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Dynamic IBVS Control of an Underactuated UAV
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Abstract—In this paper image based visual servo approach
for 3D translational motion and yaw rotation of an under-
actuated flying robot is considered. Taking into account the
complexity of dynamics of flying robots, main objective of this
paper is to consider the dynamics of these robots in designing an
image based control strategy. Inertial information of the robot
orientation is combined with image information in order to have
overall system dynamics in a fashion to apply full dynamic
image based controller. Suitable perspective image moments
are used in order to have satisfactory trajectories in image
space and Cartesian coordinates. A nonlinear controller for
the full dynamics of the system is designed. Simulation results
are presented to validate the designed controller.

I. INTRODUCTION

Increasing applications of flying robots have motivated
researchers to improve their capabilities through developing
new control strategies and integrating suitable sensors. Vision
sensor has received a great attention for these robots in
the last decade and many applications are reported for
these robots including estimation of ego-motion [1], pose
estimation [2], SLAM [3], automatic landing [4], positioning
[5], obstacle avoidance [6] and etc. Some applications, like
last three ones just mentioned, need control strategy based
on vision information.

There are two major vision based control approaches
for robotic systems including image based visual servoing
(IBVS), in which control is based on dynamics of image
features in image plane, and position based visual servoing
(PBVS), where control is on Cartesian space based on 3D
information of workspace reconstructed from 2D image data.
Vision based control of the flying robots has received a
growing interest from late 90’s. PBVS approach is reported
in [1], [7] and [8]. One of the first works in IBVS control
of flying robots is [9] where simplified dynamics model of
a blimp beside dynamics of the image features are used to
design an image based control low. In [10], it is suggested
that for high speed tasks and underactuated robots, dynamics
of the robot should be taken into account in vision based
control approaches.

For underactuated flying robots, it is not straightforward to
design a full dynamic image based visual servo controller.
In [5] authors mentioned that dynamics of image features
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destroy triangular cascade structure of dynamics of flying
robots expressed in inertial frame and passivity-like proper-
ties of these dynamics can be preserved for centroid image
features only when spherical image projection is used. The
proposed control law in [5] with a modification in image
features is implemented practically on a quadrotor helicopter
in [11] and results show undesired behavior in vertical axis.
Actually this is the main problem of the spherical moments
for image based visual servo control which is addressed and
slightly improved by rescaled spherical image moments in
[12].

In presented fully dynamic image based visual servo
control of flying robot based on spherical image moments
[5] [11] [13], inertial orientation information of the robot
are used to generate image space error vector except [14]
where this term is implicitly considered in an unknown term
and this uncertainty is taken into account in stability analysis
of the system. Recently an approach based on virtual spring
is implemented to design a full dynamic IBVS controller
for the quadrotor using perspective image moments [15].
However, the controller for translation along and rotation
around vertical axis assumed parallel position of the robot
with respect to object and the system is locally stable.

In this paper full dynamic image based visual servo for
3D translation and yaw rotation control of an underactuated
flying robot using perspective image moments is considered.
The robot is a quadrotor helicopter which recently received a
great interest by the researchers. Unlike most of the previous
approaches, only roll and pitch angles of the robot are
used for vision based control of the quadrotor. Using these
information image data are reconstructed on an image plane
parallel to the observed object. This reconstruction makes it
possible to develop a fully dynamic image based visual servo
control of the quadrotor using perspective image moments.
A backstepping control approach is used to control the
overall system. Simulation results are presented to evaluate
the performance of the system.

II. EQUATIONS OF MOTION OF THE ROBOT

In this paper we aim to control an underactuated quadro-
tor helicopter. This robot has four rotors as its actuators,
equipped with four propellers, on a rigid cross frame. Axes
of rotation of the propellers are parallel and their air flows
point downward. There is a dependency in the lateral motion
of the quadrotor where for forward and backward (left and
right) motion the robot has to pitch (roll) in the desired
direction. This dependency is undesired for IBVS control of
these robots where control of translational motion of them
is mostly considered by this approach.
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To describe equations of motion of the quadrotor,we
consider two coordinate frames. Inertial frame 7 =
{0;, X;,Y;, Z;} and body fixed frame B = {Oy, Xp, Y3, Zp }
which is attached to the center of mass of the robot. Center
of the frame B is located in position ( = (x,y,z) with
respect to the inertial frame and its attitude is given by the
orthogonal rotation matrix R : B — Z depending on the
three Euler angles ¢, 6 and 1) denoting respectively, the roll,
the pitch, and the yaw.

