To appear in the International Journal of Robust and Nonlinear Control

Special Issue on Control of Underactuated Nonlinear Systems

Stabilization of an Underactuated

Planar 2R Manipulator

Alessandro De Luca Raffaella Mattone Giuseppe Oriolo^∗

Dipartimen to di Informatica e Sistemistica Università degli Studi di Roma “La Sapienza” Via Eudossiana 18, 00184 Roma, Italy {deluca,mattone,oriolo}@labrob.ing.uniroma1.it

Abstract

We describ e a technique for the stabilization of a 2R robot moving in the horizontal plane with a single actuator at the base, an interesting example of underactuated mechanical system that is not smoothly stabilizable. The proposed metho d is based on a recently introduced iterativ e steering paradigm, which prescrib es the repeated application of an error contracting open-loop control law. In order to compute efficien tly such a law, the dynamic equations of the robot are transformed via partial feedback linearization and nilpotent approximation. Simulation and experimental results are presented for a laboratory protot ype.

∗ Corresponding Author

1 Intro duction

Underactuated robotic systems (i.e., with less control inputs than generalized coordinates) are attracting a lot of atten tion, consistently with the minimalistic trend in the field [1]. Mechanisms that can perform complex tasks with a small number of actuators are desirable in view of their reduced cost, weight and failure rate. On the other hand, innovative approaches are required in order to synthesize effective control strategies for such systems.

In general, underactuated mechanical systems may be controllable via either kinematic or dynamic coupling. Typical examples of the first class are first-order nonholonomic systems, such as wheeled mobile robots and dextrous robotic hands under pure rolling constrain t (e.g., see [2] and the references therein). The equations of these systems are nonlinear and driftless when generalized velocities are considered as control inputs. As a consequence, controllabilit y of the linear approximation is lost, and smooth time-invariant stabilization is not possible in view of a celebrated result by Brockett [3]. Use of standard feedback techniques is then ruled out; the stabilization problem for such systems has been solved using time-varying [4] and/or discontinuous feedback [5, 6, 7].

The second class includes, among others, overhead cranes [8], manipulators with flexible elements [9] and gymnast robots, e.g., the Acrobot [10]. The corresponding system equations are still nonlinear, but a drift term accounting for gravitational or elastic forces is now present. All the above systems are smoothly—in particular, linearly—stabilizable.

However, some underactuated mechanisms that are controllable via dynamic coupling inherit the limitations of kinematic nonholonomic systems, namely the lack of smooth stabilizabilit y. This situation arises whenever the drift term tends to zero when the generalized velocities do. Examples are provided by manipulators with some passive joints in the absence ofgravity [11]or redundan t manipulators driven by end-effector generalized forces [12]. The aforementioned control techniques for first-order nonholonomic systems cannot be applied in these cases, essentially due to the presence of a nontrivial drift. Another hint at the intrinsic difficult y of the control problem for these mechanisms comes from the observation that they are subject to second-order differential constrain ts which are not integrable [11]. Other examples of systems of this kind can be found in [13, 14].

In this paper, we address the stabilization problem for an underactuated 2R robot moving in the horizontal plane. Control methods for this specific mechanism have been presented in [15]based on a Poincaré map analysis, and in [16]using averaging techniques. Our solution relies on the following general scheme: devise an open-loop control which can steer the system closer to the desired equilibrium point in finite time, and apply it in an iterativ e fashion (i.e., from the state attained at the end of the previous iteration). Under appropriate hypotheses, this strategy provides robust exponential convergence to the equilibrium [17]. To perform the computation ofan open-loop control, we approximate the system equations by a nilpotent form [18, 19], which can be easily integrated and, at the same time, preserves the controllabilit y properties of the original system. Nilpotent approximations have been used for nonholonomic motion planning in [20].

The paper is organized as follows. In the next section, we outline the main steps of our approach to the control of underactuated manipulators, which include a partial feedback linearization, a nilpotent approximation and an iterativ e stabilization procedure. In Sect. 3, we apply the proposed approach to a 2R planar robot equipped with a single actuator at the base and present simulation as well as experimental results. Possible extensions are briefly mentioned in the concluding section. For the reader’s convenience, the main features of the nilpotent approximation procedure and of the iterativ e steering technique are summarized in two appendices.

2 The general approac h

Consider a manipulator with n joints, only m of which are actuated. Denote by q ∈ IR^n the joint coordinates vector, and by τ ∈ IR^m the vector of generalized forces.

2.1 Partial feedbac k linearization

Partition vector q as (q_a,q_b), being q_a ∈ IR^m the active joints and q_b ∈ IR^{n− m} the passive joints. The dynamic model of the system can be written as [ B_{aa} B_{ab} B^T_{ab} B_{bb} ] [ q̈_a q̈_b ] + [ h_a h_b ] = [ τ 0 ] , (1)

with the corresponding partitions of the n × n inertia matrix B(q) and of the n-vector h(q,q̇), which collects centrifugal, Coriolis and possibly gravitational terms. The last n − m equations represent a second-order differential constrain t which is satisfied by the robot during its motion. Conditions under which such constrain t is non-integrable (i.e., nonholonomic) are given in [11].

