )

controllable

rank
⇥
B̃1 Ã11B̃1 Ã2

11B̃1 . . . Ãm�1
11 B̃1

⇤
= m

(Ã11, B̃1)

eig
n
Ã
o
= eig

n
Ã11

o [
eig

n
Ã22

o

Kalman decomposition w.r.t. controllability

such that •  

• that is

•  

• eigenvalues of       will not be poles of the transfer function (independently 
from the choice of C)

<latexit sha1_base64="gCpJ8vFwcE/wwDIZDc9KerkTdGQ=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSa45Bjx4jGCWSAZQk9PT9KkZ7G7JhCGfIcXD4p49WO8+Td2kjlo4oOCx3tVVNXzEik02va3tba+sbm1Xdgp7u7tHxyWjo5bOk4V400Wy1h1PKq5FBFvokDJO4niNPQkb3uju5nfHnOlRRw94iThbkgHkQgEo2gkt4dC+pzc9rNqddovle2KPQdZJU5OypCj0S999fyYpSGPkEmqddexE3QzqlAwyafFXqp5QtmIDnjX0IiGXLvZ/OgpOTeKT4JYmYqQzNXfExkNtZ6EnukMKQ71sjcT//O6KQY1NxNRkiKP2GJRkEqCMZklQHyhOEM5MYQyJcythA2pogxNTkUTgrP88ippVSvOdeXq4bJcr+VxFOAUzuACHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWNSufOYE/sD5/AOoIkYY=</latexit>

Ã22

• all the m eigenvalues of        are controllable

• all the n — m eigenvalues of       are unncontrollable

<latexit sha1_base64="RgyJirx9MuHtMD9A5c5/5ClXmpE=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPikmPEi8cIZoFkCD09NUmTnsXunkAY8h1ePCji1Y/x5t/YSeagiQ8KHu9VUVXPSwRX2ra/rcLa+sbmVnG7tLO7t39QPjxqqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297obua3xygVj6NHPUnQDekg4gFnVBvJ7WkufCS3/cxxpv1yxa7ac5BV4uSkAjka/fJXz49ZGmKkmaBKdR070W5GpeZM4LTUSxUmlI3oALuGRjRE5Wbzo6fkzCg+CWJpKtJkrv6eyGio1CT0TGdI9VAtezPxP6+b6qDmZjxKUo0RWywKUkF0TGYJEJ9LZFpMDKFMcnMrYUMqKdMmp5IJwVl+eZW0LqrOdfXq4bJSr+VxFOEETuEcHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWgpXPHMMfWJ8/5v2RhA==</latexit>

Ã11

<latexit sha1_base64="gCpJ8vFwcE/wwDIZDc9KerkTdGQ=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSa45Bjx4jGCWSAZQk9PT9KkZ7G7JhCGfIcXD4p49WO8+Td2kjlo4oOCx3tVVNXzEik02va3tba+sbm1Xdgp7u7tHxyWjo5bOk4V400Wy1h1PKq5FBFvokDJO4niNPQkb3uju5nfHnOlRRw94iThbkgHkQgEo2gkt4dC+pzc9rNqddovle2KPQdZJU5OypCj0S999fyYpSGPkEmqddexE3QzqlAwyafFXqp5QtmIDnjX0IiGXLvZ/OgpOTeKT4JYmYqQzNXfExkNtZ6EnukMKQ71sjcT//O6KQY1NxNRkiKP2GJRkEqCMZklQHyhOEM5MYQyJcythA2pogxNTkUTgrP88ippVSvOdeXq4bJcr+VxFOAUzuACHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWNSufOYE/sD5/AOoIkYY=</latexit>

Ã22
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• property of Im (P  ) : invariance w.r.t. A 

Kalman decomposition w.r.t. controllability (partial proof)

if v belongs to Im (P  ) then Av also belongs to Im (P  )

v 2 Im(P ) ) Av 2 Im(P )
<latexit sha1_base64="ZPNaq98oo2YqS4+o9OdK7pT/D8M=">AAACKnicbVDLTgIxFO34RHyNunTTSEwwMWTGR2QJcaM7NPJImAnplAINbWdsOxgy4Xvc+CtuWGiIWz/EArNQ8CRNTs45N7f3BBGjSjvOxFpZXVvf2MxsZbd3dvf27YPDmgpjiUkVhyyUjQApwqggVU01I41IEsQDRupB/3bq1wdEKhqKJz2MiM9RV9AOxUgbqWWXB9CjAiae5PCej2C+cga95xi1ofdIuz2NpAxfUqXsncPleMvOOQVnBrhM3JTkQIpKyx577RDHnAiNGVKq6TqR9hMkNcWMjLJerEiEcB91SdNQgThRfjI7dQRPjdKGnVCaJzScqb8nEsSVGvLAJDnSPbXoTcX/vGasO0U/oSKKNRF4vqgTM6hDOO0NtqkkWLOhIQhLav4KcQ9JhLVpN2tKcBdPXia1i4J7Wbh+uMqVimkdGXAMTkAeuOAGlMAdqIAqwOAVvIMP8Gm9WWNrYn3NoytWOnME/sD6/gEamKSU</latexit>

• if v belongs to Im (P  ) it can be expressed as a linear combination of the basis of Im (P  ) 

v 2 Im(P ) ) v =
mX

i=1

�ivi
<latexit sha1_base64="S8+/XUgZJyFHrPwndMUMw2K8w9s="></latexit>

in the new coordinates, w = T v is controllable and being    

v = T�1w 2 Im(P ) and v =
mX

i=1

�ivi ) w =

2

666666664

�1
...

�m

0
...
0

3

777777775

<latexit sha1_base64="3l/QAL2iyCzq/RGmioTaC0oN8mg="></latexit>

i.e., if w belongs to  

then its last n-m components are 

equal to 0 in the new coordinates
w = T v

• the subspace of controllable states is A-invariant in any coordinates z = T x 

recall that the first m columns of T  — 1 are the vi

<latexit sha1_base64="7eQrzdVxRB2DD/ZEdb2CaHS+IBY="></latexit>

w 2 Im(P̃ ) = Im(TP ) ) Ãw 2 Im(P̃ ) = Im(TP )

<latexit sha1_base64="G0tBR4bQH/cCWtYnhx+0KStUjRA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQitcuCG91VsA9oQplMJu3QmUyYmYgh1F9x40IRt36IO//GaZuFth64cDjnXu69J0gYVdpxvq219Y3Nre3STnl3b//g0D467iqRSkw6WDAh+wFShNGYdDTVjPQTSRAPGOkFk+uZ33sgUlER3+ssIT5Ho5hGFCNtpKFd8caBeMxv+bTmacpCAtvnQ7vq1J054CpxC1IFBdpD+8sLBU45iTVmSKmB6yTaz5HUFDMyLXupIgnCEzQiA0NjxIny8/nxU3hmlBBGQpqKNZyrvydyxJXKeGA6OdJjtezNxP+8Qaqjpp/TOEk1ifFiUZQyqAWcJQFDKgnWLDMEYUnNrRCPkURYm7zKJgR3+eVV0r2ou4164+6y2moWcZTACTgFNeCCK9ACN6ANOgCDDDyDV/BmPVkv1rv1sWhds4qZCvgD6/MHAPCUVA==</latexit>

Im(P̃ )
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Kalman decomposition w.r.t. controllability (partial proof)

if Im (P  ) is invariant w.r.t. A then Im (TP  ) is invariant w.r.t. Ac = TA T 
-1 (coordinate independent)

• in the new particular coordinates w = T v if w belongs to Im (TP  ) it has the last n-m 
components equal to 0 

• if w belongs to Im (TP   ) then also Ac w belongs to Im (TP   ) since Im (TP   ) is Ac-invariant 
and therefore also Ac w has the last n-m components equal to 0 

Ac w 2 Im(P ) ) Ac w =


?
0

�

<latexit sha1_base64="i3kvPZJKz93ApPK6Ag06I8I3EAI="></latexit>

• then, for a generic Ac the invariance of w belonging to Im (TP   ) w.r.t. Ac means that 
the following relationship must hold for any vector [ ]


Ac11 Ac12

Ac21 Ac22

� 
[ ]
0

�
=


?
0

�
) Ac21.[ ] = 0 ) Ac21 = 0

<latexit sha1_base64="LwIPgJyJb5jZoZFRfygCEGze7EM="></latexit>

• note that since B belongs to Im (P  ) then Bc = T B  also belongs to Im (TP  ) and 
therefore Bc has its last n-m components equal to 0

<latexit sha1_base64="ctD2YMNaRUkMGvRmLXMndvTRwAg="></latexit>

w 2 Im(P̃ ) = Im(TP ) ) w =


⇤
0

�

Ac
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Let’s partition z  accordingly z = Tx =

"
z1

z2

#

8
>><

>>:

ż1 = Ã11z1 + Ã12z2 + B̃1u

ż2 = Ã22z2

y = C̃1z1 + C̃2z2

m

n - m

ż1 = · · ·

ż2 = · · ·

controllable
subsystem

uncontrollable
subsystem

input u output

the two sets of equations
can be viewed as two 

interconnected subsystems, 
(S1) with state z1 and 
(S2) with state z2

the state evolution of this subsystem
is not influenced, either directly or 
indirectly through z1, by the input u

dimensions

Kalman decomposition w.r.t. controllability

inputs of (S1)

(S2) is autonomous
(no inputs)

system S

(S1)

(S2)
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controllable
subsystem

uncontrollable
subsystem

input m controllable
eigenvalues ¸i

n - m uncontrollable
eigenvalues ¸j

hidden dynamics
(hidden modes)

Kalman decomposition w.r.t. controllability

this decomposition plays a fundamental role in control

system S
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Undistinguishable and unobservable states

Consider the output evolution from two initial states xa and xb under the action of the same input 

and

the two states xa and xb are said to be indistinguishable if ya (t) = yb (t) for all t that is

and being  xb — xa = (xb — xa) — 0, we can equivalently say that xb — xa is indistinguishable from 0    

A state which is indistinguishable from 0 is said to be unobservable

• the set of unobservable states is the subspace Ker(O) with O being the observability matrix

<latexit sha1_base64="qgklE2jw02qTN8Rjo1kr3JwLJNc="></latexit>

O =

2

666664

C

CA

CA
2

...
CA

n�1

3

777775

n x n matrix (for systems with one-dimensional output)

depends only on A and C and not on B, that is not on how 
the input affects the state dynamics

observability studies the state-to-output interaction

<latexit sha1_base64="rRcg5yffEVnj475rCN//OmE0wTY="></latexit>

ya(t) = CeAtxa +

Z t

0
CeA(t�⌧)Bu(⌧)d⌧

<latexit sha1_base64="2IxLIV7Rcy0xcoaTJdafxdXIsDM="></latexit>

yb(t) = CeAtxb +

Z t

0
CeA(t�⌧)Bu(⌧)d⌧

<latexit sha1_base64="aai/qS8woeMw+BvJP2sW/56I8/E="></latexit>

yb(t)� ya(t) = CeAt(xb � xa) = 0 , (xb � xa) 2 Ker
⇥
CeAt

⇤
, 8 t � 0

Reminder: the kernel of a matrix M is the linear subspace Ker(M) = {v : Mv = 0}
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Observability matrix - properties

• if all the states are observable the system is said to be observable

• system is observable ,

(A, C  ) observable,

, all eigenvalues are observable

,

• what happens to the observability matrix when we perform a change of coordinates z = T x ?

