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Abstract
Robotics is shifting from rigid, articulated systems to more sophisticated and heterogeneous mechanical structures. Soft robots, for
example, have continuously deformable elements capable of large deformations. The flourishing of control techniques developed
for this class of systems is fueling the need of efficient procedures for evaluating their inverse dynamics (ID), which is challenging
due to the complex and mixed nature of these systems. As of today, no single ID algorithm can describe the behavior of generic
(combinations of) models of soft robots. We address this challenge for generic series-like interconnections of possibly soft structures
that may require heterogeneous modeling techniques. Our proposed algorithm requires as input a purely geometric description
(forward-kinematics-like) of the mapping from configuration space to deformation space. With this information only, the complete
equations of motion can be given an exact recursive structure which is essentially independent from (or “agnostic” to) the
underlying reduced-order kinematics. We achieve this by exploiting Kane’s method to manipulate the equations of motion, showing
then their recursive structure. The resulting ID algorithms have optimal computational complexity within the proposed setting, that
is, linear in the number of distinct modules. Further, a variation of the algorithm is introduced that can evaluate the generalized
mass matrix without increasing computation costs. We showcase the method applicability to robot models involving a mixture of
rigid and soft elements, described via possibly heterogeneous reduced order models (ROMs), such as Volumetric FEM, Cosserat
strain-based, and volume-preserving deformation primitives. None of these systems can be handled using existing ID techniques.
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1. Introduction

In recent years, robotic systems have undergone a remarkable
transformation, evolving from assemblies of rigid links and
joints to articulated mechanical architectures built from
complex modules. These include serial interconnections of
parallel mechanisms (Lee et al., 2009), flexible link and joint
manipulators (De Luca and Book, 2016), robots made of
meta-materials (Bevilacqua et al., 2022; Hu et al., 2020),
continuum and soft arms (Hoeijmakers et al., 2022; Liu et al.,
2023a; Rus and Tolley, 2015; Russo et al., 2023; Yin et al.,
2021), bio-hybrid robots (Lin et al., 2022; Sun et al., 2020;
Wang et al., 2021), and rigid robots manipulating deformable
objects (Tiburzio et al., 2024; Zhu et al., 2022). In this work,
we specifically focus on one such class of systems: soft
robots. Unlike rigid robots, where motion originates from the
joints, soft robots leverage their compliant and highly de-
formable bodies to move (Della Santina et al., 2020a).

However, the advantages of the soft body come with
substantial challenges in modeling and control (Della

Santina et al., 2023) due to the infinite dimensionality of
the dynamics. The control of infinite-dimensional me-
chanical systems is still an emerging field of research
(Chang et al., 2023; Han et al., 2021; Zheng and Lin, 2022).
Reduced order models (ROMs) have been thoroughly in-
vestigated as an alternative to PDE descriptions (Boyer
et al., 2020; Dinev et al., 2018; Grazioso et al., 2019;
Qin et al., 2024; Renda et al., 2018). These range from
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volumetric FEM (Dubied et al., 2022; Ferrentino et al.,
2023; Ménager et al., 2023), possibly combined with model
order reduction techniques, to strain-based Cosserat de-
scriptions (Boyer et al., 2020; Caasenbrood et al., 2023;
Renda et al., 2020), to other techniques specifically tailored
to soft robots–like quasi-rigid models (Sfakiotakis et al.,
2014) or volume-preserving primitives (Xu and Chirikjian,
2023). Despite the vast heterogeneity, all these techniques
follow the principles of Lagrangian mechanics and are
described by ordinary differential equations of the form

MðqÞ€qþ cðq, _qÞ þ gðqÞ þ sðq, _qÞ ¼ νðq,uÞ, (1)

where symbols are defined in Table 1. The Inverse Dy-
namics (ID) problem refers to the challenge of computing
the left-hand side of (1). The ID problem plays a pivotal role
in various applications that are crucial for the advancement
of autonomous and intelligent robotic systems, including
real-time control (Boyer et al., 2020; Buondonno and De
Luca, 2016; Liu et al., 2023b), system identification (Gaz
et al., 2019), trajectory generation (Longhini et al., 2023)
and optimization (Ferrolho et al., 2021; Saunders et al.,
2010), and mechanical design (Chen and Wang, 2020;
Pinskier and Howard, 2022). For example, in case of full
actuation, it is a common control approach to feedback
linearize the system via direct application of the ID law:
ν ¼ MðqÞαþ cðq, _qÞ þ gðqÞ þ sðq, _qÞ, where α is a control
acceleration. In all these contexts, the ID must be executed in
real-time or faster. Thus, computational efficiency becomes
essential, especially when the dynamics has many DoFs.1 In
this context, recursive formulations of the ID have been im-
posed themselves as a way of solving the ID problem with
minimal computational time (Featherstone, 2014). Indeed,
recursive ID algorithms scale linearly with the number of
bodies, whereas non-recursive algorithms scale quadratically.
As a result, the former require less resources and offer faster
computation times, particularly in systems with many bodies.

Substantial research has been done on recursive ID for
non-conventional robotic structures, as discussed in Section
1.1, with some focused attention already being devoted to
continuum soft robots (Boyer et al., 2020; Godage et al.,
2019; Jensen et al., 2022). However, all existing recursive
methods have the disadvantage of being specifically tailored
to a single ROM technique, thus severely constraining the
range of systems that can be dealt with.

This work proposes a more holistic recursive formulation
of soft-rigid systems. Being agnostic to the underlying
reduced order kinematic modeling technique, it can deal
with a vast range of systems and is readily applicable to
novel kinds of structures or models, including existing
methods as sub-cases. A key enabling idea of our approach
is to treat kinematics as an input to the procedure rather than
a predefined information. In particular, the robot is seen as
an assembly of kinematic modules (joints or deformable
bodies) whose relative motion is parameterized by a generic
kinematics-like function of material and configuration
variables. Beside assuming that the kinematics belongs to a

finite-dimensional space, the only hypothesis is that the
contact area between two adjacent modules does not de-
form. The proposed derivations build on the Kane method
(Banerjee, 2022; Kane and Levinson, 1983), which is an
equivalent form of the virtual work principle. For the first
time, we demonstrate that the Kane equations can be ma-
nipulated to obtain a recursive formulation of the dynamics,
independent of the soft body kinematics. This result has two
implications. First, both existing and new kinematic models
can be seamlessly integrated into our framework. Second, it
enables the efficient computation of the ID. The resulting
equations of motion (EoM) can be viewed as a recursive
form of the Euler–Lagrange (EL) equations and a gener-
alization to the seminal results of Hollerbach (1980) and
Book (1984). These works derived a recursive EL equations

Table 1. Nomenclature.

Symbol Description

R
n Euclidean space of dimension n

R
n×m Space of n × m matrices over R

Bi Body i of the system
J i Joint i of the system
{S0} Inertial reference frame
{Si} Reference frame of Bi

fSJ ig Reference frame of J i

Vi � R
3 Undeformed volume of Bi

xi 2 Vi Material coordinates of Bi

q, _q, €q2R
n Configuration variables and their time

derivatives
u2R

m Control variables
y2R

m Actuation coordinates
z2R

n�m Completing set of coordinates
f Bi

ðxi, qiÞ Reduced-order kinematics of Bi

ðn1i n2i n3iÞ Orthonormal basis for {Si}
MðqÞ 2R

n×n Generalized mass matrix
cðq, _qÞ 2R

n Generalized Coriolis and centrifugal
force

g(q) Generalized gravitational force
sðq, _qÞ Generalized visco-elastic force
ν(q, u) Generalized actuation force
Q*ðq, _q, €qÞ Generalized inertial force
Qðq, _q, uÞ Generalized active force
In Identity matrix of dimension n
0n×m n × m matrix of zeros
Si i-th column of S 2R

n×m

Sij Element (i, j) of S
A ÄB Kronecker product
vec(A) Column-wise vectorization of a

matrix

er ¼
0@ 0 �r3 r2

r3 0 �r1
�r2 r1 0

1A Skew symmetric matrix from r

a× b ¼ eab Cross product

Jx f 2R
l×h Jacobian of f 2R

l at x2R
h

=x f ¼ Jx fð ÞT Transposed Jacobian of f at x

divx f Divergence of f at x
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with linear complexity for serial rigid (Hollerbach, 1980)
and flexible link robots (Book, 1984). Analogous to the
Newton–Euler approach for rigid systems, our proposed
method has a cost that is linear in the number of bodies or,
equivalently, in the number of DoFs. However, as we shall
see, treating the kinematics as a black-box function limits
recursivity to the system bodies, preventing its extension to
the material domain—unlike ID algorithms designed for
specific kinematic models.

The main contributions of the paper are summarized
below.

(1) We derive a model-agnostic recursive formulation of
the EoM for generic (i.e., agnostic to discretization
technique) serial soft-rigid robots whose bodies are
rigidly connected to the joints.

(2) By exploiting this recursive representation of the dy-
namics, we introduce two novel algorithms for com-
puting the generalized active and actuation forces. In
both cases, we prove that the computational com-
plexity grows linearly with the number of DoFs.

(3) We demonstrate how the algorithms solving the ID
problem can be minimally modified to evaluate the
mass matrix without affecting computational com-
plexity. Additionally, we propose embedding such
computation within the ID algorithms, as it provides
greater flexibility for control purposes.

The findings are supported by numerical results onmultiple
robotic systems—which cannot be handled using current re-
cursive methods. We present for the first time a dynamic
simulation with the control of a trimmed helicoid robot using
the locally volume preserving (LVP) primitives method (Xu
and Chirikjian, 2023) for 3D continua. In a second simulation,
we consider a hybrid arm consisting of a rigid manipulator, a
slender soft body modeled using the geometric variable strain
(GVS) approach (Boyer et al., 2020), and a soft gripper with
LVP kinematics. We show then how the proposed recursive
equations scale with the number of bodies compared to the EL
approach, which is the only framework that currently can
describe the class of robotic systems considered in this paper.

1.1. State of the art on ID problem

Numerous studies have explored the computation of the ID
problem for slender flexible link robots, that is, under the
small deformations assumption, using different approaches.
These include the EL method (Book, 1984; Chen, 2001;
Zhang, 2009; My et al., 2019), the generalized Newton–
Euler (NE) equations (Boyer and Khalil, 1998; Khalil
et al., 2017; Shabana, 1990), the Gibb–Appell equations
(Korayem et al., 2014), and the Kane equations (Amirouche
and Xie, 1993; Banerjee and Dickens, 1990; Singh et al.,
1985). All the mentioned works share three main as-
sumptions: (i) small deflections, (ii) slender bodies, and (iii)
the possibility to approximate the deformable motion, that
is, changes in shape and size, as a linear function of the

configuration variables—a set of independent parameters
that uniquely define the body relative position. Unfortu-
nately, assumptions (i) and (iii) are seldom verified by
ROMs of soft robotic systems. Consequently, new ID al-
gorithms have been developed to relax the above as-
sumptions to some extent.

Under a rigid-body discretization and the piecewise
constant curvature kinematic model, Rone and Ben-Tzvi
(2013) present a procedure based on the Kane method to
evaluate the ID of slender continuum manipulators. Later,
under the same kinematic assumptions, Godage et al. (2019)
follow a Lagrangian approach to compute the dynamic
matrices with a O(n2) cost, where n is the total number of
DoFs. Although not explicitly stated, this procedure can
also be used to evaluate the ID. In Jensen et al. (2022), the
authors apply the recursive Newton–Euler algorithm for
rigid body systems to a lumped mass model of a six-DoFs
slender soft arm with piecewise constant curvature. Under
the Cosserat rod hypothesis, Renda et al. (2018) propose an
ID procedure for robots with piecewise constant strain
(PCS). By leveraging the rigidity of the robot cross sections,
the authors derive a recursive ID algorithm that generalizes
the Newton–Euler procedure for rigid arms. This algorithm
has computational complexity linear in the number of
bodies, making it optimal. The method was extended in
Renda and Seneviratne (2018) to consider hybrid systems
consisting of PCS soft and rigid bodies. Later, Boyer et al.
(2020) relaxed the PCS hypothesis in favor of a modal Ritz
reduction of the strain. Recently, Mathew et al. (2024) in-
troduced a state- and time-dependent basis of the strain. These
recursivemethods are limited to bodies satisfying the Cosserat
rod assumption, that is, thin bodies (hypothesis (ii)) with rigid
cross sections, and, consequently, are inapplicable to kine-
matic models of non-slender soft robotic systems (Sharp et al.,
2023; Xu and Chirikjian, 2023). Nonetheless, it is important
to note that ID algorithms for discrete Cosserat rods enable a
more efficient computation compared to our method. Spe-
cifically, the degree of recursivity applies not only between the
bodies of the system—as in our approach—but also within the
soft material domain. This advantage arises because the ki-
nematics of Cosserat rods can be leveraged to obtain re-
cursivity also within the soft material domain and,
consequently, improve the speed of the algorithm.

