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- analysis (time and frequency domain)

- general feedback control system

- controller design in the frequency domain (loop shaping)

- performance and limitations of a control system

- analysis and design using root locus

- state space design

- stability theory

course main topics

fundamental objective of the Control Systems course

analysis and control of dynamical systems
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Feedback and Control for Everyone
P. Albertos - I. Mareels

control is a hidden technology
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this lecture: first basic concepts

- concept of dynamical system

- mathematical model of a dynamical system

- fundamental variables: state, input & output

- what do we seek when analyzing a dynamical system

- analysis and prediction

- linear dynamical systems

- time invariance of a linear dynamical system (LTI)

- state space representation of a LTI system

- control system examples
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e.g. in mechanical engineering, rigid body dynamics describes how future forces/
torques (inputs) produce motion given an initial position and velocity, i.e., make 
positions and velocities (state variables) vary over time

- dynamical system: rigid body
- input: external applied torques and forces
- state variable: position and velocity

dynamical system and its characterization

dynamical system: 
a system whose state variables evolve over time

5

state of a dynamical system: 
minimum set of variables whose knowledge at the initial time t0 univocally determine 
the system time evolution given also the knowledge of future inputs 

how the state evolves in time is a function of the current state, and the 
exogenous variables (inputs) affecting the system
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• we need to describe (model) how the state x(t) varies in time

• how do we represent such a variation?  

in continuous time: derivative in discrete time: difference

variation in time of the state x

depending on the nature of the time variable

dynamical system and its characterization

continuous time system discrete time system

dynamical system representation:

differential equations
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ẋ(t) = f(x(t), u(t), t)
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x(t+ 1) = f(x(t), u(t), t)

<latexit sha1_base64="Gq2yXSubGIG6Z8M6S8b5ZmyvPf8=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EitIglEakuXBTcuKxgL9DGMplO2qGTSZiZqCX0Pdy4UMSt7+LOt3HSZqHVHwY+/nMO58zvRZwpbdtfVm5peWV1Lb9e2Njc2t4p7u61VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2Nr9J6+55KxUJxqycRdQM8FMxnBGtj3T2W9bFTQSfIQKXQL5bsqj0T+gtOBiXI1OgXP3uDkMQBFZpwrFTXsSPtJlhqRjidFnqxohEmYzykXYMCB1S5yezqKToyzgD5oTRPaDRzf04kOFBqEnimM8B6pBZrqflfrRtr/8JNmIhiTQWZL/JjjnSI0gjQgElKNJ8YwEQycysiIywx0SaoNARn8ct/oXVadWrV2s1ZqX6ZxZGHAziEMjhwDnW4hgY0gYCEJ3iBV+vBerberPd5a87KZvbhl6yPbysEkFg=</latexit>

x(t+ 1)� x(t)
<latexit sha1_base64="KOtJUR2lEHv6SA7TH2z2KXEEato=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoQcqMSHWhUHDjsoJ9QGcomUymDc08SO6IZeg3uPFX3LhQxK0rd/6N6QPR1gOBwzn3cHOPlwiuwLK+jNzS8srqWn69sLG5tb1j7u41VZxKyho0FrFse0QxwSPWAA6CtRPJSOgJ1vIGV2O/dcek4nF0C8OEuSHpRTzglICWumbZCSShGfadY3xfgvIo82GEL7HjxzARfnjXLFoVawK8SOwZKaIZ6l3zUwdpGrIIqCBKdWwrATcjEjgVbFRwUsUSQgekxzqaRiRkys0mJ43wkVZ8HMRSvwjwRP2dyEio1DD09GRIoK/mvbH4n9dJITh3Mx4lKbCIThcFqcAQ43E/2OeSURBDTQiVXP8V0z7RHYFusaBLsOdPXiTNk4pdrVRvTou1i1kdeXSADlEJ2egM1dA1qqMGougBPaEX9Go8Gs/Gm/E+Hc0Zs8w++gPj4xvN5puo</latexit>

d x(t)

dt
= ẋ(t) = ẋ

<latexit sha1_base64="18kHDroA1xvNH0CLJFTWldB9u0I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZREpLpwUXDjsop9QBPKZDpph04mYWailNpPceNCEbd+iTv/xmmahbYeuNzDOfcyd06QcKa043xbhZXVtfWN4mZpa3tnd88u77dUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377gUrFYnGvxwn1IzwQLGQEayP17LJG3inymMhaEKK7nl1xqk4GtEzcnFQgR6Nnf3n9mKQRFZpwrFTXdRLtT7DUjHA6LXmpogkmIzygXUMFjqjyJ9npU3RslD4KY2lKaJSpvzcmOFJqHAVmMsJ6qBa9mfif1011eOlPmEhSTQWZPxSmHOkYzXJAfSYp0XxsCCaSmVsRGWKJiTZplUwI7uKXl0nrrOrWqrXb80r9Ko+jCIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDZwiSJw==</latexit>

t 2 R
<latexit sha1_base64="OIeSeSXTCqJb3tTPR40wOlmv29U=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZREpLpwUXDjsoJ9YBPKZDpph04mYWailNpPceNCEbd+iTv/xmmahbYeuNzDOfcyd06QcKa043xbhZXVtfWN4mZpa3tnd88u77dUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377gUrFYnGnxwn1IzwQLGQEayP17LJG3inymMhaEKL7nl1xqk4GtEzcnFQgR6Nnf3n9mKQRFZpwrFTXdRLtT7DUjHA6LXmpogkmIzygXUMFjqjyJ9npU3RslD4KY2lKaJSpvzcmOFJqHAVmMsJ6qBa9mfif1011eOlPmEhSTQWZPxSmHOkYzXJAfSYp0XxsCCaSmVsRGWKJiTZplUwI7uKXl0nrrOrWqrXb80r9Ko+jCIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDcyiSLw==</latexit>

t 2 Z

<latexit sha1_base64="18kHDroA1xvNH0CLJFTWldB9u0I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZREpLpwUXDjsop9QBPKZDpph04mYWailNpPceNCEbd+iTv/xmmahbYeuNzDOfcyd06QcKa043xbhZXVtfWN4mZpa3tnd88u77dUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377gUrFYnGvxwn1IzwQLGQEayP17LJG3inymMhaEKK7nl1xqk4GtEzcnFQgR6Nnf3n9mKQRFZpwrFTXdRLtT7DUjHA6LXmpogkmIzygXUMFjqjyJ9npU3RslD4KY2lKaJSpvzcmOFJqHAVmMsJ6qBa9mfif1011eOlPmEhSTQWZPxSmHOkYzXJAfSYp0XxsCCaSmVsRGWKJiTZplUwI7uKXl0nrrOrWqrXb80r9Ko+jCIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDZwiSJw==</latexit>

t 2 R
<latexit sha1_base64="OIeSeSXTCqJb3tTPR40wOlmv29U=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZREpLpwUXDjsoJ9YBPKZDpph04mYWailNpPceNCEbd+iTv/xmmahbYeuNzDOfcyd06QcKa043xbhZXVtfWN4mZpa3tnd88u77dUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyuZ377gUrFYnGnxwn1IzwQLGQEayP17LJG3inymMhaEKL7nl1xqk4GtEzcnFQgR6Nnf3n9mKQRFZpwrFTXdRLtT7DUjHA6LXmpogkmIzygXUMFjqjyJ9npU3RslD4KY2lKaJSpvzcmOFJqHAVmMsJ6qBa9mfif1011eOlPmEhSTQWZPxSmHOkYzXJAfSYp0XxsCCaSmVsRGWKJiTZplUwI7uKXl0nrrOrWqrXb80r9Ko+jCIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDcyiSLw==</latexit>

t 2 Z
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examples of known relationships including time derivatives:

• capacitor: voltage (v) - current (i)

• inductor: current (i) state - voltage (v) input

v

+

-

i

v

+

-

i

C

L

state of the system: v (t) 
what is i (t) ? It is an exogenous (external) variable influencing the evolution of 
the state v (t): it is an input to the system.

• velocity v (state) of a mass subject to a force F (input)

dynamical system and its characterization

<latexit sha1_base64="Aq/CyxettnxvaOujBtbkxWgIEpc=">AAACGXicbVDLSgMxFM34rPVVdekmWIQKUmZEqguFQjcuK9gHdIaSyWTa0MyD5E6hDPMbbvwVNy4Ucakr/8a0nYW2Hggczjk3yT1uLLgC0/w2VlbX1jc2C1vF7Z3dvf3SwWFbRYmkrEUjEcmuSxQTPGQt4CBYN5aMBK5gHXfUmPqdMZOKR+EDTGLmBGQQcp9TAlrql0xs+5LQ1LPP8bgCZ1nqQYZvse1FgMdTMrOtLG1kmOtAv1Q2q+YMeJlYOSmjHM1+6VPfRZOAhUAFUapnmTE4KZHAqWBZ0U4UiwkdkQHraRqSgCknnW2W4VOteNiPpD4h4Jn6eyIlgVKTwNXJgMBQLXpT8T+vl4B/7aQ8jBNgIZ0/5CcCQ4SnNWGPS0ZBTDQhVHL9V0yHRFcBusyiLsFaXHmZtC+qVq1au78s12/yOgroGJ2gCrLQFaqjO9RELUTRI3pGr+jNeDJejHfjYx5dMfKZI/QHxtcPP6qelA==</latexit>

d v(t)

dt
= v̇ =

1

C
i(t)