rank(O  ) = n
<latexit sha1_base64="kdeh5xtcSP5qQQDy0RD0YOiA5wA=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAh1UxLx0WXBjTsr2Ac0sUwmN+3QySTOTJQS+h9uXCji1n9x5984bbPQ1gMXDufcy733+AlnStv2t7W0vLK6tl7YKG5ube/slvb2WypOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sfXk389iNIxWJxp0cJeBHpCxYySrSR7t0AdOXmBLsCHrDdK5Xtqj0FXiROTsooR6NX+nKDmKYRCE05Uarr2In2MiI1oxzGRTdVkBA6JH3oGipIBMrLpleP8bFRAhzG0pTQeKr+nshIpNQo8k1nRPRAzXsT8T+vm+qw5mVMJKkGQWeLwpRjHeNJBDhgEqjmI0MIlczciumASEK1CapoQnDmX14krdOqc1E9vz0r12t5HAV0iI5QBTnoEtXRNWqgJqJIomf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBrZKRTw==</latexit>

det(O) 6= 0

• the set of unobservable states is a linear subspace, the set of observable states not (in general)

<latexit sha1_base64="KCRi6BzdBLx+SqM2uwUymDfDgSk="></latexit>

(A,C) ! Ã = TAT�1, C̃ = CT�1 ! Ãk = TAkT�1

<latexit sha1_base64="No084RSZ+1gQJeDNhleAL5Flx9E="></latexit>

Õ =

2

6664

C̃

C̃Ã

...
C̃Ã

n�1

3

7775
= · · · =

2

6664

CT
�1

CAT
�1

...
CA

n�1
T

�1

3

7775
= OT

�1

, the observability PBH test is verified for all eigenvalues

• Observability/unobservability is a structural property of the system 

being T invertible, the rank of  is the same as that of O. Õ
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Observability Grammian (optional)

Note that only the free (or unforced) output response is involved in the observability property

Alternative definition of observable system

An unforced system is said to be observable if and only if it is possible to determine any 

(arbitrary) initial state x0 = x(0) using only a finite record y(¿)  for 0 ∙ ¿  ∙ tf  of the output.

In other words, if we observe the output ZIR for any nonzero time interval, we can determine 

the initial state from where the evolution originated.

a system is observable if and only if the observability grammian G(tf ) is nonsingular

<latexit sha1_base64="VXax5yH+lXTsY9sabBj6N4D25Vs=">AAACIHicbVDLSgMxFM34rPU16tJNsAi6KTPioxuh0oUuK/QFfQyZNNMGM5khuSOUoZ/ixl9x40IR3enXmE670OqBkHPPuZfkHj8WXIPjfFoLi0vLK6u5tfz6xubWtr2z29BRoiir00hEquUTzQSXrA4cBGvFipHQF6zp31UmfvOeKc0jWYNRzLohGUgecErASJ59cX0EXnCML3GHS/CcXmrKMWa99KpXwx0gybhiSCVTshL3J5dnF5yikwH/Je6MFNAMVc/+6PQjmoRMAhVE67brxNBNiQJOBRvnO4lmMaF3ZMDahkoSMt1NswXH+NAofRxEyhwJOFN/TqQk1HoU+qYzJDDU895E/M9rJxCUuimXcQJM0ulDQSIwRHiSFu5zxSiIkSGEKm7+iumQKELBZJo3IbjzK/8ljZOie148uz0tlEuzOHJoHx2gI+SiC1RGN6iK6oiiB/SEXtCr9Wg9W2/W+7R1wZrN7KFfsL6+ARrBobw=</latexit>

G(tf ) =

Z tf

0
eA

T ⌧CTCeA⌧d⌧ observability grammian

For every 0 ∙ ¿  ∙ tf we have                        , multiply from the left by 

and integrate from 0 to tf 

<latexit sha1_base64="Rh7IqWyaaokYrm6aiW+lqazYhRY=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUZccozk4jFCNkhmQk+nkjTpWeiuUcKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+LIVG2/621tY3Nre2czv53b39g8PC0XFTR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/HF15rceQWkRhXWcxOAGbBiKgeAMjeSBl9559S6yZFr16r1C0S7Zc9BV4mSkSDLUeoWvbj/iSQAhcsm07jh2jG7KFAouYZrvJhpixsdsCB1DQxaAdtP51VN6bpQ+HUTKVIh0rv6eSFmg9STwTWfAcKSXvZn4n9dJcFB2UxHGCULIF4sGiaQY0VkEtC8UcJQTQxhXwtxK+YgpxtEElTchOMsvr5LmZcm5KV0/XBUr5SyOHDklZ+SCOOSWVMg9qZEG4USRZ/JK3qwn68V6tz4WrWtWNnNC/sD6/AE2m5JP</latexit>

eA
T ⌧CT

<latexit sha1_base64="ezHuSuVwh0eZXnAKnPkWcGfsLeQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREfHQjVLpxWcE+oI1hMp20QyeTMDMRQ6gbf8WNC0Xc+hfu/BsnbRbaeuDCmXPuZe49XsSoVJb1bSwsLi2vrBbWiusbm1vb5s5uS4axwKSJQxaKjockYZSTpqKKkU4kCAo8RtreqJ757XsiJA35rUoi4gRowKlPMVJacs39pNxTKD6Gl7AOyV16lb3GD67lmiWrYk0A54mdkxLI0XDNr14/xHFAuMIMSdm1rUg5KRKKYkbGxV4sSYTwCA1IV1OOAiKddHLBGB5ppQ/9UOjiCk7U3xMpCqRMAk93BkgN5ayXif953Vj5VSelPIoV4Xj6kR8zqEKYxQH7VBCsWKIJwoLqXSEeIoGw0qEVdQj27MnzpHVSsc8rZzenpVo1j6MADsAhKAMbXIAauAYN0AQYPIJn8ArejCfjxXg3PqatC0Y+swf+wPj8AWmRlZQ=</latexit>

y(⌧) = CeA⌧x0

<latexit sha1_base64="U/aQ9Hgskuhjbi5PO3M+5BkmpTU="></latexit>Z tf

0
eA

T ⌧CT y(⌧)d⌧ =

Z tf

0
eA

T ⌧CTCeA⌧d⌧ x0 = G(tf )x0
<latexit sha1_base64="K7e9WUod/fyMb2NzLKC4Ha3XN/M="></latexit>

) x0 = G(tf )
�1

Z tf

0
eA

T ⌧CT y(⌧)d⌧
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What happens if the system S is not observable? 

• the observability matrix is singular and is therefore not full rank:     rank(O) = m < n  

therefore the kernel or nullspace of O has dimension n — m 

T�1 =
⇥
w1 · · · wm v1 v2 · · · vn�m

⇤
• choose the particular change of coordinates T such that

basis of Ker(O)completion
(such that all the columns
are linearly independent)

Kalman decomposition w.r.t. observability

Ker(O) = gen{v1, v2, … , vn—m} is a linear subspace

• the subspace Ker(O) is A-invariant: 

• in these new coordinates an unobservable state has its first m coordinates equal to zero

if v 2 Ker(O) then A v 2 Ker(O) 

therefore if z = Tx is such that z 2 Ker( ) thenÕ
<latexit sha1_base64="OI6VgSGw0GtNxjOlTI4xZUFGUDs=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISURH90IBTcuK9gHNKFMprft0MkkzEzEGvoTbvwVNy4UcSu482+ctkG09cCFwzn3cu89QcyZ0o7zZeUWFpeWV/KrhbX1jc0te3unrqJEUqjRiEeyGRAFnAmoaaY5NGMJJAw4NILB5dhv3IJULBI3ehiDH5KeYF1GiTZS2z4q3OML7AXQYyINQqIluxthB3se9ojS2APR+dHbdtEpORPgeeJmpIgyVNv2p9eJaBKC0JQTpVquE2s/JVIzymFU8BIFMaED0oOWoYKEoPx08tUIHxilg7uRNCU0nqi/J1ISKjUMA9Np7uurWW8s/ue1Et0t+ykTcaJB0OmibsKxjvA4ItxhEqjmQ0MIlczcimmfSEK1CbJgQnBnX54n9eOSe1Y6vT4pVspZHHm0h/bRIXLROaqgK1RFNUTRA3pCL+jVerSerTfrfdqas7KZXfQH1sc3NPCeQg==</latexit>

z =


0
⇤

�
m

n — m

and also z is  invariant so  will have the same structure with the last n-m 
elements equal to 0

Ã = TAT−1 Ãz
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this change of coordinates z = T x decomposes the original system into two interconnected systems: 

one fully observable while the other is fully unobservable, the new A and C have special structures

m n - m

Kalman decomposition w.r.t. observability

Ã = TAT�1 =

"
Ã11 0

Ã21 Ã22

#

B̃ = TB =

"
B̃1

B̃2

#

C̃ = CT�1 =
⇥
C̃1 0

⇤

rank

2

664

C̃1

C̃1Ã11

. . .
C̃1Ã

m�1
11

3

775 = m(Ã11, C̃1)

no special structure

eig
n
Ã
o
= eig

n
Ã11

o [
eig

n
Ã22

o

n - m

m

m n - m

observable ,

• all the m eigenvalues of        are observable

• all the n — m eigenvalues of       are unobservable

• eigenvalues of       will not be poles of the transfer function (independently from 
the choice of B )

•  

•  

<latexit sha1_base64="RgyJirx9MuHtMD9A5c5/5ClXmpE=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPikmPEi8cIZoFkCD09NUmTnsXunkAY8h1ePCji1Y/x5t/YSeagiQ8KHu9VUVXPSwRX2ra/rcLa+sbmVnG7tLO7t39QPjxqqTiVDJssFrHseFSh4BE2NdcCO4lEGnoC297obua3xygVj6NHPUnQDekg4gFnVBvJ7WkufCS3/cxxpv1yxa7ac5BV4uSkAjka/fJXz49ZGmKkmaBKdR070W5GpeZM4LTUSxUmlI3oALuGRjRE5Wbzo6fkzCg+CWJpKtJkrv6eyGio1CT0TGdI9VAtezPxP6+b6qDmZjxKUo0RWywKUkF0TGYJEJ9LZFpMDKFMcnMrYUMqKdMmp5IJwVl+eZW0LqrOdfXq4bJSr+VxFOEETuEcHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWgpXPHMMfWJ8/5v2RhA==</latexit>

Ã11

<latexit sha1_base64="gCpJ8vFwcE/wwDIZDc9KerkTdGQ=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSa45Bjx4jGCWSAZQk9PT9KkZ7G7JhCGfIcXD4p49WO8+Td2kjlo4oOCx3tVVNXzEik02va3tba+sbm1Xdgp7u7tHxyWjo5bOk4V400Wy1h1PKq5FBFvokDJO4niNPQkb3uju5nfHnOlRRw94iThbkgHkQgEo2gkt4dC+pzc9rNqddovle2KPQdZJU5OypCj0S999fyYpSGPkEmqddexE3QzqlAwyafFXqp5QtmIDnjX0IiGXLvZ/OgpOTeKT4JYmYqQzNXfExkNtZ6EnukMKQ71sjcT//O6KQY1NxNRkiKP2GJRkEqCMZklQHyhOEM5MYQyJcythA2pogxNTkUTgrP88ippVSvOdeXq4bJcr+VxFOAUzuACHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWNSufOYE/sD5/AOoIkYY=</latexit>

Ã22

<latexit sha1_base64="gCpJ8vFwcE/wwDIZDc9KerkTdGQ=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSa45Bjx4jGCWSAZQk9PT9KkZ7G7JhCGfIcXD4p49WO8+Td2kjlo4oOCx3tVVNXzEik02va3tba+sbm1Xdgp7u7tHxyWjo5bOk4V400Wy1h1PKq5FBFvokDJO4niNPQkb3uju5nfHnOlRRw94iThbkgHkQgEo2gkt4dC+pzc9rNqddovle2KPQdZJU5OypCj0S999fyYpSGPkEmqddexE3QzqlAwyafFXqp5QtmIDnjX0IiGXLvZ/OgpOTeKT4JYmYqQzNXfExkNtZ6EnukMKQ71sjcT//O6KQY1NxNRkiKP2GJRkEqCMZklQHyhOEM5MYQyJcythA2pogxNTkUTgrP88ippVSvOdeXq4bJcr+VxFOAUzuACHLiBOtxDA5rA4Ame4RXerLH1Yr1bH4vWNSufOYE/sD5/AOoIkYY=</latexit>