Finally, Sadati et al. (2021) introduced the TMT method
for soft bodies. This approach enables the derivation of (1)
in vector form, reducing the number of required steps
compared to the EL method. While it facilitates a more
efficient implementation of the dynamics, it still maintains
the quadratic computational cost of a non-recursive for-
mulation. Moreover, although the TMT method has been
successfully applied to compute the ID of various reduced-
order kinematic models for soft robots, its extension to 2D
and 3D geometries assumes that these bodies can be
modeled as wire meshes, where edges correspond to 1D
Euler–Bernoulli beams and connections are point masses.
Consequently, its applicability to the generic kinematic
models considered in this work remains unexplored.
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To summarize, the main benefits of our approach are as
follows:

· It is possible to evaluate the ID for robots with arbitrarily
deformable bodies, such as rigid arms with soft grippers
and non-slender soft manipulators. Table 2 provides a
non-exhaustive list of models supported by our frame-
work compared to other existing solutions.

· In view of the recursive formulation, the computation of
the ID scales linearly with number of bodies.

· Since the method is agnostic to the kinematics, new
models can be easily conceptualized and applied in
control tasks.

On the other hand, the following limitations exist:

· It is not possible to exploit recursivity within the soft
material domain. As a result, for certain subclasses of
kinematic models, more efficient algorithms may be
available.

· The derivations rely on the assumption that the soft
bodies kinematics is purely geometrical.

· The introduction of an abstraction layer on the kine-
matics could make the model more difficult to under-
stand and interpret.

1.2. Notation

We denote vectors and matrices with bold letters. Argu-
ments of the functions are omitted when clear from the
context. Beside the notation adopted in the paper (see Table
1), Table 3 summarizes also the main abbreviations used in
the text.

1.3. Code

We also provide in a GitHub repository an expandable
object-oriented MATLAB library with full C/C++ code

generation functionality implementing all the algorithms
presented in the following.

1.4. Supplementary material

In this paper, we show numerical results on recently in-
troduced kinematic models of soft robots. However, the
proposed strategy can be seamlessly applied to more
conventional robots, such as Cosserat rods. The interested
reader can find supplementary material detailing the ap-
plication of the method to other systems at the link Sup-
plementary Material.

1.5. Structure of the paper

The rest of the paper is organized as follows. In Section 2,
we formally introduce the goal of the paper. In Section 3, we
discuss the proposed kinematics-as-an-input setting and
establish the configuration space that characterizes the
considered class of systems. Herein, we introduce the direct
and the first- and second-order differential kinematics.
Section 4 presents the Kane equations for the system. Their
recursive form is obtained in Section 5, offering immediate
utility in assessing generalized active forces with cost linear
in the number of bodies. We also demonstrate how this
recursive structure can be exploited to evaluate the mass
matrix without affecting computational complexity. In
Section 6, we expand the active forces to derive a recursive
procedure for evaluating only the actuation forces in the ID
problem. Section 7 presents simulations results, and Section
8 draws the main conclusions of the paper and includes
future work.

2. Problem statement

In this section, we define the ID problem for the class of
robots under consideration and introduce the two hypoth-
eses under which it is addressed: (i) the kinematics of

Table 2. Comparison of kinematic models for deformable bodies supported by our and other existing frameworks. A cross indicates
whether a particular model is supported.

Kinematic model
Proposed
framework

SOFA
Coevoet et al.
(2017)

TMTDyn
Sadati et al.
(2021)

SoroSim
Mathew
et al. (2022)

Sorotoki
Caasenbrood
et al. (2024)

Piecewise constant curvature
Webster III and Jones (2010) × × × ×
Geometric variable strain
Boyer et al. (2020) × × × ×
Ritz–Galerkin on position
Sadati et al. (2017) × × × ×
Locally volume preserving
primitives

Xu and Chirikjian (2023) ×
Learning-based kinematics
Sharp et al. (2023) ×
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deformable bodies can be described geometrically using a
finite number of configuration variables and (ii) the bodies
are connected through rigid joints.

Consider a holonomically constrained2 serial chain with
fixed base constituted by N moving bodies Bi, each con-
nected to its predecessor by a joint J i, for i = 1,…, N. From
now on, if not explicitly stated, the subscript (�)i refers to a
quantity of body or joint i.

Assume that the following conditions hold, as illustrated
in Figure 1.

Assumption 1. The kinematics of each body Bi belongs
to a finite-dimensional configuration space.

Mathematically, Assumption 1 requires that the position
pBi

2R
3 of each body point relative to the distal end of its

joint takes the form

pBi
¼ f Bi

ðxi, qBi
Þ, (2)

where xi 2Vi � R
3 collects the Cartesian material coordinates

of Bi in the reference (stress-free) configuration Vi, qBi
2R

nBi

parameterizes the body motions, and f Bi
is a generic function,

possibly highly nonlinear in both arguments. The previous
equation implicitly requires that the kinematics can be de-
scribed purely geometrically. In other words, the dependence
of pBi

on external forces, such as those of actuation u, is not
modeled explicitly. Instead, this dependence arises through the
dynamic influence of u on qBi

, as expressed in (1). This
simplification, which is widely adopted in the reduced-order
modeling of soft robots, Boyer et al., 2020; Caasenbrood et al.,
2024; Della Santina et al., 2020b; Sadati et al., 2021; Xu and
Chirikjian, 2023, can be motivated as follows. The instanta-
neous effects of u on the kinematics can be reasonably cap-
tured by introducing additional configuration variables, which
are then influenced by u through the EoM. Examples of this
approach can be found in Simulation 2 of the paper and
Simulation 4 in the supplementary material.

Assumption 2. For each body, the contact areas at the
joints do not deform.

This assumption reasonably holds for the majority of soft
robotic systems since a joint typically introduces some
degree of rigidity at the contact areas. As we shall see,
Assumption 2 is not required from the perspective of the
dynamics equations and does not effect the recursion, but it
is necessary for describing the robot kinematics in presence
of non-fixed joints. As a matter of fact, when the bodies are
linked through fixed joints, it can be removed. Relaxation of
the above assumption will be considered in one of the
simulations.

Remark 1. We do not assume any specific structure for
(2) and consider it an input to the ID procedure, similar
to the approach of Featherstone (2014) for rigid robots.
This allows us to decouple the kinematic assumption
typically made to solve the ID problem for specific sub-
classes of soft robots from the algorithm itself. For the
purposes of this paper, the reader should consider f Bi

as
a black-box function, which could be obtained in various
ways (Sharp et al., 2023; Xu and Chirikjian, 2023). This
structure also encompasses popular kinematic functions
used in soft robot modeling (Sadati et al., 2020), such as
reduced-order FEM (Ménager et al., 2023) and discrete
Cosserat models (Della Santina et al., 2023; Renda et al.,
2020).

Assumption 1 implies that the robot dynamics follows
the principles of Lagrangian mechanics, thus taking the
form of (1) and leading to the following problems.

Table 3. Main abbreviations.

CC Constant curvature
EL Euler–Lagrange
EoM Equations of motion
GVS Geometric variable strain
ID Inverse dynamics
IID Inertial inverse dynamics
LVP Locally volume preserving
MID Mass inverse dynamics
MIID Mass inertial inverse dynamics
PCC Piecewise constant curvature
PCS Piecewise constant strain
ROM Reduced-order model

Figure 1. Schematic representation of the considered class of soft
robotic systems, conceptualized as a sequence of N deformable
bodies Bi and joints J i. The purple and pale brown volumes
illustrate the robot bodies in their stress-free and deformed
configuration, respectively. The individual kinematics of each
body Bi is modeled as a generic function f Bi

ðxi, qBi
Þ 2R

3, where

xi 2R
3 denotes the (relative) position of Bi points in the stress-free

configuration and qBi
2R

nBi is a configuration vector
parametrizing the body motions.
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Problem 1. Inertial Inverse Dynamics Problem. Un-
der Assumption 1 and 2, find an algorithm IIDðq, _q, €qÞ
with O(N) complexity such that

IIDðq, _q, €qÞ ¼ MðqÞ€qþ cðq, _qÞ:
Problem 2. Inverse Dynamics Problem. Under the
same hypotheses of Problem 1, find an algorithm
IDðq, _q, €qÞ with O(N) complexity such that

IDðq, _q, €qÞ ¼ MðqÞ€qþ cðq, _qÞ þ gðqÞ þ sðq, _qÞ:
It is worth remarking that we consider the output of the

ID as the generalized actuation force ν(q, u), rather than the
control variables u, as done for rigid fully-actuated robots.
This choice is motivated by two considerations. First, the
expression of ν depends on the type of actuation and how it
is modeled. Consequently, deriving a general method to
compute u from ν is not straightforward. As shown in
Section 7, when ν(q, u) = A(q)u and A(q) satisfies certain
integrability conditions (Pustina et al., 2024), a change of
coordinates allows u to directly influence the dynamics,
making it possible to compute u directly through the ID
algorithm. However, this is a relatively specific case and
does not universally apply. Second, the actuation forces
commonly used in soft robotics are often subject to con-
straints (Bruder et al., 2021; Tonkens et al., 2021). For
example, a tendon can only generate a pulling force, which
must be taken into account when computing u from ν (Della
Santina et al., 2019).

Another important aspect to discuss is the relationship
between the inputs to the IID and ID procedures, namely q,
_q and €q, the generalized actuation force ν(q, u), and the
control variables u. Even in finite-dimensional models of
soft robotic systems, the number of control variables is
typically less than the number of generalized coordinates,
that is, m < n. This implies that u can only directly control
the evolution of a subset of the configuration variables q or,
in general, a vector of output variables y of dimension m
(assuming all control inputs are independent). Conse-
quently, n � m configuration variables do not evolve freely.
As a result, if the ID algorithm in a given state ðq, _qÞ is
supplied with an arbitrary acceleration value €q, there is no
guarantee that a command u exists such that (1) holds. In other
words, at any given instant t, there may not exist a u such that
νðqðtÞ, uÞ ¼ IDðqðtÞ, _qðtÞ, €qðtÞÞ. This issue can potentially be
resolved if there exists a set of generalized coordinates θ ¼
yT zTð ÞT such that y2R

m—referred to hereinafter as ac-
tuation coordinates—can be directly controlled through u, and
z2R

n�m is the complement to y of coordinates not directly
actuated by u. In this scenario, the unactuated coordinates z
satisfy a set of second-order differential constraints that takes
the form €z ¼ �M�1

zz Mzy€yþ cz þ gz þ szÞ,
�

with suitable
sub-blocks of the dynamic terms in (1) rewritten in the θ
coordinates. Thus, for any generic state ðy, z, _y, _zÞ and ar-
bitrary €y, selecting €z according to the previous equation
ensures that the output ν(θ, u) of the ID algorithm can be

achieved by an appropriate choice of u. The existence of
such actuation coordinates in generic soft robotic systems
remains an open question and has only been explored so far
when the dynamics is linear in the input (Pustina et al.,
2024).

Note also that in addition to the ID problem (Problem 2),
we introduce another problem to be solved, namely the
Inertial Inverse Dynamics (IID) problem (Problem 1), for
three reasons. First, active forces on the robot may also
differ from those considered in (1)—despite gðqÞ þ sðq, _qÞ
is the most common case, or some of them may be absent,
such as when the robot is moving on a horizontal plane. This
approach allows us to initially focus on computing the
inertial forces in IID, and only later distinguish the actuation
forces (the unknowns) from the active forces. Second, by
addressing Problem 1, we can concentrate on the inertial
terms alone, which are the most challenging to compute.
Third, the Kane equations yield naturally a distinction
between inertial and active forces, driving us naturally to
consider Problem 1 as well. Although we differentiate
between these two problems, their solutions will be de-
veloped almost in parallel.

Remark 2. Because we are considering robots with a
serial topology, the ID problem cannot be solved in less
than O(N) steps (Featherstone, 2014). Additionally, since
the number of DoFs n is a multiple of the number of
bodies N, in terms of computational complexity one has
O(N) = O(n).

Toy Example. To facilitate the understanding of our al-
gorithms, throughout the paper we present the computation of
the main terms required by our procedures for a planar soft
body modeled under the Constant Curvature (CC) assumption
(Della Santina et al., 2020b). This body is connected to its
predecessor via a fixed joint and has a cylindrical shape with
unitary radius and length. We choose a CC body for three
main reasons. First, the CC kinematics is a well-known and
widely used model in soft robotics. Second, despite its relative
simplicity, the CC model exhibits significant nonlinearities,
making the solution of the ID problem non trivial, even when
the system has only a few bodies. Finally, Simulation 3 is a
natural continuation of this example.