<latexit sha1_base64="NKWTUp6fAuAlLhZjh3QzB9iBxUs=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCQi1YVCwY0LFxXsA5pSJpNJO3TyYOamUEJ+wY2/4saFIm7dufNvnLZZaOuBC4dz7uXee9xYcAWW9W0sLa+srq0XNoqbW9s7u+beflNFiaSsQSMRybZLFBM8ZA3gIFg7lowErmAtd3gz8VsjJhWPwgcYx6wbkH7IfU4JaKlnlrHjS0JTzznFvAwnWepBhq9xLttZepfhkTZ6ZsmqWFPgRWLnpIRy1Hvml+NFNAlYCFQQpTq2FUM3JRI4FSwrOoliMaFD0mcdTUMSMNVNpx9l+FgrHvYjqSsEPFV/T6QkUGocuLozIDBQ895E/M/rJOBfdlMexgmwkM4W+YnAEOFJPNjjklEQY00IlVzfiumA6ChAh1jUIdjzLy+S5lnFrlaq9+el2lUeRwEdoiNURja6QDV0i+qogSh6RM/oFb0ZT8aL8W58zFqXjHzmAP2B8fkDwnSbtw==</latexit>

d i(t)

dt
=

1

L
v(t)

<latexit sha1_base64="9kBsBJwqfQ2lK+jehwjs21ieYsg=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwIWVGpLpQKAjisoJ9QDuUTJppQ5PMkNwp1NIvceNCEbd+ijv/xrSdhbYeCBzOuYd7c8JEcAOe9+2srK6tb2zmtvLbO7t7BXf/oG7iVFNWo7GIdTMkhgmuWA04CNZMNCMyFKwRDm6nfmPItOGxeoRRwgJJeopHnBKwUsctSNw+w+1uDHiIb/Bdxy16JW8GvEz8jBRRhmrH/bJhmkqmgApiTMv3EgjGRAOngk3y7dSwhNAB6bGWpYpIZoLx7PAJPrFKF0extk8Bnqm/E2MijRnJ0E5KAn2z6E3F/7xWCtFVMOYqSYEpOl8UpQJDjKct4C7XjIIYWUKo5vZWTPtEEwq2q7wtwV/88jKpn5f8cqn8cFGsXGd15NAROkanyEeXqILuURXVEEUpekav6M15cl6cd+djPrriZJlD9AfO5w8oZJF3</latexit>

mv̇ = F
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Fe(t) elastic force

Fa(t) friction force

F (t) external force

rest position s

k

µ

F (t)
Fe(t)

Fa(t)

0

m rest position, i.e., with zero velocity

defining s(t) = deviation from rest position, we have velocity

acceleration

Mass-Spring-Damper (MSD) system

m a(t) = F (t) — Fe(t) — Fa(t)

dynamical system and its characterization

<latexit sha1_base64="V7euuO6a7kOXRK4ZMZKmmuAXrTU=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9gViR4UAl48RjAPSJYwO5lNhsw+mOkNhCV/4sWDIl79E2/+jZNkD5pYMFBUddE95SdSaHScb2ttfWNza7uwU9zd2z84tI+OmzpOFeMNFstYtX2quRQRb6BAyduJ4jT0JW/5o/uZ3xpzpUUcPeEk4V5IB5EIBKNopJ5tj8t4Qe5Itx8j0Yb37JJTceYgq8TNSQly1Hv2l8myNOQRMkm17rhOgl5GFQom+bTYTTVPKBvRAe8YGtGQay+bXz4l50bpkyBW5kVI5urvREZDrSehbyZDikO97M3E/7xOisGNl4koSZFHbLEoSCXBmMxqIH2hOEM5MYQyJcythA2pogxNWUVTgrv85VXSvKy41Ur18apUu83rKMApnEEZXLiGGjxAHRrAYAzP8ApvVma9WO/Wx2J0zcozJ/AH1ucPFuSSAw==</latexit>

v(t) = ṡ(t)
<latexit sha1_base64="3Whl8/JkjVNWAiGCQ6AzTl5zSRI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiQi1YVCwY3LCvYBbSiTyaQdOsmEmRulxH6KGxeKuPVL3Pk3TtsstPXAhTPn3Mvce/xEcA2O822trK6tb2wWtorbO7t7+3bpoKVlqihrUimk6vhEM8Fj1gQOgnUSxUjkC9b2RzdTv/3AlOYyvodxwryIDGIeckrASH27RCpwiq9xLwgkYG0efbvsVJ0Z8DJxc1JGORp9+6sXSJpGLAYqiNZd10nAy4gCTgWbFHupZgmhIzJgXUNjEjHtZbPVJ/jEKAEOpTIVA56pvycyEmk9jnzTGREY6kVvKv7ndVMIL72Mx0kKLKbzj8JUYJB4mgMOuGIUxNgQQhU3u2I6JIpQMGkVTQju4snLpHVWdWvV2t15uX6Vx1FAR+gYVZCLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH/PWFSufOUR/YH3+ALelklw=</latexit>

a(t) = s̈(t)

Newton’s second law of motion: mass x acceleration = sum of forces

not only first order differential equations:

+ modeling
hypothesis

Fe(t) = k s(t) linear spring

Fa(t) = µ v(t) linear viscous friction

<latexit sha1_base64="t0BLcXMigf8a+h4CeCTCMViG4+s=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaXMiFYXCgVBXFawF2iHkslk2tBkZkjOCKX0Sdz4Km5cKCK40rcxbQfU6oGQn+9ckvN7seAabPvTyszNLywuZZdzK6tr6xv5za26jhJFWY1GIlJNj2gmeMhqwEGwZqwYkZ5gDa9/Oc437pjSPApvYRAzV5JuyANOCRjUyZ9I3D7Ebd+PAOsi7OMD3JbJlH2j/hhM9AW+MlcnX7BL9iTwX+GkooDSqHby72YcTSQLgQqidcuxY3CHRAGngo1y7USzmNA+6bKWkSGRTLvDyXojvGeIj4NImRMCntCfHUMitR5Iz1RKAj09mxvD/3KtBIIzd8jDOAEW0ulDQSIwRHjsFfa5YhTEwAhCFTd/xbRHFKFgHM0ZE5zZlf+K+lHJKZfKN8eFynlqRxbtoF1URA46RRV0jaqohii6R4/oGb1YD9aT9Wq9TUszVtqzjX6F9fEFh6udIA==</latexit>

ms̈(t) + µ ṡ(t) + k s(t) = F (t)
second order
differential
equation
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• input of the mass-spring-damper system:
exogenous (external) force (F )

mathematical representation of the Mass-Spring-Damper system under the 
given hypothesis

• state of the mass-spring-damper system:
position (s) and velocity (  ) 

the state evolution is governed by a differential equation

dynamical system and its characterization

MSD model

we are going to study qualitatively differential equations in order to infer 
some basic properties (for example, divergence or convergence of the state 
evolution)

<latexit sha1_base64="M2kAOFQ4pNVZZBrqrkUe/ZrN8sI=">AAAB7XicbVC7SgNBFL0bXzG+opY2g0GwCrsi0cIiYGMZwTwgWcLsZDYZM7uzzNwVwpJ/sLFQxNb/sfNvnCRbaOKBgcM59zD3niCRwqDrfjuFtfWNza3idmlnd2//oHx41DIq1Yw3mZJKdwJquBQxb6JAyTuJ5jQKJG8H49uZ337i2ggVP+Ak4X5Eh7EIBaNopVZvoJCYfrniVt05yCrxclKBHI1++csGWRrxGJmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LY1pxI2fzbedkjOrDEiotH0xkrn6O5HRyJhJFNjJiOLILHsz8T+vm2J47WciTlLkMVt8FKaSoCKz08lAaM5QTiyhTAu7K2EjqilDW1DJluAtn7xKWhdVr1at3V9W6jd5HUU4gVM4Bw+uoA530IAmMHiEZ3iFN0c5L86787EYLTh55hj+wPn8AUpqjvE=</latexit>

ṡ

<latexit sha1_base64="t0BLcXMigf8a+h4CeCTCMViG4+s=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaXMiFYXCgVBXFawF2iHkslk2tBkZkjOCKX0Sdz4Km5cKCK40rcxbQfU6oGQn+9ckvN7seAabPvTyszNLywuZZdzK6tr6xv5za26jhJFWY1GIlJNj2gmeMhqwEGwZqwYkZ5gDa9/Oc437pjSPApvYRAzV5JuyANOCRjUyZ9I3D7Ebd+PAOsi7OMD3JbJlH2j/hhM9AW+MlcnX7BL9iTwX+GkooDSqHby72YcTSQLgQqidcuxY3CHRAGngo1y7USzmNA+6bKWkSGRTLvDyXojvGeIj4NImRMCntCfHUMitR5Iz1RKAj09mxvD/3KtBIIzd8jDOAEW0ulDQSIwRHjsFfa5YhTEwAhCFTd/xbRHFKFgHM0ZE5zZlf+K+lHJKZfKN8eFynlqRxbtoF1URA46RRV0jaqohii6R4/oGb1YD9aT9Wq9TUszVtqzjX6F9fEFh6udIA==</latexit>

ms̈(t) + µ ṡ(t) + k s(t) = F (t)
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• same static behavior, different dynamic one 
two systems with same mass m and spring elastic coefficient k but with different 
damping coefficient µ (different friction force); starting from the same rest initial 
position will evolve differently but will end at the same rest position

low damping

high damping

importance of dynamics

same
(at steady state)

different
(during transient)

position

t

t

static
behavior

rest
position

same initial
position

rest
position
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importance of dynamics

rest
position

h0 rest position of the spring with no mass (no load)

h (constant) rest position with mass

s

hh0

k (h — h0) = m g 

dynamic equation (or equation of motion)

or, being h constant, 

+ external vertical force F (t) on the mass m

same structure, in these coordinates, as the MSD model

Mass-Spring-Damper model under gravity

elastic force
proportional to
spring deformation

<latexit sha1_base64="t0BLcXMigf8a+h4CeCTCMViG4+s=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaXMiFYXCgVBXFawF2iHkslk2tBkZkjOCKX0Sdz4Km5cKCK40rcxbQfU6oGQn+9ckvN7seAabPvTyszNLywuZZdzK6tr6xv5za26jhJFWY1GIlJNj2gmeMhqwEGwZqwYkZ5gDa9/Oc437pjSPApvYRAzV5JuyANOCRjUyZ9I3D7Ebd+PAOsi7OMD3JbJlH2j/hhM9AW+MlcnX7BL9iTwX+GkooDSqHby72YcTSQLgQqidcuxY3CHRAGngo1y7USzmNA+6bKWkSGRTLvDyXojvGeIj4NImRMCntCfHUMitR5Iz1RKAj09mxvD/3KtBIIzd8jDOAEW0ulDQSIwRHjsFfa5YhTEwAhCFTd/xbRHFKFgHM0ZE5zZlf+K+lHJKZfKN8eFynlqRxbtoF1URA46RRV0jaqohii6R4/oGb1YD9aT9Wq9TUszVtqzjX6F9fEFh6udIA==</latexit>

ms̈(t) + µ ṡ(t) + k s(t) = F (t)