Ã22
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z = Tx =

"
z1

z2

#
m

n - m

8
>><

>>:

ż1 = Ã11z1 + B̃1u

ż2 = Ã21z1 + Ã22z2 + B̃2u

y = C̃1z1

ż1 = · · ·

ż2 = · · ·

observable
subsystem

unobservable
subsystem

input output

the state evolution of this subsystem
does not influence the output y, 
neither directly nor indirectly 
through z1

Kalman decomposition w.r.t. observability

Let’s partition z  accordingly

the two sets of equations
can be viewed as two 

interconnected subsystems, 
(S1) with state z1 and 
(S2) with state z2

system S

(S2) represents the hidden 
dynamics with its hidden 

natural modes

(S1)

(S2)
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Example

Consider two masses m1 and m2 with no 

friction with the ground and moved by a 
single linear actuator M which acts on both 
masses with equal intensity 

m2m1

M
f—f

±1 ±2

<latexit sha1_base64="B/dUQCNM44GcKLy1YLCApv4BtK0=">AAACHXicbVDLSgMxFM34rPU16tJNsChuLDOlajdCwY3LCvYBnTJkMpk2NJkZkjtCKf0RN/6KGxeKuHAj/o3pY2FbDyScnHMvN/cEqeAaHOfHWlldW9/YzG3lt3d29/btg8OGTjJFWZ0mIlGtgGgmeMzqwEGwVqoYkYFgzaB/O/abj0xpnsQPMEhZR5JuzCNOCRjJt8t56bvYC8MEzM0EEPM8u8EXEfY8LP3SvFcae5FvF5yiMwFeJu6MFNAMNd/+8sKEZpLFQAXRuu06KXSGRAGngo3yXqZZSmifdFnb0JhIpjvDyXYjfGqUEEeJMicGPFH/dgyJ1HogA1MpCfT0ojcW//PaGUSVzpDHaQYsptNBUSYwJHgcFQ65YhTEwBBCFTd/xbRHFKFgAs2bENzFlZdJo1R0r4qX9+VCtTKLI4eO0Qk6Ry66RlV0h2qojih6Qi/oDb1bz9ar9WF9TktXrFnPEZqD9f0Ldj2eag==</latexit>

m1�̈1 = �f

m2�̈2 = f

Newton equations state (a possible choice)

<latexit sha1_base64="9hkduaEg4j7wsGP+W65OjS6w+Bo="></latexit>

P =

2

664

0 �1/m1 0 0
�1/m1 0 0 0

0 1/m2 0 0
1/m2 0 0 0

3

775

<latexit sha1_base64="B9VrhXFnqu8gSUS4tBWYiRw+ebY=">AAACJnicbVDLSgMxFM34rPU16tJNsAhurDPFRzeFohuXFewDOqVk0ts2NJMZkoxYhn6NG3/FjYuKiDs/xUxbRFsPBM49515y7/EjzpR2nE9raXlldW09s5Hd3Nre2bX39msqjCWFKg15KBs+UcCZgKpmmkMjkkACn0PdH9ykfv0BpGKhuNfDCFoB6QnWZZRoI7Xt0jUuYc+HHhOJHxAt2eMIO9jz8Kl7FrTdlE3KtCpg7IHo/DRm23bOyTsT4EXizkgOzVBp22OvE9I4AKEpJ0o1XSfSrYRIzSiHUdaLFUSEDkgPmoYKEoBqJZMzR/jYKB3cDaV5QuOJ+nsiIYFSw8A3nWbBvpr3UvE/rxnrbrGVMBHFGgSdftSNOdYhTjPDHSaBaj40hFDJzK6Y9okkVJtk0xDc+ZMXSa2Qdy/zF3fnuXJxFkcGHaIjdIJcdIXK6BZVUBVR9IRe0Bi9Wc/Wq/VufUxbl6zZzAH6A+vrG6kzojg=</latexit>

B =

2

664

0
�1/m1

0
1/m2

3

775

<latexit sha1_base64="oKLa8wqc/U+Bs19ApUjo9yJHjEc="></latexit>

Im(P ) = gen

8
>><

>>:

0

BB@

0
�1/m1

0
1/m2

1

CCA ,

0

BB@

�1/m1

0
1/m2

0

1

CCA

9
>>=

>>;

controllability matrix subspace of controllable states

<latexit sha1_base64="y+OWKews872Vz0OEZioXdJ7Qc1U=">AAACTHicdVDLSgMxFM1UrbW+qi7dBIviqsyIj26EihuXFewDOqVk0ts2NJMZkoxYhn6gGxfu/Ao3LhQRTKeDaFsPHDic+8jN8ULOlLbtFyuztLySXc2t5dc3Nre2Czu7dRVEkkKNBjyQTY8o4ExATTPNoRlKIL7HoeENryf1xj1IxQJxp0chtH3SF6zHKNHG6hToFb7Ergd9JmLPJ1qyhzG28RF2DO2ErpuKfwxnQQeI7s+6fKdQtEt2AjwvnFQUUYpqp/DsdgMa+SA05USplmOHuh0TqRnlMM67kYKQ0CHpQ8tIQXxQ7TgJY4wPjdPFvUAaCo0T9/dETHylRr5nOs2BAzVbm5iLaq1I98rtmIkw0iDo9KFexLEO8CRZ3GUSqOYjIwiVzNyK6YBIQrXJfxKCM/vleVE/KTnnpbPb02KlnMaRQ/voAB0jB12gCrpBVVRDFD2iV/SOPqwn6836tL6mrRkrndlDf5DJfgM2/6cW</latexit>

A =

2

664

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

3

775

since the dimension of Im(P ) is 2, the original system can be decomposed into two subsystems 
each 2-dimensional, that is each with a state vector of dimension 2.
Before proceeding to the decomposition, let’s try to give some physical insight into the controllable 
and uncontrollable states of this system (or equivalently reachable/unreachable states from 0).

<latexit sha1_base64="jJjzcOdDVW8CfrLp4hgWurYEgz4="></latexit>

x =

2

664

�1
�̇1
�2
�̇2

3

775 =

2

664

x1

x2

x3

x4

3

775
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Example (continued)

• let’s interpret the first vector of Im(P ): it is parallel to                                    and any vector 
belonging to the same 1-dimensional subspace (and therefore parallel to it) must have the second 
(x2) and fourth (x4) components proportional with x4 = — (m1/m2) x2 and x1 = x3 = 0. 

In terms of the physical coordinates this means that a reachable state at a generic instant T  
should be such that 

<latexit sha1_base64="4055ztE99zvZyHJIIBZNBCN5fCc=">AAACH3icbVBNSwMxEM36WetX1aOXYFG8WHeL1h4LXjxWsK3QXZdsOq3BJLskWbEs/Sde/CtePCgi3vpvTGsRbX3w4PFmhpl5UcKZNq47dObmFxaXlnMr+dW19Y3NwtZ2U8epotCgMY/VdUQ0cCahYZjhcJ0oICLi0Iruzkf11j0ozWJ5ZfoJBIL0JOsySoy1wkLFj6DHZJYIYhR7GGAX4wPsWbqWRyL0jkVYxj7Izk/PzVU+LBTdkjsGnhXeRBTRBPWw8Ol3YpoKkIZyonXbcxMTZEQZRjkM8n6qISH0jvSgbaUkAnSQjf8b4H3rdHA3VpbS4LH7eyIjQuu+iGynPfFWT9dG5n+1dmq61SBjMkkNSPq9qJtybGI8Cgt3mAJqeN8KQhWzt2J6SxShxkY6CsGbfnlWNMslr1I6vTwp1qqTOHJoF+2hQ+ShM1RDF6iOGoiiR/SMXtGb8+S8OO/Ox3frnDOZ2UF/4Ay/AB5Mn+s=</latexit>�
0 1 0 �m1/m2

�T

and x1(T ) = x3(T )= 0

<latexit sha1_base64="Q/msr30c2nvtnF+yo0DLkeF3ORE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEdmFNSqndCAU3Liv0BW0Ik+mkHTqThJmJtITixl9x40IRt36FO//GaZuFVg9cOJxzL/fe40WMSmVZX0ZmbX1jcyu7ndvZ3ds/MA+P2jKMBSYtHLJQdD0kCaMBaSmqGOlGgiDuMdLxxjdzv3NPhKRh0FTTiDgcDQPqU4yUllzzZOJWCs0ivIYXBe7al9wtFyduWUuumbdK1gLwL7FTkgcpGq752R+EOOYkUJghKXu2FSknQUJRzMgs148liRAeoyHpaRogTqSTLF6YwXOtDKAfCl2Bggv150SCuJRT7ulOjtRIrnpz8T+vFyu/5iQ0iGJFArxc5McMqhDO84ADKghWbKoJwoLqWyEeIYGw0qnldAj26st/Sbtcsqul6l0lX6+lcWTBKTgDBWCDK1AHt6ABWgCDB/AEXsCr8Wg8G2/G+7I1Y6Qzx+AXjI9vTxuUKQ==</latexit>

x4(T ) = �(m1/m2)x2(T )
<latexit sha1_base64="3tExgG/FxfPckRJkljsBhmM+rtY=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoiGWmSO1GKLhxWaEvaMuQSdM2NJkZkjtCKf0KN/6KGxeKuBV3/o2Zdha1eiDhcM69N7nHjwTX4DjfVmZtfWNzK7ud29nd2z+wD4+aOowVZQ0ailC1faKZ4AFrAAfB2pFiRPqCtfzxbeK3HpjSPAzqMIlYT5JhwAecEjCSZ19Kz8XdfgjmYgKI5xbq5/gCS6+0LCfiDXY8O+8UnTnwX+KmJI9S1Dz7ywyhsWQBUEG07rhOBL0pUcCpYLNcN9YsInRMhqxjaEAk073pfK0ZPjNKHw9CZU4AeK4ud0yJ1HoifVMpCYz0qpeI/3mdGAaV3pQHUQwsoIuHBrHAEOIkI9znilEQE0MIVdz8FdMRUYSCSTJnQnBXV/5LmqWiWy6W76/y1UoaRxadoFNUQC66RlV0h2qogSh6RM/oFb1ZT9aL9W59LEozVtpzjH7B+vwBuGyb7Q==</latexit>

m1�̇1(T ) +m2�̇(T ) = 0

±1(T ) = ±2(T )= 0

or equivalently in terms of the center of mass velocity , from this first basis vector any 
reachable state at time T is such that

·c

±1(T ) = ±2(T )= 0 and

<latexit sha1_base64="39Vpn8dUVGn5JwuJtNbdluJM4bQ="></latexit>

ċ(T ) =
m1�̇1(T ) +m2�̇2(T )

m1 +m2
= 0

<latexit sha1_base64="oKLa8wqc/U+Bs19ApUjo9yJHjEc="></latexit>

Im(P ) = gen

8
>><

>>:

0

BB@

0
�1/m1

0
1/m2

1

CCA ,

0

BB@

�1/m1

0
1/m2

0

1

CCA

9
>>=

>>;

• the set of reachable states is a 2-dimensional linear subspace. Recall also that if a state is reachable 
from the origin in time T it is reachable in any finite time
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Example (continued)

• similarly for the second vector of Im(P ): since it is parallel to 

any vector parallel to it must have the first (x1) and third (x3) components proportional with 

x3 = — (m1/m2) x1 or, equivalently, ±2 = — (m1/m2) ±1. But it should also have the two 

velocities equal to 0 (second (x2) and fourth (x4) components of the vector). 