For the ease of reading, the short notation cx and sx
stands for cos(x) and sin(x), respectively.Moreover, to avoid
unnecessary use of subscripts, in this example only, we use
the notation qBi

¼ q.
For the CC model, the reduced-order kinematics (2)

reads

pBi
¼

cqx3 � 1

q
þ x1cqx3

x2

sqx3ðqx1 þ 1Þ
q

0BBBBB@

1CCCCCA,
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where x1 and x2 parametrize a circle of unitary radius,
namely the robot cross section, and x3 2 [0, 1], that is, x3
represents the distance from the base.

3. Kinematics

As a preliminary step towards solving Problem 1, this
section characterizes the forward kinematics for a robot
whose bodies kinematics take the generic form (2). We
also briefly introduce the first and second-order differential
kinematics, which will be used later in the solution of the
ID.

A complete description of the kinematics requires in-
troducing two types of reference frames: a reference frame
{Si} at the pivot point between Bi and J iþ1 with the same
orientation of their rigid contact area, and another one fSJ ig
at the distal end of J i with the same orientation of the area
between J i and Bi, as illustrated in Figure 2. Note that other
choices are possible, but still a pair of reference frames is
needed for each body as explained below. An inertial ref-
erence frame {S0} is also attached to the robot base, where
the dynamics will be formulated.

The frame {Si} is used in conjunction with fSJ ig to track
the relative motion between adjacent bodies as a conse-
quence of the joint presence. Indeed, the relative position
and orientation between J i and J iþ1 changes not only
because of the joint motion but also because of Bi de-
formability, thus requiring a reference frame ({Si}) attached
to Bi as well. In other words, at the kinematic level only, Bi

can be seen as a distributed joint that requires as such its
own reference frame. This is also the reason why As-
sumption 2 is taken. As we shall see, this hypothesis allows
us to describe the orientation of {Si} starting from f Bi

. On

the other hand, if the robot contains some bodies connected
by fixed joints, one can adopt three possible strategies: (i)
remove Assumption 2 for the bodies connected by fixed
joints and describe the kinematics using only the pairs {Si}
and fSJ ig associated to bodies connected by non-fixed
joints; (ii) retain Assumption 2 and introduce a single
reference frame {Si} for bodies connected by fixed joints; or
(iii) maintain all reference frames and let fSig ¼ fSJ iþ1g. In
the following, to consider the more general case, that is, the
case of a robot with moving joints, we adopt the third
strategy. Note also that because of the same above reason,
for the last body BN, one does not need in principle to
introduce {SN} but only fSJ Ng. We now move to the
computation of the homogeneous transformation matrices
describing the relative motion between the above frames.

Let xJ iþ1 be the pivot point of joint J iþ1 at body Bi, and
xai and xbi two points of Bi belonging to the contact area
with J iþ1 such that

ðxai � xJ iþ1ÞTðxbi � xJ iþ1Þ ¼ 0: (3)

By leveraging Assumption 2, it is possible to construct the
homogeneous transformation matrix from {Si} to fSJ ig as

J iTBiðqBi
Þ ¼ n1i n2i n3i

J i tBi

0 0 0 1

� �
, (4)

where

n1iðqBi
Þ ¼ f Bi

ðxai, qBi
Þ � f Bi

ðxJ iþ1, qBi
Þ

kf Bi
ðxai, qBi

Þ � f Bi
ðxJ iþ1, qBi

Þk,

n2iðqBi
Þ ¼ f Bi

ðxbi, qBi
Þ � f Bi

ðxJ iþ1, qBi
Þ

kf Bi
ðxbi, qBi

Þ � f Bi
ðxJ iþ1, qBi

Þk,

n3iðqBi
Þ ¼ n1i × n2i,

(5)

and

J i tBiðqBi
Þ ¼ f Bi

ðxJ iþ1, qBi
Þ: (6)

The above transformation contains the information about
the position and orientation of the rigid contact area between
Bi and J iþ1 as seen from J i. Figure 3 illustrates how the
elements of (4) are built starting from the body kinematics
(2) and the three points xai, xbi and xJ iþ1. Note that, without
loss of generality, we choose n3i as the unit normal vector to
the body-joint contact area.

It is also worth observing that (4) is a function of qBi
only

because it encodes the information due to deformability.When
the body is rigid, (2) reduces to the identity, that is, pBi

¼ xi,
and (4)–(6) is indeed constant. Because of Assumption 2, the
orthogonality between xai � xJ iþ1 and xbi � xJ iþ1 implies that
between the unitary norm vectors n1i and n2i. Consequently,
the triad fn1i n2i n3ig forms an orthonormal basis.
Moreover, (5) is always well defined since the denominators
are never zero and, from Assumption 2, it holds

kf Bi
ðxai, qBi

Þ � f Bi
ðxJ iþ1, qBi

Þk ¼ kxai � xJ iþ1k,
and

Figure 2. For each body Bi, we introduce two reference frames
{Si} and fSJ ig. The frame {Si} is attached at the connection
point between Bi and its successor joint J iþ1, and accounts for
body deformability. On the other hand, fSJ ig is attached at the
distal end of J i, which coincides with the connection point
between J i and Bi, and is used to model the relative motion
between Bi�1 and Bi due to the joint. The reference frames are
oriented as the contact areas between the corresponding body
and joint.
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kf Bi
ðxbi, qBi

Þ � f Bi
ðxJ iþ1, qBi

Þk ¼ kxbi � xJ iþ1k,
which are constants.

Remark 3. In some modeling approaches, such as the
geometric variable strain or lumped mass models, the
above transformation matrix is readily available since each
point of the body is associated with a transformation
matrix.However, this is not always the case as in the locally
volume preserving method or reduced-order FEM.

The relative motion between Bi�1 and Bi due to J i has
not been considered yet. This effect on the kinematics is
modeled by the joint homogeneous transformation

Bi�1TJ i qJ i

� � ¼ Bi�1RJ i qJ i

� �
Bi�1 tJ i qJ i

� �
01×3 1

� �
, (7)

where qJ i
2R

nJ i is the configuration vector of the joint and nJ i

its number of DoFs. Note that Bi�1TJ i qJ i

� �
is specified only by

the joint type, as for rigid bodied systems (Featherstone, 2014).
For the sake of convenience, we define the vectors

qi ¼
qJ i

qBi

� �
2R

ni ,

with ni ¼ nBi þ nJ i, and

q ¼
q1
«
qN

0@ 1A2R
n,

with n ¼PN
i¼1ni, which group the generalized coordinates

of each body and of the entire system, respectively.

Toy Example (Continuation).We can now proceed with the
computation of J iTBi . To this end, we take the tip along the

backbone as pivot point, that is, xJ iþ1 ¼ 0 0 1ð ÞT . More-

over, the choice xai ¼ 1 0 1ð ÞT and xbi ¼ 0 1 1ð ÞT
guarantees the orthogonality condition (3).

Applying (4)–(6) to the CC kinematics yields

J iTBi ¼

cqx3 0 �sqx3
cqx3 � 1

q

0 1 0 0

sqx3 0 cqx3
sqx3
q

0 0 0 1

0BBBBBBB@

1CCCCCCCA,

which corresponds to the well-known transformation matrix
from the tip to the base of a CC segment (Della Santina and
Rus, 2019). Since the body is assumed to be connected to a
fixed joint, we have

Bi�1TJ i ¼ I4:

In the rest of the section, we present the robot forward and
differential kinematics. Although the derivation introduces
little new information, it is included as a necessary starting
point for formulating the dynamics. We use the superscript ið�Þ
to indicate that a vector is expressed in the reference frame
{Si}. For ease of presentation, the superscript is omitted when
the quantity is expressed in {S0}.

3.1. Forward kinematics

Using (2), (4)–(6) and (7), we can compute the forward
kinematics for all robot points. To this end, define the
relative transformation from {Si} to {Si�1}

i�1T iðqiÞ ¼ Bi�1TJ i qJ i

� �
J iTBi qBi

� � ¼ i�1Ri
i�1t i

01×3 1

 !
,

(8)

and, by concatenation, that from {Si} to {S0}

T iðq1,…,qiÞ ¼ 0T1ðq1Þ1T2ðq2Þ…i�1T iðqiÞ¼
Ri ti

01×3 1

 !
:

(9)

Denote, respectively, with ipi and ipCoMi 2R
3 the position of

a point of Bi relative to J i and of Bi center of mass, both
expressed in {Si}. These can be computed from (2) and
(4) as

ipiðxi, qBi
Þ ¼ J iTBi

�1
f Bi

1

 !
,

and

ipCoMiðqBi
Þ ¼ 1

mi

Z
Vi

ipiðxi, qBi
ÞρiðxiÞdV ,

where mi ¼
R
Vi
ρiðxiÞdV is the body mass and ρi(xi) its mass

density. Since ipi and ipCoMi are elements of R3, there al-
ways exists a unique vector iri 2R

3 such that

Figure 3. Graphical representation of how the transformation
matrix from {Si} to fSJ ig can be constructed using the reduced-
order kinematics, under the hypothesis that the bodies are rigidly
connected to the joints.
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ipi ¼ iri þ ipCoMi , (10)

where iri satisfies the notable propertyZ
Vi

iriρidV ¼
Z
Vi

ipiρidV � ipCoMi

Z
Vi

ρidV ¼ 03: (11)

Remark 4. In the flexible link case, iri is typically ap-
proximated following a modal-Ritz approach, that is,

iriðqBi
, xiÞ ¼ ΦriðxiÞqBi

: (12)

In this work, we never consider such hypothesis. In fact,
the function f Bi

defines a generic and possibly highly
nonlinear functional dependence of iri on qBi

and xi.

Toy Example (Continuation). Recalling that J iTBi ¼ I4

the transformation from Bi to Bi�1 is given by

i�1Ti¼Bi�1TJ i
J iTBi¼J iTBi:

Moreover, after some computations, the position vectors ipi,
ipCoMi and

iri in the body frame are

ipi ¼

cq � 1

q
þ x1cq

x2

�sqðqx1 þ 1Þ
q

0BBBBB@

1CCCCCA, ipCoMi ¼

�q� sq
q2

0

cq � 1

q2

0BBBBB@

1CCCCCA,

and

iri ¼

qcq � sq þ q2x1cq
q2

x2

�cq � 1þ qsqðqx1 þ 1Þ
q2

0BBBBB@

1CCCCCA:

We can now use (9) and (10) to describe the forward
kinematics, which reads

pi ¼ pCoMi
þ Ri

iri, (13)

with

pCoMi
¼ ti þ Ri

ipCoMi : (14)

3.2. First- and second-order forward
differential kinematics

As we will see later in Section 4, the equations of motion
depend on the first- and second-order time derivatives of pi,
which we briefly introduce below. To keep the presentation
concise, we provide only a minimal overview, as the der-
ivation of the differential kinematics follows standard ar-
guments. For a detailed derivation, we refer the interested
reader to Appendix A.1.

From (13) and (14), it follows that _pi depends on the time
derivatives of ti, ipCoMi ,

iri, namely

vi ¼ dt i
dt
, i _pCoMi ¼

dipCoMi

dt
, i _ri ¼ diri

dt
,

along with the angular velocity of {Si}, denoted as ωi in the
following.

Similarly, the acceleration €pi can be expressed using the
terms

ai ¼ dvi
dt
, i€pCoMi ¼

di _pCoMi

dt
, i€ri ¼ di _ri

dt
,

and

_ωi ¼ dωi

dt
:

From the expression of _pi and €pi (see Appendix A.1), the
following lemma holds.

Lemma 1. Given q, _q and €q, the first- and second-order
differential kinematics expressed in the body frame, that is,
ivi, iωi, ivCoMi ,

iai, i _ωi and aCoMi, can be computed re-
cursively forward in space from B1 to BN by initializing
0v0 ¼ 03 ½m s�1�, 0ω0 ¼ 03 ½rad s�1�, 0a0 ¼ 03 ½m s�2�
and 0 _ω0 ¼ 03 ½rad s�2�. In addition, the computational
complexity for such evaluation is O(N).
Proof. The result follows immediately by observing the

recursive structure of (54)–(56) and (58)–(59).

Toy Example (Continuation). Since the expression for
the differential kinematics is quite complex even in this
elementary example, we omit its presentation. However, the
reader can verify that velocities and accelerations in the
body frame can be readily obtained from i�1T i, and the time
derivatives of ipCoMi and

iri.

4. Kane equations

Here, we briefly present the Kane equations for the class
of robotic systems introduced in Section 2. In a nutshell,
the Kane method projects the weak form of the dynamics
in the configuration space by exploiting the system
holonomic nature, specifically the fact that all con-
straints depend only on time and configuration variables,
but never on their time derivatives. While the content of
this section is not new per se, we believe it can be of
interest to the soft robotics community, which is mostly
familiar with the EL approach. We also demonstrate that
the Kane and EL approach are indeed equivalent.
However, as we shall see later in Section 5, the Kane
equations can be manipulated to obtain a recursive form
of the dynamics that can be directly used to solve
Problems 1 and 2.

