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Abstract— For robots that are redundant with respect to
a given task, we present an optimal differential kinematic
inversion method in the presence of hard bounds on joint range,
joint velocity, and joint acceleration. These hard bounds specify
the robot motion capabilities that cannot be exceeded at any
time. On the other hand, scaling of the desired task trajectory
is allowed whenever the robot capabilities are insufficient to
execute the original task. For a problem formulated in this
way, we have recently presented the Saturation in the Null
Space (SNS) algorithm that produces an efficient solution, based
on Jacobian pseudoinversion and recovery in the null space of
the saturation effects of a reduced number of joint velocity
commands. To investigate the optimality properties of the SNS
algorithm, we recast the problem as a constrained quadratic
programming (QP) problem, in which the joint velocity norm
as well as the task scaling are to be minimized. Its solution leads
to a variant of the original algorithm, the Optimal Saturation
in the Null Space (Opt-SNS). The Opt-SNS guarantees an
optimal solution also when the basic SNS fails to do so and
improves the numerical performance over the state-of-the-art
QP solver. The possible existence of discontinuous solutions
for the formulated problem is avoided by the introduction of
a task scaling margin. The extension to the multi-task case is
also presented. Simulation results for the 7R lightweight KUKA
LWR IV robot illustrate the properties and computational
efficiency of the new algorithm.

I. INTRODUCTION

The Saturation in the Null Space (SNS) algorithm intro-

duced in [1] is a powerful method that solves the inverse dif-

ferential kinematic problem of task-redundant robots, taking

into account hard constraints on the joint velocity commands

coming from bounds on the joint motion that can never

be exceeded. The SNS works by projecting into the null

space of the task Jacobian the joint velocities that saturate,

and finds in this way a feasible solution even when classic

Jacobian pseudoinversion fails. When the task is not feasible

for the robot motion capabilities, the SNS integrates a task

scaling procedure that allows the robot to execute at least

part of the task without deforming it (e.g., if the task is

a desired end-effector trajectory, the traced geometric path

remains the same). The SNS method was formulated also

at the acceleration level in [1], and then extended to the

case of multiple tasks in [2], where we used the concept of

preemptive priority: tasks with higher priority use in the best

way all the robot capabilities they need, while lower priority

tasks are accommodated with the residual capability without

interfering with the execution of higher priority tasks.
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Uncompensated saturations of the velocity commands may

perturb the geometry of the task under execution in a

dangerous way, e.g., when the robot is working close to

a human operator. This problem is crucial also for robots

with many DOFs, such as humanoids. In fact, when trying

to simultaneously execute a large multiplicity of tasks, each

not highly demanding but jointly exceeding the overall

robot capabilities, the unavoidable saturation of some joint

commands may induce a relaxation of crucial high priority

tasks, such as loss of balance (an inequality constraint

on the Zero Moment Point location) or physical collisions

with the environment. Since the SNS guarantees permanent

fulfillment of hard joint constraints, the desired direction

of each task and the preemptive priority of multiple tasks

are always preserved even under saturated commands. As

a matter of fact, even when very large or untuned task

velocities are commanded, the joint velocity computed by

the SNS method will safely preserve the task geometry,

automatically scaling only the task timing.

Despite the above positive features of the SNS algorithm

and the successful results reported in a large variety of actual

robot experiments in [1], [2], the optimality of the solution

found cannot be proved in general. In other words, there

is no guarantee that the SNS minimizes the norm of the

joint velocity command or the task scaling or both. In order

to investigate the possible optimality of the SNS solution,

we need to reformulate the inverse differential kinematics

of a redundant robot as an optimization problem, typically

a quadratic programming (QP) problem with linear equality

and inequality constraints.

There is a consistent bulk of literature dealing with

optimization-based redundancy resolution. If the desired task

can be accomplished without saturation, i.e., the problem

is actually unconstrained, the optimal solution in terms of

minimum joint velocity norm is obtained using the pseudoin-

version of the task Jacobian [3]. Constraints are usually taken

into account by using task augmentation [4] while objective

functions by the projected gradient method [5]. However,

these methods do not guarantee in general both the constraint

satisfaction and the optimality of the solution.

In general, inequality constrained optimization problems

can be solved using an active-set method [6], where the active

set is composed by those constraints that are satisfied as

equalities (e.g., saturated joint variables in our robotic case).

The associated optimization algorithms will find the optimal

active set that leads to the constrained optimal solution.