Therefore any reachable state (deriving from this vector of the basis of Im(P )) at time T 
should be such that

<latexit sha1_base64="t6mLint6G5mONxtFihLZ35iXB0c=">AAACInicbVDLSgMxFM34rPVVdekmWBQ31hnxUXcFNy4r9CG0dchk7tRgkhmSjFiGfosbf8WNC0VdCX6M6QPR6oWEwznncu89QcKZNq774UxNz8zOzecW8otLyyurhbX1ho5TRaFOYx6ry4Bo4ExC3TDD4TJRQETAoRncnA305i0ozWJZM70EOoJ0JYsYJcZSfuG0HUCXySwRxCh218fYwzsYu4NvT/jevvAPRkQbZPhtu6phv1B0S+6w8F/gjUERjavqF97aYUxTAdJQTrRueW5iOhlRhlEO/Xw71ZAQekO60LJQEgG6kw1P7ONty4Q4ipV90uAh+7MjI0Lrngis0654rSe1Afmf1kpNVO5kTCapAUlHg6KUYxPjQV44ZAqo4T0LCFXM7orpNVGEGptq3obgTZ78FzQOSt5x6ejisFgpj+PIoU20hXaRh05QBZ2jKqojiu7RI3pGL86D8+S8Ou8j65Qz7tlAv8r5/AJp3qB/</latexit>�
1 0 �m1/m2 0

�T

and that

<latexit sha1_base64="M4DBDrcHUfFtfXQdC8JBLPczWFE="></latexit>

�2(T ) = �m1

m2
�1(T ) ! m1�1(T ) +m2�2(T ) = 0 ) c(T ) =

m1�1(T ) +m2�2(T )

m1 +m2
= 0

<latexit sha1_base64="ysvHYadEFsMCSNPJVZjiM4p5zbQ=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2AR6qbMFKndCAU3Liv0IrTDkMmkbWjmQnJGKENfwY2v4saFIm7dufNtzLSzqK0/BH6+c06S83ux4Aos68cobGxube8Ud0t7+weHR+bxSVdFiaSsQyMRyQePKCZ4yDrAQbCHWDISeIL1vMltVu89Mql4FLZhGjMnIKOQDzkloJFrVgZ+BHjgMwHEtSvtS3yDl1FtgaySa5atqjUXXjd2bsooV8s1v/U9NAlYCFQQpfq2FYOTEgmcCjYrDRLFYkInZMT62oYkYMpJ5xvN8IUmPh5GUp8Q8JwuT6QkUGoaeLozIDBWq7UM/lfrJzBsOCkP4wRYSBcPDROBIcJZPNjnklEQU20IlVz/FdMxkYSCDjELwV5ded10a1W7Xq3fX5WbjTyOIjpD56iCbHSNmugOtVAHUfSEXtAbejeejVfjw/hctBaMfOYU/ZHx9Qtqp5ot</latexit>

�̇1(T ) = �̇2(T ) = 0

that is at the generic T the center of mass c is in 0 and the two masses have zero velocity.

• as a summary we have
<latexit sha1_base64="WufX59piA9QKSpvo4L8H7cvjiTo="></latexit>n
(�1, �2, �̇1, �̇2) : ċ(T ) = 0, �1(T ) = �2(T ) = 0

o

<latexit sha1_base64="ej67bvplPozIf+Eui7lT1DR7i30="></latexit>n
(�1, �2, �̇1, �̇2) : c(T ) = 0, �̇1(T ) = �̇2(T ) = 0

o
from the first vector

from the second vector

any reachable state at t = T is a linear combination of these two conditions that is 
<latexit sha1_base64="MsSb44jImZ0pd7uezizJYkBe7to="></latexit>n
(�1, �2, �̇1, �̇2) : c(T ) = 0 and ċ(T ) = 0

o
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Example (continued)

• note that 
<latexit sha1_base64="fzQjtMeOOOHNamI8TiW8v6urQJI=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIJewq5IzEUJePGoYkwgu4Te2UkyOPtwplcJS/7Gi7/iRVARPfonTpI9aGLBQHVVNz1dfiKFRtv+smZm5+YXFpeWCyura+sbxc2tGx2nivE6i2Wsmj5oLkXE6yhQ8maiOIS+5A3/9mzoN+650iKOrrGfcC+EbiQ6ggEaqV08dQMuEdrO/vUBPaF5dTiubOrepRBQ90p0ewhKxQ+5wvKGdrFkl+0R6DRxclIiOS7axVc3iFka8giZBK1bjp2gl4FCwSQfFNxU8wTYLXR5y9AIQq69bHTngO4ZJaCdWJkXIR2pvycyCLXuh77pDAF7etIbiv95rRQ7VS8TUZIij9h4USeVFGM6DI0GQnGGsm8IMCXMXynrgQKGJtqCCcGZPHma3ByWnUq5cnlUqlXzOJbIDtkl+8Qhx6RGzskFqRNGHskzeSPv1pP1Yn1Yn+PWGSuf2SZ/YH3/AORdokE=</latexit>

�1(T ) = �2(T ) = 0 ) c(T ) = 0
<latexit sha1_base64="Q2xTwOyFv5ITnXnqTRFS2OHqoNY="></latexit>

�̇1(T ) = �̇2(T ) = 0 ) ċ(T ) = 0

but not necessarily vice-versa. However in characterizing the whole set of reachable states we 
have combined all conditions.

• from the subspace of reachable states at time T and recalling that if a state is reachable 
at T it is reachable in any instant (with a different input), we can therefore also state 
that when we apply any input (the force f(t)) we will always have c(t) = 0 and 

 for all  along the state trajectory.·c(t) = 0 t ≥ 0

To clarify this, imagine that we have found an input f(t) with t in [0, T ] that drives the state 
from the origin to a reachable state at time T , that is to a state such that c(T ) = 0 and 

. We are stating that along the whole trajectory we should also have c(t) = 0 and 
. If this was not true, it means there would be a time  when the state would 

have  and/or  and this state has been reached using the input f(t) with 
 (the same input that drives the system in T at a reachable state but truncated at  ). 

This then means that this state at  is reachable which is not possible since it does not satisfy 
the reachability conditions .

·c(T ) = 0
·c(t) = 0 t̄ ∈ (0,T )

c(t̄ ) ≠ 0 ·c(t̄ ) ≠ 0
t ∈ [0,t̄ ] t̄

t̄
c(t̄ ) = ·c(t̄ ) = 0
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Example (continued)

• we have just shown that forced any trajectory of the state (starting from 0 initial conditions) 
will have the center of mass and its derivative remain in 0 at all times.

<latexit sha1_base64="TxofjjSz9W5hNIllPf8JWLOao2Q=">AAACDXicbVDLSgMxFM3UV62vqks3wSpUkDIjUrsRCm5cVrAPaIeSSdM2NJOZJneEMvQH3Pgrblwo4ta9O//GTDsLbT0QOJxz7829xwsF12Db31ZmZXVtfSO7mdva3tndy+8fNHQQKcrqNBCBanlEM8ElqwMHwVqhYsT3BGt6o5vEbz4wpXkg72ESMtcnA8n7nBIwUjd/Qotwhq9xpxcATrl9jjvjcUR6GHBnwLDdzRfskj0DXiZOSgooRa2b/zLzaOQzCVQQrduOHYIbEwWcCjbNdSLNQkJHZMDahkriM+3Gs2um+NQoPdwPlHnSLJWovzti4ms98T1T6RMY6kUvEf/z2hH0K27MZRgBk3T+UT8SGAKcRIN7XDEKYmIIoYqbXTEdEkUomABzJgRn8eRl0rgoOeVS+e6yUK2kcWTRETpGReSgK1RFt6iG6oiiR/SMXtGb9WS9WO/Wx7w0Y6U9h+gPrM8f1xOYQQ==</latexit>

c(t) = ċ(t) = 0, t � 0

• Note that the condition  is a direct consequence of the conservation of the linear 
momentum

·c(t) = 0

<latexit sha1_base64="1UNcwxVFG+d1ZpzNHOPwJ4Nokn4="></latexit>

m1�̇1(t) +m2�̇2(t) = constant = m1�̇1(0) +m2�̇2(0) = 0

Moreover, if we integrate the momentum conservation equation, we obtain

which, being ±1(0) = ±2(0) = 0, gives

<latexit sha1_base64="fNGO0V8+Be4IbuOGTjduDG7IIu4=">AAACMXicbVBNSwMxEM36bf2qevQyWIQWsewWUS9CwUuPFWwV2rJk07QNJrtLMiuUxb/kxX8iXnpQxKt/wrRdilYfBN68ecNkXhBLYdB1R87C4tLyyuraem5jc2t7J7+71zRRohlvsEhG+i6ghksR8gYKlPwu1pyqQPLb4P5q3L994NqIKLzBYcw7ivZD0ROMopX8fE35HhTbXS6R+l4RS3ACs8otleAYlF+BmaUytcCsHHvgElw/X3DL7gTwl3gZKZAMdT//0u5GLFE8RCapMS3PjbGTUo2CSf6YayeGx5Td0z5vWRpSxU0nnVz8CEdW6UIv0vaFCBP150RKlTFDFVinojgw872x+F+vlWDvopOKME6Qh2y6qJdIwAjG8UFXaM5QDi2hTAv7V2ADqilDG3LOhuDNn/yXNCtl76x8dn1aqF5kcayRA3JIisQj56RKaqROGoSRJ/JK3si78+yMnA/nc2pdcLKZffILztc3ilujEQ==</latexit>

m1(�1(t)� �1(0)) +m2(�2(t)� �2(0)) = 0

<latexit sha1_base64="M1JsBqvG6gadAc66BvNS/uoZXqw=">AAACInicbVDLSgMxFM3UV62vqks3wSIoSpkp4mMhFNy4rGBtoVOGO5lUQ5OZaXJHKKXf4sZfceNCUVeCH2NaK/g6EDiccy8354SpFAZd983JTU3PzM7l5wsLi0vLK8XVtUuTZJrxOktkopshGC5FzOsoUPJmqjmoUPJG2D0d+Y0bro1I4gvsp7yt4CoWHcEArRQUj1XgUT/iEiHwtnGH7lIVVOiXVBlJ9IS6e9Tv9TKIqN9JNEhJMSiW3LI7Bv1LvAkpkQlqQfHFjxKWKR4jk2BMy3NTbA9Ao2CSDwt+ZngKrAtXvGVpDIqb9mAccUi3rBJRe9u+GOlY/b4xAGVMX4V2UgFem9/eSPzPa2XYOWoPRJxmyGP2eaiT2XwJHfVFI6E5Q9m3BJgW9q+UXYMGhrbVgi3B+x35L7mslL2D8sH5fql6NKkjTzbIJtkmHjkkVXJGaqROGLkl9+SRPDl3zoPz7Lx+juacyc46+QHn/QP6oaBE</latexit>

m1�1(t) +m2�2(t) = 0, 8t

and therefore c(t) = 0. 