According to the weak form of the EoM for a continuum
(Lacarbonara, 2013), for every body of the robot, one has
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Z
Vi

δpTi f inti þ f exti �
d _piρið Þ
dt

� �
dV ¼ 0: (15)

Here, f inti is the vector modeling internal forces per unit
volume, such as the mechanical stress and actuation forces
(when the system is internally actuated). The vector f exti
represents the resultant external force per unit volume,

including, for example, gravity. Furthermore, d _piρið Þ
dt is the

time derivative of the linear momentum per unit volume.
According to the Kane method, in the computations, it

suffices to consider among f inti and f exti the only forces that
perform work on the body in the course of a virtual dis-
placement, that is, the forces for which

R
Vi
δpTi f intidV ≠ 0 andR

Vi
δpTi f extidV ≠ 0. Thanks to the holonomic nature of the

system, the reaction forces at the contact area between two
bodies are non-working (Whittaker, 1964). As a result, they
have no effect in the above balance equation. In other words,
the internal reaction forces between adjacent bodies, either
rigidly connected or in relative motion due to a joint, can be
completely neglected in (15). While this equation already
describes the dynamics of the body, it cannot be used in this
form to compute the dynamics because it contains the
virtual displacement δpi.

Recalling that pi depends on q, it follows that

δpi ¼ =q pi
� �T

δq. Substituting this into the above equation
and rearranging the terms yieldsZ

Vi

δqT=qpi df i �
d _piρið Þ
dt

dV

� �
¼ 0,

where we have defined for compactness the net force
df i ¼ f inti þ f exti

� �
dV . Since the system is holonomic, each

generalized coordinate can experience a virtual displace-
ment independently of the others, which impliesZ

Vi

=qpi df i �
d _piρið Þ
dt

dV

� �
¼ 0n:

Summing the contributions for all body gives the reduced-
order dynamics

XN
j¼1

Z
Vj

=qpj df j �
d _pjρj
� �
dt

dV

 !
¼ 0n,

and the Kane equations for the system

Q ¼
XN
j¼1

Z
Vj

= _q _pj df j, (16)

Q* ¼ �
XN
j¼1

Z
Vj

= _q _pj
d _pjρj
� �
dt

dV , (17)

Qþ Q* ¼ 0n, (18)

where the identity =qpj ¼ = _q _pj has been used. The terms Q
and Q* are called, respectively, the generalized active and
inertia force because

Q ¼ �gðqÞ � sðq, _qÞ þ νðq,uÞ,
and

Q* ¼ �MðqÞ€q� cðq, _qÞ:
In a nutshell, Q models all external forces, while Q* the
inertia of the system. In this paper, we restrict the analysis to
systems for which the variation of the mass density is
negligible, that is, _ρi ¼ 0, i 2 {1, …, N}. This way, we can
simplify the second term in the integrand of (17) to

d _piρið Þ
dt

dV ¼ €piρidV ¼ €pidmi, (19)

where we defined the infinitesimal mass dmi = ρidV. From
(11) and the Reynolds transport theorem3, this also
implies Z

Vi

i _riρidV ¼ d

dt

 Z
Vi

iriρidV

!
¼ 03, (20)

and Z
Vi

i€riρidV ¼ d

dt

 Z
Vi

i _riρidV

!
¼ 03: (21)

Proposition 1. Equations (16)–(19) are equivalent to
(1), that is,

�Q*ðq, _q, €qÞ ¼ MðqÞ€qþ cðq, _qÞ ¼ Qðq, _q,uÞ:
Proof. See Appendix A.2.

For the sake of the following derivations, it proves
advantageous to expand Q and Q* into the rows associated
to the single bodies, namely to consider the EoM (16)–(18)
in the equivalent form

Qi ¼
XN
j¼1

Z
Vj

= _qi _pj d f j, (22)

Qi* ¼ �
XN
j¼1

Z
Vj

= _qi _pj €pjdmj,

Qi þ Q
i
* ¼ 0ni, (23)

with i 2 {1, …, N}.

5. Recursive formulation of the equations
of motion

This section presents the main result of the paper, that is, a
recursive formulation of (22)–(23), which immediately
yields a procedure for the solution of the ID problem. We
provide a pseudo-code for implementing the algorithm,
encompassing all necessary terms. We also show how this
procedure can be modified to evaluate the mass matrix.
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To this end, rewrite the left-hand side of (23) as

Qi þ Q
i
* ¼

XN
j¼1

Z
Vj

= _qi _pj df j � €pjdmjÞ:
�

For j < i, one has = _qi _pj ¼ 0ni×3 because pj depends only on
q1,…, qj�1 and qj. Thus, the lower bound (j = 1) of the above
summation can be replaced with the index associated to Bi (j
= i), leading to a more concise form

Qi þ Q
i
* ¼

XN
j¼i

Z
Vj

= _qi _pj df j � €pjdmjÞ:
�

By leveraging (51), the previous equation can be rewritten as

Qi þ Q
i
* ¼

XN
j¼i

= _qivCoMj

Z
Vj

df j � €pjdmj

þ = _qiωj

Z
Vj

Rj
jrjÞ× df j � €pjdmjÞ

��
þ
Z
Vj

= _qi
j _rjR

T
j df j � €pjdmjÞ:
�

Given that iri depends only on the configuration variables of
the corresponding body Bi, it holds = _qi

j _rj ¼ 0ni×3; j ≠ i,
which simplifies the above expression to

Qi þ Q
i
* ¼

Z
Vi

= _qi
i _riR

T
j df i � €pidmið Þ

þ
XN
j¼i

= _qivCoMj

Z
Vj

df j � €pjdmj

þ = _qi ωj

Z
Vj

dτj � Rj
jrjÞ × €pjdmj,

�
(24)

being dτj ¼ Rj
jrjÞ× df j

�
. At this stage, it is useful to

summarize what we have achieved so far. In essence, we
have simplified the Kane equations in two key ways. First,
we have demonstrated that the reduced-order dynamics of
the i-th body does not directly depend on its predecessors, as
indicated by the summation index j starting from i. Second,
we have shown that the dynamics relies on three distinct
types of terms. The first term captures effects local to the
body. The other two account for the balance of forces and
momenta with respect to the center of mass, and propagate
also to the previous bodies through the summation. We now
proceed with a further manipulation of the equations that
will allow to obtain a recursive form.

By exploiting the invariance of the scalar product under
rotations, it is possible to express (24) in the body frame {Si} as

Qi þ Q
i
* ¼

Z
Vi

= _qi
i _ri d

if i � i€pidmiÞ
�

þ
XN
j¼i

= _qi
jvCoMj

Z
Vj

djf j � j€pjdmj

þ = _qi
jωj

Z
Vj

djτj � jrj ×
j€pjdmj, (25)

where dif i ¼ RT
i df i and diτi ¼ RT

i dτi denote the force and
torque in {Si}, respectively. For the sake of readability, we
introduce the following definitions:

iF i ¼
Z
Vi

dif i,
iF i

* ¼ �
Z
Vi

i€pidmi,
iT i ¼

Z
Vi

diτi,

(26)

and

iT i
* ¼ �

Z
Vi

iri ×
i€pidmi: (27)

Henceforth, the terms active force and torque of Bi are
used to denote iF i and iT i, respectively. Similarly, iF i*

and iT i
* are its inertial force and torque. Examining the

previous equations, the two active terms can be in-
terpreted as the net external force and torque averaged
over the entire body. Analogously, the inertial terms
represent the time derivatives of the linear and angular
momentum.

Note also that the dimension of all the above vectors is
three, independently of the number of generalized
coordinates.

Substituting (26) into (25) leads to the compact form

Qi þ Q
i
* ¼

Z
Vi

= _qi
i _ri d

if i � i€pidmiÞ
�

þ
XN
j¼i

= _qi
jvCoMj

jF j þ jF j
*

� �
þ = _qi

jωj
jT j þ jT j*
� �

: (28)

The previous expression can be further simplified recalling
(56), which implies that, for j = i,

= _qi
jvCoMj ¼ = _qi

jvj þ = _qi
jωj

jepCoMj þ = _qi
j _pCoMj ,

and, for j > i,

= _qi
jvCoMj ¼ = _qi

jvj þ = _qi
jωj

jepCoMj :

Indeed, the position of the center of mass in the body frame,
and consequently also its time derivative, depends only on
the configuration variables of the body. The substitution of
the above identities into (28) gives

Qi þ Q
i
* ¼ iπi þ iπi*þMi, (29)

with

iπi ¼
Z
Vi

= _qi
i _ri þ i _pCoMi

� �
dif i ¼

Z
Vi

= _qi
i _pid

if i, (30)

iπi* ¼ �
Z
Vi

= _qi
i _ri þ i _pCoMi

� �i€pidmi ¼ �
Z
Vi

= _qi
i _pi

i€pidmi,

(31)

and
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Mi ¼
XN
j¼i

= _qi
jvj

jF j þ jF j
*

� �
þ = _qi

jωj

jT j þ jT j
* þ j _pCoMj ×

iF j þ jF j
*

� �� �
:

(32)

It is easy to observe that iπi and iπi* contain terms that
depend only on Bi. As such, these terms can be computed
without any recursion. In contrast, Mi involves the forces
and torques of Bi as well as those of all subsequent bodies in
the chain. We thus need a way to compute recursively the
latter. The following theorem formalizes the main contri-
bution of this work, namely that Mi can indeed be ex-
pressed in a recursive form.

Theorem 1.Given q, _q and €q,Mi; i2fN ,…, 1g, admits
the following backward recursive expression

Mi ¼ = _qi
ivi

iFi þ iFi*
� �þ = _qi

iωi
iT i þ iT i*
� �

, (33)

where

iFi þ iFi* ¼ iF i þ iF i
*

þ iRiþ1
i 1Fiþ1 þ i 1F

iþ1
*

� �
,

iT i þ iT i* ¼ iT i þ iT i
* þ ipCoMi ×

iF i þ iF i*
� �

þ iRiþ1
i 1T iþ1 þ i 1T

iþ1
*

� �
þ itiþ1 ×

iRiþ1
i 1Fiþ1 þ i 1Fiþ1

*
� �

, (34)

with N 1FNþ1 ¼ N 1F
Nþ1
* ¼ 03 ½N� and N 1TNþ1 ¼

N 1T
Nþ1
* ¼ 03 ½N m�.

Proof. See Appendix A.3.

In (34), the terms iFi and iT i account for the total effects
of the linear and angular active forces on Bi due to Bi itself
and all its successor bodies. Similarly, iFi* and iT i* are the
corresponding inertial forces. It is worth remarking that the
active and inertial terms can be computed alone by setting
the dual terms to zero. For example, we can obtain iFi*

setting iF i ¼ i 1Fiþ1 ¼ 03 in (34). Additionally, note that
= _qi

ivi and = _qi
iωi project the system dynamics in the di-

rection of qi. These projectors can be obtained seamlessly
from the kinematic model because they depend only on
quantities of the body. Indeed, (54) and (55) imply

= _qi
ivi ¼ = _qi

i�1Fi�1, i
i 1RiðqiÞ,

and

= _qi
iωi ¼ = _qi

i�1ωi�1, i
i 1RiðqiÞ: (35)

Toy Example (Continuation). Using the kinematics
derived in the previous section, the projectors for a CC body
are given by

= _qi
ivi ¼

cq � 1

q2

0
q� sq
q2

0BBBB@
1CCCCA,

and

= _qi
iωi ¼

0
�1
0

0@ 1A:

Remark 5. Equations (29)–(35) represent a recursive
form of the dynamics, parameterized by
iπi, iπi*,

iFi, iFi*,
iT i and iT i*. These equations hold for

any soft robotic system satisfying Assumption 1.

Observe also thatMi satisfies an important property that
is useful for solving the ID problem.

Property 1. The operator Mi is linear in all its
arguments.
Proof. The property follows from (32) (or, equivalently,

(34)) since the matrix and cross products are linear operators.

The above result is quite useful for our derivation since it
allows isolating the contributions of the generalized active
forces. In turn, this implies thatQi andQi* can be computed by
nullifying the inertial and active terms, respectively, that is,

Qi ¼ iπi þMiðiFi, 03,
iT i, 03Þ ¼ �Q

i
*, (36)

and

Q
i
* ¼ iπi* þMið03, iFi

*, 03,
iT i*Þ ¼ �Qi, (37)

where the last identity in (36) and (37) arises from
Qi þ Qi* ¼ 0ni. Using the last equation and the recursive
form of Mi in (33), the inertial inverse dynamics can be
computed as

Qi ¼ �iπi* � = _qi
ivi

iFi* � = _qi
iωi

iT i*: (38)

This expression represents the core of our ID algorithms.