Choosing the generalized forces τ as τ = ( B_{aa} − B_{ab}B^{− 1}_{bb} B^T_{ab} ) u + h_a − B_{ab}B^{− 1}_{bb} h_b, (2)

with u ∈ IR^m an auxiliary input vector, one obtains

q̈_a = u, (3) q̈_b = − B^{− 1}_{bb} h_b − B^{− 1}_{bb} B^T_{ab}u = f_b(q,q̇) + G_b(q)u. (4)

In the absence of gravity, vector h in eq. (1) is a pure quadratic form in q̇, and the same is true for the drift term f_b in eq. (4); as a consequence, the linear approximation of system (3–4) around equilibrium points turns out to be not controllable [11]. Besides, accessibility of the system—whic h may be tested via the Lie algebra rank condition [21]— does not imply controllabilit y, due to the presence of the nontrivial drift f_b. Hence, the only way to prove controllabilit y is to apply the sufficien t conditions for small-time local controllabilit y (STLC) given in [22]and then refined in [23]. Based on these results, STLC tests for systems in the form (3–4) have been given in [12] and [24]; however, relying on sufficien t conditions, such tests may not be conclusive (as in the example of Sect. 3).

2.2 Nilp oten t appro ximation

Nilpotent approximations [18] of control systems are higher-order approximations that prove useful when linearization does not preserve the original controllabilit y properties.

In particular, in [20] a systematic approximation procedure is proposed, which can be applied to any driftless system provided that the accessibility property is satisfied. The procedure is briefly summarized in Appendix 1. The extension to systems of the form

ẋ = f (x) + m∑ i=1 g_i(x)u_i, x ∈ IR^n , (5)

i.e., containing a nonzero drift term f (x), can be worked out in a straightforward fashion.

The procedure is based on the existence of a set of privileged coordinates z = T(x), locally defined around any point x^0 where the system is accessible. In these coordinates, the approximation is obtained by expanding each component of the system vector fields in Taylor series and truncating it at a proper order. Thus, the approximating vector fields f̂ ,ĝ_1,...,ĝ_m are polynomial. Moreover, they generate a nilpotent Lie algebra which is full rank around x^0, so that also the approximating system is locally accessible.

As the i-th component (i = 1,...,n) of the vector fields f̂ ,ĝ_1,...,ĝ_m depends at most on z_1,...,z_{i− 1}, the approximating polynomial system has the triangular form

ż_i = f̂_i + m∑ j =1

ĝ_{j i} u_j , i = 1,...,ν, (6)

ż_k = f̂_k(z_1,...,z_{k− 1}) + m∑ j =1

ĝ_{j k} (z_1,...,z_{k− 1})u_j , k = ν + 1,...,n, (7)

being ν the dimension of span{f ,g_1,...,g_m } at x^0, and f̂_i,ĝ_{1i} ,...,ĝ_{m i} constant values, for i = 1,...,ν. Eqs. (6–7) generalize eqs. (27–28) of Appendix 1 by including a drift term.

One can prove that, ifthe original system (5) contains a linear subsystem (e.g., eq. (3)), the latter is preserved by the approximation (6–7). This suggests to perform the partial feedback linearization of Sect. 2.1 before proceeding with the nilpotent approximation.

2.3 Stabilization

We now address the problem of finding a feedback controller (necessarily time-varying and/or discontinuous) that transfers the system from an initial point x^0 = (q^0,q̇^0) = (q^0_a ,q^0_b,q̇^0_a ,q̇^0_b) to a desired equilibrium x^d = (q^d,0) = (q^d_a ,q^d_b,0,0).

Our method prescribes the execution of two phases:

I. Drive in finite time T_1 the active joint variables q_a to their desired values q^d_a . At the end of this phase it will be q_a(T_1) = q^d_a and q̇_a(T_1) = 0. Correspondingly, q_b(T_1) = q^I_b and q̇_b(T_1) = q̇^I_b, being in general q^I_b ≠ q^d_b and q̇^I_b ≠ 0.

II. Obtain asymptotic convergence of the passive joint variables q_b to their desired values q^d_b while guaranteeing that q_a returns to q^d_a .

The first phase, referred to as alignment, can be performed in feedback using a standard terminal controller [25] for the m chains of double integrators represented by eq. (3).

For the second phase, called contraction, we adopt the iterative state steering approach [17], whose main features are summarized in Appendix 2. The basic tool is a contracting open-loop control, that steers the system closer to the desired equilibrium x^d in a finite time T. If such a control can be computed, its iterated application guarantees exponential convergence to x^d, provided that T is bounded and that the open-loop control is Hölder-continuous with respect to the initial conditions (see eq. (32)). Moreover, non-persistent perturbations are rejected, while ultimate boundedness of the error is guaranteed in the presence of persistent perturbations. The resulting control is given by a time-varying law whose expression depends on a sampled feedback action.

To apply the above technique, one should compute a contracting open-loop control u(t) for system (3–4). One possibility is to perform a cyclic motion of duration T_2 on the q_a variables (i.e., a motion such that q^{II}_a = q_a(T_1 + T_2) = q_a(T_1) and q̇^{II}_a = q̇_a(T_1 + T_2) = 0) resulting in a final passive joints position q^{II}_b = q_b(T_1 + T_2) closer to q^d_b than the initial condition q^I_b, with final velocity q̇^{II}_b smaller in norm than q̇^I_b. If such a cycle can be produced by a control law u that is Hölder-continuous with respect to the initial conditions, the passive joints will converge exponentially over the iterations to their desired value q^d_b.