0 0.5 1 1.5 2 2.5 3
time

-1

-0.5

0

0.5
2-mass system with random input force

CoM position
CoM velocity
f(t)/10
delta1
delta2

• Simulation with a random force: the relative CoM and its 
derivative remain 0 (one line is blue continuous the other 
is dashed in red and partially  covers the blue line) while 
the displacements vary. The input force has been scaled by 
10 to allow proper reading of the plot.
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Example (continued)

• a more direct way to prove that any reachable state at time T is such that

c(T ) = 0 ·c(T ) = 0and

is writing the generic reachable xR state as a linear combination of the base of Im(P ) 
<latexit sha1_base64="/X++F1QDt3OwYOvLWdSAErTZ974="></latexit>

xR = ↵

0

BB@

0
�1/m1

0
1/m2

1

CCA+ �

0

BB@

�1/m1

0
1/m2

0

1

CCA =

0

BB@

��/m1

�↵/m1

�/m2

↵/m2

1

CCA

with ® and ¯ generic real numbers. So any reachable state at time T will have its components as 

therefore we have

<latexit sha1_base64="Czq2mFruCbqYL5/90+KdezGDE7M=">AAACCXicbVA9SwNBEN2L3/Hr1NJmMQg2hjuRmEYI2FiqGBPIhWNvM5cs2ftgd04Ix7U2/hUbC0Vs/Qd2/hs3MYUmPhh4vDfDzLwglUKj43xZpYXFpeWV1bXy+sbm1ra9s3unk0xxaPJEJqodMA1SxNBEgRLaqQIWBRJawfBi7LfuQWmRxLc4SqEbsX4sQsEZGsm3qdcDiczP3ZuCntNjL1SM514AyIo88t3CtytO1ZmAzhN3Sipkiivf/vR6Cc8iiJFLpnXHdVLs5kyh4BKKspdpSBkfsj50DI1ZBLqbTz4p6KFRejRMlKkY6UT9PZGzSOtRFJjOiOFAz3pj8T+vk2FY7+YiTjOEmP8sCjNJMaHjWGhPKOAoR4YwroS5lfIBM1mgCa9sQnBnX54ndydVt1atXZ9WGvVpHKtknxyQI+KSM9Igl+SKNAknD+SJvJBX69F6tt6s95/WkjWd2SN/YH18A7LhmbM=</latexit>

�1R = � �

m1

<latexit sha1_base64="UGNfFHUtmK96f56wHbrCDa6DsqY=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4sSQi1YsgePFYxVqhCWGy3djFzQe7E6GE/AMv/hUvHhTx6tWb/8ZtzUGtDwYe783szrwwk0Kj43xaU9Mzs3PztYX64tLyyqq9tn6l01wx3mGpTNV1CJpLkfAOCpT8OlMc4lDybnh7OvK7d1xpkSaXOMy4H8NNIiLBAI0U2DteP0Xq9blECAr3oqTHdM+LFLDCA5kNoCziwC0Du+E0nTHoJHEr0iAV2oH9YR5mecwTZBK07rlOhn4BCgWTvKx7ueYZsFu44T1DE4i59ovxPSXdNkqfRqkylSAdqz8nCoi1Hsah6YwBB/qvNxL/83o5Rkd+IZIsR56w74+iXFJM6Sgc2heKM5RDQ4ApYXalbAAmDDQR1k0I7t+TJ8nVftNtNVvnB42ToyqOGtkkW2SXuOSQnJAz0iYdwsg9eSTP5MV6sJ6sV+vtu3XKqmY2yC9Y718o9pwc</latexit>

�̇1R = � ↵

m1

<latexit sha1_base64="EAMPigLPqLoBHH+F+1W6nRzbmR8=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrtB1EYI2FhGMYmQDcvdyWwyZPbBzF0hLPsFNv6KjYUittZ2/o2TR6GJBy4czrl35t7jJ1JotO1vq7Cyura+UdwsbW3v7O6V9w/aOk4V4y0Wy1jd+6C5FBFvoUDJ7xPFIfQl7/ijq4nfeeBKizi6w3HCeyEMIhEIBmgkr1x1+zFSt88lgpfVb3N6Sd1AActckMkQ8iz06rlXrtg1ewq6TJw5qZA5ml75y7zL0pBHyCRo3XXsBHsZKBRM8rzkpponwEYw4F1DIwi57mXTc3JaNUqfBrEyFSGdqr8nMgi1Hoe+6QwBh3rRm4j/ed0Ug4teJqIkRR6x2UdBKinGdJIN7QvFGcqxIcCUMLtSNgQTBpoESyYEZ/HkZdKu15yz2tnNaaVxMY+jSI7IMTkhDjknDXJNmqRFGHkkz+SVvFlP1ov1bn3MWgvWfOaQ/IH1+QO43pvn</latexit>

�̇2R =
↵

m2

<latexit sha1_base64="5FFhIktMoGz95ryR0noNCwJpIlQ=">AAACCHicbVBNS8NAEN34WetX1KMHF4vgqSRF1ItQ8OKxilWhCWGzndilmw92J0IJOXrxr3jxoIhXf4I3/43bNge/Hgw83pthZl6YSaHRcT6tmdm5+YXF2lJ9eWV1bd3e2LzSaa44dHkqU3UTMg1SJNBFgRJuMgUsDiVch8PTsX99B0qLNLnEUQZ+zG4TEQnO0EiBveP1QSILitZFSU+oFynGCy8EZGURB60ysBtO05mA/iVuRRqkQiewP7x+yvMYEuSSad1znQz9gikUXEJZ93INGeNDdgs9QxMWg/aLySMl3TNKn0apMpUgnajfJwoWaz2KQ9MZMxzo395Y/M/r5Rgd+4VIshwh4dNFUS4ppnScCu0LBRzlyBDGlTC3Uj5gJgs02dVNCO7vl/+Sq1bTPWwenh802sdVHDWyTXbJPnHJEWmTM9IhXcLJPXkkz+TFerCerFfrbdo6Y1UzW+QHrPcvRNOZfg==</latexit>

�2R =
�

m2

<latexit sha1_base64="nm9lG7x0Ku7d7HyAGqERMxuKgvM="></latexit>

m1�1R +m2�2R = m1

✓
� �

m1

◆
+m2

✓
�

m2

◆
= �� + � = 0,

<latexit sha1_base64="UUtAt4xaOrqq+aL9Nt/bttA3RvA="></latexit>

m1�̇1R +m2�̇2R = m1

✓
� ↵

m1

◆
+m2

✓
↵

m2

◆
= �↵+ ↵ = 0

c = 0

·c = 0
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<latexit sha1_base64="EUAT7bVSl7pZBaJQa0VG1Jneyqk="></latexit>

T�1 =

2

664

0 �1/m1 1 0
�1/m1 0 0 1

0 1/m2 0 0
1/m2 0 0 0

3

775

<latexit sha1_base64="4VyqpyiBTcQUMNtjQ3njnpkEA6o="></latexit>

T =

2

664

0 0 0 m2

0 0 m2 0
1 0 m2/m1 0
0 1 0 m2/m1

3

775

we know that the last two components z3 and z4 of z,  from z = T x, represent the state of the 

uncontrollable subsystem. These are 

There are infinite choices for the completion in T, all equivalent. For example:

Example (continued)

Now that we have explored the controllability (or reachability) subspace, we can proceed with the 
Kalman decomposition w.r.t. controllability. 

The first two columns of T  —1 will form the basis of Im(P ) while the remaining 2 will be a 

completion so that the matrix T is nonsingular. 

z3 = ±1 + (m2/m1) ±2
<latexit sha1_base64="nXlE5k52Gkl8YEuAGWl3WJSN4jc=">AAACF3icbVDLTgIxFO3gC8cX6tJNIzHBmOAMQWVjQuLGJSbySIBMOqVAQzszae+YIOEv3PgrblxojFvd+TcWmIWAJ2lzcs69t73HjwTX4Dg/VmpldW19I71pb23v7O5l9g9qOowVZVUailA1fKKZ4AGrAgfBGpFiRPqC1f3BzcSvPzCleRjcwzBibUl6Ae9ySsBIXiZvP3pFfI1bnRDMxQQQz8VnOekVzqXnns4ZBdvLZJ28MwVeJm5CsihBxct8mwE0liwAKojWTdeJoD0iCjgVbGy3Ys0iQgekx5qGBkQy3R5N9xrjE6N0cDdU5gSAp+rfjhGRWg+lbyolgb5e9Cbif14zhm6pPeJBFAML6OyhbiwwhHgSEu5wxSiIoSGEKm7+immfKELBRDkJwV1ceZnUCnn3Mn9xV8yWS0kcaXSEjlEOuegKldEtqqAqougJvaA39G49W6/Wh/U5K01ZSc8hmoP19QuQvZxu</latexit>

z4 = �̇1 + (m2/m1)�̇2

which are clearly proportional to the CoM and its derivative         . 
<latexit sha1_base64="gsw+VHbziQK884UWkzQYOckXmNY=">AAAB83icbVDLSsNAFL2prxpfUZduBotQQUoiProsuHFZwT6gDWUynbRDJ5MwMxFK6G+4caGIW3/GnX/jpM1CWw8MHM65h3vnBAlnSrvut1VaW9/Y3Cpv2zu7e/sHzuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5C73O09UKhaLRz1NqB/hkWAhI1gbqW9XyQXqD2ONyPnAqbg1dw60SryCVKBAc+B8mSRJIyo04Vipnucm2s+w1IxwOrP7qaIJJhM8oj1DBY6o8rP5zTN0ZpQhCmNpnjDrc/V3IsORUtMoMJMR1mO17OXif14v1WHdz5hIUk0FWSwKU450jPIC0JBJSjSfGoKJZOZWRMZYYqJNTbYpwVv+8ippX9a8m9r1w1WlUS/qKMMJnEIVPLiFBtxDE1pAIIFneIU3K7VerHfrYzFasorMMfyB9fkDq3uQIg==</latexit>

(c, ċ)

Recall that, in the new coordinates, a controllable state has necessarily the structure 

<latexit sha1_base64="j+3pfPXWoDGbzp2esRmvM6kaAuw=">AAACFXicbVDLSsNAFJ3UV62vqks3g0VwISURH90IBTcuK9gHNKFMJrft0MkkzEzEGvoTbvwVNy4UcSu482+ctEW09cCFwzn3cu89fsyZ0rb9ZeUWFpeWV/KrhbX1jc2t4vZOQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDy8xv3oJULBI3ehiDF5KeYF1GiTZSp3h0jy+w60OPidQPiZbsboRdojR2XWxjF0Twoxc6xZJdtsfA88SZkhKaotYpfrpBRJMQhKacKNV27Fh7KZGaUQ6jgpsoiAkdkB60DRUkBOWl469G+MAoAe5G0pTQeKz+nkhJqNQw9E2nObCvZr1M/M9rJ7pb8VIm4kSDoJNF3YRjHeEsIhwwCVTzoSGESmZuxbRPJKHaBJmF4My+PE8ax2XnrHx6fVKqVqZx5NEe2keHyEHnqIquUA3VEUUP6Am9oFfr0Xq23qz3SWvOms7soj+wPr4BRuOeQg==</latexit>

z =


⇤
0

�

and therefore we can reach from the origin any position and velocity of the second mass 
(first two components of a controllable z) provided that the CoM and its velocity remain 0.

a first possible choice for the completion is
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Since for a controllable state we have  c = 0, if with a force f the mass m2 reaches at a given 

instant a relative position ±2 = d, the position of the mass m1 at the same instant will be such that 

c = 0 is guaranteed, i.e., the mass m1 should be at ±1 = — (m2/m1) d.

