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Abstract. Controlling flexible multi-body systems requires for real-time implementation efficient algorithms that solve
the inverse dynamics, an overlooked problem until recently. In this work, we leverage Kane’s equations to obtain an
inverse dynamics procedure with linear complexity in the number of bodies. The method is simple and coordinate-free
because it is independent of the particular coordinates adopted for discretization and inter-body connections. Furthermore,
it applies to bodies with lumped and distributed mass and accounts for the changes in the inertial parameters of the system.

Introduction
Flexible multi-body systems model many processes of practical interest, such as lightweight manipulators, he-
licopter rotors, and spacecraft. Model-based controllers for these systems are designed upon finite-dimensional
descriptions of the dynamics obtained by discretization of the strains. In this way, a finite number of generalized
coordinates defines the system configuration. The equations of motion become those of a second-order con-
strained mechanical system, making the control problem tractable. However, such controllers implicitly rely
on efficient inverse dynamics (ID) formulations for real-time implementation. Despite all the effort devoted to
solving the forward dynamics, the ID problem has captured far less attention [2]. In the last few years, the soft
robotics [4] community manifested a new interest in the topic [3, 5, 6]. Fig. 1 shows a soft robot prototype.

Figure 1: A pneumatic soft robot consisting of three segments. Each segment can bend in any direction by inflating its four air chambers.
Results and discussion

We exploit Kane’s equations to derive an ID procedure for a system of N flexible bodies with a tree topology
and a fixed base. These equations, which have been extensively used for modeling flexible systems [1] yield
a formulation with an inherent recurrent structure and allow removing nonworking constraint forces. As op-
posed to [2], the approach does not assume that the body motion can be separated as the sum of a rigid and a
deformable contribution. Indeed, this hypothesis is invalid for models obtained from piecewise constant or func-
tional discretizations of the strain fields, which are techniques commonly adopted to formulate control-oriented
models of continuum soft robots. In particular, [3] generalizes the RNE algorithm for a geometric model of
soft-rigid multi-body systems. Instead, [5] presents a novel formulation of Cosserat beams where the strains are
reduced through a functional space representation. Despite being elegant and concise, these approaches require
the reader to be familiar with the tools of geometric mechanics and depend on the technique used to discretize
the strains. In [6], the authors overcome these limitations by applying the Newton-Euler equations on a lumped
mass model of flexible systems. The method is simple but relies on rigid body equations. Consequently, it does
not entirely describe the dynamics. Our approach is tractable and independent of the kinematic description of
the deformations. Furthermore, each body can have lumped or distributed mass, and it can be connected to its
predecessor in the chain by any joint or an hinge. Differently from [6], the resulting equations account for the
changes in the inertial parameters of the system. The algorithm also applies to systems with rigid bodies.
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