5.1. Evaluation of the inertial force and torque

In this section, we address the evaluation of iF i*,
iT i* and

iπi*. Indeed, if these terms are known, (38) and Theorem 1
provide a way to recursively calculate Qi, thereby solving
Problem 1. In other words, thanks to Theorem 1, we can
immediately solve the IID problem once the expression of
the body inertial terms is available.

Using (57), iF i* takes the form

iF i* ¼ �iaCoMimi, (39)

where (11) and (20)–(21) have been employed.
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A similar computation for iT i* leads to

iT i* ¼ �
Z
Vi

d

dt
iri × RT

i

d

dt
Ri

iri
� �� �

dmi: (40)

Note that the integrand of the right-hand side represents the
time derivative of the angular momentum about the center
of mass. Now, using the identity

d

dt
Ri

iri
� � ¼ ωi ×Ri

iri þ Ri
i _ri,

after some computations, (40) becomes

iT i* ¼ �iI i
i _ωi � iωi ×

iI i
iωi � i _I iωi � iωi

×

Z
Vi

iri ×
i _ridmi �

Z
Vi

iri ×
i€ridmi, (41)

where we defined the body inertia

iI i ¼
Z
Vi

ieriT ieridmi,

and its time derivative

i _I i ¼ diI i
dt

¼
Z
Vi

ie_riT ieri þ ieriT ie_ridmi:

Indeed, recall that, when the body is deformable, iri is a
function of time through qi(t). Note also that the first two
terms in the right-hand side of (41) model the rigid motion,
while the remaining arise because of deformability, as
expected (Stramigioli, 2024).

Now consider iπi*. By substituting (60) into (31) and
performing some computations, one obtains

iπi* ¼ �= _qi

Z
Vi

iri ×
i _ridmi

� �
i _ωi

þ 1

2
IniÄ

iωT
i

iωT
i ÄI3

� �� �� �
vec =qivecð

i _I iÞ
� �T� �

� 2

Z
Vi

i _ri ×= _qi
i _ridmi

� �
iωi

�
Z
Vi

= _qi
i _ri

i€ridmi þ = _qi
i _pCoMi

iF i*, (42)

which can be computed using the differential kinematics
and F i*.

Remark 6. All the inertial terms are functions of qi, _qi
and €qi and their functional expression can be com-
puted offline once the kinematic model of the body and
its mass density are known. When a closed-form ex-
pression for the above integrals is not available,
numerical integration techniques, such as the
Gaussian quadrature rule, must be used. Since the
numerical approximation of integrals is a distinct

research area and not the focus of this work, we refer
the reader to Davis and Rabinowitz (2007) and the
references therein for an introduction to the topic. For
the numerical results presented in the following, the
integrals have been implemented through Gaussian
quadrature rules with Legendre polynomials bases.

Combining all the above results, Q can be computed—and
so Problem 1 solved—recursively using Algorithm 1. Anal-
ogous to the rigid body case (Featherstone, 2014), the pro-
cedure involves a forward and a backward step. In the forward
step, q and its time derivatives are used to compute velocities
and accelerations, enabling the evaluation of iF i*,

iT i* and
iπi*. At the same time, also the configuration space projectors
= _qi

ivi and = _qi
iωi are computed. In the backward step, the

generalized inertial force is computed by projecting the inertial
terms in the configuration space. This is achieved using (38)
and the recursive expression for iFi* and iT i* given by (34).
The computational complexity grows linearly with the number
of bodies, as formalized below.

Corollary 1. The computational complexity of Algorithm
1 is O(N).
Proof. From Lemma 1, (39) and (41)–(42), the cost of the

forward step in Algorithm 1 is O(N). Similarly, given the
recursive form of Mi in Theorem 1 the computational
complexity of the backward step is O(N). Recall indeed that
Mi can be evaluated backward throughFi* and T i*, which are
in turn computed from the differential kinematics,F i* andT i*.

To better illustrate Algorithm 1 and its computational
advantages over the EL approach, we present flow diagrams
for both methods in Appendix A.4.

Toy Example (Continuation). According to (39) and
(41)–(42), the inertial terms required by Algorithm 1 are
derived from the kinematics and the body mass density.
Assuming the latter has a unitary value, and after some
simplifications, the inertial force and torque can be ex-
pressed as

iF i*¼

π €qq2ð1� cqÞþ2qsqð€q� _q2Þþ6 _q2sq�4 _q2q
� �

q4

0

π _q2ðq2þ6cq�6Þþqsqð2 _q2�€qqÞ�2€qqcq
� �

q4

0BBBBBB@

1CCCCCCA,

iT i* ¼

0

π
2q5

€qq 6� q2 � 6cq � 2qsq
� �

þ _q2 �16þ 4q2 þ 16cq þ 4qsq
� �

0

0BBBBBBB@

1CCCCCCCA:
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Proceeding similarly for the local inertial forces yields

iπi* ¼ π
6q6

18€qq2 � €qq4 þ 60 _q2sq � 24€qqsq
�

þ 6€qq2cq � 12 _q2qcq � 48 _q2qþ 4 _q2q3Þ:
All the necessary terms needed to compute the IID for a

robot containing CC bodies connected are now available.
Indeed, the forward step of Algorithm 1 computes iF i*,
iT i*, and

iπi*. These are then projected in the configuration
space by = _qi

ivi and = _qi
iωi during the backward step.

Note also that we have derived closed-form expressions
for all terms. This implies that, for a robot with planar CC
bodies, the ID can be computed analytically for an arbitrary
number of bodies using Algorithm 1.

In the case where the system contains only rigid bodies,
the IID for rigid robots are immediately recovered, as one
might expect.

In assessing the computational complexity of Algorithm
1, we do not account for the cost of evaluating the intra-body
terms, that is, those that depend on the body kinematics (8).
However, in practice, the computational resources required
for their evaluationmay be significant. For an analysis of how
kinematics affects the computation of the ID, the interested
reader is referred to Appendix A.5.

Remark 7. Similar to ID algorithms for rigid robots
(Featherstone, 2014), Algorithm 1 is well-suited for
parallelization. Indeed, the relative kinematic and dynamic
terms, such as= _qi

ivi and iπi*, can be evaluated in a parallel
loop prior to executing the forward and backward steps of
Algorithm 1. Their computation typically accounts for the
majority of the processing time. This is primarily due to the
need for repeated evaluations of highly nonlinear functions
that depend on the kinematics (2), which cannot be
accelerated since the latter is treated as a black-box.
Therefore, significant attention should be devoted to im-
plementing these terms as efficiently as possible.

5.2. O(N) computation of M(q)

We now discuss how Algorithm 1 can be modified to
compute the generalized mass matrix M(q) alongside the
generalized active force Q in O(N) steps.

First, observe that

MðqÞ€q ¼ IIDðq, 0n, €qÞ,
which implies

MðqÞ ¼ J €q IIDðq, 0n, €qÞ ¼ �J €q π*
0 � J €q M0, (43)

where the superscript 0 on π* and M indicates that these
terms are computed with zero velocity. In other words, the
evaluation ofM(q) can be performed by setting the velocities
to zero and differentiating both π* andM with respect to €q.
It is worth noting that the idea of exploiting the linearity of the
dynamics in the accelerations to evaluate the mass matrix has
already been proposed for rigid manipulators, both in

configuration space (Pu et al., 1996; Rodriguez and Kreutz-
Delgado, 1992) and task space (Lilly and Orin, 1990).
However, to the best of our knowledge, this is the first time
such a method is discussed for robots with deformable
bodies. We also propose embedding the computation of M
directly into the ID process because it has minimal impact on
computation time while providing greater flexibility for
control purposes. In Appendix A.6, we detail how M can be
computed alongside Q and present a new algorithm called
Mass Inertial Inverse Dynamics (MIID) for this computation.

Having a procedure that allows evaluating also M while
solving the ID offers two benefits. First, it enables the
computation of nonlinear control techniques for under-
actuated mechanical systems (Spong, 1994), such as con-
tinuum soft robots, and variable gain PD control (Della
Santina and Albu-Schaeffer, 2020; Santibañez and Kelly,
2001;Wotte et al., 2023) with a single call to the ID. Second,
it provides a means of solving the FD problem, that is, given
q, _q and Qðq, _q,uÞ compute €q, with a significant speedup
over the inertia-based algorithm (IBA) (Featherstone,
2014). Computing forward dynamics using an ID proce-
dure, whether the MIID or the IBA, is never optimal.
Nonetheless, it is worth mentioning this class of approaches
because they are almost effortless to implement and have
been used in the simulations of this paper.

Given the MIID, one can solve the FD in two steps
c,Mð Þ ¼ MIIDðq, _q, 0nÞ,
€q ¼ M�1ð�cþ QÞ.

Recall that, in the above algorithm, Q is known because
we are solving the FD problem. On the other hand, in the
IBA, €q is computed in three stages

Because of the mass matrix inversion, the complexity for
solving the FD with the MIID is the same as that of the
IBA, namely O(N3). However, in the IBA, the compu-
tation of M requires n calls to the ID, resulting in a O(N2)
cost. Additionally, the kinematic and inertial terms must
be re-evaluated at every call with an obvious waste of
computational resources. When the body geometry is
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complex, the computation of these terms can easily become a
bottleneck and exceed the time required for matrix inversion,
especially if the total number of DoFs remains in the order of
tens, as is customary in ROMs for control purposes.

6. Inverse dynamics

After solving Problem 1, we now demonstrate how to
solve the ID problem (Problem 2). At this stage, the ID
can be conceptually addressed by leveraging the IID
algorithm and Property 1 to separate, without affecting
computational complexity, the effects of the actuators from
those of other active forces, such as the gravitational load and
the interaction forces due to body deformability.

Specifically, being elements of vector spaces, dif i and
diτi can be decomposed in the forces and torques acting on the
body. This paper considers, other than actuation, two addi-
tional types of active forces, namely gravitational and visco-
elastic forces. Thus, the active force and torque take the form

dif i ¼ dif gi þ dif si þ dif ai , (44)

and

diτi ¼ diτsi þ diτai , (45)

where dif gi , d
if si and dif ai denote the force due to gravity,

stress and actuation, respectively. The vectors diτsi and diτai
represent their rotational counterparts. Note that the effect of
gravity appears only as a linear force, namely diτgi ¼ 03.
Recalling the definition of Qi in (22) and the subsequent
derivations, the generalized active force is

Qiðq, _q,uÞ ¼ �giðqÞ � siðq, _qÞ þ νiðq, uÞ, (46)

where each term in the right-hand side of the equation is
obtained by replacing dfi and dτi with the corresponding
force and torque as in (44) and (45). We can now compute
the ID replacing (46) into (23) as

νi ¼ giðqÞ þ siðq, _qÞ � Q
i
*,

or, equivalently by using (36)–(37) and the linearity of Mi

(Property 1),

νi ¼ �iπi* � iπg
i � iπs

i

�MiðiFg
i þ iFs

i ,
iFi*,

iT s
i ,

iT i*Þ,
with iFfg, sg

i and iT s
i obtained recursively by using iF fg, sg

i

and iT s
i in (34). The last two terms and iπfg, sg

i are obtained
replacing the respective infinitesimal forces and torques into
(26)–(27) and (30), respectively. We address their com-
putation in the following subsections.

The pseudo-code for the computation of νi is given in
Algorithm 2, which is similar to that of the IID. The dif-
ference lies in accounting for the terms that correspond to
active forces which are not those generated by actuation.
Note that it is possible to embed the computation of the mass
matrix also in Algorithm 2 by using the same recursive
formulas of the Jacobians presented in Appendix A.6 for

Algorithm 1 and leading to an algorithm analogous to the
MIID, denoted later as Mass Inverse Dynamics (MID).

6.1. Gravitational force

In the following, we focus on computing the gravitational
load, which is obtained by considering the gravitational
force acting on an infinitesimal volume element of the body
and by integrating over the entire body volume.

Specifically, the gravitational active force performing
work on Bi is

F g
i ¼

Z
Vi

RT 0
i gdmi ¼ RT 0

i gmi ¼ gmi
i, (47)

being 0g2R
3 the gravity vector in {S0} and ig its repre-

sentation in body coordinates. Similarly, we have
iπg

i ¼ = _qi
i _pCoMi

igmi: (48)

The computation of iF g
i can be performed sequentially

from the first body to the last. However, by comparing (47)
with (39) and (48) with (42), it is possible to see that the
effect of gravity can be incorporated into the calculations by
setting the acceleration of the base to 0a0 ¼ �0g.