Considering V' € R% and Q = [0 O, Q3] € R3
respectively as linear and angular velocities of the robot in
the body fixed frame, the kinematics of the quadrotor as a
6DOF rigid body will be as follows:

(=RV

R = Rsk (Q) (1)
The notation sk (£2) is the skew-symmetric matrix such that
for any vector b € R3, sk () b = Qx b where x denotes the

vector cross-product. The relation between time derivative of
the Euler angles and the angular velocity € is given by,

é 1 singtanf cos¢tané 0
6 1l=10 cos ¢ —sin¢ Qo (@)
¥ U cext 2

Newton-Euler’s equations to drive the dynamics of a general
6DOF rigid body, with the mass of m and the constant
symmetric inertial matrix J € R3*3 around the center of
mass and with respect to the frame B, is as follows:

mV =-mQxV+F 3)
JQ=-QxJQ+T 4)

where F' and 7 are respectively the force and the torque
vectors with respect to the frame B which determine specific
dynamics of the system. The quadrotor actuators generate a
single actuation thrust input, Uy, and full actuation of the
torque 7 = [Us Us U4]T which demonstrates underactuated
dynamics of the system. The force input ' in (3) is as follows

F = —U E3+mgRTes 3)

where E5 = e3 = [00 1]” are the unit vectors in the body
fixed frame and the inertial frame respectively.

III. IMAGE DYNAMICS

Commonly used image formations for visual servoing are
perspective and spherical projection. It is shown in [12]
that perspective image moments although have satisfactory
practical results for IBVS control of a quadrotor but GAS of
the system cannot be guaranteed. In the other hand, although
spherical image moments satisfy stability conditions for
IBVS but they do not provide suitable behavior in Cartesian
coordinates trajectories of the robot. Therefore, in this paper
we will use perspective image moments to do IBVS task for
the quadrotor. Roll and pitch angles of the robot, and hence
camera, are used to reproject perspective image data in a new
image plane parallel to the object. Based on selected image
features in the new image plane it will be possible to design
full dynamic image based controller for these robots.

Fig. 1. Camera and virtual coordinate frames and image planes

A. Reprojection of image points

Suppose that p are the coordinates of a stationary point,
P, relative to the inertial frame, Z, and °p(t) are the
time varying coordinates of P relative to a frame C =
{O¢, X., Y., Z.}, called camera frame, which is attached to
the center of projection of a moving camera, where its « and
y axes are respectively parallel with horizontal and vertical
axes of the image plane and its z axis is perpendicular to
the image plane, passes through focal center of the lens and
located at a distance of focal lens behind the image plane
(Fig. 1). Then we have

p(t)=R"(t) ['p— 0. (t)]

where R (t) is the rotation matrix defining the orientation
of the camera frame at time ¢ relative to the inertial frame.
We define a new coordinate frame, V = {O,, X,,Y,, Z,},
and image plane, named virtual frame and virtual image
plane which have the same alignment to the defined camera
frame and the image plane with respect to each other. Virtual
frame moves with the camera frame but it does not inherit its
dynamics around x and y axis and its center is located with a
constant offset, in xy plane of the inertial frame with respect
to center of the camera frame, D = [‘zp “yp Cz]T, (Fig. 1).
Thus coordinates of the point P relative to the virtual frame
at time ¢ is

“p(t) =Ry (1) ['p— 0y (1))

where R, is the rotation matrix around Z;. Then time
derivative of the “p (£) = [“a Yy ¥z]" will be

d, d_\" :
dtMﬂ_<ﬁR0 Up_oQ—Rﬂ%
— sk (teg ) "p—v ©6)

For simplicity, time dependency is not shown for variables.
In equation (6), vector O, (t) is the linear velocity of the
camera frame and also virtual frame with respect to inertial
frame and v (t) = [Yvy Yvy UUZ]T is the linear velocity of
the camera frame expressed in virtual frame.
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Considering “p (t) vector as “p (t) = [z y °z]" and well-
known perspective projection equations for a camera with
focal length of \, coordinates of the point “p (¢) in the image
plane will be

Cx Cy
u = A;, UV = )\6
Now utilizing Ry, the rotation matrix respectively around
X; and Y;, we can reproject the image coordinates (u,v) to
the virtual image plane. We have

v D

u u i
v | =BRge | v |—| d¥ |, @)
A A 0
u
B=X {1001 Re | v
A

where ¢ = A\“Z2 and q) = )\CZ’—ZD and coefficient 3 will
ensure projection in an image plane with focal length equal
to A.

