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- analysis & control of dynamical systems

- dynamics/motion

- models/mathematical models

- prediction/simulation

- linearity

- time-invariance

- feedback control scheme: principle and example

some concepts from the last lecture

this lecture

- models: from differential equations to state space representation

- input & output choice

- state

- similarity transformations
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general mathematical model

state space representation (A, B, C, D) with state x

of a linear time invariant (LTI) 
dynamical system (continuous time)

Z

A

B C

D

+

+

+

+u(t) y(t)x(t)ẋ(t)

simulation model

block diagram representation

<latexit sha1_base64="1++mXeL3yPi07UO+QqElwh3F460="></latexit>

ẋ(t) = Ax(t) +B u(t)

y(t) = C x(t) +Du(t)

x(0) = x0

x(t) state

u(t) input

y(t) output

A: n x n

B: n x 1

C: 1 x n

D: 1 x 1

SISO
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mathematical model

x(t) state

u(t)

input

y(t)

output

the system transforms an input signal into an output through the state evolution 
(and possibly the input)

• the state evolution is influenced by the initial condition and the input

• the output displays the measurable effect of such state evolution (and potentially 

may also depend directly on the input when D is non-zero) 

system

<latexit sha1_base64="1++mXeL3yPi07UO+QqElwh3F460="></latexit>

ẋ(t) = Ax(t) +B u(t)

y(t) = C x(t) +Du(t)

x(0) = x0
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m

v(t)

F(t)

system as a signal transformer (optional)

v(t)

F(t)

input output

model
(system representation)

t t

(cause) (effect)

no friction case
and v0 = 0

mass

system

v̇(t) =
1

m
F (t)

<latexit sha1_base64="Li4wXECE5a3wXZVuL9pOtOyaV5E=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCroRCoK4rGAf0A4lk2ba0GRmSO4UytCVG3/FjQtF3PoN7vwb03YW2nrgwuGce5N7jx8LrsFxvq3cyura+kZ+s7C1vbO7Z+8fNHSUKMrqNBKRavlEM8FDVgcOgrVixYj0BWv6w5up3xwxpXkUPsA4Zp4k/ZAHnBIwUtc+7vQiwKMSnOFrjDuBIjR1J6mc4Fujde2iU3ZmwMvEzUgRZah17S/zHk0kC4EKonXbdWLwUqKAU8EmhU6iWUzokPRZ29CQSKa9dHbGBJ8apYeDSJkKAc/U3xMpkVqPpW86JYGBXvSm4n9eO4Hgykt5GCfAQjr/KEgEhghPM8E9rhgFMTaEUMXNrpgOiIkCTHIFE4K7ePIyaVTK7nm5cn9RrFazOPLoCJ2gEnLRJaqiO1RDdUTRI3pGr+jNerJerHfrY96as7KZQ/QH1ucPUNeXGw==</latexit>

hyp: no friction
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m
F(t)

mass model with viscous friction
v(t)

the state space system representation (model) is in the form

we add a viscous friction force Fd (t), acting on the mass, which can be considered 
proportional to the velocity (this is a modeling hypothesis) and acts in the opposite 
direction w.r.t. the motion, that is Fd (t) = µ  v (t) and with µ > 0 

Fd (t)

Newton’s equation gives

this could be a car simplified model that could be used in a speed control problem

with state is x (t) = v (t) and input u (t) = F (t) and

<latexit sha1_base64="J/Z6/KfULVE7N7JVboTzJUixcyQ=">AAACH3icbVBdSwJBFJ21L7OvrR57GZLAqGQ3wnooEALp0SA/QEVmx9EGZ3aXmbuCiP+kl/5KLz0UEb35b5rVhUo7MHA451zu3OOFgmtwnImVWlpeWV1Lr2c2Nre2d+zdvaoOIkVZhQYiUHWPaCa4zyrAQbB6qBiRnmA1r38b+7UBU5oH/gMMQ9aSpOfzLqcEjNS2CxI3T3GzEwAe5OAY3+CzUrsTsxNcSgTclFGcGvzIbTvr5J0p8CJxE5JFCcpt+8vsoJFkPlBBtG64TgitEVHAqWDjTDPSLCS0T3qsYahPJNOt0fS+MT4ySgd3A2WeD3iq/p4YEan1UHomKQk86nkvFv/zGhF0r1oj7ocRMJ/OFnUjgSHAcVm4wxWjIIaGEKq4+Sumj0QRCqbSjCnBnT95kVTP824hX7i/yBavkzrS6AAdohxy0SUqojtURhVE0RN6QW/o3Xq2Xq0P63MWTVnJzD76A2vyDX+8nG4=</latexit>

mv̇(t) = �Fd(t) + F (t) = �µ v(t) + F (t)
<latexit sha1_base64="NI4uUPzQY/skjtNMFQE5ybfnQck=">AAACHnicbZDNSsNAFIUn/tb6F3XpZrAIiloS0epCoSCIywrWCk0pk+nEDp1JwsxNoYQ+iRtfxY0LRQRX+jZO2iy0emHg8J17uXOPHwuuwXG+rKnpmdm5+cJCcXFpeWXVXlu/1VGiKKvTSETqzieaCR6yOnAQ7C5WjEhfsIbfu8j8Rp8pzaPwBgYxa0lyH/KAUwIGte1jrxMB7u/ALj7HB9gLFKGpJ5NhKofY2x87ezl3M3ppSNsuOWVnVPivcHNRQnnV2vaH2UMTyUKggmjddJ0YWilRwKlgw6KXaBYT2iP3rGlkSCTTrXR03hBvG9LBQaTMCwGP6M+JlEitB9I3nZJAV096GfzPayYQnLZSHsYJsJCOFwWJwBDhLCvc4YpREAMjCFXc/BXTLjFJgEm0aEJwJ0/+K24Py26lXLk+KlXP8jgKaBNtoR3kohNURVeohuqIogf0hF7Qq/VoPVtv1vu4dcrKZzbQr7I+vwFCkaAc</latexit>

v̇(t) = � µ

m
v(t) +

1

m
F (t)