Example (continued)

<latexit sha1_base64="4zTRKAY8CWGkxrgQERKksuE5D3A="></latexit>

T�1 =

2

664

0 �1/m1 0 0
�1/m1 0 �1 1

0 1/m2 1 0
1/m2 0 0 0

3

775

<latexit sha1_base64="7XVSIQkv5SmlVQ3DdZCJLkgc7C0="></latexit>

T =

2

664

0 0 0 m2

�m1 0 0 0
m1/m2 0 1 0
m1/m2 1 1 m2/m1

3

775

A third example for the completion is 

again the uncontrollable states are the CoM and its derivative (or a linear combination of the 
two), while the controllable ones are, in this case, any position of the first mass and any velocity 
of the second mass

A different possible choice for the completion is 
<latexit sha1_base64="yFUwHU0KUu1Jw72GILskDDFKy2k="></latexit>

T�1 =

2

664

0 �1/m1 0 0
�1/m1 0 0 0

0 1/m2 1 0
1/m2 0 0 1

3

775

<latexit sha1_base64="QfYNGnZeQ80KTqEOE0JJGNPZL20="></latexit>

T =

2

664

0 �m1 0 0
�m1 0 0 0

m1/m2 0 1 0
0 m1/m2 0 1

3

775

the uncontrollable states are still given by the CoM and its derivative (or a linear combination of 
the two), while we can reach any position or velocity of the first mass.
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Example (continued)

All this is even more evident if we choose as new coordinates (state vector) the CoM c, its 
derivative , the relative distance r between the two masses and its derivative . This change of 
coordinates is represented by the following matrix T where M = m1 + m2

·c ·r

In these new coordinates, setting H = 1/m1 + 1/m2 , we obtain

<latexit sha1_base64="tBBqSS6mxGO2KqgRkWshsXi9Sx8="></latexit>

z =

0

BB@

c
ċ
r
ṙ

1

CCA =

0

BB@

m1/M 0 m2/M 0
0 m1/M 0 m2/M
�1 0 1 0
0 �1 0 1

1

CCA

0

BB@

�1
�̇1
�2
�̇2

1

CCA = Tx

and the controllability matrix

<latexit sha1_base64="IzX+6LT8w/kB6sUCLwK6AV9qnNc=">AAACT3icdZFLSwMxEMez9dXW16pHL8GieCq74qMXoeLFYwX7gG4p2XS2Dc1mlyQrlqXf0Ive/BpePChiWhfRtg4M/PjPZDL5x485U9pxXqzc0vLK6lq+UFzf2Nzatnd2GypKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXk/qzXuQikXiTo9i6ISkL1jAKNFG6trBVdfFlxh7PvSZSOOQaMkextjBR9g16UzT8zL4R3AXdIDo/Ywrdu2SU3amgefBzaCEsqh17WevF9EkBKEpJ0q1XSfWnZRIzSiHcdFLFMSEDkkf2gYFCUF10qkfY3xolB4OImlSaDxVf59ISajUKPRNp1lwoGZrE3FRrZ3ooNJJmYgTDYJ+XxQkHOsIT8zFPSaBaj4yQKhkZldMB0QSqs0XTExwZ588D42TsntePrs9LVUrmR15tI8O0DFy0QWqohtUQ3VE0SN6Re/ow3qy3qzPXNaaszLYQ38iV/gCByunAQ==</latexit>

A1 =

0

BB@

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

1

CCA

<latexit sha1_base64="C2gj5mjMlvqiyR72TT0RfQ2fcP4=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZUZ8dCMU3XRZwT6gU0omvdOGZjJDkhHL0F9x46+4caFId+LPmGkHH60Hcjmccy+593gRZ0rb9oe1tLyyurae28hvbm3v7Bb29hsqjCWFOg15KFseUcCZgLpmmkMrkkACj0PTG96kfvMepGKhuNOjCDoB6QvmM0q0kbqF8nXXwVcYux70mUiigGjJHsbYxq5ryk+tYhdE77sh3y0U7ZI9BV4kTkaKKEOtW5i4vZDGAQhNOVGq7diR7iREakY5jPNurCAidEj60DZUkABUJ5leOMbHRulhP5TmCY2n6u+JhARKjQLPdJoFB2reS8X/vHas/XInYSKKNQg6+8iPOdYhTuPCPSaBaj4yhFDJzK6YDogkVJtQ0xCc+ZMXSeO05FyUzm/PipVyFkcOHaIjdIIcdIkqqIpqqI4oekTP6BW9WU/Wi/VuTWatS1Y2c4D+wPr8AkDkoII=</latexit>

B1 =

0

BB@

0
0
0
H

1

CCA

<latexit sha1_base64="UQzdtMY6HSj6XdSlkbFeuu5eSSo=">AAACT3icbVHLSgMxFM3UV1tfoy7dBIviqsyIj26EgpsuK9gHdErJpHfaYCYzJBmxDP1DN7rzN9y4UMS0DtLXgQuHc25ubk78mDOlHefdyq2tb2xu5QvF7Z3dvX374LCpokRSaNCIR7LtEwWcCWhopjm0Ywkk9Dm0/Me7id96AqlYJB70KIZuSAaCBYwSbaSeHdR7Lr7F2PNhwEQah0RL9jzGDj6bKc9bLdRmhdp8B4j+/7hizy45ZWcKvEzcjJRQhnrPfvP6EU1CEJpyolTHdWLdTYnUjHIYF71EQUzoIxlAx1BBQlDddJrHGJ8apY+DSJoSGk/V2RMpCZUahb7pNAsO1aI3EVd5nUQHlW7KRJxoEPTvoiDhWEd4Ei7uMwlU85EhhEpmdsV0SCSh2nzBJAR38cnLpHlRdq/LV/eXpWoliyOPjtEJOkcuukFVVEN11EAUvaAP9IW+rVfr0/rJZa05KyNHaA65wi9vaKc+</latexit>

P1 =

0

BB@

0 0 0 0
0 0 0 0
0 H 0 0
H 0 0 0

1

CCA

• In these coordinates, the reachable (and controllable) states are more evident since a basis for 
Im(P1 ) is given by a vector having only a nonzero relative distance r (second column of P1) 
and another with only a nonzero relative velocity  (first column of P1).·r
We can, for example, reach any relative distance ±2 — ±1 = d.  Then, since we also have the 

constraint  c = m1 ±1 + m2 ±2 =  0, solving for ±2 and ±1 leads to  
<latexit sha1_base64="iJaoflTWucMYOpGr5N33q/YtV1A=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgxpIUH90IBTduhAr2AU0Ik8mkHTqThJmJUEIWbvwVNy4UcetHuPNvnLZZaOuBC4dz7uXee/yEUaks69sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi76PJGE0Ih1FFSP9RBDEfUZ6/vh66vceiJA0ju7VJCEuR8OIhhQjpSXPrDoBYQp5NryCp04oEM6418iz2xwGnlmz6tYMcJnYBamBAm3P/HKCGKecRAozJOXAthLlZkgoihnJK04qSYLwGA3JQNMIcSLdbPZEDo+1EsAwFroiBWfq74kMcSkn3NedHKmRXPSm4n/eIFVh081olKSKRHi+KEwZVDGcJgIDKghWbKIJwoLqWyEeIZ2E0rlVdAj24svLpNuo2xf187uzWqtZxFEGVXAEToANLkEL3IA26AAMHsEzeAVvxpPxYrwbH/PWklHMHII/MD5/AAwUlxA=</latexit>

�1 = �m2

M
d

<latexit sha1_base64="n3kMaNMflvABtKlLv1NeX5gijTw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKj26Eghs3QgXbCk0Ik8mkHTozCTMToYSCG3/FjQtF3PoT7vwbp20W2nrgwuGce7n3njBlVGnH+bZKS8srq2vl9crG5tb2jr2711FJJjFp44Ql8j5EijAqSFtTzch9KgniISPdcHg18bsPRCqaiDs9SonPUV/QmGKkjRTYB15EmEZBHV5CL5YI5zxwx/nNGEaBXXVqzhRwkbgFqYICrcD+8qIEZ5wIjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPUIE4UX4+/WEMj40SwTiRpoSGU/X3RI64UiMemk6O9EDNexPxP6+X6bjh51SkmSYCzxbFGYM6gZNAYEQlwZqNDEFYUnMrxANkktAmtooJwZ1/eZF06jX3vHZ2e1ptNoo4yuAQHIET4IIL0ATXoAXaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx+ckpbZ</latexit>

�2 =
m1

M
d

A similar reasoning holds for the derivative of the relative distance,    . 
<latexit sha1_base64="hb6Novrs0N+1U2rylImQvRMSORA=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIjy4LblxWsA9oh5JJM21sZjIkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVm+gkOh+ueJW3TnIKvFyUoEcjX75ywZZGvEYmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctjWnEjZ/Nt52SM6sMSKi0fTGSufo7kdHImEkU2MmI4sgsezPxP6+bYljzMxEnKfKYLT4KU0lQkdnpZCA0ZygnllCmhd2VsBHVlKEtqGRL8JZPXiWti6p3Xb26v6zUa3kdRTiBUzgHD26gDnfQgCYweIRneIU3RzkvzrvzsRgtOHnmGP7A+fwBR2CO6w==</latexit>

ṙ
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Example (continued)

<latexit sha1_base64="sdpwt7wm7EOqT0/p0NaRlY41wlk="></latexit>

T
�1 =

0

BB@

0 0 1 0
0 0 0 1
H 0 0 0
0 H 0 0

1

CCA

<latexit sha1_base64="Y+hy0W7F1uLMwFcBsDPbwK5ftXc=">AAACUXicbZFLSwMxEMen66vWV9Wjl2BRPNVd8dGLUPDSY4VWhW4p2XTaBrPZJcmKZelX9KAnv4cXD4rpttbnwMCf38wkk3+CWHBtXPc558zNLywu5ZcLK6tr6xvFza0rHSWKYZNFIlI3AdUouMSm4UbgTayQhoHA6+D2Yly/vkOleSQbZhhjO6R9yXucUWNRpzhokHNC/AD7XKZxSI3i9yPikv0svcNapnx/hj6xRd43NOv5gj7K7uzIQqdYcstuFuSv8KaiBNOod4qPfjdiSYjSMEG1bnlubNopVYYzgaOCn2iMKbulfWxZKWmIup1mjozIniVd0ouUTWlIRr9PpDTUehgGttMuONC/a2P4X62VmF6lnXIZJwYlm1zUSwQxERnbS7pcITNiaAVlittdCRtQRZmxnzA2wfv95L/i6qjsnZZPLo9L1crUjjzswC4cgAdnUIUa1KEJDB7gBd7gPfeUe3XAcSatTm46sw0/wln5ABAtpok=</latexit>

T =

0

BB@

0 0 1/H 0
0 0 0 1/H
1 0 0 0
0 1 0 0

1

CCA

<latexit sha1_base64="R9LIo6+GOVav46zhBFMGPMWaNZw=">AAACT3icdZFLSwMxEMez9dXW16pHL8GieCq74qMXoeLFYwX7gG4p2XS2Dc1mlyQrlqXf0Ive/BpePChiWhfRtg4M/PjPZDL5x485U9pxXqzc0vLK6lq+UFzf2Nzatnd2GypKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXk/qzXuQikXiTo9i6ISkL1jAKNFG6trBVZfiS4w9H/pMpHFItGQPY+zgI+yadKbpeRn8I7gLOkD0fsYVu3bJKTvTwPPgZlBCWdS69rPXi2gSgtCUE6XarhPrTkqkZpTDuOglCmJCh6QPbYOChKA66dSPMT40Sg8HkTQpNJ6qv0+kJFRqFPqm0yw4ULO1ibio1k50UOmkTMSJBkG/LwoSjnWEJ+biHpNANR8ZIFQysyumAyIJ1eYLJia4s0+eh8ZJ2T0vn92elqqVzI482kcH6Bi56AJV0Q2qoTqi6BG9onf0YT1Zb9ZnLmvNWRnsoT+RK3wBZkmnMw==</latexit>