Toy Example. (Continuation). Under the assumption
that the robot base is rotated so that the gravitational force
acts along the Z direction, that is, 0g ¼ 0 0 g0ð ÞT , the
above terms become

iF g
i ¼

�πg0sq
0

�πg0cq

0@ 1A,

and

iπg
i ¼ �π g0 2 cq þ q sq � 2

� �
q3

:

6.2. Visco-elastic force

As final step in evaluating the ID, we assess visco-elastic
generalized forces, which model the tendency of a
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continuum to return in its undeformed configuration. The
derivation of these force requires necessarily further hy-
potheses because a stress-strain model is required. In the
following, we assume that siðq, _qÞ ¼ kiðqÞ þ diðq, _qÞ, and
denote the corresponding infinitesimal forces (torques) as
dif ei ðdiτei Þ and dif di ðdiτdi Þ, respectively. Furthermore, let

iBi ¼ Jxi f Bi
Jxi f Bi

� �T
,

the Green strain tensor. Assuming an incompressible Neo-
Hookean solid one has

dif ei ¼ 2Cidivxi
iBidV ,

and

diτei ¼ iri × d
if ei ,

where Ci is a material parameter. Note that the
divergence operator projects the internal stress into the dy-
namic equations (Lacarbonara, 2013). Similarly, considering
a Kelvin–Voigt model for the viscous forces leads to

dif di ¼ ηiCidivxi
i _BidV ,

and

diτdi ¼ iri × d
if di ,

being ηi the material damping factor.
Finally, iF fe, dg

i , iT fe, dg
i and iπfe, dg

i can be obtained by
proper integration over the body domain using (26)–(27)
and (30).

Toy Example. (Continuation). It can be shown that
(Armanini et al., 2023), for the above stress-strain model,
the visco-elastic force is linear and takes the form
si ¼ π=4 q� _qð Þ, assuming again unitary values for elastic
and damping parameters.

Remark 8. Many different stress-strain models could
have been considered. Indeed, from Property 1, a dif-
ferent model of these forces will affect only the com-
putation of si.

7. Numerical results

The main contribution of this work is a unified and model-
agnostic procedure to evaluate the ID of soft robots ROMs for
control purposes. The previous algorithms are validated
through numerical simulations, which are illustrated below.
Experimental validation is beyond the scope of this paper and
will be considered in future work. Additionally, it is important
to keep in mind that the derived ID procedures, by design, do
not depend on the specific kinematic model used and produce
dynamics equivalent to the EL equations, as proven in
Appendix A.2. Therefore, the accuracy of the dynamic models
obtained with our algorithms is equivalent, up to numerical
precision, to that of the EL approach, which primarily depends
on the accuracy of the underlying kinematic model. For the

same reasons mentioned above, we decided not to validate our
method using open-source datasets available in the literature,
such as Grassmann et al. (2022).4

Below, we utilize the MID algorithm described in
Section 5.2 to simulate—despite this is not its intended
use—and control a soft continuum robot with 3D bodies and
a hybrid rigid-soft manipulator. In both simulations, we use
a kinematic model based on LVP primitives (Xu and
Chirikjian, 2023). It is the first time such model is used
for dynamic simulation and thus also this section presents a
(small) contribution of the paper. Through these simulations
we also show the benefit from a control perspective of
including the computation of M in the solution of the ID
problem. In a third simulation, we compare the computation
time of the IID algorithm with that of the EL equations to
show the scalability of the recursive EoM.

The same ID algorithm is used in all the following
simulations. Every simulation is implemented by providing
a different robot model to the procedure. The simulations
are implemented in MATLAB through Jelly, an object-
oriented library offering C/C++ code generation function-
ality both in the MATLAB and Simulink environment.

7.1. Simulation 1: Trimmed helicoid continuum
soft robot

We consider the task of controlling a trimmed helicoid con-
tinuum soft robot inspired by Guan et al. (2023) and illustrated
in Figure 4. These soft robotic systems do not satisfy the
Cosserat rod assumption because they deform in all directions.
As a consequence, other kinematic models should be con-
sidered to capture the system motion. The robot consists of
three helical bodies of rest length Li = 10 � 10�2 [m] and radius
2 � 10�2 [m]. The base is rotated so that the arm is aligned with
the gravitational field in the straight configuration. Each body
has uniform mass distribution ρi = 960 [kg m�3], elastic
parameter Ci = 0.178 [MPa] and damping coefficient ηi = 0.05
[s]. The robot is actuated through nine straight tendons,
running in triplets from one body to its successor and routed
along their external perimeters. The kinematics is modeled
using LVP primitives (Xu and Chirikjian, 2023), a new
reduced-order FEM-like approach for modeling soft robots
that has been simulated only in static conditions. The primi-
tives are functions hpðxi, qBi

Þ 2R
3; p2f1,…,Pg modeling

elementary types of deformation and satisfying the property
that det(Jx hp) = 1 so that volume is locally preserved. Given a
set of primitives, the body kinematics is obtained by function
composition leading to

f Bi
ðxi, qBi

Þ ¼ hPðhP�1ð…h1ðxi, qBi
Þ, qBi

Þ, qBi
Þ,

which is a highly nonlinear function in both arguments. It is
worth remarking that ID algorithms for flexible bodies or
discrete Cosserat rods are not suitable for solving the ID
problem for such kinematics. We consider six different
types of LVP primitives, namely elongation, bending, shear
and twist.
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Table 4 summarizes, for each primitive, the modes
functions used, which provide eight DoFs to each body. We
refer the reader to Xu and Chirikjian (2023) for the functional
structures of the primitives and more details on this modeling
approach. Given that the motion of the system is parame-
terized by a finite number of configuration variables, the
dynamics takes the form of (1), namely

MðqÞ€qþ cðq, _qÞ þ gðqÞ þ sðq, _qÞ ¼ νðq,uÞ ¼ AðqÞu,
where q2R

24, AðqÞ 2R
24×9 is the actuation matrix pro-

jecting the control inputs into the configuration space and
u2R

9 denotes the vector of actuation inputs, that is, the
tendons tensions. The actuation matrix is computed using
the principle of virtual work, following steps similar to those
of Renda et al. (2022), as

δqTνðq,uÞ ¼ δlðqÞTu ¼ δqTAðqÞu,
where l(q) is the actuator length in the given configu-
ration. Thus, the robot is highly underactuated with a 15
degree of underactuation. We use the stress-strain model
described in Section 6.2. More accurate and sophisticated
actuation and stress-strain models could have been
considered. Here, we choose a reasonable balance be-
tween fidelity and applicability for control purposes. The
volume integrals appearing in the ID algorithms are
computed numerically using meshes of 2749 tetrahedrons
for each body.

The control problem consists in following three circular
trajectories assigned at the bodies tips. The commanded
references in the robot base coordinates are (in [m])

t1d ¼

0:02 cos
2π
5
t

� �
0:02 sin

2π
5
t

� �
0:08

0BBBBBB@

1CCCCCCA, t2d ¼

0:025 cos
2π
5
t

� �
0:025 sin

2π
5
t

� �
0:15

0BBBBBB@

1CCCCCCA,

and

t3d ¼

0:030 cos
2π
5
t

� �
0:030 sin

2π
5
t

� �
0:24

0BBBBBB@

1CCCCCCA:

Given the highly underactuation, the derivation of a
Cartesian controller with proven stability guarantees is not
straightforward and not addressed yet in the control liter-
ature. We thus solve the control problem in two steps. First,

the Cartesian trajectory td ¼ tT1d tT2d tT3d

� �T
is sampled

and used to solve a static problem, which provides the
unique equilibrium compatible with the unactuated dy-
namics for the given reference. Remarkably, the ID pro-
cedure offers a mean of efficiently solving also the statics
since, in a robot equilibrium, the following holds

gðqeqÞ þ sðqeq, 0Þ þ AðqeqÞueqðqeqÞ ¼ 0n, (49)

where ueq(qeq) is the actuation force—here obtained from a
Cartesian regulator—and qeq the unknown equilibrium.
Specifically, the above equation can be solved numerically
with a Newton–Raphson routine calling iteratively Algo-
rithm 2. The equilibria, obtained by solving (49) at the
sampled time instants, are then interpolated into a twice
differential trajectory and converted into a smooth reference
yd(t) for the actuation coordinates (the tendons elongation
inside the robot), which are then commanded through a
Partial Feedback Linearization (PFBL) on the collocated
dynamics (Pustina et al., 2024). Thanks to the stability of the
zero dynamics (Pustina et al., 2022), the controller guarantees
proven global exponential stability and takes the form

u ¼ ðMθ
aa �Mθ

auM
θ
uu

�1
Mθ

uaÞaþ cθa

�Mθ
auM

θ
uu

�1
cθu þ gθu þ sθu
� �

,

a ¼ €yd þ KDð _yd � _yÞ þ KPðyd � yÞ,

8><>:
where the system dynamics—expressed through the su-
perscript (�)θ in the decoupling coordinates θ = (yT zT) with
z2R

n�m a complement to y—has been partitioned in ac-
tuated and unactuated part, and KP ¼ 10 � I9 ½N� and KD ¼
1 � I9 ½Ns� are the control gains. The dynamic terms needed
for the computation of the control action can be obtained

Table 4. Modal expansion of the body primitives for Simulation 1.
The body subscript is omitted for the sake of readability.

Deformation Modal expansion

Stretch and compression (x3/L)(1 � x3/L)q1
Planar bending (x1 axis) (q2 + x3q3)/L
Planar bending (x2 axis) (q4 + x3q5)/L
Twist (x3/L)q6
Shear (x1 axis) (x3/L)q7
Shear (x2 axis) (x3/L)q8

Figure 4. Simulation 1. Trimmed helicoid continuum soft robot in
(a) its stress free configuration and (b) a sample configuration.
Note the radial deformation of the bodies in the deformed
configuration.
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with a single call to the MID as MIDðqðθÞ, _qðθ, _θÞ, 0nÞ.
Note the appearance of M in the above control law and so
the utility of having a ID procedure that allows the com-
putation of M as well. Figures 5 and 6 show the time
evolution of the configuration variables, and of the actuation
coordinates and of the control action, respectively. As ex-
pected, y converges exponentially fast to yd. In Figure 7, we
illustrate snapshots of the robot motion in its workspace
during the execution of the task.

7.2. Simulation 2: Hybrid rigid-soft robotic arm

In this simulation, we demonstrate how the proposed ap-
proach can handle robots with rigid and soft bodies, each
possibly modeled using different kinematics. We consider a
hybrid manipulator including a Universal Robot UR10e, a
slender continuum soft arm modeled as a Cosserat rod with
the GVS approach (Boyer et al., 2020), and a soft gripper
modeled as a 3D continuumwith LVP primitives. The setup,
which consists ofN = 8 bodies, is illustrated in Figure 8. The
gravitational force acts along the negative direction of the z-
axis. The soft arm has radius 0.02 [m], rest length 0.3 [m],
mass density 1070 [kg m�3]. The material elastic and
damping coefficients are 0.17857 [MPa] and 0.1 [s], re-
spectively. Three tendons displaced by an angle of 120° and
at a distance from the center backbone of 0.015 [m] actuate
the Cosserat segment. For the sake of simplicity, its
backbone strain is modeled under the piecewise constant
curvature hypothesis with elongation, thus resulting in three
DoFs for this body. The effect of actuation is modeled as in

Renda et al. (2022). On the other hand, the soft gripper has
mass density 960 [kg m�3], elastic coefficient 22.2 [MPa],
and damping factor 0.05 [s]. The gripper kinematics is
modeled with two LVP primitives: an elongation primitive
and a cavity primitive. The first accounts for the com-
pression when the gripper closes and the second for the
radial change due to inflation of the inner air chamber. The
mode functions used by these primitives are reported in
Table 5.

Because the gripper is the last body in the chain, As-
sumption 2 can be relaxed to allow deformation of the top
area. Thus, we allow for the mode functions of both
primitives to be nonzero at the body distal end, that is, when
x3 = L. The gripper is actuated by applying a pressure
difference with respect to the atmospheric one. This input is
projected into the configuration space using the top and
lateral surface area of the pressurized chamber.

The control task involves using both rigid and de-
formable bodies to navigate the environment and grasp an
object with the end-effector. This task is divided into three
sub-tasks: (i) track a rest-to-rest cubic joint trajectory for the
UR10e between

qiUR10e ¼ 0 0 0 0 0 0ð ÞT ,
and

qfUR10e ¼ π=2 �π=4 �π=4 �π=5 π=8 �π=2ð ÞT ,
while keeping the soft bodies passive, (ii) perform a swing-
up motion with the soft segment to the final configuration

Figure 5. Simulation 1: Time evolution of the configuration
variables (in [rad] and [m]) with a zoomed view in panel (b).