Remark 1. (‘zp,“yp) is the distance of the virtual frame
from camera frame obtained in desired position of the robot.
This displacement is considered to have proper image space
error in order to design full dynamic IBVS in section IV.
To compute ¢ and ¢} in each time, vertical distance
and relative yaw rotation of the camera from the observed
object are required. This information is available from visual
features defined in the remainder of this section. However, in
most applications of visual servoing the task is to bring the
observed object to the center of image plane where for the
defined features in the following we will have qq’? = qf =0.

In order to obtain the dynamics of the image features in
the virtual image plane we will use perspective projection
equations of the image features in the new image plane
and compute their time derivatives. Using equation (6), the
relationship of the velocity of the image coordinates of a
point in the virtual plane with the velocity of the camera
frame in the matrix form will be

v A Vg v .
BRI

where z =Yz = “z.

SIS

B. Image features and their dynamics

In IBVS, to have satisfactory trajectories in both image
space and Cartesian coordinates, there should be decoupled
and linear link between image space and Cartesian coordi-
nates. In [16], a set of image features based on perspective
image moments are presented to image based translational
control. In this paper, we use these features for control of the
quadrotor. For this purpose, first we define the features and
extract their dynamics in the virtual image plane which will
be used for image based control. We consider the following
assumption for the observed object:

Assumption 1. The observed object is a planar and continu-
ous object and its binary image is obtained by segmentation
algorithms.

With considering Assumption 1, image moments m,;; of
an object consists of n image points are defined as follows
(16]

n
m;; = Zuﬁcui )
k=1

while centered moments are given by

n

pig = > (uk —ug)' (vi — vg)’

k=1

10)

mio mo1

where uy = 7% and v, = . Now we select our image
moo m

features for translational motion control of the robot as

follows
* a'*
©e = GzUg: Iy =0:Ve G== 2\~ (1

Where z* is the desired normal distance of the camera from
the object and a* is the desired value of a where we have
a = 20 + [o2-

Using (8) to compute time derivatives of equations (9)
and (10) and knowing that z\/a = z*v/a*, dynamics of the
image features in the new image plane will be

= sk (des) | gy | -

z

12)

where ¢P can be an arbitrary value which will be defined
properly to produce image space error in section IV. Equa-
tion (12) shows that there is a decoupled and linear link
between image space and Cartesian coordinates in transla-
tional motion of the robot and also feature dynamics have
passivity properties mentioned in [5].

To control the yaw rotation of the robot based on image
features we can use object orientation v which is defined by

[17]
1 < 2p11 )
o = —arctan [ ———
2 20 — Ho2

Using derivative of equation (10), time derivative of « in
new image plane will be

13)

& = —1) (14)

IV. IBVS CONTROLLER

In this section we consider the full dynamic IBVS control
of the quadrotor helicopter. The task is to move the camera
attached quadrotor to match the observed image features
with the predefined desired image features obtained from a
stationary object. Before designing the controller we consider
the following assumptions:

Assumption 2. The camera frame, C, is coincident with
quadrotor body fixed frame, B.

Assumption 3. Image features are always in the field of view
of the camera.

Assumption 4. To avoid singularity in equation (2), it is
assumed that —7/2 < 6 < 7/2.

If Assumption 2 is not satisfied, it is easy to release it just
by considering constant transformation between two frames.
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Also, based on Assumption 3, Assumption 4 is not restrictive
in the image based control.

In order to design the controller, first we need to define er-
ror vector in image space. We assume that “¢% = [ ¢f ¢] 5
is the image features of a stationary object obtained in a
goal configuration of the robot in the image plane (where
qu = qg and q,f = q;j). Then using equation (7), the image
error, ¢1 = [q1z 1y qu]T, in virtual image plane will be as
follows

@=q-[00g]" (15)
where the vector ¢ = [g; gy qz]T is the image features
defined in equation (11) and observed in the virtual image
plane. Using (12) and assigning qZD =q, — qg, derivative of
the image error vector will be

G = —sk (1/}63> q—v

We write the translational dynamics of the robot, equation
(3), in the virtual frame and the attitude dynamics, equa-
tion (4), in the body fixed frame. Therefore the remaining
dynamics of the system are given by

(16)

mv = —msk (¢€3) v+ f a7
R¢9 = Ryosk () — sk (1/.)63) Ryo (18)
JOU=—-QxJQ+T (19)

where equation (18) is obtained using equation (1) and
definition of angular velocity. In equation (17) we have

f=RyF (20)

First we will consider the control of the system defined
through equations (16)-(19) which leads to translational mo-
tion control of the robot and then we will design a controller
for the yaw rotation of the robot. For this purpose we will
use backstepping approach [18] and follow the method in
[5].