<latexit sha1_base64="jOt7iYHsCS9b2NwVo/0byfI7lXA=">AAACDXicbVDLSgMxFM3UV62vUZduglVwYcuMSHWhUHDjsoJ9QGcomUymDU0yQ5IRSukPuPFX3LhQxK17d/6N6XQW2nogcDjnHm7uCRJGlXacb6uwtLyyulZcL21sbm3v2Lt7LRWnEpMmjlksOwFShFFBmppqRjqJJIgHjLSD4c3Ubz8QqWgs7vUoIT5HfUEjipE2Us8+4tA7hV4YxhoqeA0r0OPpTMqUChxC1bPLTtXJABeJm5MyyNHo2V8mjlNOhMYMKdV1nUT7YyQ1xYxMSl6qSILwEPVJ11CBOFH+OLtmAo+NEsIoluYJDTP1d2KMuFIjHphJjvRAzXtT8T+vm+ro0h9TkaSaCDxbFKUM6hhOq4EhlQRrNjIEYUnNXyEeIImwNgWWTAnu/MmLpHVWdWvV2t15uX6V11EEB+AQnAAXXIA6uAUN0AQYPIJn8ArerCfrxXq3PmajBSvP7IM/sD5/APsomFg=</latexit>

ms̈ = �µ ṡ� ks

corresponds to s = 0

<latexit sha1_base64="RGdPvYcn8OGykDkG3AFux54dvek="></latexit>

m
d2(h+ s)

dt2
= �µ

d(h+ s)

dt
� k(h+ s� h0) +mg
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importance of dynamics

• description of the motion (e.g., satellite trajectory)

• simulation models (system behavior w.r.t. to inputs)

• prediction of future behavior

• predicting/avoiding undesirable behavior (e.g., during transient)

• capacity to understand some basic qualitative properties of the system itself 

(e.g., convergence or divergence of the state evolution as time increases): 

analysis of dynamic properties

• ability to understand the effect of inputs and how to modify them in order to 

obtain a desired behavior (basics of control)

w.r.t. means “with respect to” 
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analysis of dynamic properties

• infer important properties from few basic quantities 
- e.g., stability (from dynamic matrix eigenvalues) 
- characterization of the dynamic behavior as the transient or the steady-state 

(bandwidth, overshoot, poles, …)
- study the possibility to influence the dynamics through the input (controllability 

analysis)
- understand the internal dynamics through the observation of the output 

(observability analysis)

• these will allow a clear formulation of specifications for the control system 
design

• other uses: forecast, prediction

we will perform a qualitative analysis of the solution of
systems of differential equations 
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analysis of a dynamic system model

• model based approach:

representation of the real system through a model 


(usually includes approximations)

• in particular we consider dynamical systems whose mathematical model is a 

set of differential equations 

• primarily we will consider a set of linear differential time invariant (LTI) 

differential equations

• the analysis consists in the study of some characteristics of the system’s 

mathematical description with particular emphasis on quantities that identify 

the system qualitative motion
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single mass example

m
F (t)

+ other implicit hypothesis 
(ex. m constant otherwise linear momentum)

• mass m moving on a line (one-dimensional motion) under the action of an 
applied force F (not necessarily constant)

• hyp: no friction

this mathematical relationship tells us how the variation of the mass 
velocity (i.e., the acceleration) is related to the applied force under 
the assumed hypothesis: it is our model 

mass m velocity v subject to a traction force F

mathematical model

N.B. here the state is only v (we are not interested in the position of the mass 
and there is no relation involving the position in the dynamic equation)

<latexit sha1_base64="9kBsBJwqfQ2lK+jehwjs21ieYsg=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwIWVGpLpQKAjisoJ9QDuUTJppQ5PMkNwp1NIvceNCEbd+ijv/xrSdhbYeCBzOuYd7c8JEcAOe9+2srK6tb2zmtvLbO7t7BXf/oG7iVFNWo7GIdTMkhgmuWA04CNZMNCMyFKwRDm6nfmPItOGxeoRRwgJJeopHnBKwUsctSNw+w+1uDHiIb/Bdxy16JW8GvEz8jBRRhmrH/bJhmkqmgApiTMv3EgjGRAOngk3y7dSwhNAB6bGWpYpIZoLx7PAJPrFKF0extk8Bnqm/E2MijRnJ0E5KAn2z6E3F/7xWCtFVMOYqSYEpOl8UpQJDjKct4C7XjIIYWUKo5vZWTPtEEwq2q7wtwV/88jKpn5f8cqn8cFGsXGd15NAROkanyEeXqILuURXVEEUpekav6M15cl6cd+djPrriZJlD9AfO5w8oZJF3</latexit>

mv̇ = F
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• if F = 0 (no input) do we still have motion? 

we need to learn how to read this information which is 
“hidden” in the mathematical model

and the solution is v(t) = v(0)

therefore if we have a non-zero initial velocity v(0), the mass moves (at 
constant speed) even without any input (force) applied
it is obvious in this case and it will be also in the general case

model becomes

single mass example (cont.)

m

F (t) = 0

<latexit sha1_base64="bMzyNNrR8tUks4oxh1sfpVGYeyI=">AAAB8nicbVBNSwMxFMzWr1q/qh69BIvgqeyKVA8KBS8eK1hb2C4lm2bb0GyyJG8LZenP8OJBEa/+Gm/+G7PtHrR1IDDMvCHvTZgIbsB1v53S2vrG5lZ5u7Kzu7d/UD08ejIq1ZS1qRJKd0NimOCStYGDYN1EMxKHgnXC8V3udyZMG67kI0wTFsRkKHnEKQEr+b2BAjzBt9it9Ks1t+7OgVeJV5AaKtDqV79smqYxk0AFMcb33ASCjGjgVLBZpZcalhA6JkPmWypJzEyQzVee4TOrDHCktH0S8Fz9nchIbMw0Du1kTGBklr1c/M/zU4iug4zLJAUm6eKjKBUYFM7vxwOuGQUxtYRQze2umI6IJhRsS3kJ3vLJq+Tpou416o2Hy1rzpqijjE7QKTpHHrpCTXSPWqiNKFLoGb2iNwecF+fd+ViMlpwic4z+wPn8ASnuj90=</latexit>

v̇ = 0

N.B. here we solved the homogeneous differential equation
<latexit sha1_base64="bMzyNNrR8tUks4oxh1sfpVGYeyI=">AAAB8nicbVBNSwMxFMzWr1q/qh69BIvgqeyKVA8KBS8eK1hb2C4lm2bb0GyyJG8LZenP8OJBEa/+Gm/+G7PtHrR1IDDMvCHvTZgIbsB1v53S2vrG5lZ5u7Kzu7d/UD08ejIq1ZS1qRJKd0NimOCStYGDYN1EMxKHgnXC8V3udyZMG67kI0wTFsRkKHnEKQEr+b2BAjzBt9it9Ks1t+7OgVeJV5AaKtDqV79smqYxk0AFMcb33ASCjGjgVLBZpZcalhA6JkPmWypJzEyQzVee4TOrDHCktH0S8Fz9nchIbMw0Du1kTGBklr1c/M/zU4iug4zLJAUm6eKjKBUYFM7vxwOuGQUxtYRQze2umI6IJhRsS3kJ3vLJq+Tpou416o2Hy1rzpqijjE7QKTpHHrpCTXSPWqiNKFLoGb2iNwecF+fd+ViMlpwic4z+wPn8ASnuj90=</latexit>

v̇ = 0
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the motion (here only the variation of v) is generated by
- forcing term F (t) (the input to the system)

- initial condition v0 

model
(linear differential equation)

here (v0,F ) represents the cause (of motion) 
and v(t) is the effect (motion) of such causes

single mass example (cont.)

m
F (t)

<latexit sha1_base64="/AL8rIKeu1Qh0eCiTLpzGcDMdRs=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WpIiURqS4UCoK4rGAf0IQwmU7q0MmDmUmghPyDG3/FjQtF3Lpx5984abPQ1gMXDufcO3PvcSNGhTSMb620sLi0vFJeraytb2xu6ds7HRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1R9e5300IFzQM7uU4IraPhgH1KEZSSY5+bA1CCRN4eAUtjyOcmlnqZ9A6gTfQsmBSM45yL3GMiqNXjboxAZwnZkGqoEDL0b/U4zj2SSAxQ0L0TSOSdoq4pJiRrGLFgkQIj9CQ9BUNkE+EnU5uyuCBUgbQC7mqQMKJ+nsiRb4QY99VnT6SD2LWy8X/vH4svQs7pUEUSxLg6UdezKAMYR4QHFBOsGRjRRDmVO0K8QNS0UgVYx6COXvyPOmc1s1GvXF3Vm1eFnGUwR7YBzVggnPQBLegBdoAg0fwDF7Bm/akvWjv2se0taQVM7vgD7TPH/ZVmmU=</latexit>

v̇ =
1

m
F

v(0) = v0
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it is a  first order linear differential equation with constant parameters of the form

model

single mass example (cont.)