The search for u may be conveniently performed within a parameterized class ofinputs. In some cases (e.g., when the system can be put in second-order triangular or Čaplygin form [12]), the computation of the parameters identifying u in the chosen class can be directly performed by forward integration of the passive joints equation (4). In general, however, one can resort to the nilpotent approximation (6–7) of the dynamic equations, which is polynomial and hence always integrable.

In the next section, we illustrate the above approach by designing a stabilizing controller for an underactuated 2R robot moving in the horizontal plane.

3 Case study: A planar 2R rob ot

Consider the planar robot of Fig. 1, having two revolute joints and a single actuator at the base. The dynamic model is [ a_1 + 2a_2 cosq_2 a_3 + a_2 cosq_2 a_3 + a_2 cosq_2 a_3 ] [ q̈_1 q̈_2 ] + [ − a_2 sin q_2(q̇^2 + 2q̇_1q̇_2) a_2 sin q_2 q̇^2_1 ] = [ τ_1 0 ] , (8)

with the three dynamic parameters

a_1 = m_1d^2_1 + m_2(l^2_1 + d^2) + I_1 + I_2, a_2 = m_2ℓ_1d_2, a_3 = m_2d^2 + I_2,

where I_i is the baricentral inertia of link i, m_i is the mass of link i, d_i is the distance between the center of mass of link i and the joint axis i, and ℓ_1 is the length of the first link. Note that neither gravity nor friction are present at the joints.

3.1 Design of a stabilizing con troller

Assume now that we wish to steer the underactuated 2R robot from q^0 = (q^0_1,q^0_2) to q^d = (q^d_1,q^d_2), with final zero velocity. We apply the stabilization strategy proposed in Sect. 2.3, with q_a = q_1 and q_b = q_2.

Figure 1: A 2R planar robot with a single actuator at the base

Partial feedbac k linearization

Defining the state vector x = (q_1,q_2,q̇_1,q̇_2) ∈ IR^4, and choosing the first joint torque in accordance with eq. (2) as

τ_1 = ( a_1 + 2a_2 cosq_2 −

(a_3 + a_2 cosq_2)^2

a_3 ) u − a_2 sin q_2 ( (q̇_1 + q̇_2)^2 + a_2 a_3 cosq_2 q̇^2_1 ) , (9)

with u ∈ IR, we obtain a partially linearized model in the form

ẋ = q̇_1 q̇_2 0 − K sin q_2q̇^2_1 + 0 0 1 − 1 − K cosq_2 u = f (x) + g(x)u, (10)

having set K = a_2/a_3.

Since the vector fields {g,[f ,g],[g,[f ,g]],[g,[g,[f ,g]]]} span IR^4 at any x such that q_2 ≠ kπ/2, k = 0,1..., the system is locally accessible. However, one may verify that the sufficien t conditions of [12, Prop. 2] for STLC are not satisfied.

Nilp oten t appro ximation

In order to devise a contracting open-loop controller to be applied iterativ ely after the alignment phase, we need to compute the nilpotent approximation of the system at states such that q̇^I_1 = 0 and q̇^I_2 ≠ 0. The nilpotent approximation technique of Appendix 1 (modified so as to account for the drift vector) has been applied to eq. (10), with the vector fields {f ,g,[f ,g],[g,[f ,g]]} spanning IR^4 at the points of interest. The change of coordinates x = T^{− 1}(z) required to transform the system in privileged coordinates is

q_1 = q^I_1 − z_3 q_2 = q^I_2 + q̇^I_2z_1 + βz_3 q̇_1 = z_2 q̇_2 = q̇^I_2 − βz_2 + γz_3 − δz_4 + γz_1z_2,

(11) with β = 1 + K cosq^I_2, γ = Kq̇^I_2 sin q^I_2, δ = K^2 sin 2q^I_2, while the nilpotent approximation (6–7) is obtained as

ż_1 = 1 ż_2 = u ż_3 = − z_2

ż_4 = 1 2K cosq^I_2 z^2 − ( (q̇^I_2)^2 4K sin q^I_2 z^2_1 + β

2K cosq^I_2 z_3 ) u. (12)

As expected, the dynamics of q_1 and q̇_1 (which correspond to the dynamics of − z_3 and z_2, respectively) is exactly recovered, thanks to the partial feedback linearization. Instead, the use of the nilpotent dynamics (12), in place of the exact model (10), for computing the final value of q_2 and q̇_2 after the application of a command u(t) for a period T_2 will induce an approximation error. However, the magnitude of this error can be made arbitrarily small by reducing T_2. By enforcing sufficien t contraction on the approximate system, one can guarantee that the contraction property is preserved for the original one.

Syn thesis of an op en-lo op con tracting con trol law

The above nilpotent approximation is now used to compute a contracting control law u. To simplify the notation, we reset time so that t = 0 at the start of the contraction phase.

The first requirement on u is that after one period T_2 the first joint position and velocity must go back at the values (q̇^I_1,0) attained at the end of the alignment phase. In the following, we call cyclic this kind of open-loop control. In view of the partially linearized model (10), u must satisfy the conditions

∫_{T2} 0 u(t)dt = 0 and

∫_{T2} 0 ∫_t 0 u(τ)dτdt = 0.

If u is cyclic, eqs. (11) give

q̇^{II}_1 = q̇^I_1 = 0 =⇒ z_2(T_2) = 0 and q^{II}_1 = q^I_1 =⇒ z_3(T_2) = 0.