At the first step of this approach, our task is to stabilize
equation (16) with respect to the following Lyapunov func-
tion 1

Ly = §q1Tq1

The time derivative of it will be
Ll = qlT (—sk (1/.)63) qQ — v) = —qlTv

By considering v = k1¢q; as our control input and substituting
in (21) we will have

2n

Ly = ~kiql g

If v were available as the control input then equation (16)
with k&1 > 0 would be stable. Following the standard
backstepping approach, we consider an error term g2 which
defines the scaled difference between the considered control
input, v, and the actual control input as follows

v

2= ——q

o (22)

With this definition, time derivative of the ¢; and L; will be
G1 = —sk (1/.263) @ — ki — kg2

Ll = —/ﬁChTCh - qulTQ2

(23)

Considering equations (17) and (23), derivative of the go will
be as follows

G2 =7 —q1=—sk (1/)63) @ +kiq+kig+ I (24)
kl mkl

Now we stabilize equation (24) by defining the following

Lyapunov function

1
Ly=1IL1+ qu 42
The time derivative of defined Lyapunov function will be

Lo = kgl ¢ + ki1gd qo + QQTL

mkq
with mJ; as its input, we choose the following controller
1
f
—_— = —k
mk 242

with ko > ky. Similar to the previous step, if the selected
control input was available then the equation (24) would be
stable. But since the ego-motion dynamics of the camera
inherent underactuated dynamics of the quadrotor it is not
possible to independently control the position dynamics of
the robot through force input and we have to continue the
steps of the backstepping approach to reach the actual control
inputs of the translation motion of the camera. Thus we
consider an error for the defined input and we have

q3 = + ¢ (25)

o mkl kQ
With this definition, derivatives of the ¢» and Lo will now
be

Go = —sk (zbeg) G2 + krqu + (k1 — k2) g2 + kags
Ly = —kigl 1 + (k1 — k2) 3 q2 + k263 43

Now we can write the derivative of the g3 as follows

i = — sk (z/}eg) g3 + kiqr + (k1 — k2) g2 + k2g3

+

ik T ¥ (1/}63) (26)

and define the Lyapunov function L3 for this dynamics as
follows

mk‘l k‘g

1
Ly =1L+ 5(1;{(13

Then the derivative of the L3 will be

Lz = kgl qu + (k1 — k2) ¢f ¢ 27)

f+sk (@63) !

T
+ 43 mklkg

k1q1 + k1qo + k2g3 +
Fsk(ves)f
mki ko

With
control

as its input, we consider the following

f+ sk (des) f

= — 2
. k3q3 (28)
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By substituting equation (28) in (27) we have
Ly =—kigl 1 + (k1 — k2) a3 g2 + krad a1 + k1 @0
+ (k2 — k3) 43 g3 (29)

Using equations (5), (18) and (20) we have
f+ sk (¢e3) f = —Rupsk(QUEs — RyoUrEs  (30)

Since equation (30) depends on the angular velocity and
torque inputs appear in the dynamics of the derivative of
the angular velocity, equation (19), to control orientation of
the robot and hence translational motion of it, we continue
the procedure with considering a new error term gy

f+ sk (1563) f
mk1k2k3
Now derivative of the g3 will be
g3 = — sk (¢63) g3+ krqr + (k1 — k2) g2 + (k2 — k3) g3
+ k3qu

qa = + g3 31

and derivative of the storage function L3 will be
Ly=—kigi g + (k1 — k2) 43 g2 + ka3 @1 + k103 ¢z
+ (k2 — k3) a3 43 + ksg3 @a (32)
Now we can write the derivative of the ¢4 as follows
o sk (12;63) [+ sk (1/}63) f
4= m/{:l kgkg
+ (k1 — k2) g2 + (k2 — k3) g3 + k3qa

— sk (1/363) @ + ki
(33)
From equation (18) and (30) we have

RY, ( Ft sk (zﬁeg) o+ sk (1/}63) f) ¥ sk (Q) sk () Uy By
sk <R£9¢63> sk (Q) Uy s + 2k (Q) Uy By

. . _Ul.QQ
— sk (Rfges) UnBs = | Ui (34)
_Ul

By this equation we can reach actual inputs of the system,
Uy — Us; to control 3D translational motion of the quadrotor.
Now we consider the following theorem:

Theorem 1. Under Assumptions 1 to 4, consider the system

with dynamics defined by equations (16)-(19) and f and 7

as its inputs. These inputs are given through (34) such that

f+sk <1ﬁ63) f+ sk (&eg) f
mk1k2k3

with the following choice of gains

= sk (¢63> q3 — kaqa

2
2

2k
k1 >0,ko > ki, kg > ——— kg > k3 + 3ko
ko — Kk
Then the errors q1, q2, g3 and g4 defined respectively by
equations (15), (22), (25) and (31) converge asymptotically

to zero.