Figure 6. Simulation 1: Time evolution of the (a) actuation
coordinates and (b) control action.
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qfGVS ¼ �π=2 π=4 �0:02ð ÞT ,

and (iii) close the gripper. Each task is executed sequentially
within three time windows t1 2 [0, 3) [s], t2 2 [3, 5) [s], and t3
2 [5, 6] [s]. Sub-task (i) is solved with a PFBL similar to that
of Simulation 1. However, in this case, the controller can be
implemented directly into the configuration space since the
actuation coordinates correspond to the joint angles. The
control gains are chosen as KPUR10e ¼ 100 � I6 ½Nm� and
KDUR10e ¼ 10 � I6 ½Nms�. Sub-task (ii) is accomplished
through a PD regulator with cancellation of gravitational and
stress elastic forces, namely

uGVS ¼ A�1
GVS

h
KPGVS qfGVS � qGVS

� �� KDGVS
_q

þ gGVSðqÞ þ sGVSðqGVS, 0nGVSÞ
i
:

Also the model-based term of this controller can be im-
plemented with a single call to the ID as ID(q, 0n, 0n). Finally,

sub-task (iii) is solved by commanding a feedforward pressure
of 2 [MPa]. We do not use any feedback controller in this case
since it would require the gripper state which cannot be easily
measured through proprioceptive sensors. Figure 9 shows the
time evolution of the (a) configuration variables and (b) control
action (note the different scale in [Pa] for the gripper input).
The two feedback controllers guarantee tracking of the desired
references while keeping the closed loop system provably
stable. During the execution of sub-task (i), namely when the
soft bodies are not actuated, the system state and input remain
bounded thanks to the stability of the zero dynamics. In Figure
10, it is possible to see some snapshots of the robot motion in
its workspace together with the trajectories of the distal ends of
the UR10e, soft arm and gripper.

7.3. Simulation 3

In this last simulation, we compare the computation time
needed to evaluate the inertial and centrifugal generalized
forces, that is,MðqÞ€q and cðq, _qÞ, between our approach and

Figure 7. Simulation 1: Snapshots of the robot motion during execution of the control task.
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the EL approach. The goal of this simulation is to dem-
onstrate the scalability of a recursive formulation of the
dynamics compared to an energetic one. We use models of
planar Piecewise Constant Curvature (PCC) continuum soft
robots because, within a small number of bodies, the EL
equations can still be computed symbolically. As shown
through the toy example, also the terms appearing in our
algorithm can be computed exactly for such class of robots.
This implies that the computation of the dynamics with the
ID algorithm remains exact independent of the number of
bodies. Note that we do not compare our method with
specific implementations for discrete Cosserat rods
(Caasenbrood et al., 2024; Mathew et al., 2022) for two
main reasons. First, the EL approach is the only method
available for computing the ID for the class of soft robots
considered in this paper. Second, a fair comparison would
require using the same programming language and im-
plementation by the same person, as performance can vary

significantly due to these factors. In addition, we do not
claim that our algorithms are more efficient than specific
implementations for soft robot subclasses. On the other
hand, as shown in the previous simulations, we can solve the
ID problem not only for discrete Cosserat rods but also for
more generic soft robot models.

By using Algorithm 1, the inertial and centrifugal forces
are computed with the following arguments

MðqÞ€q ¼ IIDðq, 0n, €qÞ,
and

cðq, _qÞ ¼ IIDðq, _q, 0nÞ:
In contrast, the evaluation of the above terms using the EL
formulation involves computing the Lagrangian symboli-
cally with the moving frame algorithm. The inertial and
centrifugal forces are then obtained through symbolic dif-
ferentiation. These expressions are simplified and exported
as MATLAB functions for numerical evaluation.

We compare the two approaches by measuring the time
needed to build the model, and evaluate MðqÞ€q and cðq, _qÞ
through multiple calls of the corresponding methods,

Figure 8. Simulation 2: Hybrid rigid-soft robot consisting of a
Universal Robot UR10e (in gray), a slender soft body modeled
as a discrete Cosserat continuum (in blue) and a soft gripper
modeled with LVP primitives (in red and zoomed in panel (b)).

Table 5. Modal expansion of the body primitives for the soft
gripper of Simulation 2.

Deformation Modal expansion

Stretch and compression ðx3=LÞ2q10
Source ðx3=LÞ2q11

Figure 9. Simulation 2: Time evolution of the (a) configuration
variables (in [rad] and [m]) and (b) system input (in [N m], [N]
and [Pa]). In panel (a), the reference for the controlled
configuration variables is illustrated with black dashed lines.
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subsequently calculating the median and standard deviation
of these measurements. The bodies have radius 0.03 [m],
rest length 0.3 [m], and mass density 1000 [kg m�3]. Figure
11(a)–11(c) shows the simulation outcomes for unitary
values of the configuration variables and their time

derivatives. Using the EL equations, we could compute the
model for only up to six bodies. After this number, the
computation time exploded and it became impractical to
obtain the dynamics. Instead, for our approach, the time to
build the model remains below 4.52 [s] up to twenty bodies

Figure 10. Simulation 2: Snapshots of the robot motion during execution of the three control phases.

Figure 11. Simulation 3: Comparison of ID using our method or using EL on planar soft robotic systems with increasing number of CC
bodies. Time needed for (a) the computation of the model, and the evaluation of the (b) inertial and (c) centrifugal forces. Norm of the
relative difference between the ID evaluated using the EL approach and our method (d). The EL approach is faster when few bodies are
considered. However, its evaluation time increases quickly becoming soon impractical. This is because the functional expressions of
MðqÞ€q and cðq, _qÞ become progressively more complex and cannot be evaluated recursively, thus requiring more resources both in
terms of CPU time and memory.
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(see Figure 11(a)) as it is just the time needed to compute the
functional expression of the integrals from the kinematics
and allocate in memory the objects representing the bodies.
When the number of bodies is small, the EL method is faster
because it provides a closed-form expression of the gen-
eralized forces. However, the computation time increases
exponentially (note the logarithmic scale) and quickly ex-
plodes. On the other hand, once the local body kinematics is
updated, our algorithm computes the terms iteratively by
performing algebraic operations, the most of which have
dimension three. Indeed, recall that Mi depends on three-
dimensional vectors. Furthermore, memory efficiency is
enhanced by coding the functional expression of integrals
and partial derivatives only once for all bodies. Figure 11(d)
shows the norm of the difference in the evaluation of the ID
between the two approaches. Specifically, for each model,
we evaluate the ID using the EL method and our algorithm
with hundred random samples of triplets ðq, _q, €qÞ ranging in
the intervals [qmin, qmax] = [�π, π] [rad], ½ _qmin, _qmax� ¼
½�10; 10� ½rad s�1� and ½€qmin, €qmax� ¼ ½�100; 100�
½rad s�2�. Then, we compute the relative difference be-
tween the outputs and subsequently the mean and standard
deviation.

8. Conclusions and future work

This paper presents a recursive formulation of the equa-
tions of motion for holonomically constrained serial soft
robotic systems whose kinematics can described or ap-
proximated by a finite number of configuration variables.
The approach is independent of the body kinematics,
domain, and type. However, since the kinematics is treated

as a black box function, recursivity can be developed only
between the bodies of the system and not within the
material domain.

By considering a generic kinematic model for each soft
body, the equations of motion are derived using the weak
form of dynamics and the Kane method. It is then proven
that these equations admit a recursive expression, enabling
the development of algorithms solving the inverse dynamics
problem. The procedure has linear complexity in the
number of bodies, or equivalently in the number of degrees
of freedom, making it optimal. Additionally, it is demon-
strated that it is possible to simultaneously evaluate the mass
matrix and inverse dynamics without affecting computa-
tional complexity.

The versatility of the method is shown through simu-
lations of a new reduced-order model of a trimmed helicoid
robot and a hybrid arm consisting of rigid and soft bodies
with different kinematic models. Its scalability is also il-
lustrated in a comparison with the Euler–Lagrange method,
which is the only approach that allows the computation of
the inverse dynamics for the considered class of robots.

Future work will focus on the experimental validation of
the method for model-based control. Additionally, we aim
to investigate the modifications needed for the algorithm to
handle non-holonomic constraints. Another research di-
rection is to explore the recursive form of the dynamics to
optimally solve the forward dynamics problem.
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Figure 12. Flow diagrams representing (a) Algorithm 1 and (b) the EL algorithm. Both procedures can be implemented in two passes,
with their primary subroutines highlighted in green and blue, respectively. The top-right corner of each subroutine indicates its
associated computational complexity, assuming that the cost of kinematic evaluations is negligible. During the second pass, the first
subroutine of the EL method incurs a computational cost of O(N) for every iteration index i due to the presence of a summation over all
system bodies in K. Consequently, this results in an overall complexity of O(N2). In contrast, all subroutines of the Algorithm 1
maintain a constant computational complexity.
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Notes

1. It is noteworthy that a procedure for the ID problem can also be
used to solve—efficiently although not optimally—the forward
dynamics (FD) problem, namely the problem of computing €q
from q, _q and u, and to implement implicit integration schemes
(Boyer et al., 2024). For example, this is an essential tool for
data-hungry learning techniques trained in simulation (Li et al.,
2021, 2022, 2024).

2. A robot is holonomically constrained if it is subject to con-
straints that depend only on position (and possibly time), but
not on velocity.

3. (Abraham et al., 2016) Let f ðx, tÞ :U4R
n ×R→V4R

3 be a
C1 mapping with U constant in time. Then

d

dt

Z
U

f ðx, tÞdu ¼
Z
U

d

dt
f ðx, tÞdu:

4. Note also that available datasets are more suitable to assess the
accuracy of a novel kinematic model and/or a forward dynamics
procedure, neither of which is the focus of this work.

5. In a rigid system, iri and ipCoMi are constant.
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Appendix

A.1. Derivation of the differential kinematics

Here, we present in detail the first- and second-order differ-
ential kinematics, which are used in the recursive formulation
of the equations of motion. The derivation process parallels the
steps undertaken for a rigid system. However, additional terms
emerge due to body deformability. Specifically, the time de-
rivatives of pi and pCoMi

involve the derivatives of iri and
ipCoMi , respectively5. Similar derivations can be found in
studies on flexible link systems, such as Book (1984); Shabana
(1990). However, these works employ (12), which simplifies
the computations.

Time differentiating (14) and (13) yields

vCoMi ¼
dpCoMi

dt
¼ vi þ ωi ×Ri

ipCoMi þ Ri
i _pCoMi , (50)

_pi ¼
dpi
dt

¼ vCoMi þ ωi ×Ri
iri þ Ri

i _ri, (51)

where vi and ωi, which satisfies eωi ¼ _RiRi
T , are the linear

and angular velocity of {Si} in {S0}, respectively. Moreover,
recall from Section 3, that i _pCoMi and i _ri denote the
time derivatives of ipCoMi and ipi. Observing that
ti ¼ ti�1 þ Ri�1

i�1ti, it is possible to verify that vi and ωi

admit the following recursive expressions

vi ¼ vi�1 þ ωi�1 ×Ri�1
i�1ti þ Ri�1

i�1vi�1, i, (52)

ωi ¼ ωi�1 þ Ri�1
i�1ωi�1, i, (53)

being i�1vi�1, i ¼ i�1_ti and i�1ωi�1, i, with i�1eωi�1, i ¼
i�1 _Ri

i�1Ri
T , the relative linear and angular velocity of {Si} as

seen from {Si�1}. As anticipated, the above formulas also
appear in procedures that compute the FD and ID for rigid
systems (Featherstone, 2014). However, the right-hand side
of (50) and (51) contains the additional terms Ri

i _pCoMi and
Ri

i _ri, which account for the relative motions of the center of
mass and of the body points with respect to the reference
configuration because of Bi deformability. A similar de-
composition has been exploited in formulating the dynamics
of flexible links robots (De Luca and Book, 2016) and reflects
an intrinsic coordinate free property of any continuum
(Stramigioli, 2024).

The velocity vectors in the body frame {Si} are defined as

ivi ¼ Ri
Tvi,

iωi ¼ Ri
Tωi,

ivCoMi ¼ Ri
TvCoMi:

Making use of (52) and (53), one obtains the following
recursive expressions

ivi ¼ i�1Ri
T ði�1vi�1 þ i�1ωi�1 ×

i�1t i þ i�1vi�1, iÞ, (54)

iωi ¼ i�1Ri
T ði�1ωi�1 þ i�1ωi�1, iÞ, (55)

ivCoMi ¼ ivi þ iωi ×
ipCoMi þ i _pCoMi , (56)

with 0v0 ¼ 03 ½m s�1� and 0ω0 ¼ 03 ½rad s�1�.