<latexit sha1_base64="yjp1FyjK491D0qkz58Evz1bThZ4=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARKkqZEakuFKpuXFawF2iHkknTNjSTGZIzYhm6deOruHGhiFvfwJ1vY9rOQqs/BD7+c06S8/uR4Boc58vKzM0vLC5ll3Mrq2vrG/bmVk2HsaKsSkMRqoZPNBNcsipwEKwRKUYCX7C6P7ga1+t3TGkeylsYRswLSE/yLqcEjNW2casTAr4vwD4+xxe4dTjlA3xpMDbYtvNO0ZkI/wU3hTxKVWnbn+ZKGgdMAhVE66brROAlRAGngo1yrViziNAB6bGmQUkCpr1ksskI7xmng7uhMkcCnrg/JxISaD0MfNMZEOjr2drY/K/WjKF76iVcRjEwSacPdWOBIcTjWHCHK0ZBDA0Qqrj5K6Z9oggFE17OhODOrvwXakdFt1Qs3Rzny2dpHFm0g3ZRAbnoBJXRNaqgKqLoAT2hF/RqPVrP1pv1Pm3NWOnMNvol6+MbTa6WQg==</latexit>

ẋ(t) = Ax(t) +B u(t)
<latexit sha1_base64="TnnvzQ87PtcsNgdfKqzvjRvD5pg=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCLiyJSHWhUHXjsoK9QBPKZDJph84kcWYilJBncOOruHGhiFtX7nwbJ20W2npg4Of7z+HM+b2YUaks69uYm19YXFourZRX19Y3Ns2t7ZaMEoFJE0csEh0PScJoSJqKKkY6sSCIe4y0veF17rcfiJA0Cu/UKCYuR/2QBhQjpVHPPLyEF/AIOoFAOHV4kqU8g859gnx4pZ0Jt3PaMytW1RoXnBV2ISqgqEbP/HL8CCechAozJGXXtmLlpkgoihnJyk4iSYzwEPVJV8sQcSLddHxSBvc18WEQCf1CBcf090SKuJQj7ulOjtRATns5/M/rJio4c1MaxokiIZ4sChIGVQTzfKBPBcGKjbRAWFD9V4gHSKegdIplHYI9ffKsaB1X7Vq1dntSqZ8XcZTALtgDB8AGp6AObkADNAEGj+AZvII348l4Md6Nj0nrnFHM7IA/ZXz+APo1nHQ=</latexit>

A = � µ

m
B =

1

m

or

friction force

goal  v (t) = vdes (t)
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no friction
(different initial velocities)

with friction
(different initial velocities)

velocity time evolution when a constant 1 N force is applied from t = 1 sec

(learn how to interpret plots)

suggested problem: 
use only piece-wise constant F(t) = ±F in order to change velocity from v1 to v2 
(you can switch value at any time) 

mass system - simulations

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time

-2

-1

0

1

2

3

4

5

6

ve
lo

ci
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Mass (velocity) with no friction

v0 = -2
v0 = -1
v0 = 0
v0 = 1
v0 = 2
input
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Mass (velocity) with friction

v0 = -2
v0 = -1
v0 = 0
v0 = 1
v0 = 2
input

initial velocities
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signals & systems perspective (optional)

MIT OpenCourseware

Lecture 1: Signals and Systems

600.3 - Fall 2011
Signals & SystemsDennis Freeman

analysis & design of systems via their signal transformation properties

system transforms an input signal into an output signal

how: system description (we saw mathematical model)

is independent from physical substrate (e.g., cell phone)

focus: flow of information

abstract, widely applicable, modular, hierarchical
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different systems may have similar models

v̇(t) =
1

m
F (t)

�̇(t) =
1

I
T (t)

ẋ(t) = b · u(t)ẋ(t) = 0 · x(t) + b · u(t)

m

I

• linear motion under the action of a force

• rotational motion under the action of a torque

same

model structure

x(t) = v(t)

x(t) = !(t)

u(t) = F(t)

u(t) = T(t)

choosing

b = 1/I

b = 1/m

v(t)
F(t)

!(t)

T(t)
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similar models and similar behavior

ẋ(t) = 0 · x(t) + b · u(t)

m

I

v(t)
F(t)

!(t)

T(t)