x = v

u = Fwith

a = 0


b = 1/m and

general solution

solution of the 
homogeneous equation

particular
solution

<latexit sha1_base64="uwQE7o8nAfZ9gYZ6wAg+emZLRyU=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7IrUr0IBS8eK9habJeSTbNtaDa7JG8LZem/8OJBEa/+G2/+G9N2D9o6EBhm3pD3JkikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrcz/3HMtRGxesBJwv2IDpQIBaNopaduP0YyJjfE7ZUrbtWdg6wSLycVyNHolb9smKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y6miETd+Nt94Ss6s0idhrO1TSObq70RGI2MmUWAnI4pDs+zNxP+8TorhtZ8JlaTIFVt8FKaSYExm55O+0JyhnFhCmRZ2V8KGVFOGtqSSLcFbPnmVtC6qXq1au7+s1Ot5HUU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhajBSfPHMMfOJ8/9A+PzQ==</latexit>

v̇ = 0

<latexit sha1_base64="TBF3shgmZ+ujioCaLOD1Kxg6x3Q=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYBEEpMyLVhULBjcsK9gLtUDJp2oZmMkOSEctQ3Pgqblwo4tancOfbmGlnoa0/BD7+c06S8/sRZ0o7zreVW1hcWl7JrxbW1jc2t+ztnboKY0lojYQ8lE0fK8qZoDXNNKfNSFIc+Jw2/OF1Wm/cU6lYKO70KKJegPuC9RjB2lgde6/dDTV6QFcIo/aJgWPkpxAXOnbRKTkToXlwMyhCpmrH/jJ3kTigQhOOlWq5TqS9BEvNCKfjQjtWNMJkiPu0ZVDggCovmawwRofG6aJeKM0RGk3c3xMJDpQaBb7pDLAeqNlaav5Xa8W6d+ElTESxpoJMH+rFHOkQpXmgLpOUaD4ygIlk5q+IDLDERJvU0hDc2ZXnoX5acsul8u1ZsXKZxZGHfTiAI3DhHCpwA1WoAYFHeIZXeLOerBfr3fqYtuasbGYX/sj6/AE2HZQX</latexit>

ẋ = a x+ b u

<latexit sha1_base64="2JU177hfyFgrzRlIamJxgR9pt0I="></latexit>

v(t) = v0 +
1

m

Z t

0
F (⌧)d⌧

<latexit sha1_base64="/AL8rIKeu1Qh0eCiTLpzGcDMdRs=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WpIiURqS4UCoK4rGAf0IQwmU7q0MmDmUmghPyDG3/FjQtF3Lpx5984abPQ1gMXDufcO3PvcSNGhTSMb620sLi0vFJeraytb2xu6ds7HRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1R9e5300IFzQM7uU4IraPhgH1KEZSSY5+bA1CCRN4eAUtjyOcmlnqZ9A6gTfQsmBSM45yL3GMiqNXjboxAZwnZkGqoEDL0b/U4zj2SSAxQ0L0TSOSdoq4pJiRrGLFgkQIj9CQ9BUNkE+EnU5uyuCBUgbQC7mqQMKJ+nsiRb4QY99VnT6SD2LWy8X/vH4svQs7pUEUSxLg6UdezKAMYR4QHFBOsGRjRRDmVO0K8QNS0UgVYx6COXvyPOmc1s1GvXF3Vm1eFnGUwR7YBzVggnPQBLegBdoAg0fwDF7Bm/akvWjv2se0taQVM7vgD7TPH/ZVmmU=</latexit>

v̇ =
1

m
F

v(0) = v0
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new capacity: analysis & prediction

the solution of the differential equation (model)

tells us how the velocity depends upon the initial condition and the future 
applied force. Knowing the applied force (from t = 0) and the initial velocity 
we know how the velocity of the point mass will behave in the future

block diagram representation System
input u (t)

state evolution x (t)

single mass example (cont.)

<latexit sha1_base64="2JU177hfyFgrzRlIamJxgR9pt0I="></latexit>

v(t) = v0 +
1

m

Z t

0
F (⌧)d⌧

m
F (t)

initial state x0
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let’s apply a constant input F > 0 from t = 0 and assume an initial velocity v0

the solution of the differential equation is 

exercise: give a physical interpretation of the plots:
is it true that with a larger mass and same applied constant force starting from the 
same initial velocity the evolution is as in the plot?

t

F

v01

v02

v
 
(t) for m1 and different initial conditions v0i

v
 
(t) for m2 

with m2 > m1

v(t)

single mass example (cont.)

<latexit sha1_base64="Px9EupTcDqpa/bTla7HK3j6OwaE=">AAACBXicbVDJSgNBEO2JW4xb1KMeGoMQUcKMSPSgEBDEYwSzQGYYejo9sUnPQndNIAxz8eKvePGgiFf/wZt/Y2c5aOKDgsd7VVTV82LBFZjmt5FbWFxaXsmvFtbWNza3its7TRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW8/vXIbw2YVDwK72EYMycgvZD7nBLQklvcH5ThCF/hgWviY2z7ktD0JkuDzD7B4BZLZsUcA88Ta0pKaIq6W/yyuxFNAhYCFUSpjmXG4KREAqeCZQU7USwmtE96rKNpSAKmnHT8RYYPtdLFfiR1hYDH6u+JlARKDQNPdwYEHtSsNxL/8zoJ+BdOysM4ARbSySI/ERgiPIoEd7lkFMRQE0Il17di+kB0EqCDK+gQrNmX50nztGJVK9W7s1LtchpHHu2hA1RGFjpHNXSL6qiBKHpEz+gVvRlPxovxbnxMWnPGdGYX/YHx+QN0Apan</latexit>

v(t) = v0 +
F

m
t
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the resulting velocity will also double to 2 v


linear behavior wrt to F

• with initial condition v0 = 0 and F ≠ 0 we have velocity v
if we apply 2F  instead of F what happens to velocity?

m

F

linearity plays a fundamental (simplifying) role in our analysis 

In general for a linear system, starting from the initial condition x (0) = 0, if an 
input u (t) generates a state evolution xu (t), and an input v (t) generates a state 

evolution xv (t), then the input ® u (t) + ¯ v (t) will generate the state evolution 

® xu (t) + ¯ xv (t) (same linear combination)

single mass example - linearity

<latexit sha1_base64="+/iN16Apdd3bkY4vBcnMfo+qeCI="></latexit>

ṽ(t) = v0 +
1

m

Z t

0
2F (⌧)d⌧
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• with no force F = 0 and start with non-zero v0 ≠ 0, the velocity is v = v0

clearly, if the initial velocity changes to 3  v0 the velocity will also triple

linear behavior wrt to the initial condition v0

m

F

similarly

In general for a linear system, when no input is applied (u (t) = 0), if when we 
start from the initial condition xa (0) we have a state evolution xa (t), and from 

xb (0) we have xb (t) then starting from ° xa (0) + µ xb (0) the state evolution 

will be ° xa (t) + µ xb (t) (same linear combination)

single mass example - linearity

<latexit sha1_base64="BWtvyU0Ay4buZlLcNdGkMIFSzlY="></latexit>

ṽ(t) = 3 v0 +
1

m

Z t

0
F (⌧)d⌧
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• Att. if F ≠ 0 and v0 ≠ 0 simultaneously

if F           2F   

and v0           3  v0 

23

linear behavior wrt the motion cause (v0,F ) 

this linearity comes from the differential equation being linear

m

F

simultaneous causes sum of effects

what happens to velocity?

(v0,0 )

(0,F )

v1(t)

v2(t)

previous
examples if

(3v0,0 )

(0,2F )

3v1(t)

2v2(t)
then

® v0 and ¯ F ® v1(t) + ¯ v2(t)

we saw separately linearity w.r.t. the input and w.r.t. the initial condition, what happens 
when we have simultaneously an initial condition and an input?

single mass example - linearity
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t0 t0  + ¢ t1

v0

vf
with F (t)

v(t)

starting from the same initial condition v0 and applying the same input (force) F (t) 
after same time interval ¢  leads to the same state

t1  + ¢

¢ ¢

=

t

m

F

• state evolution does not depend on the initial time t0 but only on the elapsed 

time ¢ (then, without loss of generality, we can assume that t0 = 0)

• this time invariance translates into the linear differential equation having 
constant coefficients

v(t0 +�) = v(t1 +�)

single mass example - time invariance
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x(t) state

u(t) input

general mathematical model

multi input case (if q = 1 then single input)

state equation
(general form)

the state evolution is described by a set (x is in general a vector) of first order 
linear differential equations with constant coefficients

all the continuous time LTI systems admit this state space representation

we can add an extra piece of information: what variable(s) can we measure and 
observe? These are defined as output(s) of the system

to remain in a linear setting we assume the following linear relation

output

Linear Time Invariant (LTI)
system

<latexit sha1_base64="akDWMxQy4C6Uyu87vtY2WqHU6JM=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAoFaXMFKkuFKpuXFawF+iUkknTNjRzITkjLaXv4cZXceNCEVeCC9/GzHQW2nog8OU//+EkvxMIrsA0v43UwuLS8kp6NbO2vrG5ld3eqSk/lJRVqS982XCIYoJ7rAocBGsEkhHXEazuDG6ifv2BScV97x5GAWu5pOfxLqcEtNTOFu2OD3iYhyN8eImvsH2Chzi6HeNrzWGEtq0NZmwYts1MO5szC2ZceB6sBHIoqUo7+6mX0NBlHlBBlGpaZgCtMZHAqWCTjB0qFhA6ID3W1OgRl6nWOP7bBB9opYO7vtTHAxyrvyfGxFVq5Dra6RLoq9leJP7Xa4bQPW+NuReEwDw6XdQNBQYfR0HhDpeMghhpIFRy/VZM+0QSCjrOKARr9svzUCsWrFKhdHeaK18kcaTRHtpHeWShM1RGt6iCqoiiR/SMXtGb8WS8GO/Gx9SaMpKZXfSnjK8fkXya4Q==</latexit>