Since the formulation of the dynamics requires the accel-
erations, we time differentiate also (50), (52) and (53), obtaining

aCoMi ¼
dvCoMi

dt
¼ ai þ _ωi ×Ri

ipCoMi þ ωi

× ωi ×Ri
ipCoMi þ Ri

i _pCoMiÞ
�

þ ωi ×Ri
i _pCoMi þ Ri

i€pCoMi ,

ai ¼ dvi
dt

¼ ai�1 þ _ωi�1 ×Ri�1
i�1t i þ ωi�1

× ωi�1 ×Ri�1
i�1t i þ Ri�1

i�1vi�1, iÞ
�

þ ωi�1 ×Ri�1
i�1vi�1, i þ Ri�1

i�1 _vi�1, i,

and

_ωi ¼ dωi

dt
¼ _ωi�1 þ ωi�1 ×Ri�1

i�1ωi�1, i

þ Ri�1
i�1 _ωi�1, i:

From (51) and the above equations, it follows

€pi ¼ aCoMi þ _ωi ×Ri
iri þ ωi × ðωi ×Ri

iriÞ
þ 2ωi ×Ri

i _ri þ Ri
i€ri:

(57)

After rotating once again the above vectors in the body
frame, that is,

iai ¼ Ri
Tvi,

i _ωi ¼ Ri
Tωi,

iaCoMi ¼ Ri
TvCoMi,

some computations lead to

iai ¼ i�1Ri
T
h
i�1ai�1 þ i�1ai�1 ×

i�1ti

þ i�1ωi�1 ×
i�1ωi�1 ×

i�1t i þ i�1vi�1, i

� �
þ i�1ωi�1 ×

i�1vi�1, i þ i�1 _vi�1, i

i
,

(58)

i _ωi ¼ i�1Ri
T i�1 _ωi�1 þ i�1ωi�1 ×

i�1ωi�1, i

�
þi�1 _ωi�1, iÞ,

iaCoMi ¼ iai þ i _ωi ×
ipCoMi

þ iωi ×
iωi ×

ipCoMi þ i _pCoMiÞ
�

þ iωi ×
i _pCoMi þ i€pCoMi ,

(59)

and

i€pi ¼ iaCoMi þ i _ωi ×
iri þ iωi × ðiωi ×

iriÞ
þ 2iωi ×

i _ri þ i€ri: (60)

A.2. Proof of Proposition 1

To show the result it suffices to prove the equivalence
between the Kane and EL equations for a generic config-
uration variable qk. To this end, consider the kinetic energy
of the system

K ¼
XN
i¼1

Ki ¼
XN
i¼1

Z
Vi

1

2
_pTi _pidmi,

where Ki is the kinetic energy of Bi. By the Reynolds
transport theorem, it follows that
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d

dt

Z
Vi

=qkp
T
i _pidmi

� �
¼
Z
Vi

d

dt
=qkp

T
i _pidmi

� �
¼
Z
Vi

d

dt
=qkp

T
i _pi

� �
dmi,

where in the last equality _ρi ¼ 0 has been used. Ex-
panding the derivative and rearranging the terms leads
to Z

Vi

=qkp
T
i €pidmi ¼ d

dt

Z
Vi

=qkp
T
i _pidmi

� �
�
Z
Vi

d

dt
=qkp

T
i

� �
_pidmi:

(61)

Now, note thatZ
Vi

=qkp
T
i _pidmi ¼ = _qk

Z
Vi

1

2
_pTi _pidmi ¼ = _qkKi,

and Z
Vi

=qk _p
T
i _pidmi ¼ =qk

Z
Vi

1

2
_pTi _pidmi ¼ =qkKi,

which substituted in (61) yieldsZ
Vi

=qkp
T
i €pidmi ¼ d

dt
= _qkKi

� �� =qkKi:

From the linearity of the differentiation operation, it
follows

XN
i¼1

Z
Vi

=qkp
T
i €pidmi ¼

XN
i¼1

d

dt
= _qkKi

� �� =qkKi

¼ d

dt
= _qk

XN
i¼1

Ki

 !
� =qk

XN
i¼1

Ki

¼ d

dt
= _qkK
� �� =qkK

Replacing the above equation in (18) finally gives

Qk ¼ d

dt
= _qkK
� �� =qkK:

The result follows by recalling that Qk ¼ �Qk*.

A.3. Proof of Theorem 1

First, note that, for all j ≥ i, the following identities hold

= _qi
jþ1vjþ1 ¼ = _qi

jvj
jRjþ1 þ = _qi

jωj
jt jþ1 ×

jRjþ1, (62)

= _qi
jþ1ωjþ1 ¼ = _qi

jωj
jRjþ1: (63)

The result simply follows by iteratively exploiting the above
equations. In particular, consider the right-hand side of (33),
repeated below for the ease of readability

= _qi
ivi

iFi þ iFi*
� �þ = _qi

iωi
iT i þ iT i*
� �

: (64)

Replacing (34) into the previous equation gives

= _qi
ivi

iFi þ iFi*
� �þ = _qi

iωi
iT i þ iT i*
� �

¼ = _qi
ivi

iF i þ iF i*
� �þ = _qi

iωi

iT i þ iT i* þ ipCoMi ×
iF i þ iF i*
� �� �

þ = _qi
ivi

iRiþ1
i 1Fiþ1 þ i 1F

iþ1
*

� �
þ = _qi

iωi
iRiþ1

i 1T iþ1 þ i 1T iþ1
*

� �
þ = _qi

iωi
it iþ1 ×

iRiþ1
i 1Fiþ1 þ i 1Fiþ1

*
� �

:

By direct inspection, one can recognize that the first two
terms of the above equation correspond to the first two in
the expanded right-hand side of (32). On the other hand,
the remaining three elements have the same form of the
right-hand side of (62) or (63), which can be exploited to
obtain

= _qi
ivi

iFi þ iF i*
� �þ = _qi

iωi
iT i þ iT i*
� �

¼ = _qi
ivi

iF i þ iF i*
� �

þ= _qi
iωi

iT i þ iT i* þ ipCoMi ×
iF i þ iF i*
� �� �

þ= _qi
iþ1viþ1

i 1Fiþ1 þ i 1F
iþ1
*

� �
þ= _qi

iþ1ωiþ1
i 1T iþ1 þ i 1T iþ1

*
� �

: (65)

The last two terms of (65) have again the same form of (64)
but with increased index. The result follows by repeating the
last two steps until the N-th term appears.

A.4. Comparison with the Euler–Lagrange
method

Figure 12 illustrates the flow diagrams of Algorithm 1 and
the EL approach. The latter is characterized by a compu-
tational cost that grows quadratically with the number of
bodies, or equivalently, with the number of DoFs. This leads
to a suboptimal implementation of the ID. Similar con-
siderations hold when active forces are included because the
evaluation of inertial forces still defines a lower bound for
the computational cost.

A.5. Impact evaluation of the kinematic
model complexity

In a deformable system, the computational complexity of
solving the ID problem is influenced not only by the effi-
ciency of evaluating the inter-body dynamics—namely, the
dynamic relationships between the bodies—but also by the
intra-body terms, that is, those that depend on the body
kinematics (8). Indeed, the latter may require non-negligible
computational resources due to their dependence on (2).
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To estimate how the kinematic model affects the cost of
the ID algorithm, one can proceed as follows. For simplicity,
consider Algorithm 1, though similar considerations apply
to all algorithms presented in this paper.

First, note that the terms appearing in the forward and
backward steps of Algorithm 1 depend implicitly on the
reduced-order kinematics and its Jacobian with respect to
the configuration variables, as well as on the numerical
method used to approximate volume integrals. Suppose
that the computational complexity of the reduced-order
model and its Jacobian are given by αi(ni) and βi(ni), re-
spectively. Additionally, let γi(ni) denote the computational
complexity of the numerical method used for computing
the integrals.

From Algorithm 1 and the expressions of all terms
therein, it follows that the cost of both the forward and
backward steps can be estimated as

OðbackwardÞ ¼ OðforwardÞ
¼
XN
i¼1

OðγiðmaxfαiðniÞ; βiðniÞgÞÞ:

In the above expression, we assume that algebraic com-
putations require no resources. Consequently, we have

OðIDÞ ¼ OðbackwardÞ þ OðforwardÞ
¼
XN
i¼1

OðγiðmaxfαiðniÞ; βiðniÞgÞÞ:

Moreover, if we neglect the computational complexity of
the kinematics, that is, assuming αi(ni) = βi(ni) = γi(ni) = k for
some constant integer k, we recover the expected result
O(ID) = O(N).

Similar considerations apply also to the EL method, for
which, however, the cost is

XN
i¼1

OðγiðmaxfαiðniÞ; βiðniÞgÞÞ
 !2

:

A.6. Proof of O(N) computation of the
mass matrix

For the following derivations, it is convenient to split M(q)
into block rows corresponding to each body, namely

MðqÞ ¼

MT
1 ðqÞ
«

MT
i ðqÞ
«

MT
NðqÞ

0BBBBBB@

1CCCCCCA,

withMT
i ðqÞ 2R

ni×n. This way, (43) rewrites equivalently as

MT
i ðqÞ ¼ �J €qπi*

0 � J €qM0
i (66)

We begin by considering J€q M0
i . Recalling the back-

ward recursive expression (33) one has

J €qM0
i ¼ = _qi

iviJ €q
iF

i
*
0 þ = _qi

iωiJ €q
iT

i
*
0
, (67)

with

J €q
iFi

*
0 ¼ J i

€qF i*
0 þ iRiþ1J €q

i 1Fiþ1
*
0
,

and

J €q
iT i

*
0 ¼ J €q

iT i
*
0 þ iepCoMiJ

i
€qF i*

0 þ iRiþ1J €q
i 1T iþ1

*
0

þiet iþ1
iRiþ1J €q

i 1Fiþ1
*
0
,

where the fact that the velocities are zero has been used. To
compute the above expressions, one has to evaluate J i

€qF i*
0

and J€q
iT i*

0
. Recalling (39) and (41), it follows

J i
€qF i*

0 ¼ �miJ €q
ia0CoMi

, (68)

and

J €q
iT i

*
0 ¼ �iI iJ €q

i _ω0
i �

Z
Vi

ieriJ €q
i€r0i dmi (69)

where

J €q
i€r0i ¼ 03×ðni�1Þ Jqi

iri 03×ðn�2niþ1Þ
� �

:

To obtain (68) and (69) the Jacobians of the second-order
differential kinematics are needed. When _q ¼ 0n, (58)–(59)
reduce to

ia0i ¼ i�1Ri
T i�1a0i�1 þ i�1 _ω0

i�1 ×
i�1t i þ i�1 _v0i�1, i

� �
i _ω0

i ¼ i�1Ri
T i�1 _ω0

i�1 þ i�1 _ω0
i�1, i

� �
,

and
ia0CoMi

¼ ia0i þ i _ω0
i ×

ipCoMi þ i€p0CoMi
:

The above terms depend linearly on €q and their Jacobian is

J €q
ia0i ¼ i�1Ri

T J i�1
€q a0i�1 � i�1et iJ i�1

€q _ω
i�1
0

�
þ J €q

i�1 _v0i�1, i

�
,

J €q
i _ω0

i ¼ i�1Ri
T J i�1

€q _ω0
i�1 þ J i�1

€q _ω0
i�1, i

� �
,

and

J €q
ia0CoMi

¼ J €q
ia0i � iepCoMiJ €q

i _ω0
i þ J i

€q€p
0
CoMi

:

These Jacobians can be computed recursively from the
robot base by setting

J €q
ia00 ¼ 03×n, J €q

iω0
0 ¼ 03×n,

and observing that

J i�1
€q _v0i�1, i ¼ 03×ðni�1Þ J i�1

qi
t i 03×ðn�2niþ1Þ

� �
,

and
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J i
€q€p

0
CoMi

¼ 03×ðni�1Þ Jqi
ipCoMi 03×ðn�2niþ1Þ

� �
:

Note that J i�1
qi

ti and Jqi
ipCoMi must also be computed for

the IID and thus are readily available.
In analogy with the computation ofMi, the computation

of J€qM0
i can be done recursively into two stages. First, one

computes J i
€q a

0
i , J€q

i _ω0
i , J€q

ia0CoMi
, J i

€qF i*
0
and J€q

iT *
i

0
for-

ward in the chain. Then, J€qM0
i is obtained backward using

J i
€qF i*

0
and J€q

iT *
i

0
.

We now move to the computation of J€qπi*
0, From (42),

we have

J €qπi*
0 ¼ �= _qi

Z
Vi

iri ×
i _ridmiÞJ €q

i _ω0
i

�
�
Z
Vi

= _qi
i _riJ €q

i€r0i dmi þ = _qi
iπCoMiJ

i
€qF i*

0
: (70)

Again, observe that all the terms appearing in the above
equation are computed during the forward step of the IID, so
implying that J€qπi*

0 can be evaluated in a forward pass.

Leveraging the above results, we can introduce a modified
version of Algorithm 1 that evaluates Q and M. The pseu-
docode for this new procedure, called Mass Inertial Inverse
Dynamics (MIID), is provided in Algorithm 3.

Corollary 2. The computational complexity of Algorithm
3 is O(N).
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