Unfortunately, these general algorithms cannot be used in

real-time applications, due to their high computational cost.
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In [7], the constrained kinematic redundancy problem was

formulated as a QP and a Gram-Schmidt orthogonalization

procedure applied for its solution. A compact QP method,

using Gaussian elimination with partial pivoting, was devel-

oped in [8] to reduce the computational complexity, which

however is still high. To solve the QP problem, a dual

neural network was used in [9]. However, unfeasible tasks

are not considered and the application to multiple tasks is

not addressed. In [10], the constrained kinematic inversion

was again modeled as a QP problem, but in a more elegant

way that could cover also a hierarchy of prioritized tasks.

However, the computational cost of the solution remained

prohibitive for robots with a large number of DOFs, even

when resorting to a state-of-the-art QP solver. Based on

a similar stack of QP problems, the solver was improved

in [11] by using a complete orthogonal decomposition to

compute the null spaces of tasks with prioritized hierarchy.

This improvement allowed a real-time implementation of the

solver.

A common drawback of [10], [11] is that the case of task

that are anyway unfeasible for the given set of robot capabil-

ities is not addressed directly. In particular, the presence and

use of slack variables in [11] allows in this case relaxatiuon

of inequality constraints that should be treated instead as hard

bounds. When the constraints have a physical meaning and

needs to be treated as hard bounds, e.g., joint range limits,

maximum joint velocity, or Cartesian obstacles, the robot

will not be able to move as requested. By not allowing task

scaling (as done instead in our formulation and solution), the

task execution will be arbitrarily deformed, and the whole

task priority architecture destroyed.

To address the above limitations, we present in this pa-

per a deeper mathematical analysis of the SNS algorithm

introduced in [1], [2], leading to a modified version that

preserves its positive features and allows to generate an

optimal solution in an efficient way. The resulting Optimal

Saturation in the Null Space (Opt-SNS) algorithm can be

seen as an active-set QP solver that takes advantage of

the structure of the considered problem. After recalling the

standard SNS algorithm in Sect. II, the redundancy resolution

problem with hard joint constraints is formulated in Sect. III

as a quadratic programming problem, and the necessary and

sufficient conditions for optimality are checked against the

algorithmic steps of the SNS. Section IV introduces the

Optimal SNS algorithm, with some related implementation

issues illustrated in Sect. V. Simulation results obtained with

the 7R KUKA LWR IV robot are presented in Sect. VI,

where the Opt-SNS method is also numerically compared

with a state-of-the-art QP solver. The problem of discontin-

uous joint velocity commands encountered sometimes with

the SNS method is addressed and solved in Sect. VII. Finally,

Section VIII is devoted to the extension of the Opt-SNS

algorithm to the case of multiple tasks with priority.

II. THE SNS ALGORITHM

Let q ∈ R
n be the vector of generalized (joint) coordinates

of a robot, x ∈ R
m the vector of variables describing a

generic m-dimensional task, with m < n, and J(q) the

associated m × n task Jacobian matrix. At a given robot

configuration q, the direct differential kinematics of the task

is given by

ẋ = J(q)q̇. (1)

Taking into account the presence following hard bounds (in

vector form) on the robot joint motion

Qmin ≤ q ≤ Qmax (joint range)

−V max ≤ q̇ ≤ V max (max joint velocity)

−Amax ≤ q̈ ≤ Amax (max joint acceleration)

(2)

we obtain the box constraint for the joint velocity command

q̇ at time t = tk

Q̇min(tk) ≤ q̇ ≤ Q̇max(tk), (3)

where, for each joint i = 1, . . . , n, the velocity q̇i must

guarantee: (i) that the joint range limits will not be exceeded

in the next step; (ii) that it is not greater than the maximum

velocity; (iii) that the joint will be able to stop before the

joint limit, considering the maximum acceleration. For more

details about the shaping of these constraints, see [1].

At a given robot configuration q, the SNS algorithm for

realizing the task ẋ at the velocity level under the box

constraints (3) is given in pseudocode form by Algorithm 1.