• linear motion under the action of a force

• rotational motion under the action of a torque

x(t) = x0 + b

Z t

0
u(⌧)d⌧

v(t) = v0 +
1

m

Z t

0
F (⌧)d⌧

!(t) = !0 +
1

I

Z t

0
T (⌧)d⌧

for the generic system the full solution is
becomes

becomes
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similar models and similar behavior
<latexit sha1_base64="WX5blt+u8kwOIEapTWLnAsRFBIE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZkepCoSCIywr2AZ2hZNJMG5p5kNwplGGWbvwVNy4UcesnuPNvTB8LbT1w4XDOvcm9x4sFV2BZ30ZuaXlldS2/XtjY3NreMXf3GipKJGV1GolItjyimOAhqwMHwVqxZCTwBGt6g5ux3xwyqXgUPsAoZm5AeiH3OSWgpY556HQjwENcghN8jR1fEpraWRpkzim+1WLHLFplawK8SOwZKaIZah3zS79Ik4CFQAVRqm1bMbgpkcCpYFnBSRSLCR2QHmtrGpKAKTedHJLhY610sR9JXSHgifp7IiWBUqPA050Bgb6a98bif147Af/STXkYJ8BCOv3ITwSGCI9TwV0uGQUx0oRQyfWumPaJDgN0dgUdgj1/8iJpnJXtSrlyf16sXs3iyKMDdIRKyEYXqIruUA3VEUWP6Bm9ojfjyXgx3o2PaWvOmM3soz8wPn8AfVKXug==</latexit>

v̇(t) =
1

m
F (t)

<latexit sha1_base64="PNmHO0LSt9EarUPZNOB9Wi3EDvs=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GIIGFXJFooBGy0i5AXZJcwO5lNhsw+mLkrhGV/wMZfsbFQxNbezr9x8ig08cCFwzn3ztx7vFhwBZb1beSWlldW1/LrhY3Nre0dc3evqaJEUtagkYhk2yOKCR6yBnAQrB1LRgJPsJY3vBn7rQcmFY/COoxi5gakH3KfUwJa6ppHTi8C7EQB6xNcghN8jR1fEpraWXqXOae4rsWuWbTK1gR4kdgzUkQz1Lrml36WJgELgQqiVMe2YnBTIoFTwbKCkygWEzokfdbRNCQBU246uSbDx1rpYT+SukLAE/X3REoCpUaBpzsDAgM1743F/7xOAv6lm/IwToCFdPqRnwgMER5Hg3tcMgpipAmhkutdMR0QHQboAAs6BHv+5EXSPCvblXLl/rxYvZrFkUcH6BCVkI0uUBXdohpqIIoe0TN6RW/Gk/FivBsf09acMZvZR39gfP4AQvGZxQ==</latexit>

!̇(t) =
1

I
T (t)

<latexit sha1_base64="xJujr4zSQYvvr5fHQKhmM2ohfSc=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjUl0oFNy46KKCfUBnGDJppg3NPEjuFMrQD3Djr7hxoYhbP8Cdf2PazkJbDwQO55yb5B4vFlyBaX4buZXVtfWN/GZha3tnd6+4f9BSUSIpa9JIRLLjEcUED1kTOAjWiSUjgSdY2xveTv32iEnFo/ABxjFzAtIPuc8pAS25xZLdiwBzt47LcIpvsO1LQlNrktYn9hkeuXUt65RZMWfAy8TKSAllaLjFL30rTQIWAhVEqa5lxuCkRAKngk0KdqJYTOiQ9FlX05AETDnpbJkJPtFKD/uR1CcEPFN/T6QkUGoceDoZEBioRW8q/ud1E/CvnJSHcQIspPOH/ERgiPC0GdzjklEQY00IlVz/FdMB0XWA7q+gS7AWV14mrfOKVa1U7y9Kteusjjw6QseojCx0iWroDjVQE1H0iJ7RK3oznowX4934mEdzRjZziP7A+PwBRWyZOg==</latexit>

i̇L(t) =
1

L
vL(t)

linear motion

angular motion

capacitor

inductor

the problem of making the mass move at a constant desired velocity through the 
action of a force is formally similar than the one of making a rigid body rotate at 
a given angular velocity through the action of a torque or making the voltage 
capacitor reach a desired value (through the current) and an inductor current 
converge to a reference value (through the voltage). 

The inputs (respectively F (t), T (t), iC (t) and vL (t)) and the system parameters 

(respectively m, I, C and L) have clearly different physical meanings but the 
structure of the differential equation is identical so the structure of the general 
solution will also be the same.

<latexit sha1_base64="VhqLB3TzWlPJcHzgVCEtlIPh/R4=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShEkLArEi0UAttYRjAPyIZldjKbDJl9MHM3EJb8gI2/YmOhiK29nX/jbJJCEw9cOJxz78y9x4sFV2Ca30ZuZXVtfSO/Wdja3tndK+4fNFWUSMoaNBKRbHtEMcFD1gAOgrVjyUjgCdbyhnbmt0ZMKh6FDzCOWTcg/ZD7nBLQkls8cXoR4JFr4zKc4Vvs+JLQ1Jqk9sQ5x9y1tVxwiyWzYk6Bl4k1JyU0R90tfulnaRKwEKggSnUsM4ZuSiRwKtik4CSKxYQOSZ91NA1JwFQ3nV4zwada6WE/krpCwFP190RKAqXGgac7AwIDtehl4n9eJwH/upvyME6AhXT2kZ8IDBHOosE9LhkFMdaEUMn1rpgOiM4DdIBZCNbiycukeVGxqpXq/WWpdjOPI4+O0DEqIwtdoRq6Q3XUQBQ9omf0it6MJ+PFeDc+Zq05Yz5ziP7A+PwBW9CZMw==</latexit>

v̇C(t) =
1

C
iC(t)
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Fe(t) elastic force

Fa(t) friction force

Fd(t) disturbance force

F (t) control force

m a(t) = F (t) — Fe(t) — Fa(t) — Fd(t)

mass-spring-damper (MSD)