ẋ(t) = Ax(t) +B u(t)

x(0) = x0

<latexit sha1_base64="KGdbqc/bwv5Ex9yTVoI4rMS3tRU=">AAAB/nicbVDLSsNAFL3xWeurKq7cDBbBhZREpLpwUXDjsop9QBPLZDpph04mYWYillDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jx5wpbdvf1sLi0vLKamGtuL6xubVd2tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXmV+64FKxSJxp0cx9ULcFyxgBGsjdUv7j8g9QS4TWUtdP0C343ujl+2KPQGaJ05OypCj3i19ub2IJCEVmnCsVMexY+2lWGpGOB0X3UTRGJMh7tOOoQKHVHnp5PwxOjJKDwWRNCU0mqi/N1IcKjUKfTMZYj1Qs14m/ud1Eh1ceCkTcaKpINOHgoQjHaEsC9RjkhLNR4ZgIpm5FZEBlphok1jRhODMfnmeNE8rTrVSvTkr1y7zOApwAIdwDA6cQw2uoQ4NIJDCM7zCm/VkvVjv1sd0dMHKd/bgD6zPH8YLlBc=</latexit>

x 2 Rn

<latexit sha1_base64="g0MX2U8FpN4GFL0d1p5+/TBGYgs=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCglEakuFAp14bKCvUAbymQ6aYdOJmFmIobQjRtfxY0LRdz6Du58GydtFtr6w8DHf87hzPndkFGpLOvbyC0sLi2v5FcLa+sbm1vm9k5TBpHApIEDFoi2iyRhlJOGooqRdigI8l1GWu6oltZb90RIGvA7FYfE8dGAU49ipLTVM/fjkjqCV7DWPYEPKR7Da6g50lzomUWrbE0E58HOoAgy1XvmV7cf4MgnXGGGpOzYVqicBAlFMSPjQjeSJER4hAako5Ejn0gnmVwxhofa6UMvEPpxBSfu74kE+VLGvqs7faSGcraWmv/VOpHyLpyE8jBShOPpIi9iUAUwjQT2qSBYsVgDwoLqv0I8RAJhpYNLQ7BnT56H5mnZrpQrt2fF6mUWRx7sgQNQAjY4B1VwA+qgATB4BM/gFbwZT8aL8W58TFtzRjazC/7I+PwB+EmUZg==</latexit>

y(t) = C x(t) +Du(t)

<latexit sha1_base64="u/uKchbImo/TNBScrZbzGNLaKOk=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSiFQXLgpuXFaxD2himUwn7dDJJM5MhBK78FfcuFDErb/hzr8xabPQ1gOXezjnXubO8SLOlLasb6OwsLi0vFJcLa2tb2xumds7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15w8vMbz1QqVgobvUoom6A+4L5jGCdSl1zL0bOMXKYyFrieD66Gd/dl7pm2apYE6B5YuekDDnqXfPL6YUkDqjQhGOlOrYVaTfBUjPC6bjkxIpGmAxxn3ZSKnBAlZtM7h+jw1TpIT+UaQmNJurvjQQHSo0CL50MsB6oWS8T//M6sfbP3YSJKNZUkOlDfsyRDlEWBuoxSYnmo5RgIll6KyIDLDHRaWRZCPbsl+dJ86RiVyvV69Ny7SKPowj7cABHYMMZ1OAK6tAAAo/wDK/wZjwZL8a78TEdLRj5zi78gfH5AwDGlCs=</latexit>

u 2 Rq

N.B. we will see how to rewrite a differential equation of higher order as a set of 
first order differential equations
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x(t) state

u(t) input

y(t) output

general mathematical model

Linear Time Invariant (LTI)
dynamical system

(Continuous Time)

multi input (we consider q = 1, single input)

multi output (we consider p = 1, single output)

q = p = 1 SISO (single input/single output) linear time-invariant system

state, input and output dimensions determine the 4 matrices (A, B, C, D) dimensions

state equation

output equation

state space representation

A: n x n B: n x q C: p x n D: p x q

A: n x n B: n x 1 C: 1 x n D: 1 x 1SISO

general

<latexit sha1_base64="blY7xv+inmAKLdw2jd6n/8rKAd4="></latexit>

ẋ(t) = Ax(t) +B u(t)

y(t) = C x(t) +Du(t)

x(0) = x0

<latexit sha1_base64="6v9Q8vGgajNLfv4/CY5ByEvXb2w=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkItWFi4Ibl1XsA5pYJtNJO3QyCTMToYSCv+LGhSJu/Q53/o3TNgttPXC5h3PuZe6cIOFMacf5tgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ74rUcqFYvFvR4l1I9wX7CQEayN1LUPRsg7RR4Tk5Z5QYjuxg9J1y47FWcKtEjcnJQhR71rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl7xU0QSTIe7TjqECR1T52fT8MTo2Sg+FsTQlNJqqvzcyHCk1igIzGWE9UPPeRPzP66Q6vPQzJpJUU0FmD4UpRzpGkyxQj0lKNB8Zgolk5lZEBlhiok1iJROCO//lRdI8q7jVSvX2vFy7yuMowiEcwQm4cAE1uIE6NIBABs/wCm/Wk/VivVsfs9GCle/swx9Ynz/Kq5Qa</latexit>

y 2 Rp

<latexit sha1_base64="u/uKchbImo/TNBScrZbzGNLaKOk=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSiFQXLgpuXFaxD2himUwn7dDJJM5MhBK78FfcuFDErb/hzr8xabPQ1gOXezjnXubO8SLOlLasb6OwsLi0vFJcLa2tb2xumds7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15w8vMbz1QqVgobvUoom6A+4L5jGCdSl1zL0bOMXKYyFrieD66Gd/dl7pm2apYE6B5YuekDDnqXfPL6YUkDqjQhGOlOrYVaTfBUjPC6bjkxIpGmAxxn3ZSKnBAlZtM7h+jw1TpIT+UaQmNJurvjQQHSo0CL50MsB6oWS8T//M6sfbP3YSJKNZUkOlDfsyRDlEWBuoxSYnmo5RgIll6KyIDLDHRaWRZCPbsl+dJ86RiVyvV69Ny7SKPowj7cABHYMMZ1OAK6tAAAo/wDK/wZjwZL8a78TEdLRj5zi78gfH5AwDGlCs=</latexit>

u 2 Rq

<latexit sha1_base64="KGdbqc/bwv5Ex9yTVoI4rMS3tRU=">AAAB/nicbVDLSsNAFL3xWeurKq7cDBbBhZREpLpwUXDjsop9QBPLZDpph04mYWYillDwV9y4UMSt3+HOv3HSZqGtBy73cM69zJ3jx5wpbdvf1sLi0vLKamGtuL6xubVd2tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXmV+64FKxSJxp0cx9ULcFyxgBGsjdUv7j8g9QS4TWUtdP0C343ujl+2KPQGaJ05OypCj3i19ub2IJCEVmnCsVMexY+2lWGpGOB0X3UTRGJMh7tOOoQKHVHnp5PwxOjJKDwWRNCU0mqi/N1IcKjUKfTMZYj1Qs14m/ud1Eh1ceCkTcaKpINOHgoQjHaEsC9RjkhLNR4ZgIpm5FZEBlphok1jRhODMfnmeNE8rTrVSvTkr1y7zOApwAIdwDA6cQw2uoQ4NIJDCM7zCm/VkvVjv1sd0dMHKd/bgD6zPH8YLlBc=</latexit>

x 2 Rn
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general mathematical model

linear combination

<latexit sha1_base64="mMfF3yeVoiWHvLyYloHj4n1s+gk=">AAACBHicbZDLSgMxFIYzXmu9jbrsJliEilBmpKgLhaoblxXsBdqhZNJMG5rJDMkZsZQu3Pgqblwo4taHcOfbmLaz0NYfAh//OSfJ+f1YcA2O820tLC4tr6xm1rLrG5tb2/bObk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C6378e1+v3TGkeyTsYxMwLSVfygFMCxmrbuVYnAvxQgEN8gS+ncISvcGKgbeedojMRngc3hTxKVWnbX+Y2moRMAhVE66brxOANiQJOBRtlW4lmMaF90mVNg5KETHvDyRIjfGCcDg4iZY4EPHF/TwxJqPUg9E1nSKCnZ2tj879aM4HgzBtyGSfAJJ0+FCQCQ4THieAOV4yCGBggVHHzV0x7RBEKJresCcGdXXkeasdF96RYui3ly+dpHBmUQ/uogFx0isroBlVQFVH0iJ7RK3qznqwX6936mLYuWOnMHvoj6/MHoQyU3g==</latexit>

ẋ(t) = Ax(t) +Bu(t)

n = 2 SISO example

<latexit sha1_base64="FYhKzUjwNp9DEt4LwF4Vhsp8LDc="></latexit>"
ẋ1(t)

ẋ2(t)

#
=

"
a11x1(t) + a12x2(t) + b1u(t)

a21x1(t) + a22x2(t) + b2u(t)