Therein, the n×n selection matrix W = diag{Wii} with

0/1 elements is used to specify which joints are currently

enabled or disabled: if Wii = 0, then the velocity of joint

i is set at its saturation level and the joint is disabled (for

norm minimization purposes). The algorithm is initialized

with W = I (the identity matrix), a null-space vector q̇N =
0, and two scaling factors s = 1 and s∗ = 0. The core (and

final) joint velocity command computed by this algorithm

uses the SNS projection equation

q̇ = q̇N + (JW )
#

(sẋ − Jq̇N ) (4)

Another important aspect is the integrated use of the task

scaling factor s ∈ R, which is eventually chosen as the

largest possible one (i.e., equal to 1 if the task is feasible)

that is compatible with the box constraints (3). If some

component of the joint velocity (4) exceeds its bounds,

Algorithm 2 is called to evaluate the best task scaling

factor only among the enabled joints. If the jth joint is

the most critical for task execution, i.e., its velocity needs

the largest relative decrease to stay within the bounds, this

velocity is saturated and we set Wjj = 0. Algorithm 1

stops when rank (JW ) < m, providing as output the best

feasible solution found so far. In case of task singularity (i.e.,

rank (J) < m) the algorithm is not used, and it is replaced

by a damped pseudoinversion of the Jacobian. In this case

a simple task scaling is used to satisfy the joint constraints.

Further analysis of the properties of this algorithm and of

the obtained solution is provided in [1].
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Algorithm 1 (The SNS algorithm)

W = I , q̇N = 0, s = 1, s∗ = 0

repeat

limit exceeded = FALSE
(

P̃ = I − (JW )
#

J
)

q̇ = q̇N+(JW )
#

(ẋ − Jq̇N )
(

= (JW )
#

ẋ + P̃ q̇N

)

if

{

∃ i ∈ [1 :n] :

q̇i < Q̇min,i .OR. q̇i > Q̇max,i

}

then

limit exceeded = TRUE

a = (JW )
#

ẋ

b = q̇ − a

getTaskScalingFactor(a, b) (∗call Algorithm 2∗)

if {task scaling factor} > s∗ then

s∗ = {task scaling factor}
W ∗ = W , q̇∗

N = q̇N

end if

j = {the most critical joint}
Wjj = 0

q̇N,j =

{

Q̇max if q̇j > Q̇max

Q̇min if q̇j < Q̇min

if rank(JW ) < m then

s = s∗, W = W ∗, q̇N = q̇∗

N

q̇ = q̇N + (JW )
#

(sẋ − Jq̇N )
limit exceeded = FALSE (∗outputs solution∗)

end if

end if

until limit exceeded = TRUE

Algorithm 2 (Task scaling factor)

function getTaskScalingFactor(a, b)

for i = 1 → n do

Smin,i =
(

Q̇min,i − bi

)

/ai

Smax,i =
(

Q̇max,i − bi

)

/ai

if Smin,i > Smax,i then

{switch Smin,i and Smax,i}
end if

end for

smax = mini {Smax,i}
smin = maxi {Smin,i}
the most critical joint = argmini {Smax,i}
if smin > smax .OR. smax < 0 .OR. smin > 1 then

task scaling factor = 0
else

task scaling factor = smax

end if

III. OPTIMALITY FOR THE SNS SOLUTION

Despite the SNS finds a sub-optimal task scaling factor,

only the norm of joint velocities associated to non-saturated

joints is minimized. It may be possible that the same task

scaling factor is obtained with a feasible joint velocity vector

that is smaller in norm. To check if the current solution is

optimal, we define an associated optimization problem as

follows

min
q̇,s

1
2

q̇T q̇ + 1
2

M(1 − s)2

s.t. sẋ = Jq̇, Q̇min ≤ q̇ ≤ Q̇max

(5)

To give to the task scaling factor maximization an higher

priority than the minimization of the joint velocity norm we

set M ≫ 1. The parameter M works as a large penalty

factor.

The optimization problem (5) can be rewritten as a stan-

dard, positive definite, quadratic problem with equality and

inequality (box) constraints

min
ξ

1
2

ξT Hξ

s.t. Aξ = b, Cξ ≤ d
(6)

by defining

ξ =

(

q̇

1 − s

)

, H =

(

I 0

0
T M

)

,

A =
(

J ẋ
)

, b = ẋ,

C =

(

−I 0

I 0

)

, d =

(

−Q̇min

Q̇max

)

,

(7)

where 0 represents the zero vector of dimension n, and I is

the n × n identity matrix.