Newton’s second law of motion

v(t) = ṡ(t) a(t) = s̈(t)

s(t) = deviation from the spring rest position

Fe(t) = k s(t) linear spring

Fa(t) = µ v(t) linear viscous friction
modeling


hypothesis

rest position s

k

µ

F (t)

Fd(t)

Fe(t)

Fa(t)

0

m

rest position: with zero velocity 
and no forces applied

we have added a disturbance force
(e.g. some external unknown action or if the motion is not on a horizontal plane)

<latexit sha1_base64="30x9XGEcn5CmiceJO7/MyD6af+0=">AAACHHicbVDLSgMxFM34rPVVdenmYhEq2DKjUl0oCIK4rGBboVNKJpPW0GRmSO4IpfRD3Pgrblwo4saF4N+YPhZqPRA4nHNuknuCRAqDrvvlzMzOzS8sZpayyyura+u5jc2aiVPNeJXFMta3ATVciohXUaDkt4nmVAWS14PuxdCv33NtRBzdYC/hTUU7kWgLRtFKrdyh8vfBD8MYwcAZXBZwD4pdAKsaKIKvUkv9sV2Ey1ZoA61c3i25I8A08SYkTyaotHIf9gaWKh4hk9SYhucm2OxTjYJJPsj6qeEJZV3a4Q1LI6q4afZHyw1g1yohtGNtT4QwUn9O9KkypqcCm1QU78xfbyj+5zVSbJ80+yJKUuQRGz/UTiVgDMOmIBSaM5Q9SyjTwv4V2B3VlKHtM2tL8P6uPE1qByWvXCpfH+XPTyd1ZMg22SEF4pFjck6uSIVUCSMP5Im8kFfn0Xl23pz3cXTGmcxskV9wPr8BnMicvA==</latexit>

ms̈ = F (t)� k s� µ ṡ� Fd(t)
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spring characteristics

deflection s

elastic 
force 
Fe linear

degressive

progressive

compression s 
w.r.t. rest position

example:
progressive spring

fully compressed
(all the coils are in contact)

linear approximation k1s

k1s+ k2s
3cubic approximation

linear
behavior

the (linear) approximation of the spring characteristic is part of the modeling phase similarly for 
the hypothesis on the friction force

MSD - elastic force

modeling
hypothesis

deflection s

elastic 
force 
Fe
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MSD - friction force

we assumed the viscous friction force Fd (t) to be proportional to the velocity and 
acting in the opposite direction 

a mechanical damper is also called dashpot

we indicate schematically the presence of viscous friction with the symbol 
and call it a damper

damper

other models could be
• considering the friction independent from the velocity but proportional to the 

normal force (w.r.t. the ground)
• or static friction
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modeling 
hypothesis

how do we rewrite this linear model (second order differential equation) in the 
standard state space form which considers only first order differential equations?

we need to
• define the state
• define the input(s) and output(s)
• rewrite the second order differential equation in terms of the state and its derivative

k

µ

F (t)

Fd(t)

Fe(t)

Fa(t)

mhow many ?

input(s) ?

how many ?

output(s) ?state ?

n = ?

can also be seen as a 
signal transformer

MSD - state space representation

m a(t) = F (t) — Fe(t) — Fa(t) — Fd(t)
<latexit sha1_base64="30x9XGEcn5CmiceJO7/MyD6af+0=">AAACHHicbVDLSgMxFM34rPVVdenmYhEq2DKjUl0oCIK4rGBboVNKJpPW0GRmSO4IpfRD3Pgrblwo4saF4N+YPhZqPRA4nHNuknuCRAqDrvvlzMzOzS8sZpayyyura+u5jc2aiVPNeJXFMta3ATVciohXUaDkt4nmVAWS14PuxdCv33NtRBzdYC/hTUU7kWgLRtFKrdyh8vfBD8MYwcAZXBZwD4pdAKsaKIKvUkv9sV2Ey1ZoA61c3i25I8A08SYkTyaotHIf9gaWKh4hk9SYhucm2OxTjYJJPsj6qeEJZV3a4Q1LI6q4afZHyw1g1yohtGNtT4QwUn9O9KkypqcCm1QU78xfbyj+5zVSbJ80+yJKUuQRGz/UTiVgDMOmIBSaM5Q9SyjTwv4V2B3VlKHtM2tL8P6uPE1qByWvXCpfH+XPTyd1ZMg22SEF4pFjck6uSIVUCSMP5Im8kFfn0Xl23pz3cXTGmcxskV9wPr8BnMicvA==</latexit>

ms̈ = F (t)� k s� µ ṡ� Fd(t)
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if yes, how ?