Ac =

0

BB@

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

1

CCA

The Kalman decomposition, starting from these new coordinates, highlights similar controllable and 
uncontrollable subsystems (the new coordinates are practically a rearrangement of the old ones)

obtained with

<latexit sha1_base64="BZqofG7gIzNcCdWjEcuIGgAPC8A=">AAACIXicbVDLSsNAFJ34rPVVdelmsAiuSiI+uhGKblxWsA9oSphMbtuhk0mYmYgl9Ffc+CtuXCjSnfgzTtog2npgLodz7mXuPX7MmdK2/WktLa+srq0XNoqbW9s7u6W9/aaKEkmhQSMeybZPFHAmoKGZ5tCOJZDQ59DyhzeZ33oAqVgk7vUohm5I+oL1GCXaSF6peu1RfIWx60OfiTQOiZbscYxt7LrYwVm18+qCCH4ail6pbFfsKfAicXJSRjnqXmniBhFNQhCacqJUx7Fj3U2J1IxyGBfdREFM6JD0oWOoICGobjq9cIyPjRLgXiTNExpP1d8TKQmVGoW+6TQLDtS8l4n/eZ1E96rdlIk40SDo7KNewrGOcBYXDpgEqvnIEEIlM7tiOiCSUG1CzUJw5k9eJM3TinNROb87K9eqeRwFdIiO0Aly0CWqoVtURw1E0RN6QW/o3Xq2Xq0PazJrXbLymQP0B9bXN3LdoJ0=</latexit>

Bc =

0

BB@

0
1
0
0

1

CCA

uncontrollable 
subsystem dynamics

controllable 
subsystem dynamics

These coordinates clearly already highlight the controllable and uncontrollable subsystems,

<latexit sha1_base64="f+TbMwcZnk1PORmsX3jgddo2Qh0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPioxuh4MZlBfuA6VAymUwbmkmG5I5QSj/DjQtF3Po17vwbM+0stPVA4HDOveTcE6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+POkZlmrI2VULpXkgME1yyNnAQrJdqRpJQsG44vsv97hPThiv5CJOUBQkZSh5zSsBKfj+KFGCKb7E7qNbcujsHXiVeQWqoQGtQ/epHimYJk0AFMcb33BSCKdHAqWCzSj8zLCV0TIbMt1SShJlgOo88w2dWiXCstH3SJsjV3xtTkhgzSUI7mRAYmWUvF//z/AziRjDlMs2ASbr4KM4EBoXz+3HENaMgJpYQqrnNiumIaELBtlSxJXjLJ6+SzkXdu65fPVzWmo2ijjI6QafoHHnoBjXRPWqhNqJIoWf0it4ccF6cd+djMVpyip1j9AfO5w+UspAf</latexit>

c̈ = 0

f

2-mass system

controllable 
subsystem dynamics

uncontrollable 
subsystem dynamics

In this system there is 
absolutely no interaction 
between the two 
particular subsystems: 
relative distance dynamics 
and CoM dynamics

<latexit sha1_base64="MUGQtARzolR860VP8jbwOgCWi/I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrsitReh4KXHCvYD2rVks9k2NJssSVYppf/DiwdFvPpfvPlvzLZ70NYHA4/3ZpiZFyScaeO6387a+sbm1nZhp7i7t39wWDo6bmuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E49vM7zxSpZkU92aSUD/GQ8EiRrCx0kM/DKVBCt2gBoqKg1LZrbhzoFXi5aQMOZqD0lc/lCSNqTCEY617npsYf4qVYYTTWbGfappgMsZD2rNU4Jhqfzq/eobOrRKiSCpbwqC5+ntiimOtJ3FgO2NsRnrZy8T/vF5qopo/ZSJJDRVksShKOTISZRGgkClKDJ9Ygoli9lZERlhhYmxQWQje8surpH1Z8aqV6t1VuV7L4yjAKZzBBXhwDXVoQBNaQEDBM7zCm/PkvDjvzseidc3JZ07gD5zPHyRokPU=</latexit>

r̈ = Hf
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Example (continued)

We can now study the observability of the 2-mass system (in the original coordinates) but we 
need first to define the output.

• Let’s assume we choose the relative position of the first mass as output y1 = ±1  i.e., 

<latexit sha1_base64="5juzM/pfyuV5kYIn7RfrE0qQICw=">AAACGnicbVDLSsNAFJ34rPVVdelmsCiuSiI+uhEK3bisYB/QhjCZ3LRDJ5MwMxFL6He48VfcuFDEnbjxb5w+KNp64MLhnHu59x4/4Uxp2/62lpZXVtfWcxv5za3tnd3C3n5DxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+v3qyG/eg1QsFnd6kIAbka5gIaNEG8krOFXPwde440OXicyPiJbsYYgdfILtWXVABDPPKxTtkj0GXiTOlBTRFDWv8NkJYppGIDTlRKm2YyfazYjUjHIY5jupgoTQPulC21BBIlBuNn5tiI+NEuAwlqaExmP190RGIqUGkW86zX09Ne+NxP+8dqrDspsxkaQaBJ0sClOOdYxHOeGASaCaDwwhVDJzK6Y9IgnVJs28CcGZf3mRNM5KzmXp4va8WClP48ihQ3SETpGDrlAF3aAaqiOKHtEzekVv1pP1Yr1bH5PWJWs6c4D+wPr6AUInneo=</latexit>

C1 =
⇥
1 0 0 0

⇤
<latexit sha1_base64="DXISFBJRO0HEn4G2O9qRAGo60Ys=">AAACT3icfZFLSwMxEMez9dXWV9Wjl2BRPJVd8dGLUPDizQr2Ad1SsulsG5rNLklWLEu/oRe9+TW8eFDEtK5VW3Fg4Md/JpPJP17EmdK2/WRlFhaXlleyufzq2vrGZmFru67CWFKo0ZCHsukRBZwJqGmmOTQjCSTwODS8wcW43rgFqVgobvQwgnZAeoL5jBJtpE7Bv+o4+By7HvSYSLyAaMnuRtjBB9ieputO4Fv8Uux/FBdEdzqwUyjaJXsSeB6cFIoojWqn8Oh2QxoHIDTlRKmWY0e6nRCpGeUwyruxgojQAelBy6AgAah2MvFjhPeN0sV+KE0KjSfqzxMJCZQaBp7pNPv11WxtLP5Va8XaL7cTJqJYg6CfF/kxxzrEY3Nxl0mgmg8NECqZ2RXTPpGEavMFeWOCM/vkeagflZzT0sn1cbFSTu3Iol20hw6Rg85QBV2iKqohiu7RM3pFb9aD9WK9Z9LWjJXCDvoVmdwHFJ6nCQ==</latexit>

O1 =

2

664

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

3

775

<latexit sha1_base64="HIAYel5sF6+9GzTlzARf0zpqpms="></latexit>

Ker(O1) = gen

8
>><

>>:

0

BB@

0
0
1
0

1

CCA ,

0

BB@

0
0
0
1

1

CCA

9
>>=

>>;

which clearly shows that the position and velocity of the second mass are unobservable

Recall that we are considering the output ZIR so with no actuation, both masses move 
independently. Knowing the position of the first mass does not allow us to know anything about 
the other mass. We cannot say that since c = 0 we can deduce the position of the second mass.

• Let’s assume we choose the relative velocity of the first mass as output                  i.e., 
<latexit sha1_base64="h3M51hoX08ZH6H+2Lk24SbL8KQQ=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclZnioxuh4MZlBfuAdhgyaaYNzWSG5I4wDPVX3LhQxK0f4s6/MW1noa0HEg7n3ENuTpAIrsFxvq219Y3Nre3STnl3b//g0D467ug4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJrczv/vIlOaxfIAsYV5ERpKHnBIwkm9XMr+Ob/BgGIO5mADiu75ddWrOHHiVuAWpogIt3/4yeZpGTAIVROu+6yTg5UQBp4JNy4NUs4TQCRmxvqGSREx7+Xz5KT4zyhCHsTJHAp6rvxM5ibTOosBMRgTGetmbif95/RTChpdzmaTAJF08FKYCQ4xnTeAhV4yCyAwhVHGzK6ZjoggF01fZlOAuf3mVdOo196p2eX9RbTaKOkroBJ2ic+Sia9REd6iF2oiiDD2jV/RmPVkv1rv1sRhds4pMBf2B9fkD8YWTqQ==</latexit>

y2 = �̇1

<latexit sha1_base64="Z4NK5+zgkdq3XOfqikVUOJQUULA=">AAACG3icbVDLSsNAFJ34rPUVdelmsCiuSlJ8dCMUunFZwT6gLWEyuW2HTiZhZiKW0P9w46+4caGIK8GFf+O0DaKtFw4czrmXe+/xY86Udpwva2l5ZXVtPbeR39za3tm19/YbKkokhTqNeCRbPlHAmYC6ZppDK5ZAQp9D0x9WJ37zDqRikbjVoxi6IekL1mOUaCN5dqnqlfAV7vjQZyL1Q6Ilux9jB59g18CZogMi+PHynl1wis608CJxM1JAWdU8+6MTRDQJQWjKiVJt14l1NyVSM8phnO8kCmJCh6QPbUMFCUF10+lvY3xslAD3ImkgNJ6qvydSEio1Cn3TaQ4cqHlvIv7ntRPdK3dTJuJEg6CzRb2EYx3hSVA4YBKo5iNDCJXM3IrpgEhCtYlzEoI7//IiaZSK7kXx/OasUClnceTQITpCp8hFl6iCrlEN1RFFD+gJvaBX69F6tt6s91nrkpXNHKA/ZX1+A4e2nf8=</latexit>

C2 =
⇥
0 1 0 0

⇤
<latexit sha1_base64="8oRAappaePp2tCfpWIoHEL07nUo=">AAACUHicjVHLSgMxFL1TX7W+qi7dBIviqsyIj24EwY07K9gqdErJpLc1mMkMSUYsQz/RjTu/w40LRTPtVLS68MIhh3NukpuTIBZcG9d9dgozs3PzC8XF0tLyyupaeX2jqaNEMWywSETqJqAaBZfYMNwIvIkV0jAQeB3cnWX+9T0qzSN5ZQYxtkPal7zHGTVW6pT7F519ckL8APtcpkFIjeIPQ+KSXeJZuCP4fk4m+I/io+x+HVjqlCtu1R0V+U28nFQgr3qn/OR3I5aEKA0TVOuW58amnVJlOBM4LPmJxpiyO9rHlqWShqjb6SiQIdmxSpf0ImUhDRmp33ekNNR6EAa20w54q6e9TPzLayWmV2unXMaJQcnGF/USQUxEsnRJlytkRgwsoUxxOytht1RRZuwfZCF400/+TZr7Ve+oenh5UDmt5XEUYQu2YQ88OIZTOIc6NIDBI7zAG7w7T86r81Fwxq2TFTbhRxVKn2IYpx0=</latexit>

O2 =

2

664

0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

3

775

<latexit sha1_base64="lmZkKCjU5sDywIignKwW53Kduus="></latexit>

Ker(O2) = gen

8
>><

>>:

0

BB@

1
0
0
0

1

CCA ,

0

BB@

0
0
1
0

1

CCA ,

0

BB@

0
0
0
1

1

CCA

9
>>=

>>;

now not only the position and velocity of the second mass are unobservable but also the 
position of the first mass
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Example (continued)