Hence, Δ q_2 = q^{II}_2 − q^I_2 = q̇^I_2z_1(T_2) = q̇^I_2T_2, (13)

since z_1(t) = t from the first of eqs. (12). This shows that the variation Δ q_2 of the passive joint position along the cycle does not depend on the particular cyclic control used, but only on its period and on the initial velocity q̇^I_2. As for the passive joint velocity, we have

Δ q̇_2 = q̇^{II}_2 − q̇^I_2 = − δz_4(T_2).

From the last of eqs. (12), we get

z_4(T_2) =

∫_{T2} 0 1 2K cosq^I_2 z^2(t)dt −

∫_{T2} 0 ( (q̇^I_2)^2 2K sin q^I_2 z^2_1(t) + β 2K cosq^I_2 z_3(t) ) u(t)dt.

Integrating by parts we obtain

∫_{T2} 0 z^2_1(t)u(t) dt = − 2

∫_{T2} 0 z_3(t) dt,

∫_{T2} 0 z_3(t)u(t) dt =

∫_{T2} 0 z^2(t) dt, 6

Figure 2: Profile of the cyclic open-loop control u used in the contraction phase

and finally

Δ q̇_2 = K^2 sin q^I_2 cosq^I_2

∫_{T2} 0 z^2(t) dt − 2K cosq^I_2(q̇^I_2)^2

∫_{T2} 0 z_3(t) dt. (14)

The sign of the first term in the above expression does not depend on the choice of the specific cyclic input, but only on q^I_2, while the second term is o((q̇^I_2)^2).

We now adopt a specific class of cyclic control inputs as

u(t) =

− Acos 4πt T_2

, t ∈ [ 0, T_2 2 ) ,

Acos 4π ( t − T_2 2 ) T_2

, t ∈

[T_2 2 ,T_2 ] , (15)

with duration T_2 and amplitude A (see Fig. 2). From eqs. (12) we get z̈_3 = − u, and thus

∫_{T2} 0 z_3(t) dt = −

∫_{T2} 0 ∫_t 0 ∫_σ 0 u(ρ) dρdσ dt = 0,

having used eq. (15). Moreover

∫_{T2} 0 z^2(t) dt =

∫_{T2} 0 ( ∫_t 0 u(σ) dσ

)_2

dt =

T^3_2 32π^2

A^2,

so that eq. (14) implies

Δ q̇_2 =

A^2T^3_2 K^2

64π^2 sin 2q^I_2. (16)

This shows that, at each iteration, we can only obtain Δ q̇_2 of the same sign of sin 2q^I_2, i.e., positive for q^I_2 in the interior of the first and third quadran t and negative in the interior of the second and the fourth (see Fig. 3).

In order to meet the iterativ e steering paradigm, we must guarantee that the error contracts, i.e.,

|q^d_2 − q^{II}_2 | ≤ η_1|q^d_2 − q^I_2|, (17) |q̇^{II}_2 | ≤ η_2|q̇^I_2|, (18) 7

Figure 3: The sign of the achievable velocity variation Δ q̇_2 depends on the second link posture at the beginning of the control iteration

with η_1, η_2 ∈ [0,1). In view of eqs. (13) and (16), we expect that the above conditions can be directly satisfied only in particular situations.

Assume the period and the amplitude of u in eq. (15) are chosen as

T_2 = (1 − η_1) q^d_2 − q^I_2

q̇^I_2

, 0 ≤ η_1 < 1 (19) A = 8π KT_2 q̇^I_2(η_2 − 1)

T_2 sin 2q^I_2

, 0 ≤ η_2 < 1. (20)

Straightforward calculations give

q^d_2 − q^{II}_2 = η_1(q^d_2 − q^I_2), (21) q̇^{II}_2 = η_2q̇^I_2, (22)

i.e., the required contraction. However, for eqs. (19–20) to be well posed, we must require T_2 > 0, that is { q^I_2 < q^d_2 q̇^I_2 > 0 OR { q^I_2 > q^d_2 q̇^I_2 < 0

(23)

as well as the argument of the square root in eq. (20) to be positive, which implies { q^I_2 ∈ Q_1 OR q^I_2 ∈ Q_3 q̇^I_2 < 0 OR { q^I_2 ∈ Q_2 OR q^I_2 ∈ Q_4 q̇^I_2 > 0

(24)

Putting together conditions (23–24) one obtains the conditions under which contraction can be obtained using eqs. (19–20):

q^d_2 ∈ Q_1 q^I_2 ∈ Q_1 q^I_2 > q^d_2 q̇^I_2 < 0 OR q^d_2 ∈ Q_2 q^I_2 ∈ Q_2 q^I_2 < q^d_2 q̇^I_2 > 0 OR q^d_2 ∈ Q_3 q^I_2 ∈ Q_3 q^I_2 > q^d_2 q̇^I_2 < 0 OR q^d_2 ∈ Q_4 q^I_2 ∈ Q_4 q^I_2 < q^d_2 q̇^I_2 > 0

(25)

8

Figure 4: The conditions under which contraction is possible. For each quadran t, the bold line represents the desired q^d_2 while the gray area shows the admissible initial positions q^I_2. The direction of the admissible velocities is also shown.

A compact picture of these is given in Fig. 4. In view of eqs. (21–22), which show that the position and the velocity error do not change sign, we also conclude that each of the conditions (25), once satisfied, holds continuously over the iterations. Note that the design of a contracting law is not possible if q^d_2 = ± π/2.