ẋ(t) = Ax(t) +B u(t)

input: we may have 2 choices for defining the input vector:

• single (scalar) input u(t) = F (t) — Fd(t) 
(if it is not necessary to distinguish between the control input F (t) and the 
disturbance Fd(t), for example in a pure analysis context)

• 2-dimensional vector: two distinctive inputs F (t) and Fd(t) become a unique 
two dimensional input vector u (t)

u(t) =

✓
F (t)
Fd(t)

◆

MSD - state space representation
<latexit sha1_base64="API39DDG3MvlPRHmGik6a0m8ad8=">AAACJnicbVDLSgMxFM34rPVVdekmWIQKtsyIVBcWCkJxWcE+oFNKJpO2ocnMkNwRSunXuPFX3LioiLjzU8y0RbT1QsjJOecmuceLBNdg25/Wyura+sZmaiu9vbO7t585OKzrMFaU1WgoQtX0iGaCB6wGHARrRooR6QnW8Aa3id54ZErzMHiAYcTakvQC3uWUgKE6mZJ0z7Hr+yFgnYMzXMKVZMsPMDbClMpjV8bm5P6Y8rjS8Q 1IdzJZu2BPCy8DZw6yaF7VTmZibqGxZAFQQbRuOXYE7RFRwKlg47QbaxYROiA91jIwIJLp9mg65hifGsbH3VCZFQCesr87RkRqPZSecUoCfb2oJeR/WiuG7nV7xIMoBhbQ2UPdWGAIcZIZ9rliFMTQAEIVN3/FtE8UoWCSTUJwFkdeBvWLglMsFO8vs+WbeRwpdIxOUA456AqV0R2qohqi6Am9oAl6s56tV+vd+phZV6x5zxH6U9bXNziNn3k=</latexit>

ms̈(t) = F (t)� k s(t)� µ ṡ(t)� Fd(t)

B : 2 x 2

state dimension
2 inputs

the choice depends on the problem of interest: analysis or control
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from
2 first order 
differential 
equations

to

x(t) =

✓
x1(t)
x2(t)

◆
=

✓
s(t)
ṡ(t)

◆
choosing as state the position displacement and the velocity of the mass 

ẋ1(t) = x2(t)

ẋ2(t) = � k

m
x1(t)�

µ

m
x2(t) +

1

m
(F (t)� Fd(t))

we can rewrite the second order differential equation as

1 second order 
differential 
equation

how does this translate in matrix form ?

MSD - state space representation
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d

dt

✓
x1(t)
x2(t)

◆
=

✓
0 1

� k
m � µ

m

◆✓
x1(t)
x2(t)

◆
+

✓
0
1
m

◆
(F (t)� Fd(t))

ẋ(t) = Ax(t) +Bu(t)

u(t) = F (t)� Fd(t)

we want to rewrite the system model in the form

MSD - state space representation

• single input case

with

A B

• input vector case

d

dt

✓
x1(t)
x2(t)

◆
=

✓
0 1

� k
m � µ

m

◆✓
x1(t)
x2(t)

◆
+

✓
0
1
m

◆
F (t)�

✓
0
1
m

◆
Fd(t)

B1 B2

u(t) =

✓
F (t)
Fd(t)

◆
with B =

�
B1 �B2

�
and

u (t)

this is a special case since the two inputs enter at the same “level”

MSD
+

—

Fd (t)

F (t) u (t) MSD
Fd (t)

F (t)
or
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y(t) = s(t)

y(t) = ṡ(t)

y(t) = s(t)� ⇡ṡ(t)

y(t) = s̈(t)

examples of possible choices for the MSD system:

we use

feedthrough
term D

s̈ = � k

m
s� µ

m
ṡ+

1

m
u

matrices A and B are characteristics of the given system, 
while C and D   depend upon the particular chosen output

C =
�
1 0

�
D = 0

C =
�
0 1

�
D = 0

C =
�
1 �⇡

�
D = 0

C =
�
� k

m � µ
m

�

no special physical meaning

MSD - state space representation
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high order ODE

z(i)(t) =
diz(t)

dti

z(n) + an�1z
(n�1) + · · ·+ a2z

(2) + a1z
(1) + a0z

(0) = bu(t)

then we find (A,B)

the dimension of the state vector is n = number of initial conditions necessary 
to define a unique solution of the n-th order differential equation
other choices for the state vector are possible but all have dimension n

x(t) =

0

BBB@

z(0)

z(1)

...
z(n�1)

1

CCCA

with

one possible choice for the state is

ms̈+ µṡ+ ks = uMSD as a special case

n dimensional
vector

we can generalize to a nth order differential equation
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with this choice of the state we can determine (A,B)

ẋ(t) =

0

BBB@

z(1)

z(2)

...
z(n)

1

CCCA
=

0

BBBBBBB@

0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . .

...
...

... 1

�a0 �a1
. . . �an�1

1

CCCCCCCA

0

BBB@

z(0)

z(1)

...
z(n�1)

1

CCCA
+

0

BBBBB@

0
0
...
0
b

1

CCCCCA
u

A B u(t)x(t) +=

then, for example, choosing the output as y(t) = z(t) we determine C and D

y(t) =
�
1 0 · · · 0

�
x(t)

C 0 u(t)x(t) += i.e.   D = 0

high order ODE
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importance of dynamics

crane control: how control can help an inexpert operator who has to move a payload 
with a crane  - here using a technique called “input shaping” (Georgia Tech)

simplified model

• description of the motion (e.g. satellite trajectory)

• simulation models (system behavior w.r.t. to inputs)

https://youtu.be/zIor8vGNL0c?feature=shared
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state