• As a last example of choice output, let’s assume we measure the CoM position c 

<latexit sha1_base64="6OnXvtyW4v0jNFydCcIXr9eTDkI=">AAACI3icbVDLSgNBEJz1GeMr6tHLYFA8xV3fCEIgFy9CBKNCdllmJ504ZGZ2mZkVw5J/8eKvePGgBC8e/BcnySK+ChqKqm66u6KEM21c992ZmJyanpktzBXnFxaXlksrq1c6ThWFBo15rG4iooEzCQ3DDIebRAEREYfrqFsb+td3oDSL5aXpJRAI0pGszSgxVgpLJ7VwD59iP4IOk1kkiFHsvo9F6O2c4y3s2hLhbs59kK2vnmJYKrsVdwT8l3g5KaMc9bA08FsxTQVIQznRuum5iQkyogyjHPpFP9WQENolHWhaKokAHWSjH/t40yot3I6VLWnwSP0+kRGhdU9EttMeeKt/e0PxP6+ZmvZxkDGZpAYkHS9qpxybGA8Dwy2mgBres4RQxeytmN4SRaixsQ5D8H6//Jdc7Va8w8rBxX65epzHUUDraANtIw8doSo6Q3XUQBQ9oCf0gl6dR+fZGThv49YJJ59ZQz/gfHwCJC+g4g==</latexit>

C3 =
⇥
m1/M 0 m2/M 0

⇤
<latexit sha1_base64="AkRRcyN1666uS/dLEPW//5tghpk="></latexit>

O3 =

2

6664

m1
M 0 m2

M 0

0 m1
M 0 m2

M

0 0 0 0
0 0 0 0

3

7775

<latexit sha1_base64="V13u/VHcQM4tgHOucEQaO4gdZX8="></latexit>

Ker(O3) = gen

8
>>><

>>>:

0

BBB@

1
m1

0
� 1

m2

0

1

CCCA
,

0

BBB@

0
1

m1

0

� 1
m2

1

CCCA

9
>>>=

>>>;

considering the first vector of Ker(O3 ) which is parallel to                                     ,   we see 

that an unobservable state should have its components verifying 

<latexit sha1_base64="t6mLint6G5mONxtFihLZ35iXB0c=">AAACInicbVDLSgMxFM34rPVVdekmWBQ31hnxUXcFNy4r9CG0dchk7tRgkhmSjFiGfosbf8WNC0VdCX6M6QPR6oWEwznncu89QcKZNq774UxNz8zOzecW8otLyyurhbX1ho5TRaFOYx6ry4Bo4ExC3TDD4TJRQETAoRncnA305i0ozWJZM70EOoJ0JYsYJcZSfuG0HUCXySwRxCh218fYwzsYu4NvT/jevvAPRkQbZPhtu6phv1B0S+6w8F/gjUERjavqF97aYUxTAdJQTrRueW5iOhlRhlEO/Xw71ZAQekO60LJQEgG6kw1P7ONty4Q4ipV90uAh+7MjI0Lrngis0654rSe1Afmf1kpNVO5kTCapAUlHg6KUYxPjQV44ZAqo4T0LCFXM7orpNVGEGptq3obgTZ78FzQOSt5x6ejisFgpj+PIoU20hXaRh05QBZ2jKqojiu7RI3pGL86D8+S8Ou8j65Qz7tlAv8r5/AJp3qB/</latexit>�
1 0 �m1/m2 0

�T

<latexit sha1_base64="qWc4vzqDNxYlxW45BRI8kGDP5QA=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQWqqTi0QWpEgtjkehDaqLIcZzWqu1EtoNURf0BFn6FhQGEWNnZ+BvcNgO0HOleHZ1zr+x7wpRRpR3n21paXlldWy9tlDe3tnd27b39tkoyiUkLJyyR3RApwqggLU01I91UEsRDRjrh8Gbidx6IVDQR93qUEp+jvqAxxUgbKbCPvYgwjYIavIZnXiwRznngjk2rjWHhuYFdcarOFHCRuAWpgALNwP7yogRnnAiNGVKq5zqp9nMkNcWMjMtepkiK8BD1Sc9QgThRfj69ZgxPjBLBOJGmhIZT9fdGjrhSIx6aSY70QM17E/E/r5fpuO7nVKSZJgLPHoozBnUCJ9HAiEqCNRsZgrCk5q8QD5CJRJsAyyYEd/7kRdKuVd3L6sXdeaVRL+IogUNwBE6BC65AA9yCJmgBDB7BM3gFb9aT9WK9Wx+z0SWr2DkAf2B9/gCvGpqt</latexit>

�2 = �m1

m2
�1

<latexit sha1_base64="+6Nbrg9DTam8AAdHF/ui4CP9WMo="></latexit>

m1�1 +m2�2 = 0 ) c =
m1�1 +m2�2

m1m2
= 0that is

and similarly for the second vector parallel to 
<latexit sha1_base64="4055ztE99zvZyHJIIBZNBCN5fCc=">AAACH3icbVBNSwMxEM36WetX1aOXYFG8WHeL1h4LXjxWsK3QXZdsOq3BJLskWbEs/Sde/CtePCgi3vpvTGsRbX3w4PFmhpl5UcKZNq47dObmFxaXlnMr+dW19Y3NwtZ2U8epotCgMY/VdUQ0cCahYZjhcJ0oICLi0Iruzkf11j0ozWJ5ZfoJBIL0JOsySoy1wkLFj6DHZJYIYhR7GGAX4wPsWbqWRyL0jkVYxj7Izk/PzVU+LBTdkjsGnhXeRBTRBPWw8Ol3YpoKkIZyonXbcxMTZEQZRjkM8n6qISH0jvSgbaUkAnSQjf8b4H3rdHA3VpbS4LH7eyIjQuu+iGynPfFWT9dG5n+1dmq61SBjMkkNSPq9qJtybGI8Cgt3mAJqeN8KQhWzt2J6SxShxkY6CsGbfnlWNMslr1I6vTwp1qqTOHJoF+2hQ+ShM1RDF6iOGoiiR/SMXtGb8+S8OO/Ox3frnDOZ2UF/4Ay/AB5Mn+s=</latexit>�
0 1 0 �m1/m2

�T
<latexit sha1_base64="wRVY06X0gt4dYAW35QXSpExiz7g=">AAACEnicbVDLSgMxFM3UV62vUZdugkVQhDJTfHQjFNy4rGAf0A5DJk3b0GRmSO4IZeg3uPFX3LhQxK0rd/6NaTsL23og4eSce5PcE8SCa3CcHyu3srq2vpHfLGxt7+zu2fsHDR0lirI6jUSkWgHRTPCQ1YGDYK1YMSIDwZrB8HbiNx+Z0jwKH2AUM0+Sfsh7nBIwkm+fSd/FnW4EZmMCiDmdY+mX57QyvsGObxedkjMFXiZuRoooQ823v80dNJEsBCqI1m3XicFLiQJOBRsXOolmMaFD0mdtQ0MimfbS6UhjfGKULu5FyqwQ8FT925ESqfVIBqZSEhjoRW8i/ue1E+hVvJSHcQIspLOHeonAEOFJPrjLFaMgRoYQqrj5K6YDoggFk2LBhOAujrxMGuWSe1W6vL8oVitZHHl0hI7RKXLRNaqiO1RDdUTRE3pBb+jderZerQ/rc1aas7KeQzQH6+sX2+CbCw==</latexit>

m1�̇1 +m2�̇2 = 0

one has
which is the linear momentum conservation law

In other words, if we measure only the center of mass (in the absence of an input) we cannot 
distinguish between all those positions (±1,±2) which give a center of mass in 0.           

Similarly, we cannot distinguish between all the masses velocities which satisfy the linear 
momentum conservation  law
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Example (continued)

• A common alternative choice (in particular for nonlinear mechanical systems) for the state is 
using the linear momentum instead of the velocity, that is choosing as state the following vector 

<latexit sha1_base64="Zzf+u2OAf5Ql9kvGKtKwr3D9+PU="></latexit>

z =
⇥
�1 m1�̇1 �2 m2�̇2

⇤

which corresponds to the following change of variables (trivial)
<latexit sha1_base64="jqMXAEDsmtvn82EzEjoRUyVABXE=">AAACUHicbVHLSgMxFL1TX7W+qi7dBIviqsyIj24EwY3LCm0VOsOQSW9rMJMZkoxYhn6iG3d+hxsXimbaKlq9cMnhnJPk5iRKBdfGdZ+d0tz8wuJSebmysrq2vlHd3OroJFMM2ywRibqJqEbBJbYNNwJvUoU0jgReR3cXhX59j0rzRLbMMMUgpgPJ+5xRY6mwOmiRM+JHOOAyj2JqFH8YEY/sE/e7fX8M4tCbpYr2ZomJ95D4KHvfR1bCas2tu+Mif4E3BTWYVjOsPvm9hGUxSsME1brruakJcqoMZwJHFT/TmFJ2RwfYtVDSGHWQjwMZkT3L9Eg/UbalIWP2546cxloP48g67YC3elYryP+0bmb6jSDnMs0MSja5qJ8JYhJSpEt6XCEzYmgBZYrbWQm7pYoyY/+gCMGbffJf0Dmseyf146uj2nljGkcZdmAXDsCDUziHS2hCGxg8wgu8wbvz5Lw6HyVnYv1aYRt+VanyCbdJp+0=</latexit>

T =

2

664

1 0 0 0
0 m1 0 0
0 0 1 0
0 0 0 m2

3
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<latexit sha1_base64="CzLQupWh71BSVkiKq1zGGyTqbpw=">AAACVnicdVFNSwMxFMxurdb6terRS7BYPNXd4tdFqHjxWMGq0C0lm762wSS7JFmxLP2TetGf4kXM1kXU6oPAMDPv5WUSJZxp4/uvjltaKC8uVZarK6tr6xve5taNjlNFoUNjHqu7iGjgTELHMMPhLlFARMThNrq/yPXbB1CaxfLaTBLoCTKSbMgoMZbqe+K8H+AzHEYwYjKLBDGKPU6xj+s4OBBWq8+wj8OwAP8Qubv5hwvk4Gtste/V/IY/KzwPggLUUFHtvvcUDmKaCpCGcqJ1N/AT08uIMoxymFbDVENC6D0ZQddCSQToXjaLZYr3LDPAw1jZIw2esd87MiK0nojIOu2CY/1by8m/tG5qhqe9jMkkNSDp50XDlGMT4zxjPGAKqOETCwhVzO6K6ZgoQo39iTyE4PeT58FNsxEcN46uDmut0yKOCtpBu2gfBegEtdAlaqMOougZvTmuU3JenHe37C59Wl2n6NlGP8r1PgCf+qZn</latexit>

A1 =

2

664

0 1/m1 0 0
0 0 0 0
0 0 0 1/m2

0 0 0 0

3

775

<latexit sha1_base64="dRJIMTx7KbvjJZ8qycqTA4NnmHg=">AAACIHicbVDLSgMxFM34rPVVdekmWAQ3lhlR241QdOOygn1Ap5RMeqcNzWSGJCOWoZ/ixl9x40IR3enXmJkW0dYLCYdzzuXee7yIM6Vt+9NaWFxaXlnNreXXNza3tgs7uw0VxpJCnYY8lC2PKOBMQF0zzaEVSSCBx6HpDa9SvXkHUrFQ3OpRBJ2A9AXzGSXaUN1C+bLr4AvsetBnIvECoiW7H2Mbuy4+dtI/gw7GLojejyHfLRTtkp0VngfOFBTRtGrdwofbC2kcgNCUE6Xajh3pTkKkZpTDOO/GCiJCh6QPbQMFCUB1kuzAMT40TA/7oTRPaJyxvzsSEig1CjzjNAsO1KyWkv9p7Vj7lU7CRBRrEHQyyI851iFO08I9JoFqPjKAUMnMrpgOiCRUm0zTEJzZk+dB46TknJfObk6L1co0jhzaRwfoCDmojKroGtVQHVH0gJ7QC3q1Hq1n6816n1gXrGnPHvpT1tc3qU6gMw==</latexit>

B1 =

2

664

0
�1
0
1

3

775

However there is no real advantages for our system.