The requirement that the control law u is Hölder-continuous with respect to the initial state is always guaranteed under the contraction conditions (25). Moreover, boundedness of T_2 is ensured by letting η_1 ≤ η_2, so that the fraction in eq. (19) admits a finite limit as q̇^I_2 tends to zero. These two properties imply that the contraction phase produces exponential convergence to the desired equilibrium point (q^d_2,0).

If the conditions in eq. (25) do not hold, it is not possible to satisfy both eqs. (17– 18) while approaching the desired configuration. Therefore, it is necessary to attain a modified initial condition (q^I_2,q̇^I_2) that satisfies eq. (25) before switching to the contraction phase. This transition phase can be always executed in finite time. For example, assume that q^d_2 ∈ Q_1 but at least one of the relative conditions for contraction does not hold. An admissible situation can be recovered as follows: if the initial velocity of the second joint is negative, keep it constant until q_2 enters Q_1, else keep it constant until q_2 enters Q_2 or Q_4, where q̇_2 can be made negative. Note that in order to keep q̇_2 constant one simply sets u = 0 in eq. (10), resulting also in zero motion for the first joint. Similarly, one may devise simple transition phases for the other cases q^d_2 ∈ Q_2, Q_3 or Q_4. As a result, the convergence domain of the proposed control strategy can be made global.

The resulting con trol strategy

We summarize the overall structure of our stabilizing controller in pseudocode as follows. 9 program Stabilization

begin

Alignment /∗ ends with q_1 = q^d_1, q̇_1 = 0, q_2 = q^I_2, q̇_2 = q̇^I_2 ∗/ if Need Transition then /∗ verifies the contraction conditions ∗/ Transition Contraction /∗ computes iteratively u using eqs. (19) and (20) ∗/ end We also give a partial coding of the procedure which implements the transition phase. pro cedure Transition

begin

if q^d_2 ∈ Q_1 then

begin

if q̇^I_2 > 0 then

u = 0 until q_2 ∈ Q_2 or Q_4 apply u using eq. (13) so as to obtain q̇^{II}_2 < 0 /∗ regardless of q^{II}_2 ∗/ u = 0 until q_2 ∈ Q_1 /∗ now with negative q̇_2 ∗/ end . . /∗ similar maneuvers for q^d_2 ∈ Q_2, Q_3 or Q_4 ∗/ end 3.2 Sim ulation results

To illustrate the performance of the proposed method, we present first a simulation for the partially linearized model (10) of the 2R robot with K = 0.5. We assume that, at the end of the alignment phase, it is q^I_1 = q^d_1 = 0, q̇^I_1 = 0^∘/s, q^I_2 = 22.5^∘ and q̇^I_2 = 13.2^∘/s. The desired configuration of the passive joint is q^d_2 = 45^∘.

Being q^d_2 ∈ Q_1 but q̇^I_2 > 0, the control strategy of Sect. 3.1 prescribes the execution of a transition phase, in which q̇_2 is first kept constant until q_2 enters Q_2, where q̇_2 can be made negative. When q_2 returns in Q_1, the contraction phase takes over.

While the control amplitude A is computed by eq. (20), for ease of implementation we used a constant T_2 during the contraction phase. By doing so, it is not possible to choose arbitrarily the position contraction rate, for η_1 will depend on q̇^I_2 only (see eq. (13)). However, applying iterativ ely eqs. (13) and (22) (which is still valid), one can easily verify that, if a sufficien tly small T_2 is used and the velocity contraction rate η_2 is chosen as

η_2 = 1 +

T_2 q̇_2(0) q_2(0) − q^d_2

< 1,

one gets η_1 = η_2 < 1 constant over the iterations. Here, q_2(0) and q̇_2(0) are respectively the second joint position and velocity at the beginning of the first iteration of the contraction phase. In particular, we could use T_2 = 1 s as an admissible value in our simulation.

The time history of the joint position errors q_i − q^d_i , (i = 1,2), during transition and contraction is reported in Fig. 5. Note the constant velocity of the second joint during the first part of the transition phase and the exponential convergence rate during the contraction phase. The long time needed to complete the reconfiguration is due to the fact that motion of the passive joint is not damped by friction in the simulated model. 10

Figure 5: Simulation results: Errors on q_1 (dashed) and q_2 (solid)

3.3 Exp erimen tal results

We have applied the proposed stabilization method to the FLEXARM, a lightweight 2R planar manipulator available in our laboratory (see [26] for a description of the robot). The second link, which is flexible, has been stiffened for our purp oses by appropriately bonding the forearm, and its driving motor has been switched off. As a nominal model, we have used eq. (8) with a_1 = 0.867, a_2 = 0.195, and a_3 = 0.42 (all in kg·m^2). Using the linearizing feedback (9), a model in the form (10) is obtained, with K = 0.4643.

The accuracy of the nominal model is quite poor, due to unmodeled dynamics such as dry and viscous friction on both joints, the second link residual elasticity, and the presence ofa bound on the first joint torque (to avoid saturation ofthe actuator). Besides, no direct measure is available for the joint velocity, which is reconstructed by numeric filtering.