#

<latexit sha1_base64="TVldzqr6yVYFKQKcxP3roRYYcWA=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoqCUpRV0oFNy4rGAf0IYwmUzboZMHMxNpCPkKN/6KGxeKuBV3/o2TNgttvTBwHvdy5x4nZFRIw/jWCkvLK6trxfXSxubW9o6+u9cWQcQxaeGABbzrIEEY9UlLUslIN+QEeQ4jHWd8k/mdB8IFDfx7GYfE8tDQpwOKkVSSrZ/FFXkMryG2EzOFE9vM6ElGa+nErs2Y2z+FUQZtvWxUjWnBRWDmoAzyatr6V98NcOQRX2KGhOiZRiitBHFJMSNpqR8JEiI8RkPSU9BHHhFWMj0rhUdKceEg4Or5Ek7V3xMJ8oSIPUd1ekiOxLyXif95vUgOLq2E+mEkiY9niwYRgzKAWUbQpZxgyWIFEOZU/RXiEeIIS5VkSYVgzp+8CNq1qnlerd/Vy42rPI4iOACHoAJMcAEa4BY0QQtg8AiewSt40560F+1d+5i1FrR8Zh/8Ke3zByn7mvk=</latexit>

y(t) = c1x1(t) + c2x2(t) + d u(t)
<latexit sha1_base64="IK/kT49sAdPwJY5oN+gBSJMFHPk=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhIpQEinqQqHYjcsK9gJtKJPppB06uTBzIpbYha/ixoUibn0Nd76NkzYLrf4w8PGfczhnfjcSXIFlfRm5hcWl5ZX8amFtfWNzy9zeaaowlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazljmppvXXHpOJhcAvjiDk+GQTc45SAtnrm3rgER/gS1/B9Csf4CscaembRKltT4b9gZ1BEmeo987PbD2nsswCoIEp1bCsCJyESOBVsUujGikWEjsiAdTQGxGfKSab3T/ChdvrYC6V+AeCp+3MiIb5SY9/VnT6BoZqvpeZ/tU4M3rmT8CCKgQV0tsiLBYYQp2HgPpeMghhrIFRyfSumQyIJBR1ZQYdgz3/5LzRPyvZpuXJTKVYvsjjyaB8doBKy0RmqomtURw1E0QN6Qi/o1Xg0no03433WmjOymV30S8bHNxVrkuw=</latexit>

y(t) = Cx(t) +Bu(t)

linear combinationmatrix form

A how the states influence each other’s evolution (dynamic matrix)
B how the input affects the state evolution (input matrix/vector)
C how the states affect (or combine) to give the output (output matrix/vector)
D how the input can directly affect the output (feedthrough matrix/scalar)

<latexit sha1_base64="mft6b7uE7sVaUvR784c+69GTXHs=">AAACLHicbZDLSsNAFIYn3q23qEs3g0VxVZIg6kJBceNSwV6gCWUyPa2Dk0mYmYgl5IHc+CqCuFDErc/hpI2irT8MfPznHOacP0w4U9px3qyp6ZnZufmFxcrS8srqmr2+0VBxKinUacxj2QqJAs4E1DXTHFqJBBKFHJrh7XlRb96BVCwW13qQQBCRvmA9Rok2Vsc+P8Mn2A+hz0QWRkRLdp+TTua6Od7FBXg59v2CvG/L83IfRPenvdKxq07NGQpPgltCFZW67NjPfjemaQRCU06UartOooOMSM0oh7zipwoSQm9JH9oGBYlABdnw2BzvGKeLe7E0T2g8dH9PZCRSahCFptMseKPGa4X5X62d6t5RkDGRpBoEHX3USznWMS6Sw10mgWo+MECoZGZXTG+IJFSbfIsQ3PGTJ6Hh1dyD2sHVfvX0uIxjAW2hbbSHXHSITtEFukR1RNEDekKv6M16tF6sd+tj1DpllTOb6I+szy+2qaYY</latexit>

A =


a11 a12
a21 a22

� <latexit sha1_base64="gqN50T2DlMgPqFxje+UFsYtmFOo=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8SNgNEj0oBL14jGAekA3LzKSTDJmdXWZmxbDkJ7z4K148KOJV8ObfOHkgmljQUFR1091FY8G1cd0vZ2FxaXllNbOWXd/Y3NrO7ezWdJQoBlUWiUg1KNEguISq4UZAI1ZAQiqgTvtXI79+B0rzSN6aQQytkHQl73BGjJWC3PElvsA+hS6XKQ2JUfx+SAMP+z6mQRH7INs/ejbI5d2COwaeJ96U5NEUlSD36bcjloQgDRNE66bnxqaVEmU4EzDM+omGmLA+6ULTUklC0K10/NUQH1qljTuRsiUNHqu/J1ISaj0Iqe20B/b0rDcS//OaiemctVIu48SAZJNFnURgE+FRRLjNFTAjBpYQpri9FbMeUYQZG+QoBG/25XlSKxa8UqF0c5Ivn0/jyKB9dICOkIdOURldowqqIoYe0BN6Qa/Oo/PsvDnvk9YFZzqzh/7A+fgG0ayeAA==</latexit>

B =


b1
b2

�
<latexit sha1_base64="Cqi6cmccRiOtdFM8fBlqmtCqChs=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBZFEEpSpHpQKPTisYL9gLaEzXbSLt1swu5GLKE/wot/xYsHRbx68Oa/cdMW0dYHA4/3ZpiZ50WcKW3bX1ZmaXlldS27ntvY3Nreye/uNVQYSwp1GvJQtjyigDMBdc00h1YkgQQeh6Y3rKZ+8w6kYqG41aMIugHpC+YzSrSR3PxpFV/hjgd9JhIvIFqy+zF1HXyMqVvCHRC9Hznn5gt20Z4ALxJnRgpohpqb/+z0QhoHIDTlRKm2Y0e6mxCpGeUwznViBRGhQ9KHtqGCBKC6yeSpMT4ySg/7oTQlNJ6ovycSEig1CjzTaQ4cqHkvFf/z2rH2L7oJE1GsQdDpIj/mWIc4TQj3mASq+cgQQiUzt2I6IJJQbXJMQ3DmX14kjVLRKRfLN2eFyuUsjiw6QIfoBDnoHFXQNaqhOqLoAT2hF/RqPVrP1pv1Pm3NWLOZffQH1sc3wImdZw==</latexit>

C =
⇥
c1 c2

⇤
D = d
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mass-spring example
rest position s

k

0

m

<latexit sha1_base64="8JPXxmpj5WNerqWwGXFqTqPo/6k=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCPVgSKepBoeDFYwX7AW0pm82mXbrZhN2JUEJvXvwrXjwo4tW/4M1/47bNQVsfDDzem2FmnhcLrsFxvq3c0vLK6lp+vbCxubW9Y+/uNXSUKMrqNBKRanlEM8ElqwMHwVqxYiT0BGt6w5uJ33xgSvNI3sMoZt2Q9CUPOCVgpJ592PH9CLAuwQm+xqedQBGaDsdpOJ5qPbvolJ0p8CJxM1JEGWo9+6vjRzQJmQQqiNZt14mhmxIFnAo2LnQSzWJCh6TP2oZKEjLdTad/jPGxUXwcRMqUBDxVf0+kJNR6FHqmMyQw0PPeRPzPaycQXHZTLuMEmKSzRUEiMER4Egr2uWIUxMgQQhU3t2I6ICYKMNEVTAju/MuLpHFWds/LlbtKsXqVxZFHB+gIlZCLLlAV3aIaqiOKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AMfJl/s=</latexit>

s̈(t) = � k

m
s(t)

an initial displacement (for example stretching the spring 
and then letting the system evolve) produces an 
acceleration, which produces a change in velocity which in 
turn changes the position and back to the acceleration.

<latexit sha1_base64="dzvrhjiVLIK4XEPcs/luMnJc1B4=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoMQm3AnQS0sAjaWEcwHJkfY29tLluztHrtzQjjyL2wsFLH139j5b9wkV2jig4HHezPMzAsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHR22jUk1ZiyqhdDcghgkuWQs4CNZNNCNxIFgnGN/O/M4T04Yr+QCThPkxGUoecUrASo/9MFSATRXOB+WKW3PnwKvEy0kF5WgOyl/9UNE0ZhKoIMb0PDcBPyMaOBVsWuqnhiWEjsmQ9SyVJGbGz+YXT/GZVUIcKW1LAp6rvycyEhsziQPbGRMYmWVvJv7n9VKIrv2MyyQFJuliUZQKDArP3sch14yCmFhCqOb2VkxHRBMKNqSSDcFbfnmVtC9q3mWtfl+vNG7yOIroBJ2iKvLQFWqgO9RELUSRRM/oFb05xnlx3p2PRWvByWeO0R84nz+qrpBA</latexit>

s̈(t)

<latexit sha1_base64="qHXBSzNJEIEmUQZYw6B8cbjsI8M=">AAAB8HicbVC7SgNBFL0bXzG+opY2g0GITdiVoBYWARvLCOYhyRJmJ7PJkNnZZeauEEK+wsZCEVs/x86/cZJsoYkHBg7n3MPce4JECoOu++3k1tY3Nrfy24Wd3b39g+LhUdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+a0nro2I1QOOE+5HdKBEKBhFKz12+zESU8bzXrHkVtw5yCrxMlKCDPVe8ctmWRpxhUxSYzqem6A/oRoFk3xa6KaGJ5SN6IB3LFU04safzBeekjOr9EkYa/sUkrn6OzGhkTHjKLCTEcWhWfZm4n9eJ8Xw2p8IlaTIFVt8FKaSYExm15O+0JyhHFtCmRZ2V8KGVFOGtqOCLcFbPnmVNC8q3mWlel8t1W6yOvJwAqdQBg+uoAZ3UIcGMIjgGV7hzdHOi/PufCxGc06WOYY/cD5/AOqfj9I=</latexit>

ṡ(t)

<latexit sha1_base64="Jx/8TSheaBbUWXMr/mxP5Jb7hwU=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhBiE+4kqIVFwMYygvmA5Ah7m71kye7dsTsnhCN/wcZCEVv/kJ3/xk1yhSY+GHi8N8PMvCCRwqDrfjtr6xubW9uFneLu3v7BYenouGXiVDPeZLGMdSeghksR8SYKlLyTaE5VIHk7GN/N/PYT10bE0SNOEu4rOoxEKBjFmWQqeNEvld2qOwdZJV5OypCj0S999QYxSxWPkElqTNdzE/QzqlEwyafFXmp4QtmYDnnX0ogqbvxsfuuUnFtlQMJY24qQzNXfExlVxkxUYDsVxZFZ9mbif143xfDGz0SUpMgjtlgUppJgTGaPk4HQnKGcWEKZFvZWwkZUU4Y2nqINwVt+eZW0LqveVbX2UCvXb/M4CnAKZ1ABD66hDvfQgCYwGMEzvMKbo5wX5935WLSuOfnMCfyB8/kDe0aN3Q==</latexit>

s(t)