The state of a dynamical system is a set of physical quantities (state variables), 
the specification of which (in the absence of external excitation) completely 
determines the evolution of the system
(B. Friedland)

Specific physical quantities that define the state are not unique, although 
their number (system order) is unique

Alternatively, the state can be seen as the minimum set of variables such 
that their knowledge at time t0, together with the knowledge of the 
external excitations (inputs) in [t0,t), allows the complete characterization 
of the system evolution in [t0,t)

t0 t

x(t)

u(t)

x(t0)
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state dimension - examples

ms̈+ µṡ+ ks = u

• first order system

• second order system

z(n) + an�1z
(n�1) + · · ·+ a2z

(2) + a1z
(1) + a0z

(0) = bu(t)

• n-th order system

• 2+1 = 3rd order system

x 2 R v̇(t) =
1

m
F (t)

x 2 R2

x 2 Rn

a2ẍ1 + a1ẋ1 + a0x1 = ↵u

b1ẋ2 + b0x2 = �u

• two 2nd order equations

x =

0

@
x1

ẋ1

x2

1

A 2 R3

<latexit sha1_base64="JekttT1p1viw76DN5F9HQU7gc6M="></latexit>

a11ẍ1 + a12ẍ2 + ẋ1 � x2 = 0

a21ẍ1 + a22ẍ2 � ẋ1 � ẋ2 + 3x2 = 0

<latexit sha1_base64="zqe02+u+31oYHV8ibToX+QTsmoA="></latexit>

x =

0

BB@

x1

ẋ1

x2

ẋ2

1

CCA 2 R4
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models of electrical circuits

v

+

-

v

+

-

v

+

-

v

+

-

is

Resistor

Capacitor

Inductor

voltage
source

current
source

v(t) = R i(t)

i(t) = C
dv(t)

dt

v(t) = L
di(t)

dt

i(t) = is(t)

v(t) = vs(t)

i

i

i

vs

elements which store energy state components

(one for each energy storing element)

<latexit sha1_base64="u7RnTmTQ6SX0/z48U8NJn0gMaCM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoivjZCoRuXFewDmlAm00k7dPJg5qZQQnZu/BU3LhRx6y+482+ctllo9cCFwzn3ztx7vFhwBZb1ZRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3qk/99phJxaPwHiYxcwMyCLnPKQEt9cxDpx8BHlfgBN9gx5eEpnaW1jPnFHMt9syyVbVmwH+JnZMyytHomZ/6QZoELAQqiFJd24rBTYkETgXLSk6iWEzoiAxYV9OQBEy56eyODB9rpY/9SOoKAc/UnxMpCZSaBJ7uDAgM1aI3Ff/zugn4127KwzgBFtL5R34iMER4Ggruc8koiIkmhEqud8V0SHQYoKMr6RDsxZP/ktZZ1b6sXtydl2u1PI4iOkBHqIJsdIVq6BY1UBNR9ICe0At6NR6NZ+PNeJ+3Fox8Zh/9gvHxDRe7l4w=</latexit>

v̇(t) =
1

C
i(t)

<latexit sha1_base64="huokk51JR+hFQuFFGlGKd+eaxdg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoivjZCwY0LFxXsA5pQJtNJO3TyYOamUEJ2bvwVNy4UcesvuPNvnLZZaPXAhcM5987ce7xYcAWW9WUUFhaXlleKq6W19Y3NLXN7p6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7ye+K0Rk4pH4T2MY+YGpB9yn1MCWuqa+04vAswrcISvsONLQlM7S28z5xiPtNg1y1bVmgL/JXZOyihHvWt+6gdpErAQqCBKdWwrBjclEjgVLCs5iWIxoUPSZx1NQxIw5abTOzJ8qJUe9iOpKwQ8VX9OpCRQahx4ujMgMFDz3kT8z+sk4F+6KQ/jBFhIZx/5icAQ4UkouMcloyDGmhAqud4V0wHRYYCOrqRDsOdP/kuaJ1X7vHp2d1qu1fI4imgPHaAKstEFqqEbVEcNRNEDekIv6NV4NJ6NN+N91low8pld9AvGxzcklpeV</latexit>

i̇(t) =
1

L
v(t)

or

or

possible inputs
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Kirchhoff’s laws

KCL (Kirchhoff current law):
the algebraic sum of all the currents entering and leaving a node must be 
equal to zero

KVL (Kirchhoff voltage law):
the algebraic sum of all the voltages within a closed circuit loop must be 
equal to zero

X

k

ik = 0

X

j

vj = 0

To determine the model of an electrical circuit we can use the laws of Kirchhoff 
(current and voltage)

these are conservation laws
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series RLC circuit (Resistor, Inductor, Capacitor): 
2 energy storing elements therefor state is 2-dimensional

vL(t) = L
di(t)

dt
vR(t) = Ri(t) vC(t)

vR + vL + vC = v

state one possible choice is

models of electrical circuits (RLC example)

ẋ = Ax+Bvequivalently

KVL

x(t) =

✓
i(t)
vC(t)