(35)

Proof: Consider the following Lyapunov candidate

1
Ly= L3+ §q4TQ4

Its derivative using (32) and (33) will be

Li=—kigiq1 + (k1 — k2) @3 @2 + k13 @1 + k1 @0
+ (ky — k3) g2 g3 + krgl g1 + (k1 — k2) ¢F ¢

+ kaqy g3 + (ks — ka) 41 qa (36)

By completing the square for cross terms and using (35) it
can be shown that, with the selected control gains, the right-
hand side of the equation (36) will be negative definite and
this ensures that the errors ¢1, g2, q3 and g4 will converge
asymptotically to zero. |

The presented control law regulates position and velocity
of the camera through regulating error terms ¢; and gs. Also
regulation of the error terms g3 and g4 will regulate attitude
dynamics of the camera, namely roll and pitch rotation of it.

To control the yaw rotation of the camera we define the
following image error

g5 = @ — Qg

Then according to equation (14) derivative of the error gs
will be

g5 = —v
For simplicity, at this stage we will consider {13 as the input

to the system (37). Knowing relation between v and €23 from
equation (2) we consider the following controller

Q3 = <c059> (ksgs — Qasing/ cosh)

cos ¢

(37

(38)

By substituting equation (38) in (37) we will have following
dynamics for the error g5

Gs = —ksqs

where with k5 > 0 the error term g5 will exponentially
converge to zero.

V. SIMULATION RESULTS

In this section we show MATLAB® simulations to evalu-
ate the performance of the proposed visual servo controller.
The camera frame rate is 50 Hz and sampling time for the
rest of the system is 1 ms. In the simulations the robot is
assumed to be in a hover position with desired object in
the camera field of view. The visual information include
coordinates of four points related to the four vertexes of a
rectangle which are used to calculate image features defined
in (11) and (13). Vertexes of the rectangle with respect to
the inertial frame are located at (0.25, 0.2, 0), (0.25, —0.2,0),
(—0.25,0.2,0), (—0.25,—0.2, 0). These points are projected
with perspective projection on a digital image plane with
focal length divided by pixel size (identical in both u and
v directions) equal to 213 and principal point located at
(80,60). Parameters used for the dynamics model of the
robot, equations (3) and (4), are m = 2, g = 9.81 and
J = diag (0.0081,0.0081,0.0142). Proportional controller
with unit gain is used to control the angular velocity 2.
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Fig. 2. Simulation 1: (a) point features trajectories in the image plane, (b)
point features trajectories in the virtual image plane, (c) image space errors
and (d) time evolution of the UAV Cartesian coordinates.
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Fig. 3. Time evolution of the UAV Cartesian coordinates for simulation 1
using IBVS controller of [5].

In the first simulation, the robot is assumed in hover
condition and its initial position is at (1,—0.5,—7) with
respect to the inertial frame and the desired image features
are obtained at (0,0, —5). The value of the image feature
« at these positions are 0.2 and 0 respectively. The control
gains are chosen to be k1 = 0.3, ko = 2.4, ks =6, ky = 10
and ks = 0.4. Fig. 2 shows the results for the first simulation.
As expected, results show satisfactory trajectories in both the
Cartesian coordinates and the virtual image plane.

As a comparison, in the second simulation, spherical
image moments, used in [5] and [14], are utilized based on
the IBVS controller designed in [5]. Initial and final positions
of the quadrotor are as same as the first simulation. Fig. 3
shows the Cartesian coordinates trajectories of the robot and
undesired behavior in z direction is obvious in the result.

VI. CONCLUSION

In this paper, a fully dynamic image based visual servoing
approach has been developed for controlling translational
motion and yaw rotation of a quadrotor equipped with an
on-board camera. Inertial orientation information of the robot
in combination with image data are used to deal with prob-
lem of dynamic image based visual servo control of these
robots. Suitable perspective image moments are used to have

satisfactory trajectories in both image space and Cartesian
coordinates. Simulations results show satisfactory response
of the presented visual servo approach for positioning task
of the robot observing a stationary object.

However, for the selected image features, prior information
for the observed object is required, where it is not always
available in practice. Also just a simple dynamic model of
the robot with known parameters is considered. Thus, our
future work is to design an image based controller dealing
with the possible uncertainties in both image features and
dynamic model of the robot and also improve the conditions
to keep the visual features in the field of view of the camera.
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