• state: (see slides “Models”) acceleration is a function of  

• no input

if we are interested (and measure) the position 

if we are interested (and measure) the velocity 

if we add an external horizontal force

• output
<latexit sha1_base64="MBP03aaW0LDc952BrH93XA+yKEc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHpQCHjxGME8IFnC7GQ2GTL7cKY3sIR8hxcPinj1Y7z5N06SPWhiQdNFVTfTU14shUbb/rZya+sbm1v57cLO7t7+QfHwqKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qb+a0xV1pE4SOmMXcDOgiFLxhFI7kpKeM5uSVEm94rluyKPQdZJU5GSpCh3it+dfsRSwIeIpNU645jx+hOqELBJJ8WuonmMWUjOuAdQ0MacO1O5kdPyZlR+sSPlKkQyVz9vTGhgdZp4JnJgOJQL3sz8T+vk6B/7U5EGCfIQ7Z4yE8kwYjMEiB9oThDmRpCmRLmVsKGVFGGJqeCCcFZ/vIqaV5UnGql+nBZqt1kceThBE6hDA5cQQ3uoQ4NYPAEz/AKb9bYerHerY/FaM7Kdo7hD6zPH9p6kDQ=</latexit>

y(t) = s(t)
<latexit sha1_base64="8heLs4To5Onyq3euBv0OvR07tXI=">AAAB/HicbVDLSgMxFM3UV62vapdugkWomzIjUl0oFNy4rGAf0A4lk2ba0ExmSO4Iw1B/xY0LRdz6Ie78GzPtLLT1QODknHvIzfEiwTXY9rdVWFvf2Nwqbpd2dvf2D8qHRx0dxoqyNg1FqHoe0UxwydrAQbBepBgJPMG63vQ287uPTGkeygdIIuYGZCy5zykBIw3LlQTX4AzfYDwYhYC1uZSG5apdt+fAq8TJSRXlaA3LXyZM44BJoIJo3XfsCNyUKOBUsFlpEGsWETolY9Y3VJKAaTedLz/Dp0YZYT9U5kjAc/V3IiWB1kngmcmAwEQve5n4n9ePwb9yUy6jGJiki4f8WGAIcdYEHnHFKIjEEEIVN7tiOiGKUDB9ZSU4y19eJZ3zutOoN+4vqs3rvI4iOkYnqIYcdIma6A61UBtRlKBn9IrerCfrxXq3PhajBSvPVNAfWJ8/BYeSbg==</latexit>

y(t) = ṡ(t)

<latexit sha1_base64="P/fH7D3ATs2tLXeRIbLFm+GY5vw=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4kDIjUl0oFNy4rGAf0BlKJnPbhmYyQ5KRlqE/4cZfceNCEbeCO//GTFtEWw8EDufce3Pv8WPOlLbtLyu3tLyyupZfL2xsbm3vFHf3GipKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXGd+8x6kYpG406MYvJD0BOsySrSROsWTIb7Crg89JlI/JFqy4Vhh18VuEGmsXBDBj17oFEt22Z4ALxJnRkpohlqn+GnG0CQEoSknSrUdO9ZeSqRmlMO44CYKYkIHpAdtQwUJQXnp5KoxPjJKgLuRNE9oPFF/d6QkVGoU+qbSLNhX814m/ue1E9298FIm4kSDoNOPugnHOsJZRDhgEqjmI0MIlczsimmfSEK1CTILwZk/eZE0TstOpVy5PStVL2dx5NEBOkTHyEHnqIpuUA3VEUUP6Am9oFfr0Xq23qz3aWnOmvXsoz+wPr4BL5Ke2g==</latexit>

x =


s
ṡ

�

<latexit sha1_base64="Ke58kpJ2dh5OUconywci8Tcd8sQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmJJVKoLhYIblxXsBZpSJpNJO3RyYeZEKCEP4sZXceNCETcuBN/GaZuFVn8Y+PnOOZw5vxsLrsCyvozCwuLS8kpxtbS2vrG5ZW7vtFSUSMqaNBKR7LhEMcFD1gQOgnViyUjgCtZ2R9eTevueScWj8A7GMesFZBByn1MCGvXNU8fzIsCqAof4Ch9jx5eEpqMsDbIZPMqRPUW+RqW+Wbaq1lT4r7FzU0a5Gn3zw/EimgQsBCqIUl3biqGXEgmcCpaVnESxmNARGbCutiEJmOql0+MyfKCJh/1I6hcCntKfEykJlBoHru4MCAzVfG0C/6t1E/AveikP4wRYSGeL/ERgiPAkKexxySiIsTaESq7/iumQ6CxA5zkJwZ4/+a9pnVTtWrV2e1auX+ZxFNEe2kcVZKNzVEc3qIGaiKIH9IRe0KvxaDwbb8b7rLVg5DO76JeMz2+awJ81</latexit>

s̈(t) = � k

m
s(t) +

1

m
f(t)

<latexit sha1_base64="onBJeGgoIE+9vyTWsLqwqbUau9c=">AAAB8nicbVDLSgMxFM3UV62vqks3wSJUkDIjUl24KLhxWcE+YDqUTJppQzPJkNwRytDPcONCEbd+jTv/xrSdhbYeCBzOuYfce8JEcAOu++0U1tY3NreK26Wd3b39g/LhUduoVFPWokoo3Q2JYYJL1gIOgnUTzUgcCtYJx3czv/PEtOFKPsIkYUFMhpJHnBKwkl81F7g3UIDNeb9ccWvuHHiVeDmpoBzNfvnLJmkaMwlUEGN8z00gyIgGTgWblnqpYQmhYzJkvqWSxMwE2XzlKT6zygBHStsnAc/V34mMxMZM4tBOxgRGZtmbif95fgrRTZBxmaTAJF18FKUCg8Kz+/GAa0ZBTCwhVHO7K6YjogkF21LJluAtn7xK2pc1r16rP1xVGrd5HUV0gk5RFXnoGjXQPWqiFqJIoWf0it4ccF6cd+djMVpw8swx+gPn8wepk5Az</latexit>

(s, ṡ)

equation of motion
<latexit sha1_base64="k92T6uh5aerFHbrsb6wFzMIC2Jc=">AAACB3icbVDLSgMxFM3UVx1fVZeCBItQQcuMSHWhUHDjsoJ9QFtKJpOpoZnJkNwRSunOjb/ixoUibv0Fd/6NmXYW2nrgwsk595J7jxcLrsFxvq3cwuLS8kp+1V5b39jcKmzvNLRMFGV1KoVULY9oJnjE6sBBsFasGAk9wZre4Dr1mw9MaS6jOxjGrBuSfsQDTgkYqVfYD3HnuOP7ErAuwRG+wid4YKTJw7Z7haJTdibA88TNSBFlqPUKXx1f0iRkEVBBtG67TgzdEVHAqWBju5NoFhM6IH3WNjQiIdPd0eSOMT40io8DqUxFgCfq74kRCbUehp7pDAnc61kvFf/z2gkEF90Rj+IEWESnHwWJwCBxGgr2uWIUxNAQQhU3u2J6TxShYKJLQ3BnT54njdOyWylXbs+K1cssjjzaQweohFx0jqroBtVQHVH0iJ7RK3qznqwX6936mLbmrGxmF/2B9fkDFmGVmQ==</latexit>

ms̈(t) = �k s(t)

or
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control example: mass-damper
rest position s0

m

hyp 1 :  we can measure the mass position s (t)

goal: given the measure of the displacement s (t) we want to design an automatic 
controller which guarantees that the mass will asymptotically tend (and stop) at the 
desired constant position s*  

hyp 2 :  the applied force f (t) can be manipulated
µ f (t)

f (t)

mass-damper
s (t)

controller
s* actual

behavior+ -

f (t)

mass-damper
s (t)desired

behavior

dynamical system: input, state and output

feedback control scheme

model:

<latexit sha1_base64="UT2aUgh7C8eLmAB7sUJ01fHGwsA=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoKGVGpLpQKLhxWcE+oC0lk2ba0CQzJHeEUvoLbvwVNy4UcevOnX9j2o6g1QMhh3Puvck9QSy4Ac/7dDILi0vLK9nV3Nr6xuaWu71TM1GiKavSSES6ERDDBFesChwEa8SaERkIVg8GVxO/fse04ZG6hWHM2pL0FA85JWCljluQrWPc6nYjwKYAh/gIt2SCp9q3dIlDe3XcvFf0psB/iZ+SPEpR6bgfdgRNJFNABTGm6XsxtEdEA6eCjXOtxLCY0AHpsaalikhm2qPpRmN8YJUuDiNtjwI8VX92jIg0ZigDWykJ9M28NxH/85oJhOftEVdxAkzR2UNhIjBEeBIP7nLNKIihJYRqbv+KaZ9oQsGGmLMh+PMr/yW1k6JfKpZuTvPlizSOLNpD+6iAfHSGyugaVVAVUXSPHtEzenEenCfn1XmblWactGcX/YLz/gW2Y5nI</latexit>

ms̈(t) + µ ṡ(t) = f(t)

y (t) = s (t) 
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control example: mass-damper

controller
s* actual

behavior+ -

f (t)
mass-damper

s (t)desired
behavior

feedback control scheme

error

measure (sensor)

f (t) is a force (produced by an actuator)

s (t) needs to be measured (e.g. by a transducer)

this is an ideal (conceptual) control scheme

rest position s0

m

µ f (t)

hyp 1 :  we can measure the mass position s (t)

hyp 2 :  the applied force f (t) can be manipulated
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control example: mass-damper

controller
s* actual

behavior+ -

f (t)

mass-damper
s (t)desired

behavior

feedback control scheme

error

we assume that the controller produces a force f (t) proportional to the error 
(desired behavior — actual behavior) that is f (t) = kp ( s* — s (t) ) with s* constant