Before proceeding with the experiment, we have simulated the control of the nominal model. The arm is required to move from q^0_1 = 74^∘, q^0_2 = 91^∘ to q^d_1 = 0^∘, q^d_2 = 45^∘. The result is shown in Fig. 6. The alignment phase (performed with a simple PD control law on the first joint position, see the remark below) lasts approximately 2.5 s, after which the contraction phase is started. Note that no transition phase is needed in this case and that a constant T_2 = 1 has been used for contraction (as in the simulation of Sect. 3.2).

When implementing the method on our experimental setup, we introduced some modifications to the basic strategy:

• To avoid chattering, the alignment phase was performed by a PD control law on the first joint position (with gains K^I_P and K^I_D ). Although the convergence is only asymptotic, any desired error tolerance can be met in finite time. 11

• During the contraction phase, in view of the model inaccuracy, the first link was controlled via high-gain PD feedback on the second joint position (with gains K^{II}_P and K^{II}_D ) in place of the partially linearizing feedback (9). The position reference signal is obtained by integrating twice the acceleration profile (15).

• Due to the system perturbations, the first joint may not perform exactly a cyclic motion during the iterations of the contraction phase—a small displacement may occur. To prevent the first link to drift away from its desired position, each iteration was actually implemented as a re-alignment phase followed by a contraction phase.

Figures 7–8 show the results of an experiment with the same initial and final desired conditions of Fig. 6. During each alignment phase, the PD control law on the first joint position used the gains K^I_P = 20 and K^I_D = 0.3. Instead, we have set K^{II}_P = 70 and K^{II}_D = 2 for the contraction phase, whose period is again chosen as T_2 = 1 s.

Joint errors and the first joint torque τ_1 are reported respectively in Fig. 7 and Fig. 8. For the sake of clarity, each contraction phase is marked in bold on the time axis. A comparison with Fig. 6 shows that, due to the presence of friction, stabilization of the robot is obtained in a smaller time. For the same reason, the amplitude of the oscillations in the contraction phase is reduced. Note also that τ_1 saturates during the first alignment phase. In spite of all the unmodeled effects, the results support the claim of a satisfactory robustness ofthe proposed control strategy , a byproduct ofthe iterativ e steering approach.

Figure 6: Simulation results on the nominal model of the FLEXARM: Errors on q_1 (dashed) and q_2 (solid)

12

Figure 7: Experimental results on the FLEXARM: Errors on q_1 (dashed) and q_2 (solid)

Figure 8: Experimental results on the FLEXARM: Joint torque τ_1 13

4 Conclusions

We have presented a solution method for the stabilization of underactuated manipulators. Such systems are not smoothly stabilizable in the absence of gravity. Moreover, the presence of a drift term in the dynamic equations complicates remarkably the control synthesis. The stabilization strategy consists of three phases, namely (i) alignment, in which the active joints are brought to their desired position, (ii) transition, where simple maneuvers are executed to obtain the correct initial condition for (iii) contraction, based on the iterativ e application of a suitable open-loop control designed on a nilpotent approximation of the system.

The proposed approach has been illustrated with reference to a planar 2R robot with a single actuator at the base. The presented simulation and experimental results show the satisfactory performance of the method. In principle, the underlying general approach can be applied to most underactuated mechanisms of interest in robotic applications. However, the application to specific systems or classes of systems must be worked out on a case-by-case basis, and may prove difficult or even impossible for higher degrees of underactuation. The critical point is the closed-form evaluation of parameter values in the chosen parameterized class of open-loop controls that guarantee the contraction conditions for the state error.

Indeed, we have successfully applied the same iterativ e steering approach for the stabilization of the Acrobot [27], as well as for the robust stabilization of a rigid spacecraft with two control torques [28]. Moreover, the use of nilpotent approximations in conjunction with iterativ e steering has given encouraging preliminary results also for the control of non-nilpotentizable driftless systems, such as the car with off-hooked trailers [29].

Ackno wledgmen ts

This work was supported by MURST within the RAMSETE Pro ject.

App endix 1: Nilp oten t appro ximation pro cedure

We briefly review here the nilpotent approximation procedure of [19], to which the reader is referred for details. The extension to systems with drift is straightforward.

Consider a driftless system

ẋ = m∑ i=1 g_i(x)u_i, x ∈ IR^n , (26)

satisfying the Lie algebra rank condition almost everywhere. Denote by (g_{i1} ...g_{is− 1} )f the Lie derivative of order s − 1 of f along g_{i1} ...g_{is− 1} , and by L^s(x^0) the space spanned at x^0 by the brackets of g_1,...,g_m of length ≤ s. The smallest integer r(x^0) such that L^{r(x0)}(x^0) spans the tangent space of system (26) at x^0 is called the degree of nonholonomy at x^0.

Definition 1 A function f ∈ IR is of order ≥ s at x^0 if the function (g_{i1} ...g_{iq} )f vanishes at x^0, for any i_1,...,i_q and q ≤ s − 1. 14

Definition 2 A vector field g is of order ≥ q at x^0 if, for every s and every function f having order s at x^0, the Lie derivative gf has order ≥ q+ s at x^0.

Definition 3 The weight w_j of a coordinate y_j is the smallest integer s such that dy_j is not identically zero on L^s(x^0) (s = 1,...,r).

Definition 4 Local coordinates z_1,...,z_n centered at x^0 form a system of privileged coordinates if the order of z_j at x^0 is equal to w_j (j = 1,...,n).