Being our QP problem (6) convex with linear constraints,

necessary and sufficient optimality conditions are given by

the Karush-Kuhn-Tucker (KKT) criteria [12]. A scale factor

and a joint velocity are optimal for the problem (5) if and

only if the following conditions are satisfied:

Hξ + AT λ + CT µ = 0 (8a)

µ (Cξ − d) = 0 (8b)

Aξ = b (8c)

Cξ ≤ d (8d)

µ ≥ 0 (8e)

where λ ∈ R
m and µ ∈ R

2n are the Lagrange multipliers,

respectively associated to the equality and to the inequality

constraints. Condition (8c) requests the preservation of the

(possibly scaled) task, i.e., sẋ = Jq̇. This condition, together

with the constraint (8d) are automatically satisfied at every

SNS step, thus we do not need to check them.

The so-called complementarity condition (8b) requests

zero value for the components of the Lagrange multiplier

µ associated to non-saturated joints (i.e., Cξ > d). This

allows to extract from eq. (8a) a condition related only to

non-saturated joints

Hξ +
(

JW ẋ
)T

λ = 0. (9)
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Note that the SNS selection matrix W is useful here to

extract from A only the non-saturated joints. The Lagrange

multiplier λ can be obtained as

λ = −

(

(JW )
T

ẋT

)#

Hξ. (10)

It should be noted that, thanks to the SNS algorithm, the

pseudoinversion in (10) is always feasible, because the

possibility that JW is rank deficient is already checked

inside the SNS algorithm. Therefore, since eq. (9) has a

solution, there exist a Lagrange multiplier µ, with zeros for

the elements associated to non active constraints, that satisfy

the KKT condition (8b).

At this point µ can by computed by imposing the satis-

faction of the KKT condition (8a), using the λ obtained with

eq. (10)

µ̄ = −

(

I − AT

(

(JW )
T

ẋT

)#
)

Hξ, (11)

and taking into account the fulfillment of condition (8b)

µi = µi+n = 0 if Wi,i = 1

µi = −µ̄i, µi+n = 0 if Wi,i = 0 AND q̇i = Q̇min,i

µi = 0, µi+n = µ̄i, if Wi,i = 0 AND q̇i = Q̇max,i

for i = 1, . . . , n

(12)

Note that eq. (11) does not request expensive computation

since the pseudoinversion can be obtained by appending

a row (rank one update) to (JW )
#

, which is already

computed inside the SNS algorithm.

Summarizing, conditions (8b), (8c) and (8d) are satisfied

directly by the SNS algorithm, condition (8a) is imposed

using eq. (11), thus only condition (8e) has to be evaluated

to check the optimality of the SNS solution.

A simplification of the optimality checking can be done

by considering that the SNS algorithm is able to converge

to a task scaling factor near to the maximum. Then we

can remove the checking for the task scaling factor, by

considering the simplified QP problem

min
q̇

1
2

q̇T q̇

s.t. sẋ = Jq̇, Cq̇ ≤ d
(13)

where s is the scale factor obtained inside the SNS. The

considerations conducted in Sect. VII will show that this

simplification does not worsen the algorithm’s performance.

Setting ξ = q̇, H = I , A = J , b = sẋ and

C =
(

−I I
)T

, the KKT criteria (8) applied to the

QP problem (13) brings to the same consideration of the

previous case. Namely, conditions (8b), (8c) and (8d) are

satisfied directly by the SNS algorithm, and condition (8a)

is imposed to compute λ. Thus the only needed check is the

positiveness of the components of the Lagrange multiplier

µ, which can be computed using relation (12), with

µ̄ = −P̃
T
q̇, (14)

where

P̃ = I − (JW )
#

J , (15)

is the projector to the task null space, using only non-

saturated joints. The computation of eq. (14) is very fast,

since P̃ is already computed inside the SNS step,

q̇ = (JW )
#

ẋ + P̃ q̇N , (16)

which is obtained by suitably rearranging the SNS joint

velocity computation (see Algorithm 1).

IV. THE OPTIMAL SNS

In the previous section we proposed a method to check

whether a solution of the SNS algorithm is optimal or not.

The information given by the KKT conditions permits also to

detect if a saturated joint should not be in the optimal active

set. Namely if µi < 0 the i-th joint is not in the optimal

active set, i.e., at the optimal solution it is not saturated.

Therefore the i-th joint can be removed from the saturation,

Wii = 1 , q̇N,i = 0.

The Optimal SNS (Opt-SNS) is derived from the standard

SNS, as proposed in Algorithm 3.