from the model we have                                              which with p = s — s* becomes
<latexit sha1_base64="hHaOkow027nQvvOHLI/WSW45TeA=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoqGVGSnWhUHDjsoJ9QKeWTJrW0GRmSO4IpfRH3Pgrblwo4sKN+Ddm2llo64HAuefcm+QePxJcg+N8W5mFxaXllexqbm19Y3PL3t6p6zBWlNVoKELV9IlmggesBhwEa0aKEekL1vAHV4nfeGBK8zC4hWHE2pL0A97jlICROnZJYu8Ye91uCFjjI+zJeCqk9aATJXVBn+g7j2g4xJfY6dh5p+hMgOeJm5I8SlHt2J/mQhpLFgAVROuW60TQHhEFnAo2znmxZhGhA9JnLUMDIplujybbjfGBUbq4FypzAsAT9ffEiEith9I3nZLAvZ71EvE/rxVD77w94kEUAwvo9KFeLDCEOIkKd7liFMTQEEIVN3/F9J4oQsEEmjMhuLMrz5P6adEtF8s3pXzlIo0ji/bQPiogF52hCrpGVVRDFD2iZ/SK3qwn68V6tz6mrRkrndlFf2B9/QBE1J2u</latexit>

ms̈+ µ ṡ+ kp (s� s⇤) = 0
<latexit sha1_base64="TloaqRiGybU2YkciiPPL3Hd6al8=">AAACFHicbVDLSgMxFM34rPU16tJNsAhCpcyIVBcKBTcuK9gHdIYhk2ba0GQmJBmhDP0IN/6KGxeKuHXhzr8x085CWw8Ezj3n3iT3hIJRpR3n21paXlldWy9tlDe3tnd27b39tkpSiUkLJyyR3RApwmhMWppqRrpCEsRDRjrh6Cb3Ow9EKprE93osiM/RIKYRxUgbKbCrHHqn0Ov3Ew0FrEKPpzOhqEeByGsBr6ET2BWn5kwBF4lbkAoo0AzsL3MPTjmJNWZIqZ7rCO1nSGqKGZmUvVQRgfAIDUjP0BhxovxsutQEHhulD6NEmhNrOFV/T2SIKzXmoenkSA/VvJeL/3m9VEeXfkZjkWoS49lDUcqgTmCeEOxTSbBmY0MQltT8FeIhkghrk2PZhODOr7xI2mc1t16r351XGldFHCVwCI7ACXDBBWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8f8ReaWA==</latexit>

mp̈+ µ ṗ+ kp p = 0

this equation behaves as an unforced mass-spring-damper system that will stabilize 
in p = 0 (provided kp > 0) that is in s = s*; in other words the position will tend 

(with the dynamics governed by the second order differential equation) 
asymptotically to the desired position s*

note that this conclusion is based on the system model; when implemented, the 
controller will be applied to the real system, not to the model
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control example: water level in a tank

x(0) = x0

unknown requested flow qd
(disturbance input)

water level in the tank h
(output & controlled variable)

input flow qi
(control input)

real system

model

• understand how to automatically determine the (control) input in order to 
guarantee a desired behavior of the output

disturbance input d(t)

ẋ(t) = Ax(t) +B1 u(t) +B2 d(t)

y(t) = C x(t) +D1 u(t) +D2 d(t)
output y(t)


(controlled variable)
input u(t)


(control input)

problem: we want to maintain the water level at a desired height regardless of the 
unknown output flow and any other disturbance (evaporation, loss in the tank,…)
• note the distinction of the 2 inputs: control (which can be manipoulated) and 

disturbance (which cannot be manipulated)
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control example: water level in a tank

x(0) = x0

controller

• schematic diagram of an automatic control system based on feedback

• the design of such a control system requires the determination (design) of the 

controller

• we need a systematic procedure in order to design the controller
• the design of the controller will be in general based on the plant model

disturbance d(t)

ẋ(t) = Ax(t) +B1 u(t) +B2 d(t)

y(t) = C x(t) +D1 u(t) +D2 d(t)

desired
behavior

(reference)

actual
behavior

+
-

feedback loop

u(t) y(t)
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control example: water level in a tank

S

qi (t)

qo (t)h (t)

qi (t) input flow (volume/s): can be manipulated (control input)

qo (t) output flow (volume/s): cannot be manipulated, unknown (disturbance)

since the variation of volume V (t) = h (t) S is given by 
the flows (volume/s) which enter and/or exit, we have 

dynamic model
<latexit sha1_base64="HIkukSZUDUqtY/FsHhkZyRS/Pfc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwzItWFQsGNy4r2Ae0wZNJMG5pJpklGKMMs3fgrblwo4tZPcOffmD4WWj1w4XDOvcm9J4gZVdpxvqzcwuLS8kp+tbC2vrG5ZW/vNJRIJCZ1LJiQrQApwigndU01I61YEhQFjDSDwdXYb94Tqajgd3oUEy9CPU5DipE2km/vd7pCwz68hJ1QIpy6WXqblYY+hcdw6Isj3y46ZWcC+Je4M1IEM9R8+9O8iJOIcI0ZUqrtOrH2UiQ1xYxkhU6iSIzwAPVI21COIqK8dHJIBg+N0oWhkKa4hhP150SKIqVGUWA6I6T7at4bi/957USH515KeZxowvH0ozBhUAs4TgV2qSRYs5EhCEtqdoW4j0wg2mRXMCG48yf/JY2TslspV25Oi9WLWRx5sAcOQAm44AxUwTWogTrA4AE8gRfwaj1az9ab9T5tzVmzmV3wC9bHNzipmDA=</latexit>

ḣ =
1

S
(qi � qo)

what happens with a controller which acts proportionally to the error, that is 
as qi (t) = K(h* — h (t)) with K > 0

h*

+
—

at a given 
instant ta

if h (ta) > h* then h* — h (ta) < 0 and qi < 0

if h (ta) < h* then h* — h (ta) > 0 and qi > 0

<latexit sha1_base64="3AluxE3oNM2ZtRSww4KbHjrjau8=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2BRKmiZEakuKhTcuKxoL9ApQyZNbWjmYnJGKENfxo2v4saFRQRXvoqZtgvbeiDw8f/nJDm/FwmuwLK+jczS8srqWnY9t7G5tb1j7u7VVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vD6N6nfeGZS8TB4gEHE2j55DHiXUwJacs2y0wkB1wtwgo+v8T12TvFY6aWK4+RmbPzk8hTPNIQaXDNvFa1x4UWwp5BH06q65kjfR2OfBUAFUaplWxG0EyKBU8GGOSdWLCK0Tx5ZS2NAfKbayXjLIT7SSgd3Q6lPAHis/p1IiK/UwPd0p0+gp+a9VPzPa8XQvWonPIhiYAGdPNSNBYYQp5HhDpeMghhoIFRy/VdMe0QSCjrYnA7Bnl95EernRbtULN1d5CvlaRxZdIAOUQHZ6BJV0C2qohqi6AW9oQ80Ml6Nd+PT+Jq0ZozpzD6aKePnFylxn4Y=</latexit>

V̇ (t) = S ḣ(t)

V̇ (t) = qi(t)� qo(t)

with this choice we have 
<latexit sha1_base64="mrQtY3F8jEesxjLfOF1WKfQsUWQ=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARKmKZKVJdKBTcCG4q2gu0tWTSTBuauZCcEcrQ93Djq7hxoYgrwYVvY6adha3+EPj5zjmcnN8JBVdgWd9GZmFxaXklu5pbW9/Y3DK3d+oqiCRlNRqIQDYdopjgPqsBB8GaoWTEcwRrOMPLpN54YFLxwL+DUcg6Hun73OWUgEZds9TuBYAHBTjEF/gYt11JaHw9jm/HE3Y0Q+7bREGua+atojUR/mvs1ORRqmrX/NRLaOQxH6ggSrVsK4ROTCRwKtg4144UCwkdkj5raesTj6lOPLltjA806WE3kPr5gCf090RMPKVGnqM7PQIDNV9L4H+1VgTuWSfmfhgB8+l0kRsJDAFOgsI9LhkFMdKGUMn1XzEdEB0G6DiTEOz5k/+aeqlol4vlm5N85TyNI4v20D4qIBudogq6QlVUQxQ9omf0it6MJ+PFeDc+pq0ZI53ZRTMyvn4A0kCfdg==</latexit>

ḣ(t) = �K

S
h(t) +

K

S
h⇤ will the solution converge to h* ?
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control example: water level in a tank

x(0) = x0

controller

disturbance d(t)

ẋ(t) = Ax(t) +B1 u(t) +B2 d(t)

y(t) = C x(t) +D1 u(t) +D2 d(t)

desired
behavior

(reference)

actual
behavior

+
-

controller

disturbance d(t)desired
behavior

(reference)

actual
behavior

+
-

control scheme is implemented on the real system

qd

qi
h*

h
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control example: water level in a tank

controller

disturbance d(t)desired
behavior

(reference)

actual
behavior

+
-

qo

qi

different

controller

disturbance d(t)desired
behavior

(reference)

actual
behavior

+
-

qo

qiactuator
dynamics

v

may be qi is not the real input, but the output of a valve commanded by a 
voltage v: we may need to include the actuator dynamics

h*
h

h*
h
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typical flow in a control problem

- problem definition (real system)

- mathematical model (+ hypothesis & simplifications)

- real specifications translated into control system language

- design of the control system

- simulation on the more complete available model

- implementation on the real system

example: humanoid gait generation
- generate a gait (steps and timing) for the humanoid guaranteeing equilibrium
- simplest mathematical model: Linear Inverted Pendulum
- specifications (follow a plan and “do not fall”)
- control design (for example Model Predictive Control - MPC)
- simulation on a general purpose physics engine  

(e.g. MuJoCo - Multi-Joint dynamics with Contact)
- experiment