◆

+

-

i(t) R

L

CvC(t)v(t)
+

-

+

-
vL(t)

vR(t)
+

-

Att.: this looks like a first order ODE

that is

<latexit sha1_base64="6qcfuu+8ePr+G4J2m84L1BIu/c8="></latexit>

A =

 
�R

L � 1
L

1
C 0

!
B =

 
1
L

0

!
with

<latexit sha1_base64="fpeVqg8rw0QjIbd02ZiQQOLYYYs=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKkqZEakuFArduHBRxV6gLSWTybShmQvJmUIZ+iZufBU3LhQRd30bM20FrR4I+fj/c0jO70SCK7CsiZFZWl5ZXcuu5zY2t7Z3zN29ugpjSVmNhiKUTYcoJnjAasBBsGYkGfEdwRrOoJL6jSGTiofBA4wi1vFJL+AepwS01DVLt7h9itueJDRxU+QFOB4nLozxCb7/FjQPu5UUrvFQX7mumbeK1rTwX7DnkEfzqnbNz7Yb0thnAVBBlGrZVgSdhEjgVLBxrh0rFhE6ID3W0hgQn6lOMt1vjI+04mIvlPoEgKfqz4mE+EqNfEd3+gT6atFLxf+8VgzeZSfhQRQDC+jsIS8WGEKchoVdLhkFMdJAqOT6r5j2ic4KdKRpCPbiyn+hfla0S8XS3Xm+fDWPI4sO0CEqIBtdoDK6QVVUQxQ9omf0it6MJ+PFeDc+Zq0ZYz6zj36VMfkCna+dtw==</latexit>

L
d i(t)

dt
+R i(t) + vC(t) = v(t)

<latexit sha1_base64="j5d1XueOpsEXcerqSAQqWDiMAvk="></latexit>

d i(t)

dt
= �R

L
i(t)� 1

L
vC(t) +

1

L
v(t)

d vC(t)

dt
=

1

C
i(t)
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series RLC circuit (alternative model)

vL(t) = L
di(t)

dt
vR(t) = Ri(t)

instead of

models of electrical circuits

LC v̈C +RC v̇C + vC = v

being

we can therefore have a different choice for the state (for the same physical system)

i(t) = C
dvC(t)

dt

we rewrite the KVL equation as

ms̈+ µṡ+ ks = u

(RLC)

(MSD)

“similar” structure/solution/behavior

LC v̈C +RC v̇C + vC = v
note the similitude
between the two
expressions

new state

<latexit sha1_base64="WMSxVL8MnnOOvuKfaDqAkJYdooA=">AAACKnicbVBNSwMxEM3W7/q16tFLsAj1UnZVqgcFxYtHBatCt5RsOm1Ds9klmRXr0t/jxb/ixYMiXv0hZmsRbX0QeLw3k5l5YSKFQc97dwpT0zOzc/MLxcWl5ZVVd2392sSp5lDjsYz1bcgMSKGghgIl3CYaWBRKuAl7Z7l/cwfaiFhdYT+BRsQ6SrQFZ2ilpnv6UMYdekyDEDpCZUnEUIv7Ab1rnuVGENT3EmxQGrRi/BFBtX4qi0235FW8Iegk8UekREa4aLov9jOeRqCQS2ZM3ffsiIxpFFzCoBikBhLGe6wDdUsVi8A0suGpA7ptlRZtx9o+hXSo/u7IWGRMPwptpV2wa8a9XPzPq6fYPmxkQiUpguLfg9qppBjTPDfaEho4yr4ljGthd6W8yzTjaNPNQ/DHT54k17sVv1qpXu6XTo5GccyTTbJFysQnB+SEnJMLUiOcPJJn8krenCfnxXl3Pr5LC86oZ4P8gfP5BZjzpZI=</latexit>

z(t) =

 
vC(t)

v̇C(t)

! <latexit sha1_base64="McjWl4uHBQQMPY6KiWBNfPyQT0Y=">AAACI3icbVDLSgMxFM34rPVVdekmWIS6KTMqVUSh0I3LCvYBnVIy6W0bmskMSaa0DP0XN/6KGxdKcePCfzHTFtHWA4GTc+5N7j1eyJnStv1prayurW9sprbS2zu7e/uZg8OqCiJJoUIDHsi6RxRwJqCimeZQDyUQ3+NQ8/qlxK8NQCoWiEc9CqHpk65gHUaJNlIrczPM6TN8h10PukzEoU+0ZMMxZonsuo2LUDcxHrRK0zuI9k9JupXJ2nl7CrxMnDnJojnKrczEbQc08kFoyolSDcc2r8dEakY5jNNupCAktE+60DBUEB9UM57uOManRmnjTiDNERpP1d8dMfGVGvmeqTQD9tSil4j/eY1Id66bMRNhpEHQ2UediGMd4CQw3GYSqOYjQwiVzMyKaY9IQrWJNQnBWVx5mVTP804hX3i4zBZv53Gk0DE6QTnkoCtURPeojCqIoif0gt7Qu/VsvVoT62NWumLNe47QH1hf30cpotg=</latexit>

x(t) =

 
i(t)

vC(t)

!
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models of electrical circuits

different dynamic matrices but with same characteristics
(e.g., same eigenvalues - see algebra slides)

• with state x we had

series RLC circuit

A =

 
�R

L � 1
L

1
C 0

!
, B =

 
1
L

0

!