Algorithm 3 (The Opt-SNS algorithm)

W = W−, q̇N = 0, s = 1, s∗ = 0

repeat

. . . (same code of the SNS Algorithm 1)

P̃ = I − (JW )
#

J

µ̄ = −P̃
T
q̇

for i = 1 → n do

if Wii = 0 then

if











q̇i = Q̇min,i .AND. µ̄i > 0

.OR.

q̇i = Q̇max,i .AND. µ̄i < 0











then

Wii = 1, q̇N,i = 0
limit exceeded = TRUE

end if

end if

end for

until limit exceeded = TRUE

W− = W , q̇SNS = q̇

A joint can enter in the active set (saturated) if it is

the most critical one for the current solution (i.e., the joint

which request the higher task scaling), and it is removed

from the active set if the associated Lagrange multiplier

µi is negative. Note that it is needed to compute only µ̄,

because the conversion in µ Eq. (12) is considered inside

the if statement.

The algorithm stops when the optimal solution is

reached. For this reason a more consistent name for

the variable limit exceeded, in Algorithm 3, would be

non optimal solution.

Note that the active set represented by the selection matrix

W is initialized with the optimal active set obtained at the

previous execution of the algorithm, while in the standard
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SNS it is initialized with an empty active set. This is feasible

thanks to the Opt-SNS capability of removing a joint from

the active set, while the standard SNS is able only to insert

a saturated joint in the active set. This initialization reduces

the number of internal steps of the algorithm, because, if

the desired task is smooth, the optimal solutions for two

consecutive points of the trajectory will be close in the joint

velocity space. Therefore, they will have a similar active set.

V. PSEUDOINVERSE COMPUTATION

The most time-consuming step in SNS and in Opt-SNS is

computing both the pseudoinverse and the rank of JW , an

operation that needs to be repeated each time the active set

changes. Therefore, for the computation of the pseudoinverse

it is convenient to adopt a method that it also rank revealing.

Moreover, since pseudoinversion will be applied repeatedly

on matrices that differ just by one or few columns, fast rank-

one updates of the pseudoinverse are an appealing choice.

In fact, for humanoids robots with a large number of DOFs

(say, 20–40), rank-one updates allow real-time computations

and should be used together with a RRQR (rank-revealing

QR) decomposition [13]. On the other hand, we experienced

no benefit for robots with few DOFs (3–8), such as ma-

nipulators: the computational time is roughly the same as

that for recomputing the pseudoinverse from scratch. In this

second case, we suggest the use of thin SVD (Singular Value

Decomposition) of matrix WJT = UΣV T , which is faster

than a complete SVD. Pseudoinversion is then performed as

(JW )
#

= UΣ
−1V T , and the condition rank (JW ) < m

occurs when the mth singular value σm < ǫ, with ǫ > 0
depending on the numerical approximation used.

VI. SIMULATION RESULTS

The Opt-SNS has been tested using a kinematic model of

the KUKA LWR IV robot (n = 7). All joint range limits are

symmetric Qmax = (170, 120, 170, 120, 170, 120, 170) [deg]

= −Qmin and the maximum joint velocities are V max =
(100, 110, 100, 130, 130, 180, 180) [deg/s]. Further, a maxi-

mum acceleration Amax = 300 [deg/s2] has been chosen,

equal for all joints. The sampling time is T = 1 [ms].

The capabilities of the SNS have been shown in the

simulations and experiments presented in [1], [2]. To il-

lustrate Opt-SNS improvements, we present the case of a

task in which the robot end-effector moves through three

Cartesian points along linear paths and with constant speed

V = 2 [m/s]. For the next generic position xr, the task

velocity is specified by

ẋ = V
xr − x

‖xr − x‖
.

The robot starts at q(0) = (0, 45, 45, 45, 0, 0, 0) [deg]. This

particular task has been chosen because it clearly shows the

non-optimality of the standard SNS (Fig. 1).