Let γ_1(x^0),...,γ_n (x^0) be a basis of L^{r(x0)}(x^0). Through a linear change of coordinates, it is always possible to find a system of coordinates y_1,...,y_n centered at x^0 such that (γ_iy_j )(x^0) = δ_{ij} , with δ_{ij} the Kronecker delta. From this, a system ofprivileged coordinates z_1,...,z_n around x^0 is obtained by the recursive formula

z_q = y_q − ∑ {α:w(α)<w (q)} 1 α_1!...α_{q− 1}!

(γ^{α 1}_1 ...γ^{α q− 1}_{q− 1} y_q)(x^0)z^{α 1}_1 ...z^{α q− 1}_{q− 1} ,

with α = (α_1,...,α_n ) and w(α) =

∑_n

1 w_iα_i. Coordinates z_1,...,z_n have order w_1,...,w_n by construction. With the system in privileged coordinates, the order ofa smooth function f at x^0 is the least weighted-degree monomial actually appearing in the Taylor expansion f (z) = ∑ α a_α z^{α 1}_1 ...z^{α n}_n of f at x^0. The order of a vector field g can be computed in the same algebraic way as above, i.e., using the Taylor expansion g(z) = ∑ α,j a_α z^{α 1}_1 ...z^{α n}_n ∂_{zj} , assigning to ∂_{zj} the weight − w_j and considering terms like a_α z^{α 1}_1 ...z^{α n}_n as products;

In privileged coordinates, each g_i can be expanded in terms of vector fields homogeneous with respect to the weighted degree as g_i = g^{(− 1)}_i + g^{(0)}_i + g^{(1)}_i + .... The nilpotent approximation of system (26) is derived by replacing the vector fields g_i with their principal component g^{(− 1)}_i . One obtains the triangular form

ż_i = m∑ j =1

ĝ_{j i}u_j , i = 1,...,ν, (27)

ż_k = m∑ j =1

ĝ_{j k}(z_1,...,z_{k− 1})u_j , k = ν + 1,...,n. (28)

being ν the dimension ofspan{g_1,...,g_m } at x^0, ĝ_{1i},...,ĝ_{mi} constants for i = 1,...,ν, and ĝ_{j k}(z_1,...,z_{k− 1}) polynomial functions of homogeneous degree w_k − 1 for k = ν + 1,...,n.

App endix 2: Stabilization via iterativ e steering

In this section, the stabilization technique based on iterativ e state steering is summarized (see [17] for details and proofs).

Consider the control system

ẋ = f (x) + m∑ i=1 g_i(x)u_i, x ∈ IR^n . (29)

Without loss of generality, we assume that f (0,0) = 0, i.e., the origin is an equilibrium. 15

Consider a sequence of time instan ts {t_k} (k = 0,1,2,...) with t_{k+1} = t_k + T_{k+1} , and 0 < T_m ≤ T_{k+1} ≤ T_M < ∞ . For compactness, let x(t_k) = x_k. On each time interval I_{k+1} = [t_k,t_{k+1} ], apply the steering control law

u(t) = u_{k+1} (t) = α(x, x_k,t), t ∈ I_{k+1} . (30) Let ẋ = f (x, α(x, x_k,t)) = f̃ (x, x_k,t), t ∈ I_{k+1} , (31)

be the closed-loop dynamics of system (29) within the (k + 1)-th interval I_{k+1} .

Assumption A The steering control function α is such that:

a) α(x, 0,t) = 0, for any (x, t) ∈ IR^n × I_{k+1} ;

b) f̃ is locally lipschitz in x, continuous in x_k and piecewise-continuous in t, for t ∈ I_{k+1} ;

c) |x_{k+1} | ≤ η|x_k|, η < 1, ∀x_k (contraction) .

The requirement that f̃ (and hence, the steering control α) is continuous in x_k is essential for the proposed stabilization strategy .

Theorem 1 Under Assumption A, for the controlled system (31):

1. The origin is a uniformly asymptotically stable equilibrium point.

2. If the additional condition holds

|f̃ (0,x_k,t)| ≤ μ|x_k|^r , t ∈ I_{k+1} , μ ≥ 0, r > 0, (32)

then the rate of convergence is exponential. In particular, if r ≥ 1, then the origin is an exponential ly stable equilibrium point.

In particular, the convergence rate is r|logβ|/T_M if r < 1 or |logβ|/T_M if r ≥ 1. Condition (32) is referred to as Hölder-continuity of order r at the origin.

For a characterization of the robustness of the iterativ e steering approach, see [17].

References

[1] Minimalism in Robot Manipulation , A. Bicchi and K. Goldberg, Orgs., Workshop held at the 1996 IEEE Int. Conf. on Robotics and Automation , Minneapolis, MN, 1996.

[2] R. M. Murray, Z. Li, and S. S. Sastry, A Mathematical Introduction to Robotic Manipulation , CRC Press, 1994.

[3] R. W. Brockett, “Asymptotic stabilit y and feedback stabilization,” in Differential Geometric Control Theory, R. W. Brockett, R. S. Millman, and H. J. Sussmann, Eds., pp. 181–191, Birkhäuser, 1983. 16

[4] C. Samson, “Con trol of chained systems. Application to path following and timevarying point-stabilization of mobile robots,” IEEE Trans. on Automatic Control, vol. 40, no. 1, pp. 64–77, 1995.