• with state z we have

A =

 
0 1

� 1
LC �R

L

!
, B =

 
0
1

LC

!

since these two different representations refer to the 
same RLC circuit, they must share the same important 
system properties
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series RLC circuit: 2 different state vectors choice

z(t) x(t)

change of coordinates

z(t) = T x(t)

models of electrical circuits

check T nonsingular

note that x(t) and z(t) are related by a linear transformation z(t) = T x(t) with
T nonsingular

T

T nonsingular (det(T) different from 0) defines a similarity transformation

(see algebra slides)
we have two equivalent state space representations of the same system

<latexit sha1_base64="vBj+GwqF5DWppjc42f1AWOOEGis="></latexit>

z(t) =

 
vC(t)

v̇C(t)

!
=

 
vC(t)
1
C i(t)

!
=

 
0 1
1
C 0

! 
iC(t)

vC(t)

!
= T x(t)
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models of electrical circuits (other example)

+

-

i1

R1

C vCv(t) R2

i2 i3
+

-
x = vC

u = v y = i3

u

x

y

S

ẋ = � 1

C

✓
1

R1
+

1

R2

◆
x+

1

R1C
u

y = �
✓

1

R1
+

1

R2

◆
x+

1

R1
u

D term

output may depend instantaneously from the input (non-zero D term)

one energy storage component and therefore the state is a scalar (here x = vC )
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feedthrough term D

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2
D = 0

t

 

 

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

t

D = 0.5

 

 

step input
output

step input
output

A1 =


0 1
�4 �2

�
B1 =


0
1

�
C1 =

⇥
4 4

⇤
D1 = 0

A2 =


0 1
�4 �2

�
B2 =


0
1

�
C2 =

⇥
2 2

⇤
D2 = 0.5

D2 = 0.5

at time t = 1, the input switches from 
0 to 1 and instantaneously the output 
switches from 0 to D2 u(1) = D2

numerical example

u(t) unit step input from t = 1
D = 0

<latexit sha1_base64="g1HdX3yGokcggCsmjsIJ11tpcFQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFQAvLCOZDkiPsbSbJkr29c3dPCEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo+up33xCpXkk7804Rj+kA8n7nFFjpYcbQjoSH4nbLZbcsjsDWSZeRkqQodYtfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR08ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/opl3FiULL5on4iiInI9HvS4wqZEWNLKFPc3krYkCrKjM2oYEPwFl9eJo2zslcpV+7OS9WrLI48HMExnIIHF1CFW6hBHRiE8Ayv8OYo58V5dz7mrTknmzmEP3A+fwAbBY9N</latexit>

D 6= 0
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heat flow models lumped capacitance models

Q heat (Joule)

R thermal resistance

T temperature

Q̇ =
1

R
(Te � T )

T

Te ambient temperature

Te

C heat capacity

induces a
change in
temperature

Ṫ = � 1

RC
T +

1

RC
Te first order system

T(t)

t

Te
T(0)

T(0)

if Te constant

C

example: a box placed with internal 
temperature T in an ambient at a 
temperature Te

heat flow (variation of heat Q, 
Joule/s) through a resistance 
(wall)

rate of change of T of box
(thermal capacitance) is
proportional to heat flow Ṫ =

1

C
Q̇

<latexit sha1_base64="9/uVj3hZ3VAE4gyNx+R2hzllbcs=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KkkVdCMUunHZQl/QljKZTtqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hhg4nHMPd+7xIs6Udpxva2Nza3tnt7BX3D84PDq2T047KowloW0S8lD2PKwoZ4K2NdOc9iJJceBx2vVm9YXffaBSsVC09DyiwwBPBPMZwdpII7s0GIcatdAdGvgSk8RNk3qKMrE5sstOxcmA1ombkzLkaIzsLxMkcUCFJhwr1XedSA8TLDUjnKbFQaxohMkMT2jfUIEDqoZJdkSKLowyRn4ozRMaZervRIIDpeaBZyYDrKdq1VuI/3n9WPu3w4SJKNZUkOUiP+ZIh2jRCBozSYnmc0Mwkcz8FZEpNmVo01vRlOCunrxOOtWKe1WpNq/LtVpeRwFKcA6X4MIN1OAeGtAGAo/wDK/wZj1ZL9a79bEc3bDyzBn8gfX5A7zolt8=</latexit>

R
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heat flow models lumped capacitance models

T1 T2

Te

CṪ1 =
T2 � T1

2R
� T1 � Te

R

CṪ2 = q � T2 � Te

R
� T2 � T1

2R

2 similar rooms
C room thermal capacity

R room thermal resistance

2R room thermal resistance 
between rooms

q heat flow source

q

R

2R

writing the variation of heat in each room

if q is an input, the state components could be chosen as T1 and T2

find (A,B) and choose an output of interest (and thus C)

second order
system
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CṪ1 =
T2 � T1

2R
� T1 � Te

R

CṪ2 = q � T2 � Te

R
� T2 � T1

2R

heat flow models

RCC R
2R

q

T1T2

Te
current

generator
voltage across first capacitor T2 - Te 

voltage across second capacitor T1 - Te 

same equations
as the following circuit

(prove it)
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vocabulary

English Italiano

linear time-invariant system sistema lineare stazionario

input/state/output ingresso/stato/uscita

mass/spring/damper system sistema massa/molla/smorzatore

state representation rappresentazione nello spazio di 
stato

dynamics matrix matrice dinamica
input (output) matrix matrice di ingresso (uscita)

feedthrough matrix matrice del legame diretto 
ingresso-uscita