The simulations are performed in Matlab® on a Intel

i7-2600 3.4 GHz with 4 Gb of RAM. We compared the

Opt-SNS with the standard SNS and with a state-of-the-

art QP solver. For a meaningful comparison, the standard

SNS computes its solution in parallel with the Opt-SNS but

is not used to control motion. In the QP formulation (5)

associated to the Opt-SNS, we set M = 1010. The QP solver

is the active set method implemented in the Optimization

Toolbox™ of Matlab®.
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Fig. 1. Simulation 1: Task scaling factor (top right) and squared norm of
the joint velocity (bottom right) obtained using the Opt-SNS (solid, blue) or
the standard SNS (dashed, green), and the resulting end-effector trajectory
(left). The QP solver produces the same results of the Opt-SNS

Figure 1 shows the results of the first simulation. The end-

effector path is composed by perfect straight lines through

the desired points. From the task scaling factor and the

quadratic norm of the joint velocity, we see that the Opt-SNS

provides the same results of the QP solver (i.e., the optimal

solution) even when using eq. (14) instead of (11) to compute

the Lagrange multiplier µ. As expected, the distance from

the optimum with the standard SNS is quite small for the task

scale factor, but may become non-negligible for the norm of

the joint velocity (around t = 0.34 s).
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Fig. 2. Simulation 1: Execution times with the QP solver (dot-dashed,
red), the standard SNS (dashed, green), and the Opt-SNS (solid, blue)

The execution times of the three algorithms during robot

motion is shown in Fig. 2. The Opt-SNS is about 10 times

faster than the standard SNS and 20 times faster than the

QP solver. The average values of the task scaling s, of the

squared norm of the joint velocity ‖q̇‖2, and of the execution

times are reported in Tab. I. Note that both the Opt-SNS

and the QP solver are initialized at each call with the active

set obtained at the end of the previous one. While Matlab®

was used in simulations to compare our method with an

established version of the state-of-the-art QP solver, we

expect indeed better performance with C++ implementations.

In the second simulation (see Fig. 3), the task is a point-

to-point motion for the robot end-effector from the start con-

figuration to the Cartesian point xr =
(

0.7 0.15 0.2
)T
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TABLE I

AVERAGE VALUES IN SIMULATION 1

Solver s q̇
T

q̇ exec. time

[rad2/s2] [ms]

Opt-SNS 0.87817 15.608 0.0698

SNS 0.87672 15.862 0.514

QP 0.87817 15.608 1.4

[m]. This simple task puts in evidence a drawback of the

considered formulation of the optimization problem, which

affects equally all solution methods. As evident from the joint

velocity behaviors in Fig. 4, even if the desired task is smooth

the optimal joint velocities are not. The joint velocities shown

in Fig. 4 are those obtained both with the Opt-SNS and with

the QP solver. Therefore, this discontinuous behavior is not

a result of the chosen Opt-SNS algorithm, but it is intrinsic

to the optimal solution of the formulated problem. This

phenomenon was noticed also in [1], [2], where we proposed

the transposition of the algorithm to the acceleration level in

order to recover continuous velocities.
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Fig. 3. Simulation 2: Task scaling factor (top right) and squared norm
of the joint velocity (bottom right) obtained using the Opt-SNS, and the
resulting end-effector trajectory (left). The same result is obtained with the
QP solver
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Fig. 4. Simulation 2: A drawback of the optimization problem is the
possibility of discontinuous joint velocity for a continuous desired task

VII. RECOVERING CONTINUITY

Two main sources of potential discontinuities of the joint

velocity commands have been identified. The first is due

to the separate imposition of velocity bounds and joint

range limits. When a robot joint reaches its limit with a

velocity which is still below its maximum bound, a sudden

velocity jump occurs due to the desire of preserving a

Fig. 5. Example of joint saturation: Joint velocity bound (blue), reaching
the maximum joint velocity (solid, red), and reaching the joint limit (dashed,
green). In both cases there are no jumps on the realizable joint velocity

feasible motion. This effect is eliminated in our method

through the shaping of the velocity constraint in eq. (3),

which dynamically combines all hard bounds (2) on position,

velocity and acceleration (see [1] for details). The effect

of this constraint shaping is sketched in Fig. 5, with the

joint velocity constraint being smoothly activated, both when

|q̇i| → Vi and when qi → Qmin/max.

The second source of discontinuity is due to the need of

task scaling. In fact, we observed in all our case studies

that the joint velocity solution is never discontinuous when

the task is feasible, even when multiple saturations occur. A

possible explanation of this fact follows from the structure of

the objective function in the QP problem (5). In fact, the QP

solver guarantees that the optimal value of the objective is

continuous for continuous tasks. However, since it is required

that M ≫ 1, this continuity is reflected almost completely on

the task scaling factor alone, while discontinuities cannot be

excluded for q̇ (as can be recognized in the plots of Fig. 3).