[5] J.-B. Pomet and C. Samson, “Time-v arying exponential stabilization of nonholonomic systems in power form,” INRIA Rep. 2126, Dec. 1993.

[6] O. J. Sørdalen and O. Egeland, “Exp onential stabilization of nonholonomic chained systems,” IEEE Trans. on Automatic Control, vol. 40, no. 1, pp. 35–49, 1995.

[7] M.W. Spong and L. Praly, “Con trol of underactuated mechanical systems using switching and saturation,” Block Island Work. on Control using Logic Based Switching, 1996.

[8] B. d’Andréa-Novel, F. Boustan y, F. Conrad, and B. P. Rao, “F eedback stabilization of a hybrid PDE-ODE system: Application to an overhead crane,” Math. of Control, Signals, and Systems, vol. 7, pp. 1–22, 1994.

[9] D. Seto and J. Baillieul, “Con trol problems in super-articulated mechanical systems,” IEEE Trans. on Automatic Control, vol. 39, no. 12, pp. 2442–2453, 1994.

[10] M. W. Spong, “The swing up control problem for the Acrobot,” IEEE Control Systems, vol. 15, no. 1, pp. 49–55, 1995.

[11] G. Oriolo and Y. Nakamura, “Con trol of mechanical systems with second-order nonholonomic constrain ts: Underactuated manipulators,” 30th IEEE Conf. on Decision and Control, pp. 2398–2403, 1991.

[12] A. De Luca, R. Mattone, and G. Oriolo, “Steering a class of redundan t mechanisms through end-effector generalized forces,” IEEE Trans. on Robotics and Automation , vol. 14, no. 2, pp. 329–335, 1998.

[13] K. Y. Wichlund, O. J. Sørdalen, and O. Egeland, “Con trol of vehicles with secondorder nonholonomic constrain ts: Underactuated vehicles,” 3rd IEEE European Control Conf., pp. 3086–3091, 1995.

[14] M. Reyhanoglu, A. J. van der Schaft, N. H. McClamroch, and I. Kolmanovsky, “Nonlinear control ofa class ofunderactuated systems,” 35th IEEE Conf. on Decision and Control, pp. 1682–1687, 1996.

[15] T. Suzuki, M. Koinuma, and Y. Nakamura, “Chaos and nonlinear control of a nonholonomic free-joint manipulator,” 1996 IEEE Int. Conf. on Robotics and Automation, pp. 2668–2675, 1996.

[16] T. Suzuki and Y. Nakamura, “Con trol of manipulators with free-joints via the averaging method,” 1997 IEEE Int. Conf. on Robotics and Automation , pp. 2998–3005, 1997.

17

[17] P. Lucibello and G. Oriolo, “Stabilization via iterativ e state steering with application to chained-form systems,” 35th IEEE Conf. on Decision and Control, pp. 2614–2619, 1996.

[18] H. Hermes, “Nilp otent and high-order approximations of vector field systems,” SIAM Review, vol. 33, no. 2, pp. 238–264, 1991.

[19] A. Bellaïche, “The tangent space in sub-riemannian geometry”, in Sub-Riemannian Geometry, A. Bellaïche and J.-J. Risler, Eds., Birkhäuser, 1996.

[20] A. Bellaïche, J.-P. Laumond, and M. Chyba, “Canonical nilpotent approximation of control system: Application to nonholonomic motion planning,” 32nd IEEE Conf. on Decision and Control, pp. 2694–2699, 1993.

[21] A. Isidori, Nonlinear Control Systems, 3rd Edition, Springer-Verlag, 1995.

[22] H. J. Sussmann, “A general theorem on local controllabilit y,” SIAM J. on Control and Optimization , vol. 25, pp. 158–194, 1987.

[23] R. M. Bianchini and G. Stefani, “Con trollabilit y along a tra jectory: A variational approach,” SIAM J. on Control and Optimization , vol. 31, no. 4, pp. 900–927, 1993.

[24] M. Reyhanoglu, A. J. van der Schaft, N. H. McClamroch, and I. Kolmanovsky, “Dynamics and control of a class of underactuated mechanical systems,” to appear in the IEEE Trans. on Automatic Control, 1999.

[25] A. E. Bryson, Jr., and Y.-C. Ho, Applied Optimal Control, John Wiley & Sons, 1975.

[26] A. De Luca, L. Lanari, P. Lucibello, S. Panzieri, and G. Ulivi, “Con trol experiments on a two-link robot with a flexible forearm,” 29th IEEE Conf. on Decision and Control, pp. 520–527, 1990.

[27] A. De Luca and G. Oriolo, “Stabilization of the Acrobot via iterativ e state steering,” 1998 IEEE Int. Conf. on Robotics and Automation , pp. 3581–3587, 1998.

[28] P. Lucibello and G. Oriolo, “Robust stabilization of the angular velocity for an underactuated rigid spacecraft,” 4th IFAC Symp. on Nonlinear Control Systems Design, pp. 714–719, 1998.

[29] M. Vendittelli, G. Oriolo, and J.-P. Laumond, “Steering nonholonomic systems via nilpotent approximations: The general two-trailer system,” 1999 IEEE Int. Conf. on Robotics and Automation , pp. 823–829, 1999.

[30] G. Laferriere and H. J. Sussmann, “A differential geometric approach to motion planning,” in Nonholonomic Motion Planning , Z. Li and J. F. Canny, Eds., Kluwer Academic Publishers, 1992.

18