To recover continuity, we introduce a slightly conservative

margin sm > 0 with respect to the optimal task scaling

factor. The following relaxation procedure is used:

1) execute the Opt-SNS with maximum admissible task

scaling equal to 1+sm (rather than 1) to find a modified

optimal task scaling factor s∗;

2) relax the desired task as ẋm = (s∗ − sm)ẋ;

3) apply the Opt-SNS for the relaxed task ẋm.

Note that the relaxed task velocity ẋm is certainly feasible.

Figure 6 shows the joint velocities obtained with this relax-

ation procedure for the task considered in Fig. 3 and using

sm = 0.1. The robot performs the task, a linear path of length

1.4133 [m], slightly slower (1.278 rather than 1.269 s), but

velocity discontinuities are completely removed.
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Fig. 6. Simulation 2: Joint velocities obtained with task scaling relaxation

The best value of the scaling margin sm depends on the
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kinematics of the manipulator and on the desired task. Here,

we have just set it to a value that was sufficient to avoid

any discontinuity in all performed simulations, but indeed

further investigation is needed. Anyway, by construction, the

larger is the margin sm, the smaller is the probability of

running into discontinuities. Therefore, it is always possible

to find a sufficiently large value that is suitable for a specific

application.

VIII. EXTENSION TO THE MULTI-TASK CASE

In [2] we presented the extension of the SNS algorithm

to the prioritized multi-task case. To extend similarly the

Opt-SNS, we need to evaluate the KKT conditions (8)

for a QP problem that takes into account task priorities.

Consider l tasks ẋk with Jacobians Jk, for k = 1, . . . , l.
The optimization problem for the kth task is

min
q̇

k

1
2

q̇T
k q̇k

s.t. ẊA,k = JA,kq̇k, Cq̇k ≤ d
(17)

where

ẊA,k =











s1ẋ1

s2ẋ2

...

skẋk











, JA,k =











J1

J2

...

Jk











(18)

are the augmented scaled task and the augmented Jacobian,

and with q̇k = ˙̄qk denoting the solution up to the kth task.

The joint constraints are the same of the single task case. As

in Sect. III, the evaluation of the KKT conditions is reduced

to the evaluation of the Lagrangian multiplier µk, since all

other conditions are guaranteed by the SNS algorithm.

Considering the same approach used for the single task

case is not surprising that we obtain a similar results, indeed

µ̄k = −P̃
T

k
˙̄qk , (19)

where P̃ k is the projector in the null space of the augmented

Jacobian (i.e., for all k tasks) that uses only non-saturated

joints

P̃ k =
(

I −
(

JkP̄ k

)#
Jk

)

((I − W k) P k−1)
#

(20)

where

P̄ k =
(

I − ((I − W k) P k−1)
#

)

P k−1, (21)

and P k is the null space of the augmented Jacobian obtained

recursively as

P 0 = I

P k = P k−1 − (JkP k−1)
#

(JkP k−1) .
(22)

The computational cost of evaluating (19) for the optimality

check is negligible, since P̃ k is already computed inside the

multi-task SNS algorithm. This can be seen by considering

that the method proposed in [2] can be written to compute

the joint velocity as

˙̄qk =
(

JkP̄ k

)# (

skẋk − Jk ˙̄qk−1

)

+ P̃ kq̇N,k. (23)

We note that P̃ k in (23) plays the same role as P̃ in (16).

IX. CONCLUSIONS

We have introduced Opt-SNS, a novel and efficient al-

gorithm for computing an optimal solution to the inverse

differential kinematic problem for redundant robots, in the

presence of hard joint constraints that cannot be relaxed. Opt-

SNS improves the former SNS algorithm and guarantees the

generation of an optimal solution that has minimum norm for

the joint velocity and that allows the minimum task scaling.

The proposed method has been compared with a state-of-

the-art QP solver, showing that the Opt-SNS provides the

same results (i.e., the optimum) but with a computational

cost that is about 20 times smaller. This promotes the Opt-

SNS algorithm to become an appropriate method for real-

time control applications.

The problem of joint velocity discontinuities encountered

with the SNS has been solved by introducing a conservative

margin in the task scaling procedure. Finally, the extension to

the multi-task case was presented. Future work will address

further improvements in computational times, working out on

some peculiar aspects of the Opt-SNS, and consider different

types of constraints (e.g., inequalities in the Cartesian space).
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